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PREFACE   TO  FIRST  EDITION 

There  is  perhaps  no  greater  impediment  to  the  advancement  of 
scientific  research  than  the  want  of  an  easy  channel  of  communi- 
cation with  all  the  most  recent  discoveries.  Many  of  the  most 
valuable  of  these  are  hidden  in  the  transactions  of  learned  societies, 
or  scattered  in  scientific  periodicals,  published  in  several  languages, 
and  in  various  parts  of  the  world,  so  as  to  be  practically  in- 
accessible to  many  who  might  otherwise  become  well  qualified  to 
extend  the  bounds  of  natural  knowledge. 

In  no  branch  of  Experimental  Physics  is  the  English  student 
placed  at  such  a  disadvantage  as  in  the  Theory  of  Light,  for 
although  we  possess  some  excellent  elementary  text-books,  yet  the 
field  covered  by  them  is  so  limited  that  they  fall  far  short  of  the 
requirements  of  all  who  wish  to  know  how  far  investigation  has 
been  carried,  or  in  what  directions  it  remains  to  be  pursued,  and 
of  these  which  are  the  most  urgent  and  most  likely  to  be  attacked 
with  success. 

Influenced  by  these  considerations,  I  have  been  induced  to 
undertake  the  present  work,  with  the  hope  of  furnishing  the 
student  with  an  accurate  and  connected  account  of  the  most  im- 
portant optical  researches  from  the  earliest  times  up  to  the  most 
recent  date.  I  have,  however,  avoided  entering  into  the  more 
complicated  mathematical  theories,  yet  the  mathematical  theory,  in 
its  most  elementary  form,  as  well  as  the  experiments  on  which  it 
is  founded,  will  be  found  in  sufficient  detail  to  enable  the  student, 
furnished  with  the  necessary  knowledge  of  higher  mathematics, 
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to  attack  at  once  with  profit  the  original  memoirs  and  theories 
recently  elaborated  by  various  British  and  foreign  writers. 

Thus,  although  a  large  part  of  the  book  is  suited  to  the  read- 
ing of  junior  students,  yet  I  hope  it  will  be  found  sufficiently  full 
to  meet  the  requirements  of  those  who  desire  a  more  special 
acquaintance  with  the  subject ;  and  to  render  it  more  really  useful 
in  this  respect  I  have,  as  far  as  possible,  given  reference  to 
original  memoirs  and  other  sources  whence  fuller  information 
may  be  derived. 

The  text  contains,  in  addition  to  the  physical  theory,  a  de- 
tailed account  of  the  most  important  experiments  and  physical 
measurements,  such  as  the  determination  of  the  velocity  of  light, 
wave  lengths,  refractive  indices,  etc.;  and  in  some  of  the  funda- 
mental experiments,  such  as  those  of  Newton  on  the  refrangibility 
of  light  and  coloured  rings,  I  have  given  extracts  from  the 
original  accounts,  being  fully  convinced  that  in  power  and  per- 
spicuity they  far  surpass  any  second-hand  digest.  In  this  manner 
I  have  endeavoured  to  direct  attention  to  the  great  importance 
of  Newton's  work,  and  to  show  that  in  this  department  of  scientific 
research  also  he  stands  almost  without  a  rival. 

Some  novelty  of  treatment  will,  I  hope,  be  recognised  in  the 
extensive  application  of  graphic  methods  to  the  solution  of  pro- 
blems in  diffraction.  The  calculation  of  the  intensity  at  the 
various  points  of  a  diffraction  pattern  by  the  ordinary  methods 
presents  considerable  difficulty  and  labour,  but  by  the  method 
employed  in  the  third  section  of  Chapter  IX.  almost  the  whole 
theory  of  diflFraction  is  brought  within  the  reach  of  persons  fur- 
nished with  the  most  elementary  mathematical  knowledge,  and 
it  might  now  reasonably  form  part  of  the  course  of  very  junior 
students. 

An  account  of  the  recent,  and  justly  celebrated,  experiments 
of  Professor  Hertz  will  be  found  in  the  last  chapter,  together  with 
the  mathematical  theory  of  the  electric  vibrator  and  the  radiation 
of  electromagnetic  waves.  The  importance  of  these  experiments 
it  would  be  difficult  to  over-estimate,  in  so  far  as  they  teach  us  to 
refer  electric  and  electromagnetic  phenomena  to  the  intervention 
of  the  same  all-pervading  medium,  which  forms  the  vehicle  by 
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which  energy  passes  through  space  from  one  body  to  another, 
which  brings  us  light  and  heat  from  the  sun,  and  to  which  we 
now  look  for  a  knowledge  of  the  process  by  which  one  body  is 
enabled  to  attract  another,  as  well  as  for  an  explanation  of  the 
ultimate  constitution  of  matter  itself 

In  conclusion,  I  wish  to  return  my  best  thanks  to  Professor 
Wm.  Booth  (Bengal  Education  Service),  who  has  been  good  enough 
to  read  through  the  proofs  and  make  several  valuable  suggestions. 
A  considerable  portion  of  the  proof  has  also  been  read  by  my 
friends  Mr.  M.  W.  J.  Fry,  F.T.C.D.,  and  Mr.  C.  J.  Joly,  so  that  I 
trust  the  work  will  be  found  free  from  any  errors  or  obscurities 
of  a  serious  nature.  To  Professor  G.  F.  FitzGerald,  F.R.S.,  F.T.C.D., 
I  am  indebted  not  only  for  the  reading  of  the  proofs,  and  the  most 
generous  assistance  and  advice,  but  also  for  that  teaching  to  which 
1  mainly  owe  my  knowledge  of  Experimental  Physics. 

22  Trinity  College, 

Dublin,  July  1890. 
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In  this  edition  the  text  has  been  revised  throughout,  and  augmented 
by  more  than  one  hundred  pages  of  new  matter,  in  conjunction 
with  which  several  new  diagrams  have  been  introduced.  Although 
these  additions  are  such  as  to  increase  the  value  of  the  book  con- 
siderably, yet  I  must  express  my  regret  that,  owing  to  the  pressure 
of  other  engagements,  I  have  been  unable  for  the  present  to  com- 
plete my  original  design,  namely,  to  bring  all  parts  of  the  work 
up  to  the  standard  demanded  by  the  present  state  of  science. 

Such  alterations  and  additions  as  I  have  been  able  to  make 
are  located  chiefly  in  those  portions  which  relate  to  the  rectilinear 
propagation  of  light,  wave  reflection  and  refraction,  and  the  applica- 
tion of  graphic  methods  to  the  solution  of  diffraction  problems. 
More  detail  has  been  introduced  in  some  places,  especially  in  the 
chapter  relating  to  the  velocity  of  light  which  now  contains  an 
account  of  Professor  Newcomb's  valuable  experiments. 

To  my  friend  Mr.  C.  J.  Joly,  F.T.C.D.,  I  am  again  indebted  for 
his  great  kindness  in  assisting  me  with  the  proofs. 

March  1895. 
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CHAPTER   I 

INTRODUCTORY  AND  HISTORICAL 

Section  I. — Early  History 

1.  Optics — Definition  and  Division  of  the  Subject — The  science 
of  Optics  is  that  branch  of  natural  philosophy  which  treats  of  the 
nature  and  properties  of  light  and  vision.  In  its  domains  we  meet 
with  a  multitude  of  experiments  of  exquisite  beauty,  and  investigations 
which  afford  ample  scope  for  all  the  refinements  of  modem  mathematical 
analysis.  It  also  supplies  us  with  instruments  of  the  highest  utility 
both  in  the  pursuit  of  scientific  inquiry  and  in  the  common  enjoyments 
of  life.  There  is  accordingly  no  department  of  science  more  deserving 
of  our  study,  whether  we  consider  the  beauty  or  the  multiplicity  of 
its  phenomena. 

The  subject  was  usually  divided  by  the  older  writers  into  Catoptrics 
and  Dioptrics^  which  embraced  the  phenomena  arising  from  reflection  and 
rffnidion  respectively.  These  terms  have  now  fallen  into  disuse,  and 
two  branches  of  the  subject  have  been  developed  under  the  titles 
Geometrical  Optics  and  Physical  Optics,  The  former  is  a  purely  ideal 
structure  built  on  the  assumed  truth  of  the  laws  of  reflection  and 
refraction,  with  the  supposition  that  light  travels  through  isotropic 
substances  in  right  lines  or  rays.  It  is  consequently  a  mathematical 
development  of  the  two  laws  by  which  it  assumes  the  rays  to  be 
controlled,  and  any  inquiry  into  the  physical  cause  or  nature  of 
light  is  outside  its  province.  This  inquiry  comes  within  the  scope  of 
physical  optics,  the  aim  of  which  is  to  determine  the  physical  processes 
concerned  in  the  production  and  propagation  of  light,  and  to  account 
for  them  by  dynamical  principles.  Physiological  Optics  deals  with  the 
phenomena  of  vision  or  the  sensation  produced  by  light  falling  upon 
the  retina  of  the  eye. 

2.  Ancient  Use  of  Metallic  Mirrors  and  Burning  Glasses. — The 
ancients  appear  to  have  been  wholly  ignorant  of  the  theory  of  optics, 
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and  to  have  been  exceedingly  slow  in  advancing  the  construction  of 
optical  instruments,  almost  all  the  refinements  of  the  subject  ba\iDg 
been  originated  and  developed  within  the  past  three  centuries.  Yet  it 
cannot  be  doubted  that  some  of  the  more  striking  of  the  fundamental 
phenomena  were  observed  and  studied  in  the  earliest  times  of  civilisa- 
tion. If  the  physical  theories  of  light  and  vision  were  subjects  too 
profound  for  their  investigation,  they  could  not  fail  to  acquire  some 
knowledge  of  the  laws  of  the  reflection  of  light  and  the  formation  of 
images.  The  attention  of  the  most  careless  observer  must  have  been 
attracted  with  wonder  to  the  image  of  himself  depicted  in  still  water : 
and  the  reflected  landscape,  or  the  image  of  a  few  bushes  on  the 
margin  of  a  lake  might  have  afforded  to  the  humblest  inquirer  an 
assemblage  of  observations  from  which  the  general  laws  of  reflection 
could  be  easily  inferred. 

Metallic  mirrors,  and  even  glass,  seem  to  have  been  manufactured 
long  before  any  of  the  speculations  of  the  ancient  philosophers  were 
recorded.  They  are  distinctly  mentioned  in  the  Old  Testament  (Exodus 
and  Job).  The  invention  of  burning  glasses  seems  to  have  speedily 
followed  the  art  of  glass-making.  Aristophanes  ^  mentions  them  as 
early  as  424  B.C. 

8.  Pythagoras,  Empedocles,  Plato,  and  Aristotle. — The  sources 
from  which  light  is  most  copiously  derived  are  the  sun,  stars,  and  terres- 
trial bodies  undergoing  combustion  or  heated  to  incandescence.  Such 
bodies  we  say  are  sdf-luminaus  or  simply  luminous^  while  nonrluminma 
bodies  are  those  which  are  not  visible  of  themselves,  but  only  when 
illuminated,  that  is,  when  in  the  presence  of  a  luminous  body.  The 
former  class  we  say  emit  light,  while  the  latter  do  not.  We  thu^ 
distinguish  between  luminous  and  illuminated  bodies. 

Simple  as  it  may  appear  to  us  to  regard  a  luminous  body  as  the 
source  of  some  influence,  which,  acting  on  the  eye,  excites  the  sense 
of  sight,  much  doubt  appears  to  have  existed  among  those  who  first 
investigated  the  subject  as  to  whether  objects  become  visible  by  means 
of  something  emitted  by  them,  or  by  means  of  something  issuing  from 
the  eye  of  the  spectator.     According  to  the  opinion  of  Pythagoras 

'  Conicdy  of  the  CloiidSy  Act  II.  (perfonned  424  B.u.)  :  '^  Strepsicuics,  You  hire 
seen  at  the  dniggist's  that  line  trans]»arcnt  stone  Vfiih  which  fires  are  kindled^ 
Socrates.  You  mean  glass^  do  you  not  ?  Strep.  Just  so.  Soc.  Well,  what  will  yon 
do  with  that  ?  Strep.  When  a  summons  is  sent  to  me  I  will  take  this  stone,  and, 
placing  myself  in  the  sun,  I  will,  though  at  a  distance,  melt  all  the  writing  of  the 
summons."    (The  WTiting  was  then  traced  on  wax  spread  over  a  solid  substance.) 

Pliny  also  mentions  globes  of  glass,  which,  when  held  to  the  sun,  produced 
combustion,  and  Lactantius  (303  a.d.)  states  that  a  glass  globe,  filled  with  water 
and  held  to  the  sun,  could  light  a  fire  even  in  the  coldest  weather. 
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(died  640-510  B.C.)  and  his  followers,  vision  was  caused  by  particles 
continually  projected  from  the  surfaces  of  objects  into  the  pupil  of 
the  eye;  while  Empedocles  (444  B.C.)  and  the  Platonic  school  main- 
tained that  vision  was  effected  by  means  of  something  emitted  from 
the  eye  itself,  which,  after  meeting  something  else  emanating  from  the 
object,  excited  the  sense  of  sight.  In  the  theory  of  Plato  ^  three 
elements  appear  to  have  been  necessary  to  vision.  First  a  visual 
stream  of  light  or  divine  fire  emitted  by  the  eye  itself.  These  visual 
rays  entered  into  union  with  the  light  of  the  sun,  and  the  two  together, 
meeting  with  a  third  emanation,  from  the  object  seen,  completed  the 
act  of  vision. 

The  doctrine  of  visual  rays,  and  emission  theories  in  general,  was 

^  **.  .  .  and  the  pure  fire  which  is  within  us  and  akin  to  this  they  (the  gods) 
made  to  flow  through  the  eyes  in  a  single,  entire,  and  smooth  substance,  at  the  same 
time  compressing  the  centre  of  the  eye  so  as  to  retain  all  the  denser  element,  and 
only  to  allow  this  to  be  sifted  through  pure.  When,  therefore,  the  light  of  day 
surrounds  the  stream  of  vision,  then  like  falls  U(K)n  like,  and  there  is  a  union,  and 
one  'body  is  formed  by  natural  affinity  according  to  the  direction  of  the  eyes, 
wherever  the  light  that  falls  from  within  meets  that  which  comes  from  an  external 
object.  And,  everything  being  affected  by  likeness,  whatever  touches  and  is  touched 
by  this  stream  of  vision,  their  motions  are  diffused  over  the  whole  body,  and  reach 
the  soul,  producing  that  i^erception  which  we  call  sight.  But  when  the  external  and 
kindred  lire '  passes  away  in  night,  then  the  stream  of  vision  is  cut  off ;  for  going 
forth  to  the  unlike  element  it  is  changed  and  extinguished,  being  no  longer  of  one 
nature  with  the  surrounding  atmosphere  which  is  now  deprived  of  fire  :  the  eye  no 
longer  sees,  and  we  go  to  sleep  ;  for  when  the  eyelids  are  closed,  which  the  gods  in- 
vented as  the  preservation  of  the  sight,  they  keep  in  the  eternal  fire. 

*'.  .  .  And  now  there  is  no  longer  any  difficulty  in  understanding  the  creation 
of  images  in  mirrors  and  in  all  smooth  and  bright  surfaces.  The  fires  from  within 
and  from  without  communicate  about  the  smooth  surface  and  form  one  image  which 
is  variously  refracted.  All  which  phenomena  arise  by  reason  of  the  fire  or  light 
al)out  the  face  combining  with  the  fire  or  ray  of  light  about  the  smooth  and  bright 
surfaces.  And  when  the  parts  of  the  light  within  and  the  light  without  meet  and 
touch  in  a  manner  contrary  to  the  usual  mode  of  meeting,  then  the  right  appears  to 
be  left  and  the  left  right ;  but  the  right  again  a])i)ears  right  and  the  left  left,  when 
the  position  of  one  of  the  two  concurring  lights  is  inverted  ;  and  this  happens  when 
the  smooth  surface  of  the  mirror,  which  is  convex,  re^iels  the  right  stream  of  vision 
to  the  left  side,  and  the  left  to  the  right"  ("The  Dialogues  of  Plato,"  vol.  ii. 
Timaeus,  pp.  538,  539,  by  B.  Jowett). 

He  is  speaking  of  two  kinds  of  mirrors  ;  fii-st  the  plane,  secondly  the  cylindiical. 

Again,  p.  561 :  "There  is  a  fourth  class  of  sensible  things,  comprehending  many 
varieties,  which  have  now  to  be  distinguished.  They  are  called  by  the  general  name 
of  colours,  and  are  a  flame  which  emanates  from  all  bodies,  and  has  |>articles  corre- 
sponding to  the  sense  of  sight.  ...  Of  the  particles  coming  from  other  bodies 
which  fall  upon  the  sight,  some  are  less  and  some  are  greater,  and  some  are  equal  to 
the  parts  of  the  sight  itself.  Those  which  are  equal  are  imperceptible,  or  transparent, 
as  they  are  called  by  us,  whereas  the  smaller  dilate,  the  larger  contract  the  sight, 
having  a  power  akin  to  that  of  hot  and  cold  bodies  on  the  flesh,  or  of  astiingent 
bodies  on  the  tongue.  .  .  .  Wherefore,  we  ought  to  term  that  white  which  dilates 
the  visual  ray,  and  the  opposite  of  this  black." 
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combated  by  Aristotle  as  early  as  350  B.C.  He  maintained  that  light 
is  not  a  material  emission  from  any  source,  but  a  mere  quality  of, 
or   action   (cvcpyeta)   of   a   medium   which    he    called    the    pellucid 

Although  the  reasoning  of  Aristotle  was  very  superficial,  yet  he  is 
entitled  to  considerable  credit  for  his  sagacious,  though  vague  specula- 
tions regarding  the  nature  of  light  and  various  optical  phenomena. 
He  may  to  some  extent  be  regarded  as  having  in  a  haphazard  manner 
anticipated  the  undulatory  theory  of  light,  which  was  established  two 
thousand  years  afterwards  by  the  labours  of  Huygens,  Young,  and 
Fresnel. 

4.  Knowledge  of  the  Ancients. — The  principal  phenomena  of  the 
rainbow,  halos,  etc.,  had  not  escaped  the  notice  of  the  ancients,  who 
classed  all  these  appearances  under  the  common  denomination  of 
meteors.  Aristotle-  attributed  these  phenomena  to  the  reflection  of 
the  sun's  rays  from  drops  of  rain,  and  observed  that  a  rainbow  may  be 
made  by  the  spray  from  an  oar,  and  that  in  this  case  it  will  be  visible 

*  ' '  There  is  then,  let  us  hegiii  by  saying,  something  which  is  pellucid.  And  by 
]»enueid  is  meant  something  wiiieh  is  visible,  not  visible  by  itself  (to  speak  withoat 
further  qualification),  but  visible  by  reason  of  some  foreign  colour  which  affects 
its  neutral  |»cllucidity.  Of  this  character  are  air  and  water,  and  also  many  among 
solid  bodies,  water  and  air  being  pellucid  not  in  virtue  of  their  qualities  as  water 
or  air,  but  because  they  both  contain  the  same  element  as  constitutes  the  everlast- 
ing £mi)yrean  essence.  Light  is  then  the  action  {4v4py€ia)  of  this  pellucitl 
t/ua  pellucid  ;  and  whenever  this  pellucidity  is  present  only  iK}tentially,  there  dark- 
ness also  is  i»rf.sent.  .  .  .  Thus  we  have  shown  light  to  be  neither  fire,  nor  body 
generally,  nor  even  the  effluvium  or  emanation  from  any  body  (since  even  iu  this 
case  it  would  l>c  a  body  of  a  kind),  but  only  the  presence  of  fire,  or  something  like 
it,  in  that  which  is  iHjUucid  ;  two  bodies  being  unable  to  exist  at  one  and  the  same 
time  within  the  same  -space.  .  .  .  Darkness  in  fact  is  really  the  removal  of  such  a  posi- 
tive (juality  from  what  is  pellucid,  so  that  light  must  necessarily  be  its  presence. 
Km])edocles,  therefore,  and  many  others  who  have  followe<l  him,  have  not  described 
the  phenomenon  correctly  in  si)eaking  of  light  as  moving  itself,  and  as  coining  some 
time  or  other  without  our  knowing  it  into  existence  between  the  earth  and  the 
surrounding  air.  .  .  .  And  the  pellucid  itself  is  also  similarly  dark,  but  it  is  so 
not  whea  it  is  pellucid  in  actuality,  but  only  so  potentially ;  for  it  is  one  and  the 
same  element  which  is  at  one  time  darkness  and  at  another  time  light  .  .   . 

**  Colour  therefore  is  not  visible  without  the  presence  of  light ;  this  indeed  wa  saw 
was  the  essential  character  of  colour  that  it  is  calculated  to  set  the  actually  pellaeid 
in  movement ;  and  the  full  play  of  this  ])ellucid  constitutes  light.  .  .  .  Vision  is  the 
result  of  some  impression  uiade  upon  the  faculty  of  sense ;  an  impression  whidi 
cannot  be  effected  by  the  colour  itself  as  perceived,  and  must  tliereforo  be  due 
to  the  medium  which  intervenes.  An  intervening  substance  then  of  one  kind  or 
another  there  must  necessarily  be  ;  and  were  this  intervening  space  made  emp^, 
not  only  will  the  object  not  be  seen  exactly,  but  it  will  not  be  perceived  at  all** 
[Aristotle 8  PsycJtology,  book  ii.  chap,  vii.,  by  Edwin  Wallace,  M.A.,  Cambridge 
irniveraity  Press  Series,  1882). 

^  Meteor^  lib.  iii.  cap.  ii. 
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to  a  person  who  turns  his  back  to  the  sun  in  the  same  manner  as  in 
the  case  of  the  natural  rainbow. 

Notwithstanding  the  absurdity  of  the  doctrine  of  ocular  l)eams,  as 
it  was  called,  the  geometers  of  the  Platonic  school  were  acquainted 
with  two  very  fundamental  points  in  the  science  of  optics.  They 
taught  first,  that  light,  from  whatever  source  it  might  be  emitted, 
travels  in  straight  lines  ;  and  secondly,  that  when  it  is  reflected  at  any 
surface,  the  angle  made  with  the  siu-face  by  the  incident  beam  is  equal 
to  that  made  with  the  surface  by  the  reflected  beam. 

We  thus  find  them  acquainted  with  the  rectilinear  propagation  of 
light  and  with  the  law  of  reflection — the  two  facts  in  the  science  which 
we  would  naturally  expect  to  have  been  first  discovered. 

Epicurus,  Lucretius,  and  the  other  supporters  of  the  quasi-ten- 
tacular theory,  although  they  made  few  or  no  experiments,  lacked  not 
fertility  in  hypotheses  to  account  for  the  common  appearances  of  natui^e. 
They  all  had  a  confused  notion  that  as  we  may  feel  bodies  at  a  distance 
•by  means  of  a  rod,  so  the  eye  may  perceive  them  by  the  intervention 
of  light.  It  is  very  remarkable  that  this  strange  hypothesis  held 
ground  for  many  centuries,  and  little  or  no  progress  was  made  in  the 
subject  till  it  was  established  on  the  authority  of  Alhazen,  an  Arabian 
astronomer,  in  the  eleventh  century  a.d.  that  the  cause  of  vision  pro- 
ceeds from  the  object  and  not  from  the  eye. 

6.  Euclid. — Shortly  after  the  time  of  Aristotle  the  celebrated 
geometer  Euclid  (300  B.C.)  drew  up  a  treatise  on  optics,  which  has 
been  handed  down  with  his  geometrical  works. ^  However,  the  work 
is  so  imperfect  and  so  inaccurate  that  some  have  'found  it  difficult  to 
attribute  it  to  one  whose  geometry  is  characterised  by  such  perspicuity 
and  accurate  reasoning. 

6.  Ptolemy. — The  most  celebrated  of  all  the  ancient  writers  on 
optics  was  the  Egyptian  astronomer  Ptolemy,  who  flourished  about  the 
middle  of  the  second  century.  He  treated  of  astronomical  refraction 
and  of  the  increase  in  the  apparent  diameters  of  heavenly  bodies  when 
near  the  hoiizon.  He  also  drew  up  tables  of  the  values  which  he 
found  for  the  angles  of  incidence  and  refraction  of  a  beam  of  light 
passing  from  air  into  glass  and  water,  but  he  failed  to  connect  them 
by  any  law,  like  all  the  subsequent  writers  of  the  next  fifteen  hundred 
years. 

7.  Experiment  of  Cleomedes. — Next  to  a  straight  stick  appearing 
bent  when  part  of  it  is  immersed  obliquely  in  water,  the  apparent 

^  (Oxford  edition  of  Euclid's  works,  1557.)  He  endeavoured  to  refute  the  Pytha- 
gorean,  or  emission,  theory  of  light,  and  investigated  the  apparent  place  of  the 
image  formed  by  reflection  at  the  surface  of  a  polished  mirror. 
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elevation  of  a  coin,  or  any  other  object,  placed  at  the  bottom  of  a  cap 
into  which  some  water  is  poured,  is  perhaps  one  of  the  oldest  experi- 
ments depending  on  refraction.  It  has  been  referred  to  by  the  oldest 
optical  writers,  and  especially  by  Cleomedes,  who  (50  A.D.)  ^  also 
pointed  out  that,  in  the  same  manner,  the  air  by  refraction  may  render 
the  sun  visible  when  it  is  somewhat  below  the  horizon. 

8.  Previous  to  Alhazen. — In  addition  to  what  has  been  mentioned, 
the  ancients  had  a  superficial  and  fragmentary  acquaintance  with  some 
of  the  properties  of  the  rainbow,  mirage,  and  halos,  but  limited  as  it 
was,  it  far  exceeded  their  knowledge  of  the  other  branches  of  physical 
science.  Their  knowledge  of  the  general  nature  of  refraction  and  of 
some  of  its  applications  was  exhibited  in  the  construction  and  use  of 
burning  glasses,  which  were  sold  as  curiosities  in  the  toy  shops,  and 
were  probably  either  glass  glol^es  filled  with  water  or  balls  of  glass  or 
rock  crystal. 

9.  Alhazen. — After  a  long  interval  of  inactivity  the  science  of 
optics  was  taken  up  and  cultivated  with  assiduity  in  Arabia.  The 
first  real  progress  in  the  mathematical  theory  was  made  by  Alhazen  in 
the  eleventh  century.  He  entered  into  the  anatomy  of  the  eye,  and 
examined  the  r6le  played  by  each  part  of  it  in  the  production  of  vision. 
Besides  accoimting  for  twilight,  he  showed  that  by  means  of  the 
duration  of  it  the  height  of  the  atmosphere  might  be  measured.  After 
describing  the  eye,  he  explains  how  it  happens  that  with  two  eyes  we 
see  only  one  object,  and  that  we  see  each  object,  however  small,  not 
by  a  single  ray  of  light  (as  was  at  that  time  supposed),  but  by  a  cone 
of  rays  proceeding  from  the  object  to  the  eye. 

Alhazen  treated  largely  of  optical  deceptions,  both  in  direct  vision 
and  also  in  vision  by  reflected  and  refracted  light.  In  this  class  of 
phenomena  he  ranks  what  was  known  as  the  horizontal  moon ;  that  is, 
the  increase  in  the  apparent  magnitude  of  the  moon,  or  any  other 
celestial  object,  when  near  the  horizon.  In  explanation  of  this  pheno- 
menon he  says  that  we  judge  of  distance  by  comparing  the  angle  under 
which  we  see  an  object  with  its  supposed  distance,  so  that  if  the  angles 
under  which  two  objects  are  seen  be  nearly  equal  and  if  the  distance 
of  one  1)0  conceived  greater  than  that  of  the  other,  the  more  distant 
object  will  be  imagined  the  larger.  But  the  sky  near  the  horizon,  he 
says,  is  always  imagined  farther  from  us  than  any  other  part  of  the 
concave  surface,  on  account  of  the  range  of  intervening  terrestrial 
objects  by  which  we  judge  the  distance.- 

^  Oyelical  Theory  of  MeUors  (i.e.  stars). 

'  This  account  of  the  horizontal  moon  Bacon  attributes  to  Ptolemy.     As  such  it 
18  objected  to  by  B.  Porta,  D€  Rtfraetione,  pp.  24,  128  (Priestley's  History). 
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Although  the  work  of  Alhazen  may  have  been  founded  on  that  of 
Ptolemy,  yet  he  made  such  a  decided  advance  in  the  theory,  that  for 
five  hundred  years  or  more  he  was  recognised  in  £urope  as  the  chief 
authority  on  the  subject. 

10.  ViteUio.— In  1270  Vitello  or  Vitellio,  a  native  of  Poland, 
drew  up  a  treatise  on  optics  ^  less  prolix  arid  more  methodical  than 
that  of  Alhazen  on  which  it  was  founded.^  Vitellio  attributed  the 
twinkling  of  the  stars  to  the  motion  of  the  air  in  which  the  light  is 
refracted,  and  he  remarked  that  the  twinkling  is  increased  when  they 
are  viewed  through  water  in  gentle  motion.  He  also  compiled  a 
table  of  the  angles  of  incidence  and  refraction  of  light  at  the  surface 
of  water  and  glass,  of  much  greater  accuracy  than  that  previously  given 
by  Ptolemy. 

11.  Roger  Baeon. — Contemporary  with  Vitellio  was  our  country- 
man Roger  Bacon,  a  man  of  extraordinary  genius,  who  wrote  on  almost 
every  branch  of  science,  yet  notwithstanding  the  pains  ho  took  with 
the  subject  of  optics,  he  does  not  appear  to  have  made  any  advance  in 
the  theory  which  Alhazen  had  already  laid  down  before  him.  Great 
as  Bacon  undoubtedly  was,  he  was  far  from  being  free  from  the 
prejudices  of  his  predecessors  and  contemporaries.  Some  of  the 
wildest  and  most  absurd  of  the  speculations  of  the  ancients  had  the 
sanction  of  his  approbation  and  authority. 

The  invention  of  the  magic-lantern  has  been  attributed  to  Bacon, 
but  it  has  been  much  disputed  whether  he  was  acquainted  with  tele- 
scopes. Certainly  if  he  was  unacquainted  with  spectacles,  telescopes, 
and  microscopes,  he  anticipated  their  invention  in  language  more  than 
prophetic.^ 

*  Published  by  Risner  in  1572,  with  tlie  work  of  Alhazen  translated  from  the 
Arabic,  under  the  title  Thesaurus  OpticaCy  Bas.  1572. 

'^  Vitellio  is  said  to  have  at  first  denied  that  he  had  any  knowledge  of  the  works 
of  Alhazen,  but  he  afterwards  retracted  this  denial  and  acknowledged  himself  a 
disciple  of  the  Arabian  philosopher. 

^  He  says:  *'If  the  letters  of  a  book,  or  any  minute  object  be  viewed  through 
the  lesser  segment  of  a  glass  sphere  or  crystal,  whose  plane  base  is  laid  upon  them, 
they  will  appear  far  better  and  larger  .  .  .  and  therefore  this  instrument  is  useful 
to  old  men,  and  to  those  who  have  weak  eyes  ;  for  they  may  see  the  smallest  letters 
sufficiently  magnified."  And  again  :  ''Greater  things  than  these  may  be  performed 
by  refracted  vision.  For  it  is  easy  to  understand  by  the  canons  above  mentioned, 
that  the  greatest  things  may  appear  exceedingly  small,  and  on  the  contrary  ;  also 
that  the  most  remote  objects  may  appear  just  at  hand,  and  on  the  contrary.  .  .  . 
And  thus  from  an  incredible  distance  we  may  read  tlie  smallest  letters.  .  .  .  And 
thus  a  boy  may  appear  to  be  a  giant  and  a  man  as  big  as  a  mountain.  ...  So  also 
the  sun,  moon,  and  stars  may  be  made  to  descend  hither  in  appearance  .  .  .  and 
many  things  of  like  sort  which  would  astonish  unskilful  persons"  {Opits  Majus, 
.Jebb's  edition,  p.  377). 
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12.  The  Introduetion  of  Telescopes. — Although  it  would  appear 
from  the  writings  of  Bacon,  B.  Porta,  and  others,  that  the  properties 
of  some  form  of  telescope  were  known  or  suspected,  yet  the  construc- 
tion and  practical  aj)plications  of  the  instrument  do  not  appear  to  have 
been  known  and  published  prior  to  the  year  1608  A.D.  If  known 
before  this  date,  the  instrument  was  probably  the  secret  possession  of 
certain  individuals  who  employed  it  in  the  demonstration  of  "  natural 
magic." 

Like  many  other  discoveries,  it  is  probable  that  more  than  one 
person  had  hit  upon  the  idea  of  the  telescope,  and  had  constructed 
simple  forms  of  the  instrument  for  their  own  amusement  and  "  ciuious 
practices  "  before  any  public  record  of  the  invention  was  made.  For 
this  reason  it  is  not  surprising  that  the  early  history  of  the  instrument 
should  have  been  the  subject  of  a  lively  debate,  and  that  the  invention 
should  have  been  ascribed  to  different  persons  and  claimed  in  different 
countries.  The  first  person,  however,  who  seems  to  have  independently 
constructed  a  telescope,  and  who  at  the  same  time  published  his  dis- 
covery, was  Hans  Lippershey,  a  spectacle-maker  of  Middelburg,  in  the 
year  1608. 

No  small  share  of  honour  in  this  matter  must  be  ascribed  to 
Galileo,^  who,  in  the  following  year  (1609)  (having  merely  heard  that 
the  Belgian  spectacle-maker  had  constructed  an  instrument  by  which 
distant  objects  were  made  to  appear  nearer  and  larger),  at  once  set  to 
work  and  independently  constructed  a  telescope  for  himself.  With 
such  skill  and  ability  did  he  apply  himself  in  this  matter  that  in  1610 
he  finished  an  instrument  of  such  excellence  that  it  revealed  the 
satellites  of  Jupiter,  and  thus  broke  the  dawn  of  modem  astronomy. 

It  was  Kepler  (1571-1630),  however,  who  first  reduced  the  theory 
of  the  telescope  to  its  true  principles,  and  laid  down  the  common 
rules  for  finding  the  focal  lengths  of  simple  lenses,  and  the  magnifying 
powers  of  telescopes. 

18.  B.  Porta — Camera  Obseura. — At  the  end  of  the  sixteenth 
centiu*y  John  Baptista  Porta  (1545-1015),  a  Neapolitan  philosopher 
and  famous  collector  of  mysteries,  published  his  Magia-  Naturalis.  To 
him  the  invention  of  the  camera  obseura  is  due.  He  remarked  that  if 
light  be  admitted  through  a  small  hole  in  the  shutter  of  a  darkened 
room,  external  objects  will  be  clearly  depicted  on  the  white  wall,  in 
their  natural  colours ;  and  he  added  that  if  a  convex  lens  be  placed 
at  the  aperture  the  objects  will  appear  so  distinct  as  to  be  immediately 
recognised. 

14.  A.  de  Dominls — The  Rainbow. — In  1611  the  true  theory  of 

*  Opere^  ii.  p.  4. 


ART.  16  SNELL  AND  DESCARTES  9 

the  primary  rainbow  *  was  at  last  arrived  at  by  Antonio  de  Dominis, 
archbishop  of  Spalatro.  He  showed  that  one  reflection  and  two 
refractions  in  the  drops  of  rain  were  sufficient  to  bring  the  rays  which 
formed  the  bow  to  the  eye  of  the  spectator.  This  explanation  was 
either  verified  or  suggested  by  viewing  a  glass  globe  filled  with  water 
and  exposed  to  the  sun's  rays  under  the  same  circumstances  as  the 
drops  of  rain.  Both  the  primary  and  secondary  bows  were  afterwards 
explained  by  Descartes  *  on  mathematical  principles. 

15.  SneU  and  Descartes. — The  next  great  step  was  made  by 
Willebrod  Snellius.®  About  1621  he  ascertained  that  when  light  falls 
upon  the  surface  of  a  refracting  medium,  such  as  glass  or  water,  the 
sine  of  the  angle  of  incidence  bears  a  constant  ratio  to  the  sine  of  the 
angle  of  refraction.*  He  died,  however,  in  1626  without  having 
published  his  discovery.  The  law  of  refraction  has  been  consequently 
often  attributed  to  Descartes,  who  first  published  it  in  the  above  form, 
but  not,  as  Huygens  states,  without  having  previously  perused  the 
papers  of  SnelL  In  his  investigations  concerning  the  rainbow  Descartes 
also  neglects  to  mention  how  far  he  was  indebted  to  the  previous 
discoveries  of  Antonio  de  Dominis. 

The  speculations  of  Descartes  on  the  nature  of  light  bear  some 
resemblance  to  those  of  Aristotle,  and  it  seems  indeed  extraordinary 
that  after  the  lapse  of  so  many  centuries,  during  which  the  attention 
of  many  celebrated  philosophers  was  concentrated  on  the  subject,  no 
real  progress  had  been  made  in  the  physical  theory  of  light.  Descartes 
imagined  light  to  be  due  to  a  pressure  transmitted  instantaneously 
through  an  infinitely  elastic  medium  filling  all  space,  and  colours  he 
attributed  to  a  rotatory  motion  of  the  particles  of  this  medium. 

16.  Newton  and  Grimaldi. — It  was  still  supposed  that  every  re- 
fraction of  light  actually  produced  colour,  instead  of  merely  separating 

*  De  radiis  Visits  et  Lucis,  1611. 

-  Spec  Mdeonntif  chap.  viii.  '  Professor  of  Mathematics  at  Leyden. 

*  Although  tables  of  the  angles  of  incidence  and  refraction  for  glass  and  water 
had  been  constructed  by  Ptolemy  and  Vitellio,  the  philosophers  who  studied  them 
failed  to  discover  the  law  of  refraction  which  lay  hidden  in  them.  Even  Kepler 
{ ParaUgomena  ad  VUellionem^  1604)  laboured  unsuccessfully  to  derive  it  from  the 
t-ables  of  Vitellio. 

Snellius  observed  that  if  the  refracted  ray  and  the  incident  ray  continued  through 
the  point  of  incidence  be  intercepted  by  any  line  j)arallel  to  the  noimal  to  the  sur- 
face at  the  point  of  incidence,  the  length  of  the  intercepted  jwrtion  of  the  refracted 
ray  is  in  a  constant  ratio  to  the  length  of  the  intercepted  portion  of  the  incident  ray. 
The  form  above,  in  which  it  was  published  by  Descartes,  is  merely  the  trigonometrical 
statement  of  the  law  arrived  at  by  Snell. 

It  is  remarkable  that  the  law  of  refraction  in  its  most  improved  form  was  arrived 
at  independently  by  our  countryman  James  Gregory.  He  is  therefore  entitled  to 
as  much  honour  in  this  matter  as  Descartes. 
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the  colours  already  existing  in  ordinary  white  light,  but  in  1666 
Newton  made  the  important  discovery  of  the  actual  existence  of 
colours  of  all  kinds  in  solar  light,  which  he  showed  to  be  no  other 
than  a  compound  of  the  various  colours,  mixed  in  certain  proportions 
with  each  other  and  capable  of  being  separated  by  refraction  of  any 
kind. 

Whilst  Newton  was  making  his  earliest  experiments  on  refraction 
Grimaldi's  treatise  on  light  ^  appeared,  containing  an  account  of  many 
interesting  experiments  on  the  effects  of  diffraction,  which  is  the  name 
he  gave  to  a  small  spreading  out  of  light  in  every  direction  upon  its 
admission  into  a  darkened  chamber  through  a  small  aperture.  This 
spreading  out  (or  inflection,  as  Newton  called  it)  of  the  light  shows 
that  light  does  bend  round  corners  and  deviate  from  the  rectilinear 
path  like  sound,  but  to  a  very  small  extent,  and  it  forms  the  subject 
of  one  of  the  most  important  branches  of  physical  optics.  Grimaldi 
observed  that  in  some  instances  the  light  from  one  aperture  tended  to 
extinguish  that  from  another,  yet  it  cannot  be  admitted,  from  the 
nature  of  his  experiments,  that  he  ever  observed  any  true  case  of  the 
interference  of  light. 

^  Physico-McUhesis  de  Luminey  Bonon.,  1665. 
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Section  II. — ^Discovery  of  the  Velocity  of  Light  and 
Development  of  the  Corpuscular  Theory 

17.  Romer — Finite  Velocity  of  Light. — A  new  era  in  the  history 
of  optics  was  registered  by  the  Danish  astronomer  Olaus  Romer,  who 
in  1676  made  one  of  the  greatest  discoveiies  in  the  history  of  the 
science — that  of  the  propagation  of  light  in  time.  Romer  ^  was  led  to 
this  discovery  by  a  series  of  careful  observations  on  the  eclipses  of 
Jupiter's  satellites.  Each  satellite,  as  it  revolves  round  the  planet, 
disappears  behind  Jupiter  and  is  hidden  from  view,  or  eclipsed,  as 
long  as  the  opaque  body  of  the  planet  is  between  us  and  the  satellite. 
As  the  periodic  time  of  the  satellite  is  small,  its  motion  is  rapid  and  it 
disappears  almost  suddenly,  so  that  the  interval  of  time  between  two 
successive  eclipses  can  be  estimated  with  tolerable  precision.  If  this 
periodic  time  be  known,  the  dates  at  which  successive  eclipses  ^vill  occur 
can  be  tabulated  beforehand ;  but  Romer  found  that  the  observed 
times  of  eclipses  did  not  agree  with  those  calculated  in  this  manner, 
but  that  certain  inequalities  occurred  which  could  be  satisfactorily  ex- 
plained only  on  the  supposition  that  light  travels  with  a  finite  velocity. 

In  order  to  fix  our  ideas,  let  us  suppose  the  earth  to  be  stationary 
and  that  Jupiter  is  also  fixed,  and  that  the  satellite  under  observation 
moves  round  it  uniformly  with  the  periodic  time  T.  Under  these 
circumstances  the  successive  eclipses  will  follow  each  other  regularly 
at  equal  intervals  of  time  T.  On  the  other  hand,  if  the  earth  moves 
away  from  Jupiter  with  a  given  velocity  so  that  the  distance  between 
them  increases  uniformly,  then  the  interval  of  time  between  two  con- 
secutive eclipses,  as  observed  from  the  earth,  will  be  increased  from  T 
to  T  +  T,  where  t  is  the  time  required  by  light  to  traverse  the  distance 
passed .  over  by  the  earth  in  the  time  T  +  r.  So  also,  if  the  earth 
approaches  Jupiter,  the  time  between  two  eclipses  will  be  diminished 
in  a  similar  manner.  Now,  on  account  of  their  motions  round  the  sun, 
the  distance  between  the  earth  and  Jupiter  increases  during  one  part  of 
the  synodic  revolution  and  diminishes  during  the  remainder.  In  the 
former  part  the  periodic  time  T  will  have  an  apparent  increase,  and  in 
the  latter  a  decrease.  This  increase  and  decrease  was  found  by  Romer  to 
depend  on  the  rate  at  which  the  earth  is  receding  from  or  approaching 

^  Hist,  d  Mini,  x.  p.  399.     Ph.  Tr,  1677,  xii.  p.  893. 
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to  Jupiter,  ami  the  inevitable  conclusion  was  that  light  is  propagat(>d 
with  a  finite  velocity.^ 

The  velocity  so  determined  was  about  192,000  miles  per  second. 

Considering  the  enormous  rate  at  which  light  travels,  it  is  not 
surprising  that  Galileo  and  the  Academy  del  Cimento  should  have 
sought  in  vain  to  determine  it  directly.  In  recent  times,  however, 
methods  of  extreme  ingenuity  have  been  devised  by  Fizeau  (1849) 
and  Foucault  (1850)  for  directly  measuring  the  velocity  of  light  in  air 
or  any  other  transparent  medium.  These  methods  will  be  fully  de- 
scribed in  the  sequel  (chap,  xix.),  and  the  results  leave  no  doubt  a^ 
to  the  finite  speed  of  light,  and  fix  it  at  about  186,000  miles,  or 
300,000,000  metres  per  second. 

1 8.  Bradley. — For  nearly  fifty  years  after  the  discovery  of  Romer 
no  further  e^ddence  was  adduced  to  show  that  the  propagation  of  light 
was  not  instantaneous,  and  the  results  arrived  at  by  the  Danish  philo- 
sopher were  doubted,  if  not  denied,  in  many  quarters.  However,  in 
1728  Bradley-  discovered  what  is  kno'vvn  as  the  aberration  of  light, 
which,  like  many  other  great  discoveries,  was  made  when  the  author 
was  in  pursuit  of  another  inquiry.  Intending  to  verify  some  of  Dr. 
Hooke's  observations  on  the  parallax  of  the  fixed  stars,  he  observed 
the  star  y  Draconis  at  Kew  in  1725,  and  found  that  it  was  more 
southerly  than  it  had  appeared  before,  and  on  carefully  observing  it, 
and  othei*  stars,  for  a  long  time  he  found  that  they  all  had  an  appai'ent 
motion  in  space.  After  much  speculation  as  to  the  cause  of  this 
apparent  motion  he  finally  succeeded  in  solving  the  difiUculty  by 
taking  into  account  the  motion  of  the  earth  together  with  the  fact  that 
light  is  propagated  with  a  finite  velocity,  and  the  result  of  his  calcula- 
tions gave  a  value  of  this  velocity  agreeing  fairly  well  with  that 
arrived  at  previously  by  Romer.  This  showed  that  the  direct  light  of 
the  fixed  stars  travelled  with  the  same  velocity  as  that  reflected  from 
the  satellites  of  Jupiter  (see  further,  chap.  xix.). 

19.  Energy:  its  Conservation  and  Transmission. — When  a 
material  particle  is  in  motion  we  say  it  possesses  a  certain  store  of 
energ}',  which  we  term  kinetic,  meaning  that  this  energy  is  due  to  the 

'  The  time  taken  by  light  to  travel  ovei^  the  radius  of  the  earth's  orbit  is  aboat 
500  seconds.  Ktuners  estimate  was  much  too  high,  1)eing  eleven  minutes.  That 
the  inequalities  noticed  in  the  eclipses  of  Jupiter's  satellites  might  arise  from  the 
finite  sjKjed  of  light  was  admitted  when  Romci*  propounded  his  views,  but  neverthe- 
less it  was  contested  that  the  observed  inequalities  might  be  due  to  want  of  uni- 
formity in  the  motion  of  the  satellite  itself.  This  objection  is  legitimate,  and  the 
astronomical  methods  alone  do  not  place  the  question  beyond  doubt.  All  un- 
certainty, however,  has  been  removed  by  the  terrestrial  methods  devised  by  Fizeau 
and  Foucault.  '  Ph.  Tr,  1728,  xxxv.  p.  687. 
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motion  of  the  body.  The  paiticle  may  give  up  part  or  all  of  its  energy 
to  another,  by  collision  or  otherwise,  but  when  any  such  transference 
takes  place,  the  amount  of  energy  gained  by  one  particle  is  the  exact 
equivalent  of  that  lost  by  the  other.  If  the  energy  of  motion  of  any 
body  or  system  of  bodies  augments  or  diminishes,  the  energy  gained 
or  lost  must  have  been  abstracted  from,  or  given  to,  some  other 
system.  In  this  respect  energy  is  like  matter.  The  amount  of  it  in 
any  system  can  be  augmented  only  at  the  expense  of  some  other 
system.  That  is,  energy,  like  matter,  cannot  be  created  or  destroyed 
by  any  machine  or  process  at  the  disposal  of  man.  All  working 
engines  and  animals  are  mere  machines  for  converting  energy  from  one 
form  to  another,  or  transferring  it  from  one  system  to  another.  It  is 
in  this  sense  that  we  speak  of  the  consermtion  of  energy,  or  the 
permanence  of  energy,  just  as  we  speak  of  the  conservation  or  inde- 
structibility of  matter.  This  idea  of  the  impossibility  of  creating  or 
destroying  energy,  that  is,  of  its  ever  disappearing  in  any  system  or 
form  without  appearing  in  equal  quantity  in  some  other  system  or 
form,  underlies  the  whole  basis  of  modern  physics,  and  forms  its 
groundwork,  just  as  the  postulated  permanence  or  indestructibility  of 
matter  forms  the  foundation  of  modern  chemistry.^ 

Now  there  are  two  methods  by  which  we  may  communicate  energy 
to  a  body  at  a  distance — take,  for  example,  the  case  of  a  ship  at  sea. 
We  might  fire  bullets  into  it,  each  bullet  carrying  a  store  of  energy 
which  it  deposits  in  the  ship  when  it  strikes  it  By  this  means  we 
might  set  the  ship  in  motion.  But  there  is  another  method  by  which 
energy  may  be  communicated  to  the  ship.  We  may  use  the  water  or 
medium  in  which  the  ship  floats.  We  may  spend  our  energy  in 
exciting  waves  in  the  water.  These  waves  travelling  outwards  will 
break  upon  the  ship  and  set  it  in  motion,  thereby  communicating  a 
part  of  their  energy  to  it. 

In  the  former  method  each  bullet  acted  the  part  of  a  messenger 
carrying  a  certain  cargo  of  energy  from  the  person  or  machine  that 
projected  it  to  the  ship.  Here  we  have  a  transference  not  only  of  the 
energy,  but  also  of  the  matter  which  carries  it.  In  the  case  of  the 
waves,  the  energy  is  handed  on  in  succession  from  one  portion  of  the 
water  (or  medium)  to  the  next,  while  any  element  of  the  water  merely 
oscillates  about  its  position  of  rest.  We  have  thus  a  flow  of  energy 
through  the  water  which  affords  it  a  means  of  transit. 

As  another  example  of  the  transmission  of  energy  through  matter, 
we  may  consider  the  case  of  a  mass  attached  to  one  end  of  a  rod  or 

^  This  subject  is  treated  of  more  fully  in  the  author's  Theory  of  Htal^  * 
Section  VII. 
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rope.  When  the  other  end  is  held  in  the  hand  and  twisted,  the 
attached  body  will  rotate  so  as  to  free  the  rod  from  torsion.  Here 
the  energy  supplied  at  one  end  is  transmitted  along  the  rod  to  the  mass 
at  the  other.     There  is  a  flow  of  energy  along  the  rod. 

Hence  if  by  any  means  we  obtain  energy  from  a  source  situated  at 
a  distance,  we  are  forced  to  seek  for  the  vehicle  by  which  it  is  con- 
veyed. Either  matter  has  come  to  us  from  the  source,  carrying  the 
energy  associated  with  it,  as  in  the  case  of  pellets  fired  from  a  gun,  or 
else  the  energy  has  been  successively  propagated  through  some  medium 
existing  between  us  and  the  source.  The  probability  of  the  discovery  of 
other  methods  of  the  propagation  of  energy,  or  even  the  possibility  of  con- 
ceiving some  new  method  is  perhaps  a  speculation  of  a  purely  visionary 
character,  and  is  certainly  beyond  our  grasp  at  present.  It  is  well,  how- 
ever, to  keep  our  minds  open  to  the  fact  that  there  may  be  methods  of 
which  we  have  no  direct  experience,  and  of  which  we  may,  or  may  not, 
become  cognisant  as  our  knowledge  of  the  material  universe  increases. 

20.  Two  Modes  of  Propagating  Energy — Two  Theories  of  Light- 
It  having  been  proved  that  light  travels  with  a  finite  velocity,  and  it 
being  accepted  that  a  luminous  body,  as  such,  is  the  source  of  some 
mechanical  infiuence  which  we  call  light,  and  which  is  necessary  to 
vision,  and  above  all  that  the  ])henomena  of  light  and  heat  are  mani- 
festations of  energy,  the  question  arises  as  to  how  and  where  this 
energy  exists  during  the  interval  between  the  instant  it  leaves  the 
luminous  body  and  the  instant  it  reaches  the  observer.  Thus  light 
(or  heat)  requires  about  eight  minutes  to  reach  us  from  the  sun ;  how 
and  where  is  this  energy  stored  during  the  transit,  and  by  what 
means  is  it  transmitted  from  the  sun  to  us  ?  Direct  action  at  a  dis- 
tance is  out  of  the  question.  We  cannot  conceive  of  energy  disappear- 
ing at  the  sun  and  reappearing  at  the  earth  after  an  interval  of  eight 
minutes  without  having  been  propagated  continuously  in  the  interval 
through  the  intervening  space. 

In  the  present  state  of  knowledge  we  are  acquainted  with  energy 
only  as  associated  with  matter,  so  much  so  indeed  that  matter 
has  been  defined  as  the  vehicle  of  energy.  Consequently  two  dis- 
tinct and  intelligible  methods  of  representing  the  propagation  and 
nature  of  light  have  been  conceived.  The  first  (the  emission  theory), 
which  was  elaborated  by  Newton,  assumes  that  a  luminous  body,  as 
such,  continually  emits  small  particles,  or  luminous  corpuscles,  of 
extreme  minuteness  in  all  directions.  These  particles  are  projected 
from  the  body  and  travel  through  space  with  the  velocity  of  liriit, 
carrying  with  them  their  kinetic  energy;  that  is,  their  energy  of 
motion.     This  theory  accounts  at  once  for  such  general  pheDomena 
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as  the  rectilinear  propagation,  and  reflection,  of  light ;  but  some  of  its 
consequences  are  quite  inconsistent  with  observed  facts.  For  instance, 
the  doctrine  as  ordinarily  expounded  has  led  to  the  conclusion  that 
light  should  travel  faster  in  the  denser  media,  like  water  and  glass,  than 
in  the  rarer  less  refracting  media,  such  as  air,  while  experiment  proves 
the  reverse.  This  and  other  facts  which  it  has  failed  ^  to  explain  have 
been  satisfactorily  accounted  for  by  the  second  theory  (the  wave  theory), 
which  supposes  light  to  be  due  to  a  periodic  disturbance  in  a  medium 
existing  between  the  luminous  body  and  the  eye,  and  permeating  all 
spaca  This  hypothetical  medium  is  called  the  ether.  We  are  not  directly 
cognisant  of  it  by  any  of  our  senses,  such  as  touch,  taste,  or  smell,  but 
nevertheless  from  the  phenomena  of  light  (and  electricity)  we  cannot 
but  be  convinced  that  such  a  medium  exists,  and  thanks  to  the  labours 
of  scientific  men,  our  knowledge  of  its  properties  is  rapidly  increasing. 

According  then  to  the  second  theory — known  as  the  JFave  Theory 
— 2k  luminous  body  is  the  source  of  a  disturbance  in  the  ether,  which 
is  propagated  in  waves  throughout  all  space.  These  waves  falling 
upon  the  eye  excite  the  sense  of  vision.  They  travel  with  the  velocity 
of  light,  and  carry  energy  from  the  body  which  produces  them  to  that 
by  which  they  are  absorbed. 

Before  proceeding  to  the  history  and  development  of  this  theory, 
which  is  that  now  universally  accepted,  we  shall  first  glance  at  the 
emission  theory  and  see  how  far  it  will  account  for  the  facts. 

21.  The  Corpuscular  or  Emission  Theory. — This  hypothesis 
assumes  that  the  sensation  produced  by  light  is  due  to  a  mechanical 
action  on  the  retina.  It  formally  states  that  a  luminous  body  emits 
minute  particles^  which  by  their  impacts  on  the  retina  cause  the 
sensation  of  vision.  Very  formidable  objections  to  it  are  presented  at 
the  outset.  For  corpuscles  moving  with  such  an  immense  velocity  as 
186,000  miles  per  second  would  have  an  enormous  momentum  unless 
their  mass  be  small  beyond  all  conception.  Now  an  exceedingly  large 
number  of  these  particles  may  be  made  to  act  together  by  concen- 
trating them  in  the  focus  of  a  lens  or  mirror,  and  the  resultant  eff'ect 
of  their  impulses  might  be  expected  to  become  visible  when  subjected 
to  the  test  of  experiment.  This  apparently  easy  test  of  the  materiality 
of  light  was  appealed  to  by  many  philosophers.  The  effects  they 
observed  were  probably  due  to  extraneous  causes,  such  as  draughts 

^  Most  of  these  difficulties  may  be  overcome  by  introducing  suitable  hypotheses 
concerning  the  nature  of  the  corpuscles. 

*  **Are  not  rays  of  light  very  small  bodies  emitted  from  shining  substances? 
For  such  bodies  will  pass  through  uniform  mediums  in  right  lines  without  bending  - 
into  the  shadow,  which  is  the  nature  of  the  rays  of  light "  (Newton,  Opticks,  book 
iii.  Qu.  29). 


le  INTKODUCTION  chap,  i 

cuused  by  ineijiutlitius  of  tcmpeAture,  and  it  is  now  universally 
admitted  that  no  eiTcct  of  the  impulse,  of  light  lias  ever  been  perceived' 
The  motion  excited  in  the  well-known  delicate  radiometer  at  Mr. 
Crookes  is  attributed  to  other  causes,  and  it  is  to  be  remembered  that 
in  experimenting  with  this  inetnunent  the  vane  first  moves  towaida 
the  light,  indicating  an  apparent  attraction ;  and  it  is  not  until 
rarefaction  is  pushed  to  a  certain  limit  that  the  motion  of  the  vane 
is  reversed  and  exhibits  an  apparent  repulsive  action  of  the  light. 

This  is  not  the  only  difficulty  which  besets  the  theory  at  the  very 
lieginning,  for  wc  have  seen  that  the  light  of  the  sun  is  prop^ateil 
with  the  same  velocity  as  that  of  the  fixed  stars,  and  that  which  comes 
directly  to  us  from  these  bodies  travels  at  the  same  rate  as  that  which 
is  reflected  by  a  planet  or  its  satellite.  The  speed  of  propagation 
would  therefore  appear  to  be  independent  of  the  luminous  source,  us 
well  as  of  any  subsei^uent  modifications  which  the  light  may  undei^ 
in  the  celestial  spaces.  Now  the  emissive  force  required  to  project 
matei'ial  particles  with  the  velocity  of  light  is  calculated  to  be  over  a 
million  of  million  times  greater  than  the  force  of  gravity  at  the  earth's 
surface,  and  even  though  this  prodigious  force  were  the  same  for  the 
various  independent  bodies  of  the  universe,  Laplace  has  shown  that 
if  the  diameter  uf  a  fixed  star  were  250  times  as  large  as  that  of  our 
aun,  its  density  being  the  same,  its  attraction  would  be  sufficient  to 
destroy  the  whole  momentum  of  the  emitted  molecules.  M.  Aiago 
ingeniously  escapes  this  dithculty  by  admitting  that  the  molecules  may 
be  projected  with  very  different  velocities,  but  that  there  is  only  one 
velocity  which  is  adapted  to  excite  the  sense  of  sight. 

22.  Reflection. — According  to  the  theoiy  of  emission  each  luni- 
nous  molecule  travels  in  a  right  line  through  a  homogeneous  isotroMC 
medium.  Let  MN  (Fig.  1)  be  the  path  of  one  of  these  molecules,  <hi') 
let  AB  be  a  reflecting  surface.  Aa  soonai 
the  molecule  comes  within  a  certain  very 
smalt  distance  from  the  surface,  iodloUed 
by  the  line  PQ,  it  begins  to  experience  the 
repulsive  or  reflecting  action  of  the  surface. 
I  The  velocity  of  the  molecule  at  PQ  may  V 
KM!.i.-iwB«:ii<.u.rf.LiKUiMui«uu..  j.^s^iyed  into  two  components,  one  penllel 
to  AB  and  the  other  t>crpendicular  to  it.  The  former  component 
'  "Till!  uxiwriinoiitBor  Mr.  IJ^iiuut  secin  lo  (in-idi;  thix  iwinL  A  sleudm' •tnr 
n-oa  HiL-i]i('ii(led  liomoii tally  l>y  nu-aua  of  a  single  libre  of  a  H[iidur'ij  thread.  To  oM 
BUil  [<f  tliU  tlelu.'ately  inix[>eiiilol  Inv^r  van  attoclied  a  mtall  piece  of  wliitA  paper,  aad 
ttiii  whole  was  I'livluHcil  hi  a  glaiu  venwl,  froiu  wljicL  tlie  air  wu  withdrawn  by  an  air- 
[lunip.  Tlie  auu'H  lays  were  then  uonefotralud  by  meaiu  ofa  large  lens  am}  allowed 
to  f^l  on  tlic  \ai\»r,  l>ut  witliouC  any  j«rce)<tible  elTcct "  (Lloyd's  H'art  ThcDry). 
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is  iiiiallored  by  the  action  of  the  surface,  while  the  latter  is  at  first 
dimiriishcd  and  thGii  reversed,  so  that  the  molecule  retii-es  from  AB 
at  N'  with  the  same  ajjced  as  it  approached  it  at  N.  As  soon  as  the  per- 
pendicuiar  component  begins  to  dimintsh  under  the  reflecting  action  of 
the  surface  the  path  of  the  niolecidc  (at  N)  begins  to  curve,  and  when  this 
'.'um{)0nunL  Is  reiluced  to  zero  the  path  of  the  molecule  is  parallel  to  the 
surface.  After  this  point  the  repulsive  action  of  the  surface  will  be  the 
same  as  before,  and  the  route  of  the  molecule  will  be  along  a  curved 
path  to  N',  while  at  N'  it  retires  with  its  velocity  perpendicular  to  the 
surface  reversed,  and  its  velocity  parallel  to  it  unaltered.  The  molecule 
therefore  emerges  at  N'  free  from  the  influence  of  the  surface  in  a 
direction  N'M',  making  an  angle  with  the  surface  equal  to  that  madi- 
with  it  by  MN.  Thus  the  theory  accounts  easily  for  the  law  of  reflec- 
tion, just  as  it  is  deduced  for  the  reflection  of  a  perfectly  elastic  sphere. 
23.  Reft^Ctlon. — To  deduce  the  law  of  refraction  from  a  rare  to 
a  denser  medium  it  is  assumed  that  when  the  mnlecitle  conice  within 
■■t  very  small  limiting  distance  (PQ)  (Fig.  2) 
■  :i  the  surface  of  separation  AB,  it  begins 
ti.  lie  attracted  towards  the  surface  so  that 
its  component  velocity  perpendicular  to 
ilie  surface  gradually  increases,  till  it 
roaches  a  limiting  distance  (P'Q)  o"  the 
iitlier  side  of  the  surface  AB.  It  then 
jiTv.ceedB  in  the  new  mediiun  in  a  right  fik.i!.— B.tf™ctioiiuraLwbtMoiwiiii., 
line  N'M'.  the  velocity  parallel  to  the  surface  remaining  the  same, 
while  that  perpendicular  to  the  surface  is  increased  by  an  amount 
,  which  is- independent  of  the  angle  of  incidence,  but  which  varies  for 
.  iliflerent  materials.  I^t  the  velocity  along  MK  be  v  and  the  angle 
"iiich  MN  makes  with  the  surface  i  (the  angle  of  incidence).  Then 
1 1  the  velocity  along  N'M'  be  v'  and  the  angle  between  it  and  the 
r<iinnal  r  (called  the  angle  of  refraction),  we  have  from  the  constancy 
if  the  velocity  parallel  to  the  surface — 


Ik'  sine  of  the  angle  of  incidence  therefore  bears  a  constAnt  ratio  to 
1'  ^ine  of  the  angle  of  retraction.'     This  is  the  law  of  refraction; 

'  If  the  particle  ware  travelling  along  H'N'  in  the  more  refracting  niediun],  tlieu 
ipliroachiiig  the  surface  AB  it  would  u  before  he  attracted  ton-ards  the  more  re- 

I'  tiiig  mmliuni,  so  tliat  its  comiioiiciit  velocity  iierpetidicular  to  the  eurfare  would 
liiiliinialieil   by  the  attraction,  and   after  trivHrsiuy   the   curve  N'N,  it  would 

■.■'■isv  into  the  second  medium  tti  the  direction  NM,  making  an  angle  with  the 
:riial  greater  than  that  made  by  M'?>', 
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and  the  formula  shows  that  if  t  be  greater  than  r  then  rf  is  greal 
than  «.  That  is,  the  velocity  of  light  in  denser  (more  refractiz 
media  is  greater  than  in  rare  (less  refracting)  media,  for  we  know 
experience  that  the  ray  is  bent  towards  the  normal  (as  in  Fig.  2) 
passing  from  a  rare  medium,  such  as  air,  to  a  densei:  medium  li 
glass  or  water. 

We  here  reach  a  crisis  in  the  emission  theory,  for  it  has  be 
proved  beyond  doubt  by  dired  experiments  on  its  velocity  that  li{ 
travels  faster  in  a  rare  medium  like  air  than  in  a  denser  (more  re&a 
ing)  medium  like  water.  The  emission  theory  is  therefore  untenab 
and  the  wave  theory,  which  has  not  only  successfully  explained,  I 
even  anticipated  the  results  of  experiments,  has  been  universa 
adopted.^ 

24.  The  prima  facie  evidence  in  favour  of  the  emission  theory 
very  considerable.  In  the  first  place  it  readily  accounts  for  the  rec 
linear  propagation  of  light,  which  at  first  sight  looks  more  like  t 
motion  of  projectiles  than  the  propagation  of  undulations  which  ha 
a  tendency  to  spread  out  Then  it  lends  itself  at  once  to  the  explai 
tion  of  rays  and  shadows,  while  the  aberration  of  light  is  an  immedif 
deduction.  The  so-called  rectilinear  propagation  of  light  was  the  gn 
difficulty  which  the  early  supporters  of  the  wave  theory  had  to  tm 
and  the  account  of  it  remained  in  an  unsatisfactory  state  till  the  tu 
of  Young,  a  hundred  years  after  the  time  of  Huygens  who  sought  i 
its  explanation  in  certain  speculations  as  to  the  ultimate  conBtituti 
of  the  ether.  That  no  further  progress  was  made  until  the  time 
Young  has  been  attributed  to  the  great  impulse  given  to  the  stai 
of  the  motion  of  particles  under  the  action  of  known  forces  by  t 
grand  discoveries  of  Newton,  which  diverted  the  attention  of  men 
science  into  that  channel  rather  than  to  the  study  of  the  propaggti 
of  undulations. 

With  regard  to  the  emission   theory  Sir  6.  G.  Stokes   says 
'*Siu*ely  the  subject  is  of  more  than  purely  historical  interest 
teaches  lessons  for  our  futiu*e  guidance  in  the  pursuit  of  truth, 
shows  that  we  are  not  to  expect  to  evolve  the  system  of  nature  c 
of  the  depths  of  our  inner  consciousness,  but  to  follow  the  painstaki 
inductive  method  of  studying  the  phenomena  presented  to  us,  and 
content  to  learn  new  laws  and  properties  of  natural  objects.      It  sha 
that  we  are  not  to  be  disheartened  by  some  preUminary  difficnlti 
from  giving  a  patient  hearing  to  a  hypothesis  of  fair  promise,  assmnii 

^  This  difficulty  iu  the  theory  may  be  surmounted  by  a  suitable  hypothesis  cc 
ceruing  the  so-called  mass  of  the  luminous  cor^mscle. 

^  BumUt  Lectures  on  Lights  Lecture  I.,  delivered  at  Aberdeen,  1883. 
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of  course  that  those  difficulties  are  not  of  the  nature  of  contradictions 
between  the  results  6f  observation  or  experiment,  and  conclusions 
certainly  deducible  from  the  hypothesis  on  trial.  It  shows  that  we 
are  not  to  attach  too  great  importance  to  great  names,  but  to  in- 
vestigate in  an  unbiased  manner  the  facts  which  lie  open  to  our 
examination." 

25.  Newton's  Theory  of  Fits  of  Easy  Reflection  and  Easy  Trans- 
mission.— The  existence  of  both  reflection  and  refraction  at  the  surface 
of  a  transparent  substance  presents  at  first  sight  a  great  difficulty  in 
the  emission  theory,  for  it  is  not  easy  to  conceive  how  the  same 
surface  may  at  one  time  reflect  and  at  another  refract  an  impinging 
molecule.  To  meet  the  difficulty  Newton  was  led  from  his  observa- 
tions on  the  coloiu*ed  rings  of  thin  plates  (chap,  viii)  to  endow  the 
luminous  corpuscles  with  periodic  phases  or  fits,  as  he  terms  it^  of 
easy  reflection  and  easy  transmission,  so  that  sometimes  they  are  in 
a  condition  to  be  reflected,  and  sometimes  in  a  condition  to  be  re- 
fracted at  a  transparent  siu*face.  To  communicate  these  fits  to  the 
luminous  corpuscles  he  imagined  all  space  to  be  filled  with  an  all- 
pervading  medium  or  ether.  The  luminous  corpuscles,  on  striking  a 
reflecting  or  refracting  surface,  excite  waves  in  this  ether  which  over- 
take them  at  regular  intervals,  and  assist  or  oppose  their  motion 
periodically,  so  that  at  any  new  surface  they  are  refracted  or  reflected 
according  as  the  wave  assists  or  opposes  the  corpuscle.  The  element 
of  periodicity  thus  so  ingeniously  introduced,  and  which  is  so  funda- 
mentally involved  in  a  wave  motion,  we  should  naturally  expect  to 
be  independent  of  the  angle  of  incidence.  However,  to  reconcile  the 
theory  with  his  observations  on  thin  plates,  Newton  found  it  necessary 
to  suppose  the  length  of  a  fit  to  vary  as  the  secant  of  the  angle  of 
incidence,  and  it  does  not  appear  easy  to  account  for  such  a  law. 

Boscovich  ^  attributed  the  fits  to  a  polarity  of  the  liuninous  mole- 
cules, which  by  rotating  presented  alternately  their  different  sides  to 
the  reflecting  or  refracting  surface,  and  Biot  expounded  the  same 
theory.* 

In  conclusion,  we  may  state  that  we  believe  an  ingenious  exponent 
of  the  emission  theory,  by  suitably  framing  his  fundamental  postulates, 
might  fairly  meet  all  the  objections  that  have  been  raised  against  it 
It  will  be  found,  however,  on  an  examination  of  the  whole,  that  these 
necessary  postulates  endow  the  corpuscles  with  the  periodic  charac- 
teristics of  a  wave  motion,  and  when  this  is  introduced  the  corpuscles 
themselves  may  be  eliminated,  for  the  wave  motion  alone  sufficiently 

^  Boscovich,  Philoaophia:  NaturaXis  Theoria^  1758. 
^  Blot,  Traiti  de  Physique,  iom.  iv.  p.  1. 
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explains  the  phenomena.  Hence  the  one  remaining  argument  against 
the  supposition  of  corpuscles  is  that  they  are  superfluous,  for  we  believe 
that  no  direct  test  such  as  has  been  supposed  to  be  given  by  the  law  of 
refraction  in  regard  to  the  velocity  of  light,  or  by  interference  pheno- 
mena, can  decide  between  the  rival  hypotheses. 

Extracts  from  Newton 

The  following  passages,  quoted  direct  from  Newton's  writingg, 
expound  his  theory  in  his  own  words,  and  show  how  much  more 
closely  than  is  generally  supposed  it  resembles  the  undulatory  theoiy 
now  accepted : — 

*'  Were  I  to  assume  an  liy]>othesi8,  it  should  bo  this,  if  propounded  more  gener- 
ally, so  as  not  to  determine  what  light  is,  further  than  that  it  is  something  or  other 
capable  of  exciting  vibrations  in  the  ether  ;  for  thus  it  will  become  so  general  and 
comprehensive  of  other  hypotheses  as  to  leave  little  room  for  new  ones  to  be  in- 
vented "  (Birch,  vol.  iii.  p.  249,  December  1675). 

OptickSf  book  ii.  part  iii.  prop.  xii.  :  "  Every  ray  of  light  in  its  passage  tliroogb 
any  refracting  surface  is  put  into  a  certain  transient  constitution  or  state,  wliich  in 
the  progress  of  the  ray  returns  at  equal  intervals  and  disposes  the  ray  at  eveiy 
return  to  be  easily  refracted  through  the  next  refracting  sorface,  and  between  the 
returns  to  be  easily  reflected  by  it. 

''This  is  manifest  by  the  5th,  9th,  12th,  and  15th  observations  (coloured  rings). 
For  by  those  observations  it  appears  that  one  and  the  same  sort  of  rays  at  equal 
angles  of  incidence  on  any  thin  transparent  plate  is  alternately  reflected  and  trans- 
mitted for  many  successions  accordingly  as  the  thickness  of  the  plate  increases  in 
arithmetical  progression  of  the  numbers  0,  1,  2,  3,  4,  5,  6,  7,  8,  etc.,  so  that  if  the 
flrst  reflection  (that  which  makes  the  first  or  innermost  of  the  rings  of  colour  thtt« 
described)  be  made  at  thickness  1,  the  rays  shall  be  transmitted  at  thicknessM  Og  2, 
4,  6,  8,  10,  12,  etc.,  and  thereby  make  the  central  spot  and  rings  of  light  wlddi 
appear  by  transmission,  and  be  reflected  at  the  thicknesses  1,3,  5,  7,  9,  11,  etc,  and 
thereby  make  the  rings  which  appear  by  reflection.  And  this  alternate  lefleetioB 
and  transmission,  as  I  gather  by  the  24th  ol«ervation  (viewing  them  thmngh  a 
prism),  continues  far  above  an  hundred  vicissitudes,  and  by  the  observations  in  tiM 
next  part  of  this  book  (colours  of  thick  plates)  for  many  thousands,  being  propagated 
from  one  surface  of  a  glass  plate  to  the  other,  though  the  thickness  of  the  plate  be  § 
quarter  of  an  inch  or  above ;  so  tliat  this  alternation  seems  to  be  propagated  frem 
every  refracting  surface  to  all  distances  without  end  or  limitation.  This  alternate 
reflection  and  refraction  depends  on  both  the  surfaces  of  every  thin  plate,  because  it 
depends  on  their  distance. 

'*  What  kind  of  action  or  disposition  this  is  ;  whether  it  consists  in  a  ciixmlating 
or  a  vibrating  motion  of  the  ray,  or  of  the  medium,  or  something  else,  I  do  not  here 
inquire.  Those  that  are  averse  from  assenting  to  any  new  discoveries  but  such  u 
they  can  explain  by  a  hypothesis,  may  for  the  present  suppose  that  as  stones  bjr 
falling  upon  water  put  the  water  into  an  undulating  motion,  and  all  bodies  by  pe^ 
cussion  excite  vibrations  in  the  air,  so  the  rays  of  light,  by  impinging  on  anv 
refracting  or  reflecting  medium  or  substance,  and  by  exciting  them,  agitate  the  solid 
parts  of  the  i-efracting  or  reflecting  Ixxiy,  and  by  agitating  them,  canse  the  body  to 
grow  warm  or  hot ;  that  the  vibrations  thus  excited  are  propagated  in  the  refracting 
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or  reflecting  mediam  or  substance  much  after  the  mauner  that  vibrations  are  propa- 
gated in  the  air  for  causing  sound,  and  move  faster  than  the  rays  so  as  to  overtake 
them  ;  and  that  when  any  ray  is  in  that  part  of  the  vibration  which  conspires  ^^-ith 
its  motion,  it  easily  breaks  through  a  refracting  surface,  but  when  it  is  in  the  con- 
trary part  of  the  vibration  which  impedes  its  motion,  it  is  easily  reflected  ;  and  by 
consequence,  that  every  ray  is  successively  disposed  to  be  easily  reflected,  or  easily 
transmitted,  by  every  vibration  which  overtakes  it  But  whether  this  hy^iothesis 
be  true  or  false  I  do  not  here  consider." 

Opticks,  fourth  edition,  1750,  book  iii.  Qu.  17  :  "  If  a  stone  be  thrown  into  stag- 
nating water,  the  waves  excited  thereby  continue  some  time  to  arise  in  the  place 
where  the  stone  fell  into  the  water,  and  are  propagated  from  thence  in  concentric 
circles  upon  the  surface  of  the  water  to  great  distances.  And  the  vibrations  or 
tremors  incited  in  the  air  by  percussion  continue  a  little  time  to  move  from  the  i)lace 
of  percussion  in  concentric  spheres  to  great  distances.  And  in  like  manner,  when 
a  ray  of  light  falls  upon  the  surface  of  any  pellucid  body,  and  is  there  refracted  or 
reflected,  may  not  waves  of  vibrations,  or  tremors,  be  thereby  excited  in  the  refract- 
ing or  reflecting  medium  at  the  point  of  incidence  and  continue  to  arise  there,  and 
to  be  propagated  from  thence  .  .  .  and  arc  not  these  vibrations  propagated  from  the 
point  of  incidence  to  great  distances  ?  And  do  they  not  overtake  the  rays  of  light, 
and  by  overtaking  them  successively,  do  they  not  put  them  into  the  fits  of  easy 
reflexion  and  easy  transmission  described  above?  For  if  the  rays  endeavour  to 
recede  from  the  densest  part  of  the  vibration,  they  may  be  alternately  accelerated 
and  retarded  by  the  vibrations  overtaking  them." 

And  again,  Qu.  18  :'*...  Is  not  the  heat  of  the  warm  room  conveyed  through 
the  jMctium  by  the  vibrations  of  a  much  subtiler  medium  than  air  ?  .  .  .  And  is  not 
this  medium  the  same  with  that  medium  by  which  light  is  refracted  and  reflected, 
and  by  whose  vibrations  light  communicates  heat  to  bodies,  and  is  put  into  fits  of 
easy  reflexion  and  easy  transmission )  '* 

In  Qu.  19  he  employs  this  ether  (as  he  calls  it)  to  account  for  gravitation.  ''^Is 
not  this  mediimi  much  rarer  within  the  dense  bodies  of  the  sun,  stars,  planets, 
and  comets,  than  in  the  empty  celestial  spaces  between  them  ?  And  in  passing  from 
them  to  great  distances,  doth  it  not  grow  denser  and  denser  periietually,  and  thereby 
cause  the  gravity  of  those  great  bodies  towards  one  another,  and  of  their  part  towards 
the  bodies ;  every  body  endeavouring  to  go  from  the  denser  parts  of  the  medium 
towards  the  rarer  ?  .  .  .  " 

Qu.  23:  "Is  not  vision  performed  chiefly  by  the  vibrations  of  this  medium, 
excited  in  the  bottom  of  the  eye  by  the  rays  of  light,  and  propagated  through  the 
solid,  pellucid,  and  uniform  capillamenta  of  the  o])tick  nerves  into  the  place  of  sensa- 
tion ? "  Hearing  and  animal  motion  he  supposes  to  be  brought  about  also  by  the 
vibrations  of  the  ether. 


22  INTRODUCTION  ceiLP.  i 


Section  III. — Introduction  and  Development  of  the  Wave 

Theory 

26.  Early  Speculations. — The  founding  of  the  wave  theory  of 
light,  like  the  discovery  of  the  laws  of  reflection  and  refraction,  has 
been  erroneously  attributed  to  Descartes.  In  the  theory  of  Descartes 
vision  was  supposed  to  be  excited  by  a  pressure  transmitted  in- 
stantaneously through  an  infinitely  elastic  medium  filling  all  space,  so 
that  it  contained  nothing  analogous  to  the  continuous  propagation  of 
waves.  ^  The  origin  of  the  doctrine  might  be  traced  back  to  the  vague 
speculations  of  Aristotle,  and  some  germs  of  it  may  be  found  in  the 
writings  of  Lionardo  da  Vinci,^  and  in  the  correspondence  of  Galilea 
More  or  less  obsciu*e  ideas  were  expressed  by  Grimaldi  and  Hooke,' 
the  latter  of  whom  defined  light  as  '*  a  quick  vibratile  movement  of 
extreme  shortness " ;  ^  but  he  supposed  this  movement  to  be  propt- 
gated  instantaneously  in  all  directions.  His  theory  was  consequently 
little  in  advance  of  the  instantaneous  pressiu*e  of  Descartes.  However, 
it  appears  that  Hooke  was  quite  prepared  to  admit  that  light  travelled 
with  a  finite  velocity  (when  proved),  and  that  he  even  anticipated  the 
proof. 

The  founder  of  a  theory  is  not,  however,  the  author  who  makes 
more  or  less  vague  but  happy  guesses  at  it,  and  the  credit  of  discovery 
is  entirely  due  to  him  who  demonstrates.  Otherwise  it  would  be  very 
difficult  to  fix  the  date  at  which  the  undulatory  theory  of  light  was 
first  formulated. 

27.  Huygens,  Young,  Fresnel.— The  true  founder  of  the  wave 
theory  is  undoubtedly  Huygens,  who  in  1678  first  stated  it  in  a 
definite  form,  and  in  1690  published  a  satisfactory  explanation  of 
reflection  and  refraction  on  the  supposition  that  light  is  due  to  ware 

^  It  is  strange  tliat  with  his  ideas  as  to  the  nature  of  heat,  which  he  defines  as 
''an  internal  agitation  of  the  particles  of  a  body,"  and  though  this  vibratory  motiot 
exists  in  bodies  that  arc  both  hot  and  luminous  {i.e.  incandescent),  and  is  ttie  ciav 
of  the  ' '  instantaneous  pi'essure  "  transmitted  in  all  directions,  yet  there  ia  no  ttitr 
ment  of  a  vibration  existing  in  the  medium  through  which  the  pressure  is  propsgtUd. 

-  Libri,  Histoire  des  Maih^matiquta  tii  Italh\ 

'  Micrographia  (1665)  and  Lecture  on  Light.  Posthumous  works  of  Hooke,  ITW. 
See  p.  76,  etc. 

*  Micrographia,  p.  16. 
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motion  in  the  eiher.^  He  also  accounted  for  double  refraction  in 
uniaxial  crystals — a  phenomenon  which  had  been  observed  and  de- 
scribed by  Bartholinus'  about  1670. 

Having  failed  to  account  satisfactorily  for  the  rectilinear  propaga- 
tion  of  light  or  the  theory  of  shadows,  to  which  the  corpuscular  theory 
lent  itself  so  easily,  the  wave  theory,  so  well  initiated  by  Huygens, 
fell  into  disrepute,  and  remained  lifeless  for  almost  a  century.  It 
was  then  revived  by  Dr.  Young's  discovery  of  the  celebrated  principle 
of  interference. 

Although  Huygens  discovered  what  is  known  as  the  polarisation 
of  lights  he  was  unable  to  account  for  it  on  the  wave  theory,  neither 
could  Young,  for  these  philosophers  supposed  the  wave  disturbance 
in  the  ether  to  be  longitudinal ;  that  is,  in  the  direction  of  the  ray  of 
light,  this  being  the  kind  of  vibration  known  to  occur  in  the  propaga- 
tion of  sound.  And  it  was  not  until  Fresnel  introduced  with  brilliant 
success  a  happy  guess  of  Hooke's  (1672),  viz.  that  the  light  vibrations 
are  transverse — that  is,  perpendicular  to  the  direction  of  the  ray — that 
the  great  difficulties  besetting  the  theory  were  removed,  and  the 
known  phenomena  not  only  satisfactorily  explained,  but  others  not 
yet  discovered  were  anticipated.  Poggendorfif  remarks  that  there 
is  no  other  instance  in  the  history  of  modem  physics  in  which  the 
truth  was  so  long  kept  down  by  authority. 

It  was  the  phenomenon  of  the  polarisation  of  light  that  led  to  the 
final  abandonment  of  the  wave  theory  by  Newton.  Having  before 
his  mind  the  longitudinal  or  sound  vibrations,  he  could  not  conceive 
how  a  ray  could  have  different  properties  on  its  different  sides.  He 
therefore  fell  back  upon  the  emission  theory,  and  developed  it  with  a 
genius  more  than  human. 

28.  Interference — Non-Materiality  of  Light — Experiments  of 
Grimaldi  and  Young.— About  150  years  before  the  time  of  Young, 
Grimaldi  ^  remarked  that  in  certain  cases  two  lights  when  superposed 
can  partially  destroy  each  other  (and  Hooke  simultaneously  laid  claim 

*  The  only  author  who  can  be  advanced  with  any  show  of  reason  as  an  antici- 
pator of  Huygens  is  the  Jesuit  Pardis.  Huygens  mentions  the  manuscript  of  Pardis, 
and  cites  him  (TraiUde  la  Lumi^e,  p.  18)  as  **one  of  those  who  have  commenced 
to  consider  the  waves  of  light"  The  ideas  of  Pardis  were  incorporated  in  the  work 
of  another  Jesuit,  C.  P.  Ango  {L*Optiqiu  divU^e  en  trois  livres,  Paris,  1682).  It  i* 
here  explicitly  stated  that  light  is  due  to  waves  in  the  ether,  just  as  sound  is  due  to 
waves  in  the  air. 

*  Erasmus  Bartholinus,  ExperimerUa  chrystalH  Islandici  disdiaclastiei,  Copen- 
hagen, 1669 ;  Amsterdam,  1670. 

*  Prop.  xxiL  :  **  Lumen  aliquando  per  sui  communicationem  reddit  obscurant 
superficiem  corporis  alicunde  ac  prius  illustratam  "  {Physiw-Mathens  de  Lumiru,  eolori- 
bus  et  iride,  Bologna,  1665). 
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lo  ihe  siiiue  discovery),  but  from  the  mflniier  in  which  his  ex|)erinien!*    I 
were  conducted  he  could  not  have  obeerved  any  case  of  true  intetier- 
ence.     After  allowing  the  sunlight  to  enter  a  darkened  chamber  through 
two  small  holes  A  and  B  (Fig.  3)  pierced  very  near  each  other  in  thr 
shutter,  he  received  the  diverging  conea  of  light  on  a  screen.     Eadi 
depicted  a  circular  spot  of  light  surrounded  by  a  fainter  ring.     Ha^iii);  , 
pkced  the  screen  at  such  a  distance  that  these  rings  partly  overlapped.   , 
he  ofiaerved   ihnt  the  ilhmiinatinn  appeareil  less  in  the  ovvrlnppin^    ' 


jMrtion  than  in  the  remainder  of  the  rings.  If  one  of  the  )>cncUe  wm 
intercepted  by  an  obstacle,  this  dark  portion  recovered  the  brightaw 
of  the  rest.  Thus  darkness,  he  found,  may  be  produced  by  adding 
one  light  to  another,  and  on  the  other  hand,  the  illiunination  may  be 
increased  by  withdrawing  a  jwrtion  of  the  light.  The  efTect  hen 
observed  is,  however,  probably  an  optical  illusion  due  to  contrast,  sal 
not  a  true  case  of  interference. 

The  object  of  Grimaldi's  inquiry  being  merely  to  ascertain  vrhethv 
light  was  a  material  or  an  accident,  he  prosecuted  his  research 
fiu-iher,  for  he  considered  the  experiment  fully  proved  that  1) 
not  a  material  substance. 


Young, 
through  a 


1  the  other  hand,  admitted  a  very  small  pencil  of  1 
rrow  slit  S  in  a  shutter  (Fig.  4).     This  beam  fell  U 

I  screen  perforated   by  tw* 
small  pin-holes  A  and  B,  V 
near  each  other. 
ii[)ertures  A  and  B  hd 
I   thus   two   smaU    penoi! 
light  which  he  r«ceivedd 
hV. '.-Vuii,i«»  K<peNi.,«i,u  screen   M,  and   he   i 

that  at  M,  where  the  pencils  overlapped  each  other,  instead  of  g 
illumination,  a  series  of  brilliantly  coloured  l»ands  npitoared  ( 
When  he  gi-odually  increased  the  distance  between  the  pitt-hol 
bands  gradually  diminished  in  width  till  they  finally  disappoared, 
also  disappeared  when  he  stopped  one  of  the  apertures,  or  trb^ 
removed  the  sHt  S  and  allowed  the  sunlight  to  paas  through  A  I 
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directly,  as  in  Grimaldi'B  experiment  This  showed  that  the  bands 
must  be  due  to  the  action  of  the  light  from  A  on  that  from  B,  and 
also  that  these  apertures  must 
be  supplied  itom  the  same  small 
source  S. 

At  any  pcnnt  of  a  dark  band 
on  the  Bcnen,  the  light  coming 
to  it  from  one  torture  (A)  is 
apparently  destroyed  by  that 
coming  from  the  other  (B).  In 
this  case  the  two  lights  are  said  ^*'  >■— i"'*^"''"  '*•"''■■ 

to  interfere  destructively.    The  dark  bands  are  places  where  the  soiu-cee 
A  and  B  produce  opposite  efTects  and  neutralise  each  other,  whereas 
in  the  bright  bands  the  two  effects  are  alike  and  the  illumination  is  very 
brilliant.     On  the  whole,  however,  there  is  no  annihilation  of  the  light. 
The  deficient  illuminatioD  of  the  dark  bands  is  accounted  for  in  the  > 
excessive  brilliancy  of  the  bright  banda    The  whole  quantity  of  light  on  " 
the  screen  is  the  sum  of  the  quantities  which  the  sources  A  and  B  would  ii 
fumish  separately.     The  dark  bands  consequently  do  not  point  to  the 
jnnihiUUum  of  any  portion  of  the  light,  but  merely  to  a  redistribution 
if  it  on  the  screen ;  and  when  we  speak  of  destructive  interference 
it  any  point,  it  must  be  remembered  that  the  illumination  which  is 
tpparently  destroyed  there  exists  in  eqxwl  quantity  elsewhere  (see 
'urther.  Art.  44). 

It  is  sometimes  asserted  that  the  mutual  interference  and  con- 
tequent  production  of  fringes  by  two  similar  sources  of  light  com- 
pletely overthrows  material  or  emission  theories  of  light ;  for,  it  is  said, 
ire  cannot  conceive  of  two  substances  destroying  each  other.  But  it 
ihould  be  remembered  that  here  we  have  no  destruction  of  light,  the 
x>ta)  quantity  remains  the  same,  just  as  in  the  case  of  sand  or  dust 
itrewn  on  a  vibrating  plate  or  in  a  sounding  tube.  If  the  dust  be 
iniformly  distributed  on  the  plate  )>efore  the  vibration  starts,  it  will 
vhen  the  plate  is  bowed  collect  along  certain  lines,  leaving  the  other 
Mrts  naked.  The  total  quantity  of  dust  however  remains  unaltered, 
ind  the  same  law  holds  in  Young's  interference  experiment.  This 
ixperiment  would,  consequently,  not  necessarily  overthrow  an  emission  ei 
,heory,  but  rather  force  it  to  adopt  some  new  hypothesis  concerning  "■ 
.he  corpuscles  and  their  mode  of  interaction,  just  as  Newton  invented 
lis  theory  of  fits  to  explain  the  production  of  coloured  rings  by  thin 
ilates. 

The  principle  of  interference  is  one  of  the  most  fertile  in  physical 
icience,  and  many  beautiful  examples  of  its  power  will  appear  in  the 
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sequel.  Presently  we  shall  show  how  it  reconciles  the  apparent  recti- 
linear propagation  of  light  with  the  wave  theory,  and  answer  the 
difficulty  suggested  by  Newton  and  those  who  espoused  the  emission 
theory :  "  If  light  consists  of  undulations  in  an  elastic  medium,  it 
should  diverge  in  every  direction  from  each  new  centre  of  disturbance, 
and  so,  like  sound,  bend  round  interposed  obstacles,  and  obliterate  all 
shadow.'*  The  reply  of  the  wave  theory  is  that  light  does  bend  round 
obstacles  (as  Newton's  own  experiments  prove),  but  to  a  very  small 
extent,  on  account  of  the  extreme  shortness  of  its  wave  length,  and 
shadows  exist  because  the  several  portions  of  the  laterally  diverging 
light  destroy  each  other's  effect  by  interference. 

Soimd  is  observed  to  bend  roimd  corners  very  much  more  than 
light,  merely  because  its  wave  length  is  vastly  greater. 

29.  A  Medium  necessary. — The  radiations  which  we  receive  from 
the  sun  or  from  any  other  luminous  body  not  only  affect  our  sense 
of  sight,  which  in  itself  is  an  evidence  of  work  done,  but  also  in 
general  appreciably  heat  any  body  on  which  they  falL  Besides  the 
radiations  which  affect  our  sense  of  sight,  and  which  we  term  light, 
a  luminous  body  in  general  emits  others,  which  vfe  detect  by  their 
thermal  or  chemical  action.  Heat  and  work  being  convertible,  we 
T^^Yi  by  measuring  the  heating  effect  of  the  sun's  radiation,  calculate 
the  amount  of  energy  transmitted  to  us  per  second.  We  therefore 
learn  to  regard  the  sun  or  any  other  luminous  body  as  a  source  from 
which  energy  is  emitted  in  all  directions,  and  the  question  now  arises, 
— by  what  means  is  this  energy  propagated,  and  how  is  it  stored  while 
it  is  travelling  to  us  from  the  sun  or  a  distant  star,  for  we  know  that 
it  is  not  transmitted  instantaneously,  but  travels  through  the  inter 
stellar  spaces  with  a  definite  velocity,  viz.  the  velocity  of  light. 

Now,  with  our  present  experience,  it  does  not  seem  possible  to 
conceive  of  more  than  two  modes  by  which  any  body  as  a  source  of 
a  mechanical  influence,  travelling  with  a  finite  velocity,  can  ultimately 
affect  and  communicate  energy  to  another  body  situated  at  a  distance. 
A  mechanical  influence  implies  the  intervention  of  a  substance  of  some 
kind,  and  this  substance  may  be  either  projected  forth  from  the 
influencing  to  the  influenced  body,  like  bullets  from  a  gun,  each 
particle  travelling  with  a  certain  velocity  and  carrying  a  definite 
amoiuit  of  energy  with  it ;  or  it  may  exist  as  a  continuous  medium 
filling  the  space  between  the  two  bodies,  and,  being  disturbed  by  one, 
the  disturbance  may  be  propagated  from  portion  to  portion  of  the 
medium  (each  part  being  agitated  by  its  predecessor,  and  in  tun 
yielding  to  the  succeeding  element  the  energ\'  it  received)  till  it  finally 
reaches  the  second  body.     The  waves  excited  by  casting  a  stone  into 
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water  or  by  a  sounding  bell  illustrate  the  latter  method  of  propagating 
energy,  and  this  forms  the  basis  of  the  wave  theory  of  light. 

Young's  discovery  of  the  so-called  destructive  interference  of  two 
lights  suggests  that  light  in  itself  is  not  a  substance  emitted  by  the 
luminous  body.  In  addition  the  emission  theory  has  failed  (or  requires 
interminable  patching)  to  account  for  the  observed  facts.  Scientists 
have  consequently  been  compelled  to  have  recourse  to  the  wave  theory, 
and  to  assume  that  all  space  is  filled  with  some  medium  or  substance, 
if  we  may  so  call  it,  differing  in  its  properties  from  visible  material 
bodies,  and  that  a  luminous  body,  as  such,  is  the  source  of  a  periodic 
disturbance  of  some  kind  which  is  propagated  in  all  directions  by 
means  of  this  medium,  or,  as  it  is  called,  the  ether} 

The  balance  of  experimental  evidence  is  in  favour  of  the  theory 
that  all  optical  and  radiation  effects  are  due  to  rapid  periodic  changes 
of  some  properties  of  the  ether.  Electric,  magnetic,  and  electro- 
magnetic effects  also  appear  to  be  due  to  the  intervention  of  the  same 
medium. 

We  know  that  sound  travels  through  air,  water,  glass,  and  other 
material  substances  with  a  definite  velocity  in  each,  and  experiment 
proves  that  the  propagation  of  sound  in  these  substances  is  due  to  an 
undulatory  disturbance  or  vibration,  excited  in  them  by  the  sounding 
body.  Sound  is  not  propagated  in  a  vacuum.  Its  phenomena  are 
consequences  of  the  vibratory  motion  of  the  parts  of  the  material 
substances  through  which  it  travels.  When  a  musical  note  is  sounded 
energy  is  transmitted  to  the  air  by  the  sounding  body  and  the  air  is 
thrown  into  vibration.  This  energy  travels  through  the  air  as  a  wave 
motion,  and  part  of  it  is  spent  in  exciting  the  tympaniun  of  the 
hearer.  Light,  on  the  other  hand,  is  propagated  with  the  greatest 
faicility  through  the  best  vacuum  we  can  procure.  It  traverses  the 
interstellar  spaces  where  we  cannot  suppose  any  material  substances 
to  exists  except  perhaps  the  most  excessively  attenuated  atmospheres 
or  sporadic  groups  of  meteorites.  It  is  propagated  with  more  or  less 
facility  through  transparent  substances,  but  in  all  cases  with  a  velocity 
enormously  greater  than  that  of  sound.  Hence  although  the  presence 
of  material  substances  modifies  the  propagation  of  light  to  some  extent 
(as  by  refraction  or  diminution  of  velocity,  etc.),  yet  they  are  by  no 
means  necessary  to  its  conveyance  from  one  part  of  space  to  another. 

The  existence  of  some  medium  filling  all  space  as  far  as  the 
farthest  star  becomes  therefore  a  necessity  in  the  rational  explanation 
of  the  phenomena  of  heat  and  light,  and  before  proceeding  to  the 
development  of  the  wave  theory  of  light,  it  will  be  well  to  consider 

*  See  further,  Theory  of  Heat,  pp.  61,  56. 
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some  of  the  fundamental  properties  of  this  hjrpothetical  medium — the 
ether. 

30.  The  Ether. — The  assumption  of  the  existence  of  a  medium 
filling  all  space  does  not  seem  to  have  presented  any  serious  difficulty 
to  the  reception  of  the  wave  theory.  A  far  more  formidable  difficulty 
with  which  the  early  supporters  of  the  theory  had  to  contend  was 
presented  by  the  existence  of  rays  and  shadows.  They  could  not 
explain  by  the  wave  theory  the  apparent  rectilinear  propagation  of 
light  to  which  the  emission  theory  lent  itself  so  easily. 

Several  ethers  have  been  postulated  by  different  philosophers  for 
different  purposes.^  Newton  supposed  that  a  medium  existed  in  which 
his  luminous  corpuscles  travelled,  and  in  which  they  were  capable  iD 
certain  cases  of  exciting  undulations.  He  also  attempted  to  account 
for  gravitation  by  the  differences  of  pressure  in  an  ether,  but  he 
published  little  of  his  theory,  "  because  he  was  not  able  from  experi- 
ment and  observation  to  give  a  satisfactory  account  of  the  medium 
and  the  manner  of  its  operation  in  producing  the  chief  phenomena  of 
nature." 

The  only  ether  which  has  survived  is  that  conceived  by  Huygens 
to  account  for  the  propagation  of  light.  The  evidence  in  favour  of 
it  has  accumulated  with  each  discovery  of  science,  and  the  properdee 
of  it  as  deduced  from  the  phenomena  of  radiant  light  and  heat  are  also 
those  required  to  explain  the  phenomena  of  electricity  and  magnetism. 
It  may  be  that  this  same  medium  forms  the  vehicle  by  which  gravitatiofl 
is  maintained  between  material  substances,  and  in  some  manner  as  yet 
unknown  to  us  forms  the  link  of  connection  by  which  the  sun  is  en- 
abled to  attract  the  earth  and  planets  and  keep  them  in  their  orbita- 
The  present  tendency  indeed  of  physical  science  is  to  regard  all  the 

^  To  Descartes  the  bare  existence  of  bodies  apparently  at  a  distance  was  a  proof 
of  the  existence  of  a  continuous  medium  between  them,  for  he  regarded  extension  u 
the  sole  essential  pro])erty  of  matter,  and  matter  a  necessary  condition  of  extenaioik 
"Etliers  were  invented  for  the  planets  to  swim  in,  to  constitute  electric  atino* 
Hplieres  and  magnetic  effluvia,  to  convey  sensations  from  one  part  of  our  body  to 
another,  till  all  8]»ace  was  filled  several  times  over  with  ethers  "  (J.  C  Maxwell). 

'  *'  It  is  tnic  that,  notwithstanding  the  laboura  of  various  scientific  men,  we  are 
not  in  a  condition  to  give  an  explanation  of  gravitation,  but  our  inability  to  ezpUin 
it  by  no  means  proves  that  it  is  a  ]>rimary  ])roperty  of  matter,  incapable  of  ezplani* 
tion,  or  forbids  us  to  suppose  that  it  may  in  some  way  be  brought  about  by  the 
intervention  of  that  same  substance  which  we  find  it  necessary  to  assume  for  the 
explanation  of  the  phenomena  of  light  on  the  theory  of  undulations.  .  .  .  Aainni- 
ing  for  the  moment,  as  a  thing  at  the  present  day  resting  on  eridonce  quite  over 
whelming,  that  light  consists  of  undulations,  we  cannot  fail  to  be  imprened  by  the 
multiplicity  of  purposes  all  bearing  so  intimately  on  our  wellbeing,  which,  it  eeems 
prolxable,  or  not  unlikely,  are  fulfilled  by  one  and  the  same  substance,  endowed  with 
pro])erties  which  we  are  only  gradually  learning  "  (Stokes*s  Burnett  LeetvTta). 
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phenomena  of  nature,  and  even  matter  itself,  as  manifestations  of 
snergy  stored  in  the  ether.  When  we  electrify  a  body  a  certain 
unount  of  energy  is  expended,  and  this  is  ordinarily  regarded  as  the 
Bnergy  of  the  electric  charge,  and  may  be  recovered  at  any  time  by 
discharging  the  body.  But  where  is  the  energy  stored  ?  We  say  it 
IS  stored  in  the  ether.  So  again  it  may  be  that  the  energy  spent  in 
raising  a  mass  from  the  earth's  surface  is  stored  in  the  ether.  ^  Hence 
what  we  call  potential  energy  may  be  energy  stored  in  the  ether,  and 
if  it  exists  there  as  motion  of  the  ether,  then  we  may  regard  all  energy 
as  kinetic. 

To  account  for  the  propagation  of  undulations  with  a  finite  velocity 
and  carrjring  energy,  the  ether  has  been  endowed  with  the  two  radical 
properties  of  elasticity  and  density,  or  rather  something  corresponding 
to  elasticity  and  density.^  When  sound  is  propagated  through  material 
substances,  rarefactions  and  condensations  are  produced,  and  to  the 
forces  of  restitution  called  into  play  the  propagation  of  the  sound  is 
due,^  while  the  velocity  of  the  propagation  depends  on  the  elasticity 
and  density  of  the  substance.  There  is,  however,  a  series  of  pheno- 
mena in  light  *  which  have  no  counterpart  in  the  theory  of  sound, 
and  which  lead  to  the  conclusion  that  the  so-called  elasticity  of  the 
ether  is  very  different  from  that  of  the  air.  They  suggest  that  the  Transvere 
vibration  of  the  luminiferous  ether  must  be  transverse  to  the  direction  ^'^^™*^°^ 
of  propagation  of  the  light.  Air  and  fluids  cannot  transmit  transverse 
vibrations,  for  they  offer  no  resistance  to  distortion,  and  this  is  the 
property  on  which  the  propagation  of  transverse  vibrations  depends. 
When  sound  is  travelling  through  air  tbe  vibrations  of  the  air  are 
longitudinal,  that  is  in  the  direction  in  which  the  sound  is  travelling. 
Solids,  on  the  other  hand,  are  capable  of  transmitting  both  kinds  of 
vibrations,  but  with  a  velocity  enormously  less  than  that  of  light. 
The  elasticity  of  the  ether  has  consequently  been  assumed  to  be  some-  Elastic 
what  of  the  nature  of  that  of  an  elastic  solid,  but  the  propagation  of  theory 
light  by  it  on  this  hypothesis  is  encumbered  by  several  difficulties. 
The  first  is  the  possibility  of  longitudinal  vibrations  or  undulations 
normal  to  the  wave  front,  as  in  the  case  of  sound  propagation.  That 
no  optical  phenomena  arise  from  these  has  been  accounted  for  by  sup- 
posing the  ether  incompressible,  so  that  the  velocity  of  propagation  of 

1  See  further,  Theory  of  Heat,  j).  76. 

*  On  this  point  see  Theory  of  Heai,  p.  52. 

'  In  the  case  of  a  vibrating  elastic  solid  the  energy  is  half  in  the  form  of  kinetic 
energy,  due  to  the  vibratory  motion  of  the  parts  of  the  body,  the  other  half  being 
potential ;  that  is,  stored  up  in  the  distortion  of  its  parts  (see  Thomson  and  Tait's 
Haiural  Philosophy,  or  Ibbetson's  Theory  of  Elasticity). 

*  The  polarisation  of  light. 


30  INTRODUCTION  chap,  i 

the  longitudinal  wave  is  infinite.  Again,  the  phenomena  of  polari^- 
tion  and  double  refraction  have  led  to  incongruities  and  artificial 
assumptions. 

Since  the  vibrations  of  transparent  bodies  travel  much  too  slowly 
to  allow  us  for  a  moment  to  suppose  that  the  propagation  of  light 
might  be  due  to  them,  we  are  forced  to  conclude  that  the  ether  which 
conveys  the  light  is  distinct  from  these  transparent  media,  and  inte^ 
penetrates  them  all  freely  (and  probably  opaque  bodies  too).  It  may 
be  difficult  at  first  to  admit  that  a  solid  body  like  glass  could  possibly 
have  ether  freely  pervading  it ;  but  we  must  remember  that  the  ether 
is  a  medium  about  which  our  senses  give  us  no  direct  information. 
We  cannot  see,  taste,  or  smell  it  It  is  only  by  the  intellect  that  we 
become  convinced  of  its  existence, — by  studying  the  phenomena  of 
nature,  and  finding  how  they  may  be  explained  by  it  A  magnet 
attracts  a  piece  of  iron  even  though  a  plate  of  glass  be  interposed 
between  them,  and  yet  the  magnetic  influence  is  one  which  does  not 
directly  affect  our  senses,  but  we  must  conclude  that  whatever  medium 
enables  the  magnet  to  put  the  iron  in  motion,  and  commuidcate  kinetie 
energy  to  it,  permeates  the  glass  as  well  as  the  air  and  interstellir 
space.  This  medium  also  propagates  light  and  heat  through  many 
solid  substances ;  it  therefore  not  only  interpenetrates  them,  but  is 
capable  of  vibrating  within  them.^ 

Now  although  we  suppose  the  ether  to  freely  permeate  all  bodiea» 
yet  we  must  suppose  that  its  vibrations  are  controlled  to  some  extent 
by  the  matter  of  these  bodies,  for  we  can  prove  that  light  travels  with 
different  velocities  in  different  transparent  substances  (a  fact  attested 
by  the  refraction  or  bending  of  the  ray  in  passing  from  one  transparent 
and  substance  to  another),  while  in  opaque  bodies  it  is  not  propagated  at 
all.  It  is  therefore  natural  to  inquire  if  the  free  motion  of  the  ether 
is  influenced  by  the  presence  of  masses  of  matter  or  by  matter  mole- 
cules. Do  bodies  in  motion  in  this  ocean  of  ether  carry  with  them 
the  ether  they  already  contain,  or  do  they  allow  the  ether  to  pass 
through  them  freely,  as  water  would  pass  through  a  net,  or,  as  Young 
imagined,  like  the  air  through  a  grove  of  trees  ?  Or  does  the  etha 
offer  any  resistance  to  the  motion  of  the  earth  and  planets  through  it, 
and  do  these  bodies,  by  their  motion,  produce  streams  and  eddiei 
in  it? 

The  whole  question  of  the  state  of  the  ether  near  the  earth,  and 
of  its  connection  with  ordinary  matter,  is  still  far  from  being  settled 
by  experiment  (see  chap.  xix.). 

1  This  fi-ee  interpenetration  follows  as  a  natural  consequence  of  the  voitez-atoin 
theory  of  matter  {Theory  of  Heat,  p.  77,  etc.). 
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Whatever  difficulties  we  may  have  in  forming  a  consistent  idea  of 
the  constitution  of  the  ether,  it  cannot  be  doubted  that  the  interstellar 
spaces  are  filled  with  an  all-pervading  medium  in  which  the  ultimate 
particles  of  matter  and  of  our  own  bodies  are  continually  bathed,  and 
yet  of  which  our  senses  afford  us  no  direct  cognisance.  And  what- 
soever other  functions  appertain  to  it,  one  of  the  chiefest  is  the  con- 
veyance from  the  sun  to  his  system  of  that  energy  by  which  all  its 
physical  life  is  sustained. 

81.  The  Vibration. — Although  all  the  phenomena  of  interference 
afford  us  the  strongest  evidence  that  light  is  propagated  as  a  vibration 
of  the  ether — that  is,  a  rapid  periodic  change  of  its  state  or  of  some 
of  its  properties — ^yet  the  medium  being  hypothetical,  we  are  almost 
wholly  ignorant  as  to  what  it  is  that  vibrates  or  how  it  vibrates.  The 
direction  to  which  the  periodic  change  of  state  is  related  we  term  the 
direction  of  the  vibration,  meaning  by  the  vibration  that  periodic 
change,  whatever  it  may  be.  If  it  be  a  periodic  displacement,  then 
the  direction  of  the  vibration  is  the  direction  of  the  displacement,  but 
this  does  not  necessarily  coincide  with  the  direction  of  propagation  of 
the  disturbance.  In  the  case  of  sound  we  know  well  the  nature  of 
the  disturbance  and  the  properties  of  the  vehicle.  In  the  case  of  light 
we  shall  see  that  the  direction  of  the  vibration  is  in  the  wave  front, 
or  transverse  to  the  direction  of  propagation — ^at  least  in  isotropic 
substances. 

82.  Special  Forms  of  the  Wave  Theory. — Many  of  the  pheno- 
mena of  light,  such  as  the  colours  of  thin  plates,  can  be  equally 
explained  by  any  form  of  wave  theory,  and  cannot  be  substantially 
modified  by  a  more  exact  knowledge  of  the  constitution  of  the  ether. 
However,  in  other  parts  of  the  subject,  such  as  the  theory  of  crystalline 
refraction  and  reflection,  we  are  compelled  to  make  some  hypotheses, 
and  if  on  developing  the  special  theory  built  on  these  hypotheses  we 
find  a  discordance  with  any  observed  phenomena,  this  disagreement 
only  disproves  the  special  form  of  theory  admitted,  but  the  wave 
theory  in  its  general  sense  remains  intact. 

The  necessity  of  transverse  vibrations,  and  the  incapability  of 
fluids  to  propagate  them,  led  to  the  development  of  the  most  celebrated 
special  form  of  wave  theory  —  that  which  regards  the  ether  as  an 
elastic  solid.  Here,  however,  we  need  not  regard  the  ether  as 
possessing  all  the  properties  of  an  elastic  solid.  All  it  requires  is 
torsional  rigidity,  that  is,  resistance  to  change  of  shape,  or  some 
property  analogous  to  the  torsional  rigidity  of  elastic  solids,  to  enable 
it  to  transmit  the  transverse  vibrations  of  light  A  substance  like  a 
jelly  could  transmit  either  transverse  or  longitudinal  vibrations,  and 
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the  velocity  of  the  latter  might  be  very  great  compared  with  the 
former.  To  avoid  the  difficulty  introduced  by  the  possible  longitudinal 
waves,  Green  and  the  promoters  of  the  elastic  solid  theory  supposed 
the  ether  to  be  incompressible,  so  that  the  longitudinal  disturbance 
travelled  with  an  infinite  velocity.  Sir  G.  6.  Stokes  has,  however, 
remarked  that  although  the  ether  may  act  as  a  perfect  fluid  for  any 
finite  displacements,  yet  the  displacement  occurring  in  the  propagation 
of  light  may  be  so  small  and  so  rapid  that  for  it  the  medium  behaves 
as  an  elastic  solid.  Cumbered  with  difficulties  which  only  increase  as 
it  is  required  to  meet  the  demands  of  accumulating  information,  the 
elastic  solid  theory,  although  in  many  instances  it  comes  near  the 
tnith,  can  in  optics  be  regarded  only  as  a  first  speculation,  but  never- 
theless it  must  always  retain  a  high  historic  interest. 

The  theory  which  promises  most  favoiu-ably  at  present  is  that 
which  regards  the  ether  as  a  turbulent  fluid,  and  light  as  an  electro- 
magnetic phenomenon  arising  from  very  rapidly  alternating  electric 
polarisations  or  "  displacements,"  as  Maxwell  termed  them.     When  a 
body  is  electrified  energy  has  been  spent  in  producing  the  electrifica- 
tion, and  this  energy  is  stored  in  the  ether  around  the  body.     To 
indicate  this  we  may  say  that  the  ether  is  polarised,  meaning  thereby 
that  its  elements  have  suffered  some  directed  transformation  in  pro- 
perties, or  change  of  state,  by  the  storing  of  the  energy.     Electric 
phenomena  are  manifestations  of  this  energy  in  transformation,  and 
when  the  body  is  discharged  the  ether  is  released  from  the  energy  and 
the  consequent  polarisation.     Similar  remarks  apply  to  an   electric 
current.     Now  if  a  body  l)e  rapidly  charged  and  discharged,   or  a 
current  be  passed  rapidly  in  opposite  directions,  the  ether  around  will 
be  as  rapidly  thrown  alternately  into  opposite  states  of  polarisation, 
and  when  this  becomes  very  rapidly  periodic  we  have  the  vibration  of 
the  ether  spoken  of  in  the  Avave  theory  of  light.     When  the  rapidity 
of  these  vibrations  lies  within  certain  limits  (red  and  violet)  they  affect 
the  eye  with  the  sense  of  sight ;  below  the  red  we  detect  them  by 
their  thermal,  and  above  the  violet  by  their  chemical  action^  (see 
further,  chap.  xxi.). 

Apart  from  its  probable  truth,  the  electro-magnetic  theory  of  light 
shows  us  how  careful  we  must  ])c  to  avoid  limiting  our  ideas  as  to  the 
nature  of  the  luminous  vibration. 

^  A  (luasi-rigidity  might  \)e  coulerred  on  the  etlier  by  other  motioiis  going  on  in 
it.  Thus  by  filling  it  with  vortices  it  might  become  caiNible  of  propagating  trans- 
verse  waves  and  standing  electric  stress. 


CHAPTER    II 

PROPAGATION   OF  WAVES  AND  THE  COMPOSITION   OF  VIBRATIONS 

88.  Wave  Motion. — ^The  essential  characteristic  of  wave  motion  is 

lliftt  a  periodic  disturbance  is  handed  on  successively  from  one  portion 

«{ %  medium  to  another.     Examples  of  it  are  constantly  presented  to 

ike  notice  of  every  one,  as,  for  instance,  when  a  stone  is  cast  into  still 

water  or  when  a  sounding  bell  throws  the  air  into  vibration. 

That  which  is  propagated  from  one  part  of  the  medium  to  the  other 
ii  energy,  .not  matter,  for  while  any  element  of  the  medium  merely 
oidUates  about  its  position  of  rest,  there  is  a  continuous  handing  on,  or 
-  tffWj  of  energy  from  one  part  to  another.  In  the  case  of  a  projectile 
or  %  current,  on  the  other  hand,  matter  flows  from  one  place  to  another, 
and  carries  with  it  its  associated  energy,  so  that  we  have  a  flow  both 
of  energy  and  matter. 

If  the  medium  be  homogeneous  and  isotropic,  a  distiu^bance  is 

propagated  with  the  same  velocity  in  all  directions  ;  but  if  the  mediiun 

~    be  not  homogeneous  the  speed  may  vary  from  point  to  point,  and  if  it 

-   be  homogeneous  but  not  isotropic  the  speed  may  depend  on  the  direc- 

.   ^on  of  propagation. 

In  general  the  velocity  of  propagation  depends  on  the  natiu*e  of 
the  medium  and  the  length  of  the  wave,  but  so  far  as  light  is  con- 
>,  cemed  the  velocity  in  interstellar  spaces  seems  to  be  the  same  for  all 
- 1  wave  lengths. 

84.  Tpansverse  Wave. — As  an  elementary  introduction  let  us 
:  i  consider  the  nature  of  a  wave  of  transverse  vibration  and  its  mode  of 
-  propagation. 

Take  a  flexible  cord  AB,  one  end  B  being  fixed  and  the  other  A 
free.  (A  thick  piece  of  india-rubber  tubing  3  or  4  yards  long  answers 
▼ery  welL)  If  the  free  end  A  be  quickly  moved  from  A  to  A'  (Fig. 
>  B,  a)  and  back  again,  the  displacement  communicated  to  A  will  run 
*long  AB  as  a  wave.  Fig.  6  (a)  represents  this  wave  travelling  along 
AR    If  A  had  been  displaced  in  the  opposite  direction  the  wave 

D 
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would  Iravol  as  in  {/3),  whereas  it  A  were  displaced  backward*  a 
forwards    continuously,  a  contiiiuoua  eeriea  of  wavea  would   baj 
pagated  along  it  as  in  (y).     Tho  experiment  («)  may  be  easily  H 
iluced  by  giving  a  sudden  jerk  to  one  end  of  a  rope   lying  i 
ground.      In  all  these  eaaes  we  speak  only  of  what  hiippena  as  the  « 


travels  from  A  to  B,  that  is,  we  suppoae  B  very  tar  away,  1 
present  we  are  not  concerned  with  what  happens  after  tJie  1 
reaches  it. 

Here  it  is  evident  that  each  element  of  the  cord  merely  c 
backwards  and  forwards,  like  A,  through  its  position  of  reat,  i 
disturbance  is  projmgated  from  A  towards  K   There  is  a  flow  of  fl| 
along  the  cord. 

Definition. — Two  particles  such  as  ii  and  h  [Fig.  6  (v)]are  a 
in  the  same  phase  of  motion  when  their  displacements  and  c 
motion  are  the  same,  and  two  particles  in  the  same  phase  ai-e  a 
■.  by  a  complete  wave  length,  or  by  any  whole  number  uf  ware  1 
Two  particles  such  as  a  and  c,  whose  displacements  and  i 
motion  are  opposite,  are  separated  by  half  a  wiive  length,  or  ai^ 
number   of  half  waves,  and  are  said   to  be    in   opposite   phi 
motion. 

The  process  which  takes  place  in  the  cord  may  bo  illnt 
supposing  Afi  a  row  of  particles  connected  by  elastic  banda. 
A  is  displaced  it  drags  the  adjacent  particle  after  it,  which  in  t 
on  the  third,  and  so  on,  the  disturbance  being  handed  fi-om  oiM  J 
to  the  next.     Thus  by  the  time  A  has  reached  its  greatest  c 
(Fig.  7,  p)  from  its  position  of  rest,  the  disturbance  will  hava  t 
along  the  line  to  some  point  Dj,  and  the  particle  at  D,  will  1m  ( 
point  of  beginning  to  move  as  A  did.     In  doing  so  it  will  i 
successor  after  it,  and  the  disturbance  will  travel  on  in  this  wi^  j 
end  of  the  line.     But  when  A  begins  to  return  to  its  initial  { 
drags  the  adjacent  [torticle  after  it.     This  in  turn  reacts  C 
and  so  on,  so  that  by  the  time  A  reaches  Ha  initial  position  tho  O 
disturbance  (which  was  being  propagated  all  the  time  along  t 
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has  reached  a  distunce  D^  e<[uiil  U)  twice  the  disbince  of  D,  from  the 
end  A  of  the  line.  The  row  of  particles  being  now  represented  by 
Fig.  7  (y),  let  Aj  pass  through  its  position  of  rest  to  an  equal  distance 
Aj  on  the  other  sida     The  confignration  of  the  line  is  now  represented 

l.y  lA),  in  which  the  onginal  liistiirliLince  id  just  about  to  displace  D^at 


a  distance  equal  to  3ADj  from  A.  Ho  again  when  A  returns  to  its 
position  of  rest  the  line  will  be  represented  by  Fig.  7  («),  the  disturb- 
ance ba\-ing  now  reached  D,  while  A  has  made  a  complete  excm-eion, 
Al>^  repreaents  a  complete  wave.  It  is  the  distance  which  the  dis- 
iiirbance  travels  along  the  line  while  the  particle  A  makes  a  complete 
vil.ration.  Now  D,  is  just  about  to  repeal  the  osclUation  performed  y''*?  ■ 
by  A,  80  that  if  A  vibrates  continuously  D^  will  bo  moving  in  exactly  ' 

the  same  manner  and  have  the  same  displacement  and  direction  of 
motion  as  A  at  every  instant.  A^  and  D^  are  in  the  same  phase,  and 
the  length  AD^  is  a  wave  length.  Thus  at  distances  of  a  wave  length, 
or  any  multiple  of  a  wave  length  ajmrt,  the  motions  of  two  particles 
are  exactly  similar,  while  at  distances  of  half  a  wave  length  apart,  or 
any  odd  number  of  half  waves,  the  displacements  and  velocities  are 
equal  but  in  opposite  directions.  (This  remark  is  of  great  importance 
ill  the  theory  of  interference.) 

S5.  Plane   Wave. — Instead  of  a  single  cord  let  us   imagine  an 

iiitinite  number  of  parallel  and  similar  cords  with  their  ends  attached 

to  tlio  same  plane.     For  the  sake  of  clearness  let  us  supjtose  the  plane 

.  Ke  horizontal  and  the  cords  to  hang  vertically  from  it.     Then  if 

;m.'  plane  be  moved  [Nvraliel  to  itself,  so  that  each  point  of  it  describes 

-hurt  horizontal  line,  the  ends  of  the  cords,  being  attached  to  the 

|ilane,  will  be  displaced  horizontally  and  a  transverse  distui'bance  will 

Tim  along  each.     At  the  end  of  any  time  this  disturbance    will  have 

'  r^ivclled  to  the  same  distance  along  each  cord,  and  therefore  the  locus 

t  ihosc  pointa  which  are  just  about  to  be  disturbed,  or  the  wavf  front, 

1 1 1  be  a  horizontal  plane.     If  the  plane  be  caused  to  oscillate  regularly 
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backwards  and  fon/v'ards  a  series  of  similar  waves  will  run  along 
each  cord. 

We  might  now  suppose  the  cords  so  numerous  that  they  touch 
each  other,  and  we  are  thus  furnished  with  an  idea  of  a  continuous 
medium,  disturl^ed  by  a  series  of  plane  waves  propagated  through  it 

The  end  of  each  cord  has  been  supposed  for  simplicity  to  oscillate 
along  a  straight  line,  but  we  might  equally  have  supposed  it  to  describe 
any  curve — thus  in  the  case  of  waves  in  water  the  various  particles 
generally  describe  circles  or  ellii)ses  in  vertical  planes,  parallel  to  the 
direction  of  propagation. 

86.  Spherical  Wave. — Let  us  now  take  the  case  of  an  infinite 
number  of  exactly  similar  elastic  cords  attached  to  the  same  point, 
and  diverging  in  all  directions  from  it  Further,  let  a  disturbing  force 
at  the  centre,  acting  in  the  same  manner  upon  each,  cause  them  all  to 
undulate  alike.  The  cords  being  similar  in  all  respects,  it  is  obvious 
that  the  waves  propagated  along  them  will  be  alike  and  travel  with 
the  same  velocity.  Thus  all  points  at  the  same  distance  from  the 
centre  will  be  in  the  same  state  of  disturbance  at  the  same  instant— 
that  is,  the  locus  of  points  in  the  same  phase  of  vibration  is  a  sphere 
and  the  wave  fronts  or  wave  siuiaces  are  spherical.  If  we  imagine  the 
cords  to  fill  all  the  space  around  the  centre  we  have  the  case  of  a  con- 
tinuous medium  disturbed  by  a  system  of  spherical  waves  diverging 
from  a  point. 

Dcfinitvm, — The  continuous  locus  of  those  points  which  are  in  the 
Wave  same  phase  of  vibration  is  called  a  wtive  front.  The  word  continuous 
is  inserted  because  in  oscillatory  motion  such  as  we  are  considering  a 
system  of  successive  waves  are  in  similar  phases  and  a  succession  tA 
similar  wave  fronts  coexist,  each  a  wave  length  in  advance  of  its 
predecessor.     In  this  sense  any  surface  of  equal  phase  is  a  wave  front 

The  wave  front  might  be  defined  more  closely  as  the  continuous 
locus  of  those  points  which  are  just  on  the  point  of  being  distorbedt 
and  in  this  sense  the  term  is  frequently  used.  This  wave  front  then 
marks  the  limits  to  which  the  disturbance  has  just  reached  at  the 
instant  considered. 

Examples 
1. — Prove  that  the  equation 

y  =  n  «iu  — {rt  -  x) 

represents  a  wave  disturbance  in  which  v  is  the  velocity  of  pro]^)agation,  X  the  wire 
length,  y  tlie  displacement  of  a  [Article  from  its  (lositiou  of  rest  at  the  time  /,  And' 
the  distance  from  the  origin  of  the  same  particle. 
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»  hwvity  Jciiote  the  angle  (rf-ie)2ir/X  by  »;  Iben  if  wo  tlianga  iU>x±\v.-t 
«fwnge  tf  to  e^ir,  aud  tliB  due  of  the  &nglc  renuuuB  tlieume,  tliererore  tlio  value  of 
— tliat  is,  the  dbpliwcinent  of  Uie  particle  under  conaideratioD — is  exactly  tho  same 
"le  particleatadisIuiocMhiin  it,  or  anyuHrnhproflinieaXtroniil.    Hence 
e  UngUi, 
n  let  ( become  t±X/i?,  then  8  bHcomiM  S±2ir,  and  tlierefore  tlie  value  of  y 
me  M  before.    Thcvalneof  ^  for  thtBamc  particle  is  therefore  |>eriodic, 
•  periodic  time  T  is  \/e—t\iiA  'a,  \-ifT.      But  X  tho  wave  length  iathe 
le  through  which  the  diBtarbance  is  propagated  in  the  [leriodic  time  T,  con- 
itlj  th«  quantity  v  is  the  volodty  of  pro[«eatiDD. 

le  quantity  a  ii  termed  the  amplituds  of  the  vibration.  It  is  evidently  tlie 
It  displacement  of  any  |«rticle  from  its  position  of  resL  The  amplitude  de- 
ji  upon  the  nature  of  the  medium  and  the  power  of  the  disturbing  centre,  and 
ita  magnitude  must  hero  be  left  an  open  question.  The  periodic  time  T  can  be  easily 
<l«t«nnined  in  the  case  of  sound,  but  in  the  ea«E  of  light  tho  vibration  is  ao  exoccd- 
iugly  rapid  that  it  can  only  be  determined  indirectly  from  the  ci[uation  X-iT,  by 
mcnns  of  a  previous  knowledge  of  v  and  X, 

If  we  consider  a  row  of  particles  AB,  connected  as  in  Fig.  7  and  initially  in  a  right 
liiie,  their  simuttaneoiu  iHisitions  when  disturbed  by  an  uudulatory  motion  will  be 
rcpnieented  by  Fig.  6  (7).  This  ciirvo  is  determined  by  tho  above  equation  wiicn  wa 
BUppoae  (  to  remain  constant  and  x  and  JT  to  be  the  abacissa  and  ordinate  of  the 
particle.  But  if  we  confine  our  attention  to  a  single  ]«rticle — that  is,  suppose  x  cou- 
stajit  while  t  and  y  vary— then  the  same  curve  will  determine  the  displacement  y  of 
tfa^nrtiule  at  any  time  I,  the  tinic  t  being  now  the  abscissa  of  the  curve. 
^^^Sbs  the  curve  which  represents  the  simultaneous  displacements  of  all  the 
^^^BH  alio  exposes  the  history  of  the  displacement  of  a  single  jarticle. 
^Hwipfe  Ifarmonie  Motion. — If  a  particle  moves  subject  to  the  above  equation,  it  is 
IHPta)  execute  a  simple  harmonic  vibrstiou.  The  motion  here  described  is  that 
FSecitted  by  a  jiartide  constrained  to  move  od  a  right  line  under  the  action  of  a  force 
varying  directly  as  the  distance.  Such  would  be  the  motion  of  a  particle  placed  in 
>  amooth  straight  tu1«  jiasging  in  any  direction  through  the  earth. 

K-If  a  particle  moves  round  the  circumference  of  a  circle  wi  th  uniform  velocity. 
It  of  the  perpendicular  from  it  ou  any  diameter  moves  backwards  and  forwards 
Uuit  diameter  with  a  simple  harmonic  motioD. 
t  the  angular  velocity  of  th.:  iiartii;le  lie  w,  and  let  tlip  time  iie  reckoned  from 


Se  instant  the  particle  leaves  the  oxti'emily  A  (Fig.  8)  ofsoraediameterOAmaking 
on  angle  a  »ith  OX.  Then  if  P  be  the  position  of  the  particle  at  any  time  (  the 
Migl#AOP-uf  and  XOP  =  «(  +  o.  Hence,  if  OV  b«  at  right  angles  to  OX,  the 
se  J  from  0  of  (lie  foot  W  of  the  perpendicular  from  P  on  the  diamettr  OY  is 

,,  =  «sin(«/  +  a), 

is  tli«  radius  of  the  (-ircle,  anil  is  the  amplituiJe  of  the  vibration  of  the  foot 
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of  the  peqwndicul&r.  UT  be  the  time  of  ■  oomplete  KTolntloa  we  hATe  ^=St,ii 
thftt  the  equttion  may  be  vritten 

Or  aubatituting  fh>in  tlie  equation  \  =  ifT  ve  have  as  berore 

If  e  U  the  velocity  of  the  particle  in  the  circle,  thencT=2ra.  Hence  if  the  velotitj 
in  the  circle  be  the  velocity  of  propagation  of  the  wave,  and  if  the  time  T  be  tlu 
period  of  the  wave,  then  the  circumference  of  the  circle  U  equal  to  the  length  of  tLt 
nave,  while  its  radius  represents  the  eicnrsjon  of  the  molecnls  ""'"'"g  aimple  hu- 
monic  vibrations. 

The  motion  of  the  foot  of  the  perpendicular  ia  repreaented  in  Fig.  8,  the  variabiM 
being  y  and  t,  and  the  co-ordinatea  y  and  uL  Similarly  the  foot  M  of  the  ft:- 
pendicular  from  P  on  OX  executes  the  vibration 


M(ti(  +  a)=nc08(-^+o)- 


37.  Algebraical  Expression. — Let  0  be  a  fixed  origin  and  y  tbt 
displacoment  of  P,  at  any  instant,  from  its  position  of  rest     Then  if 
I  J-  be  the  distance  of  P  from  0, 
measured  along  OX,  the  particla 
I  adjacent  to  P  will  in  their  dis^ 
placed  positionB  lie  on  a  curve,  a 
indicated  in  Fig.  9,  and  the  equa- 
tion of  this  cun'e  at  the  instant 
under  consideration  may  be  wrii 
Via- ".  ten  in  the  form         y=ip{x). 

Now  by  the  characteristic  of  wave  motion  this  curve  will  be  propa- 
gated forward  with  a  velocity  r,  and  the  displacement  of  any  particle 
P'  will  be  exactly  the  same  as  that  of  P  at  a  time  t  previously,  pro- 
vided the  difference  of  the  abscisses  of  P'  and  P  is  equal  to  rt,  where ' 
ia  the  time  of  propagation  from  P  to  P'.  In  fact  the  wave  curve  at  P 
is  merely  that  at  P  moved  forward  through  a  distance  vt.  But  at  P 
wo  hiive  s='K'^)y  therefore  at  P'  we  have 

for  tlio  z  of  P  is  equal  to  the  x  of  P'  diminished  by  rf. 

It  is  cletir  in  itself  that  this  equation  represents  a  wave  motion 

'  Tlie  fomi  y=a  ainl  -j-  [rt  --  r)  +  A  i  was  tacitly  assumed  by  Nowtou  for  the 
equation  of  motion  of  the  air  jiarticles  in  sound  propagation  (iVjne^fa,  Ijb.  iL 
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travelling  with  a  velocity  v,  for  y  remains  unchanged  if  we  replace  t 
hj  t  +  T  and  x  by  its  corresponding  value  x  +  ifl. 

Otherwise  thus : — If  v  be  the  velocity  of  propagation,  the  displace- 
ments at  any  two  points  P  and  P'  will  be  the  same  at  the  times  t  and  f  if 

Hence 

which  holds  for  all  values  of  f,  and  consequently  for  f  =  0,  in  which 

case  we  have 

y=<f>{vt-x). 

If  another  disturbance  be  running  in  the  opposite  direction  its  equation 
will  be  y  =f{vt  +  a:),  so  that  if  the  two  be  superposed  we  will  have 

which  represents,  the  general  state  of  disturbance  in  a  finite  stretched 
wire  when  we  have  both  direct  and  reflected  waves. 

A  particular  solution  of  the  equation  y  =  i^d  -  a*)  is  obviously 

y=a8in(*'i2£y 

The  value  of  y  will  be  unaltered  if  <  be  increased   by   27r/)/r.     The 
periodic  time  is  therefore  T  =  27r/)//-,  but  A  =  rT  =  2irp,     Therefore  ^ 

y=a  sin  — {rt-x). 

The  general  form  of  ^  is  a  periodic  function.  It  has  the  same 
values  at  distances  ar,  a?  +  A,  a;  +  2A,  etc.,  and  at  times  /,  ^  +  T,  /  +  2T, 
etc.,  and  we  know  by  Fourier's  theorem  (Thomson  and  Tait,  Nat.  Phil.) 
that  any  periodic  function  f{z)  of  period  k  can  be  expanded  as  a  series 
in  the  form 

f{z)=ki  8in(-j-^  +a]j  +  A2  8in  i-^  +05)+ A3  Hin( -j^  +0}j+etr. 

Hence  we  may  write 

y=Ai  sin  ^frZ-zO  +  As  Bin  Y(i"^"^)  +  ®tc. 

The  complete  vibration  is  therefore  made  up  of  a  series  of  superpose<l 
simple  harmonic  vibrations  of  wave  lengths  A,  ^A,  JA,  etc. 

As  we  have  reason  to  believe  that  waves  of  different  periodic  times 

*  Hence  p  \b  the  raditu  of  «  circle  of  circumference  X. 
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produce  different  impressions  on  the  eye,  just  as  notes  of  different  pitch 
produce  different  effects  on  the  ear,  we  may  therefore  restrict  oar 
attention  to  waves  of  a  definite  length,  and  take 


inite    or 

in  of  y  =  a  Bin  (tat  -  a) 


ves. 


as  the  standard  equation  of  the  disturbance  in  our  investigations  con- 
cerning light  of  a  definite  wave  length. 

iJeJinilian, — The  whole  angle  2Tr{vt  -  a:)/ A,  or  cu^  -  a,  is  called  the 
phase  of  the  vibration,  and  the  angle  a  is  sometimes  called  its  epoch. 

38.  Colour  and  Frequency  or  Pitch. — We  have  seen  how  a  ein^ 
wave  or  ix  continuous  succession  of  waves  (Fig.  6)  may  travel  along  a 
stretched  cord.  In  a  similar  manner  a  continuous  system  of  waves 
might  be  generated  in  the  air  or  any  other  medium.  Such  a  system 
of  waves  may  or  may  not  affect  our  sense  of  hearing.  The  pheno- 
menon of  sound  is  produced  by  a  more  or  less  rapid  succession  of 
waves,  but  there  are  major  and  minor  limits  to  the  rapidity  of  vibra- 
tion, outside  of  which  the  ear  fails  to  follow,  and  no  sensation  of  sound 
is  produced — that  is,  the  sensibility  of  the  ear  is  limited,  and  the  pitch 
of  the  note  must  lie  within  certain  limits  in  order  that  it  may  affect 
the  sense  of  hearing.  So  a  wave  system  in  the  ether  may  or  m^y  not 
affect  our  sense  of  sight.  The  sensations  of  light  and  colour  are  doe 
to  a  very  rapid  succession  of  waves,  but  the  sense  of  sight  is  limited 
in  range  and  the  ether  vibration  may  be  either  too  slow  or  too  rapid 
Jige^  to  affect  it.  The  limits  in  this  case,  however,  are  not  nearly  so  widely 
separated  as  in  the  case  of  sound.  The  rapidity  with  which  the  violet 
waves  succeed  each  other  has  been  calculated  to  be  less  than  twice  ti 
fast  as  that  of  the  red,  the  latter  making  about  four  and  the  former 
about  seven  hundred  millions  of  millions  of  vibrations  per  second. 
The  sensibility  of  the  eye  is  thus  confined  to  much  narrower  liodtB 
than  that  of  the  car,  the  interval  1)ctween  the  red  and  violet  being  less 
than  an  octave,  while  the  ear  possesses  a  range  of  several  octaves. 
Vibrations  too  slow  to  excite  the  eye  are  recognised  by  their  thermal 
effects,  and  those  which  are  too  (^uick  are  generally  detected  by  their 
chemical  action.  The  former  are  most  effective  in  heating  our  bodies, 
while  the  latter  facilitate  the  prosecution  of  such  arts  as  photography,^ 
and  are  a  very  important  factor  in  the  growth  of  plants,  etc 

^  Ca])taiii  Abney  lias  siiccec<led  in  prei>aring  photograpliic  plates  with  bromide  of 
silver  which  are  capable  of  being  deooinitOHefl  not  only  by  the  violet  end  of  the  spec- 
trum, but  also  by  the  red  ray»,  and  by  rays  of  lower  refrangibility  which  have  wave 
lengtlis  nearly  three  times  that  of  the  red  (see  "  Hakerian  Lecture,"  Phii.  Trans,  J?oy. 
Soc,  1881). 


litcd. 
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As  the  pitch  (or  musical  colour)  of  a  note  is  determined  by  the 
frequency  of  its  vibrations,  so  it  appears  to  be  the  frequency  of  the 
vibration  in  the  luminiferous  ether  that  determines  the  colour.  For 
if  a  wave  motion  is  propagated  from  one  medium  to  another,  the 
vifantion  frequency  in  the  second  medium  ought  to  be  the  same  as  in 
the  first,  the  vibration  in  the  second  being  excited  and  forced  by  that 
in  the  first.  This  being  admitted,  it  follows  that  if  the  velocity  of 
propagation  changes  in  passing  from  one  medium  to  another,  the  wave 
length  must  change  in  the  same  proportion,  in  accordance  with  the 
equation  A=i;T.  Now  it  has  been  observed  that  when  light  of  a 
definite  wave  length  passes  from  one  medium  to  another,  as  from  air 
to  water,  the  colour  of  the  light  (say  sodium  light)  remains  unaltered, 
so  that  the  natural  inference  is  that  the  colour  impression  on  the  eye 
depends  on  the  vibration  frequency  rather  than  on  the  absolute  wave 
length. 

We  have  now  three  methods  of  detecting  solar  radiation  or  wave 
motion  in  the  ether.  If  the  frequency  of  the  vibration  lies  within 
certain  limits,  it  affects  our  sight,  and  we  call  it  light.  Outside  these 
limits  the  vibration  may  be  too  slow  or  too  rapid  to  affect  our  eyes. 
In  the  former  case  we  can  detect  the  wave  motion  by  its  heating 
effects.  It  imparts  its  energy  to  material  substances  and  to  our  own 
bodies,  exciting  vibrations  in  them  and  producing  physical  changes, 
and  we  term  it  radiant  heat.  It  is  not  to  be  understood  that  it  is  only 
the  waves  too  slow  to  affect  our  eyes  that  possess  any  heating  power. 
This  property  is  possessed  by  the  luminous  waves  also,  }>ut  generally 
in  a  smaller  degree,  so  that  those  waves  which  affect  our  sense  of  sight 
may  be  called  luminous  heat  waves,  and  those  which  do  not  may  be 
termed  non-luminous,  or  dark,  heat  waves.  Both  the  ultra-violet  and 
infra-red  waves  may  be  converted  into  luminous  waves.  The  con- 
version of  the  former  is  termed  fluorescence  and  of  the  latter  aUoresr^ice 
(Arts.  289,  290). 

Heat  and  light  are  consequently  reduced  to  the  same  cauiMi,  viz. 
wave  motion  in  the  ether,  and  any  ether  wave  may  Ik*,  at  the  same 
time,  a  light  wave  and  a  heat  wave.  It  is  not  that  there  are  two 
classes  of  waves,  heat  waves  and  light  waves,  but  that  we  have  two 
senses  by  which  we  can  detect  the  same  waves.  They  affect  our 
bodies  with  warmth  and  our  eyes  with  light  if  their  wave  peri'j'l  lies 
within  the  range  of  our  sensibility,' 

'  Evidently  in  Yoang^ii  opinion  th«  heat  nyn  Mid  th«  actinic  nyu  difffr  from  th«r 
light  rayii  only  in  tlicir  ware  Length  m  iumvA^  fm  h*i  Ktaton  tliat  ** .  ,  .  w«  miut 
therefore  call  light  an  influence  cajjal/le  of  eut^rring  the  eye,  and  affecting  it  with  a 
Mnse  of  viifion.     A  body  frmi  which  thin  influence  a|i|«eani  tr>  originate  Im  called  a 


ayes. 
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The  waves  which  are  too  rapid  to  affect  our  sense  of  sight  are 
termed  actinic  waves  or  rays.  Their  extreme  shortness  probably 
qualifies  them  to  operate  between  the  molecules  of  bodies  and  become 
effective  in  producing  chemical  changes.  Beyond  this  point  we  have 
no  means  of  detecting  the  very  rapid  waves.  It  is  otherwise,  however, 
in  the  case  of  long  waves. 
)ng  We  have  seen  that  although  the  ether  vibrations  may  be  too  slow 

to  affect  our  sight  (as  air  vibrations  may  be  too  slow  to  affect  our 
sense  of  hearing),  still  we  are  able  to  detect  their  presence  by  their 
heating  effect  But  there  is  a  limit  even  to  this.  The  ether  waves 
may  be  so  slow  that  they  will  pass  through  our  bodies  without  giving 
up  any  sensible  portion  of  their  energy.  How  then  are  we  to  detect 
these  long  ether  waves  ?  The  recent  brilliant  experiments  of  Professor 
Hertz  (see  chap,  xxi.)  have  placed  the  means  in  our  hands.  We  can 
now  work  with  ether  waves  of  any  length,  from  a  few  inches  upwards. 
Heretofore  we  could  detect  only  the  radiant  heat  waves,  which  are 
excessively  short,  ranging  from  ^oioo  ^  too^ooo  part  of  an  inch. 
The  Hertzian  waves  are  excited  electrically  and  detected  electrically. 
They  may  also  be  detected  by  their  thermal  effects.  We  have  thus, 
as  it  were,  acquired  another  sense,  for  we  have  now  another  means  of 
investigating  the  ether,  and  connecting  the  various  phenomena  of 
nature. 

89.   Average  Kinetic  Energy  of  a  Vibrating  Partiele. — Let  a 
particle  vibrate  according  to  the  equation 

y=a  sin  (w^-o). 
Then  its  velocity  at  any  instant  is  given  by 

r=  -Y-  =  a<a  COS  {<i)t  -  a\ 

and  if  ni  l)e  its  mass  its  kinetic  energy  is  hni^.  Now  the  foregoing 
expression  shows  that  v  varies  from  zero  to  rta> ;  accordingly  the  mean 
energy  during  a  complete  vibration  will  ])e 


luminous  body.  We  do  not  include  in  this  definition  of  the  term  light  the  invinbk 
influences  wliich  occasion  lieat  only,  or  blacken  the  salts  of  silver,  although  they 
both  ai»iKjar  to  differ  from  light  in  no  other  respects  than  as  one  kind  of  light  difffn 
from  another,  and  they  might  probably  have  served  the  purpose  of  light  if  our  oegua 
had  been  differently  constituted"  (Young,  "On  the  Theory  of  Optics,"  Ledui^M 
Natural  Philosophy). 
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where  a>  =  2ir/T.     Hence  the  average  energy  is 

4  T* 

Cor. — ^The  mean  energy  =  \mv^  =  ^'hmt^  where  v  is  the  greatest 
velocity  of  the  molecule.  Therefore  the  mean  Idnetic  energy  is  half 
bhe  maTimnm  kinetic  energy. 

40.  Intensity  of  niumlnatlon. — We  must  now  define  what  we 
mean  by,  and  how  we  measure,  the  iniensity  of  light  Lights  generally 
differ  in  two  respects,  viz.  intensity  and  colour.  In  photometry  we 
say  that  two  lights  are  equally  intense  if  at  the  same  distance  away 
they  produce  the  same  illumination  on  a  screen.  If  one  candle  pro- 
duces a  certain  illumination  we  say  that  two  such  candles  together 
produce  twice  as  much  illumination,  or  that  the  iniensity  of  illumination 
18  twice  as  great.  Similarly  the  intensity  of  illumination  is  directly 
proportional  to  the  number  of  candles,  provided  they  are  all  of  the 
same  power.*  Now  the  average  energy  of  the  vibration  due  to  any 
source  is  proportional  at  each  point  to  the  square  of  the  amplitude, 
and  the  average  energy  due  to  any  number  of  sources  is  proportional  to 
the  square  of  the  amplitude  of  the  resultant  vibration,  and  this  over  any 
region  is  the  sum  of  the  average  energies  due  to  the  sources  separately. 

This  has  led  to  two  methods  of  estimating  the  intensity  of  the 
illumination  in  terms  of  the  energy  of  the  vibrating  medium.  In  the 
first  place,  we  may  take  the  intensity  of  illumination  as  measured  by 
the  energy  per  unit  volume  of  the  medium,  and  in  this  case  if  m  stands 
for  the  mass  per  unit  volume  the  intensity  by  the  foregoing  article 
will  be  measured  by  the  formula  - 

4  T^  contained. 

On  the  other  hand,  we  may  measure  the  intensity  hy  the  quantity  of 
energy  transmitted  per  unit  time  per  unit  area  across  a  plane  perpen- 
dicular to  the  direction  of  propagation.  In  this  case  the  velocity  of 
propagation  will  come  into  account,  and  the  intensity  (for  a  plane 
wave)  will  be  measured  by  the  product  of  the  velocity  and  the  energy 
per  unit  volume — that  is,  l)y  the  formula 

,     wiwV        wtVX  Energy 

1 Y-  ^  =  -pi -  •  trans- 


^  This  may  be  regarde<l  as  the  definition  of  an  illumination  n  times  as  intense  as 
I  given  standard.  That  the  intensity  varies  invci-sely  as  the  square  of  the  distance 
from  the  source  follows  as  an  exjierimental  fact. 

^  In  this  expression  we  have  taken  into  account  only  the  kinetic  energy.  In  the 
Mise  of  a  vibrating  elastic  solid  the  whole  energ}"  is  half  kinetic  and  half  potential, 
(O  that  if  the  whole  energy  be  taken  as  the  measure  of  I,  the  expressions  in  the  text 
inght  to  be  doubled. 


mitted. 


44  WAVE  MOTION  chap.u 

In  practice,  however,  we  deal  only  with  the  relativejntensities,  and 
it  follows  from  either  system  of  measurement  that  if  the  periods  of 
two  vibrations  be  the  same,  then  their  intensities  are  in  the  ratio  of 
the  squares  of  their  amplitudes,  or 

The  relative  intensities  of  two  sounds  of  the  same  pitch,  or  of  two 
lights  of  the  same  colour — that  is,  of  the  same  period  or  wave  lengtli 
— are  consequently  compared  by  the  squares  of  their  amplitudes  of 
vibration.  But  we  cannot  so  easily  compare  the  intensities  of  two 
lights  of  different  colour,  or  two  sounds  of  different  pitch,  for  they 
produce  dissimilar  impressions,  and  the  time  (T)  of  vibration  enten 
the  expression  for  the  mean  energy  of  the  motion.  In  the  estimation 
of  the  relative  intensities  of  different  sources  of  light  (which  forms  the 
subject  of  photometry)  great  difficulty  is  encountered  in  the  fact  that 
different  sources  of  light  arc  in  general  differently  coloured.^ 

41.  The  Intensity  varies  Inversely  as  the  Square  of  the 
Distance. — Let  us  now  consider  a  luminous  point  as  the  source  of » 
system  of  spherical  waves  diverging  from  it  as  centre.  Consider  anj 
one  of  these  waves  of  radius  r.  This  wave  travels  outward,  develop- 
ing itself  and  increasing  its  radius  with  the  velocity  of  light  It 
carries  its  energy  with  it,  and  after  a  time  it  is  a  sphere  of  radius  f^. 
Now  if  I  denotes  the  energy  per  unit  time  transmitted  across  unit  ani 
of  the  first  wave  surface,  and  F  the  energy  per  unit  area  of  the  second, 
we  have,  since  the  energy  of  the  first  is  handed  on  to  the  second,  the 
whole  energy  transmitted  per  unit  time  across  the  wave  =  4flrr*I,  and 
also  the  whole  energy  ti*ansmitted  =  iTrr-Y. 

Consequently 

7;  =  -:r,     or  I  r'  =  1'/'= constant, 

or  the  intensities  of  the  illumination  at  different  distances  from « 
luminous  origin  are  inversely  as  the  squares  of  the  distances,  a  relation 
which  is  verified  by  experiment 

C&r. — Since  the  intensity  is  proportional  to  the  square  of  the 
amplitude,  it  follows  that  the  amplitude  of  the  vibration  is  inversely  tf 
the  distance  from  the  origin,  or 

ar = a  V = constant. 


^  On  the  comparison  of  the  relative  intensities  of  the  different  oolour  throo^oit 
the  spectrum  sec  Colour  AfecuuremetU  and  AfixturCf  by  Captain  Abney. 
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42.  The  Prlneiple  of  Superposition. — When  two  or  more  separate 
disturbances  are  simultaneously  impressed  on  the  same  element  of  a 
medium,  the  effect  may  be  very  complex,  but  in  the  case  of  light  the 
displacements  are  supposed  to  be  such  that  the  composition  of  them 
by  direct  superposition  is  allowable,  for  calculations  made  on  this 
assumption  agree  with  the  observed  facts,  at  least  to  that  degree  of 
accuracy  reached  by  experiment.  On  this  principle  is  based  the  whole 
doctrine  of  interference  discovered  by  Young  in  1801.  It  follows 
from  it  that  any  number  of  separate  distiu'bances  may  be  propagated 
through  one  another  in  the  same  portion  of  the  medium,  each  emerging 
from  that  portion  as  if  it  had  not  been  encountered  by  the  others. 
Thus  rays  of  light  from  objects  all  around  us  cross  each  other's  paths 
in  all  sorts  of  ways,  but  each  travels  on  as  if  the  others  did  not  exist. 
Each  portion  of  the  ether  is  traversed  by  streams  of  light  from  a 
multitude  of  different  sources,  which  are  simultaneously  propagated 
through  it.  Hence  we  may  conclude  that  at  any  instant  the  dis- 
turbance at  any  point  of  the  ether  is  that  due  to  the  superposition  of 
all  the  disturbances  which  reach  it  at  that  instant  from  the  various 
parts  of  the  surrounding  medium.  This  is,  in  a  generalised  form,  the 
principle  stated  by  Huygens  in  1678.  It  asserts  that  the  displacement 
caused  by  any  soiu'ce  of  small  vibrations  is  the  same,  whether  it  acts 
upon  the  medium  alone  or  in  conjunction  with  other  sources,  provided 
the  displacements  considered  are  very  small.  The  combined  effect  of 
several  sources  is  therefore  the  geometric  resultant  of  the  displacements 
which  would  be  produced  by  them  acting  separately. 

The  natiu'e  of  this  principle  may  be  made  more  clear  by  a  simple 
example.  Let  a  pendulum  receive  an  impulse  in  any  vertical  plane 
passing  through  the  point  of  suspension,  causing  it  to  vibrate  in  that 
plane.  Now  when  it  is  at  the  lowest  point  of  the  arc  of  vibration,  let 
a  second  impulse  be  given  horizontally  in  a  plane  perpendicular  to 
that  in  which  it  already  vibrates.  This  impulse,  if  it  had  acted  on  the 
pendulum  at  rest,  would  have  caused  it  to  vibrate  in  the  vertical  plane 
of  the  impulse  and  through  an  arc  depending  on  the  magnitude  of  it 
Now  it  is  found  on  trial  that  the  distance  of  the  bob  of  the  pendulum 
from  either  of  these  vertical  planes  is  the  same  at  any  instant  as  if  the 
other  vibration  did  not  exist,  so  that  each  vibration  subsists  inde- 
pendently of  the  other,  although  the  resultant  motion  is  a  compound 
elliptic  vibration. 

The  two  vibrations  are  here  taken  in  separate  planes  in  order  that 
their  coexistence  may  be  more  easily  recognised.  When  the  vibrations 
are  in  the  same  plane  the  resultant  vibration  is  also  in  that  plane,  and 
its  amplitude,  by  the  principle  of  superposition,  is  the  mxr 
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ain|)litiul()H  of  the  coriHtituents  when  their  directions  conspire,  and 
their  difriToncc  when  they  are  0])p08ed. 

48.  To  compound  two  Simple  Vibrations. — Let  a  particle  be 
NiniiiltjiiiooiiHly  iin]>reHHed  by  the  periodic  displacements  represented  by 
\\w  oqimtioMH ' 

//i  --  «i  Hill  (w/  -  Oj)    and  1/2= (h  sin  {tot  -  o-), 

wliirli  ii^njo  in  ])eriodic  time  and  wave  length  (w  =  2irjT\  but  differ  in 
pliuHt^  and  amplitude.     The  resultant  displacement  at  any  time  /  is 

//     »/|  I  !h  ~  III  sin  {ii>t  -  oi)  +  a-  sin  {ut  -  03), 

sin  c«^(<r  I  I'ON  a  I  +  (r-.>  cos  o-j)  -  cos  wi{ai  sin  ai  +  ajt  sin  03), 
.\  m\  [uft  -  a), 
if  A  i'\»8o  =  (iicos  Ol  +  ^^Jcasa2 

unil  A  sin  a  -  di  sin  ai  +  (r-.>  sin  o^. 

Thorofon^  by  siiimriiig  and  tulding  we  find 

A*  —  iri*  +  a«"  +  2«iirts  cos  (ai  -  a-), 


and  bv  division 


un  a  ■= 


(fism  ai  +  ajSino:* 
irj  iHv$a|-r(i:'C08a£ 


This  dotornuuos  tho  amplitude  A  and  the  phase  wt  -  a  oi  the  resultant 
\dM\i(ivM\.     If  wo  donoto  tho  difference  of  phase  of  the  component 

•  b'jvs'.u'..  •r.y-.^v  \s  .^•vu•;s^.^  torn.  i.  pi\  'J^JS-'J^S  ;  Memoitr  eonronne 9ur la  Difiac- 

:,'.  $^  ?:  4^:. 

-   r''.oM  r^-»u'.:>  tiu\  Iv  ol':Aiui\i  i^valemv*AIIy  &$  fpllovs : — Let  the  pArdlelognm 
v^  VV»v'  *vxoSv  T\»'.'. •.*..;  :hi*   vv::c\  O  wi:h  v. -j: form  Ani:iiL»r  velocity.      Then  sine* 

A.  K  C  dezjoribe  citvles  round  0  vith 
A  -isifcr^  .fczi^iiljkr  velocity,  it  follovs 
'  y  Ex.  i.  p.  Sr.  tbAt  the  feet  P.  Q, 
K  of  :hi  pertw^'licalArs  fh>ni  A,  R 
v."  ;ri  Any  rjrti:  '±ie  OX  execate  aimpk 
*irv::U';  T'.Vrfcnoa*   »Ioiic   the  liw 
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lv»tkHi8  by  8  we  have  S^a^-a^  and  the  resultant  amplitude  is  given 
f  the  equation 

Car.  1. — If  5  =  0  or  2»r — that  is,  if  one  wave  is  retarded  on  the 
ther  by  any  number  of  wave  lengths — we  have  cos  S  =  1,  and 

A«=(ai+aj)>. 

Ccr.  2. — If  5  =  IT  or  (2»  +  l)7r,  one  wave  is  retarded  an  odd  number 
yf  half  wave  lengths  on  the  other,  and 

[f  in  addition  a^  =  a^  we  have  A  =  0,  and  the  waves  in  this  case  destroy 
each  other. 

Cor.  3. — K  5  =  Jir  or  (n  +  i)7r,  one  wave  is  retarded  a  quarter  wave 
on  the  other,  or  (n  +  ^)|X  and 

44  Distribution  of  the  Energy. — In  the  case  of  a  medium 
•  liniultaneously  disturbed  by  two  sources  of  similar  vibrations,  we  have 
leen  that  the  amplitude  of  the  resultant  vibration  at  any  point  P  is 
determined  by  the  equation  A^  =  a^^  +  a^  +  ^a^^  cos  8,  where  h  is  the 
phase  difference  of  the  vibrations  reaching  P,  and  depends  on  the 
difference  of  its  distances  from  the  sources.  If  this  difference  is  to 
remain  fixed,  then  P  may  lie  anywhere  on  a  hyperboloid  of  revolution, 
having  the  sources  for  foci.  The  whole  space  around  the  sources  may 
be  divided  up  by  a  system  of  such  surfaces,  each  determined  by  a  value 
of  I  and  a  corresponding  value  of  A.  The  average  energy  of  the 
'Vibration  of  the  elements  of  the  medium  at  any  one  of  these  surfaces 
is  measured  by  A^,  which,  from  surface  to  surface,  varies  from  a 
maTimum  (a^  +  a^^^  for  6  =  2n7r,  to  (a^  -  ag)-,  for  8  =  (2?i  +  l)7r.  The 
average  value,  however,  of  A^  throughout  the  whole  medium  will  be 

or  the  sum  of  the  average  energies  of  the  vibrations  excited  by  the 
loarees  acting  separately. 

Thus  when  a  medium  is  distiu-bed  simultaneously  by  two  similar 
sources  Oj  and  Og,  the  amplitude  of  the  resultant  vibration  at  any  point 
is  the  sum  of  the  amplitudes  of  the  vibrations  which  the  sources  would 
excite  if  each  acted  separately  only  when  the  vibrations  at  this  point 
are  in  the  same  phase.  The  amplitude  at  any  other  point  will  depend 
on  the  difference  of  phase,  so  that  in  some  tracts  of  the  medium  there 
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is  a  large  amount  of  energy,  while  in  others  there  is  very  little.  The 
interfering  action  of  the  two  sources  causes  no  destruction  of  energy, 
but  merely  a  redistribution  of  it  in  the  medium  around  them. 

For  example,  if  a^=  a^  that  is,  if  the  sources  be  of  equal  power, 
then  at  some  parts  of  the  medium  the  energy  will  be  (2a)^,  or  quad- 
rupled, while  at  others  it  will  be  zero,  but  the  average  value  through- 
out the  medium  will  be  2a-,  viz.  the  sum  of  the  average  energies  of 
the  two  equal  sources. 

Exampk 

Any  number  of  waves  of  a  given  type  compound  into  one  of  the  same  type- 
For  if 

y=yi  +  yi  +  -  .  .+y«=2a,8in(w/-ai), 
=  Q  sin  w^  -  P  cos  ci^ = A  sin  (co^  -  a). 
Where  P=2a}Sinai,  Q  =  ZaiC08aj, 

2a  I  sin  ai     P 


tana  = 


—  7T» 


^Oj  COS  aj     Q 
and  A*  =  Sai*  -t-  22:a,aa  cos  (oj  -  o.)  =  P« + Q*. 

If  the  ei)Och  angles  ai  and  o^,  etc.,  vary  irregularly,  the  chance  is  that  the  tern 
involving  cos  (ai  -  a^)  will  be  as  much  positive  as  negative,^  and  will  dinppear  from 
the  result,  so  that  the  average  value  of  A'  will  be  2a\  or 

average  intensity = sum  of  component  intensities. 

45.  Graphic  Representations  of  the  Resultant  of  a  System  of 
Vibrations. — From  the  equation  A^  =  a^^  +  a^  +  2aja^  cos  S  it  appean 
that  the  resultant  amplitude  A  is  the  diagonal  of  a  parallelogram  of 
which  the  sides  are  a^  and  a^  and  S  the  angle  between  them. 

Again  the  equation  for  tan  a  may  be  written  in  the  form 

ai  sin  (o  -  Oj)  +  Oa  sin  (a  -  03)= 0, 

from  which  it  follows  that  if  we  draw  a  line  making  an  angle  a  witli 
the  diagonal  A,  it  will  make  angles  04  and  a^  with  the  sides  o^  and  (L 


X 

Fig.  11.— Resaltaiit  of  two  Fig.  12.— RMultant  of  a  syatem  of 

•iniilar  Vibrations.  similar  Vibntiona. 

of  the  parallelogram.    Thus  we  have  the  following  construction.    Taltt 
any  fixed  line  OX  (Fig.  11)  and  draw  OP  equal  to  Op  and  m^lring  id 


^  On  this  point  see  Enq/,  Brit,  ninth  edition,  art.  '*Wa\re  Theory/'  by  Lord 
Rayleigh.    Also  PhiL  Mag.,  Aug.  1880. 
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ngle  a^  with  OX,  similarly  draw  OQ  equal  to  ^2,  and  making 
tOX  =  a^  then  if  we  complete  the  parallelogram  OPRQ  the  diagonal 
^R  is  equal  to  A,  and  the  angle  ROX  which  it  makes  with  OX  is 
q[ual  to  a,  while  POQ  is  equal  to  the  difference  of  phase  S  or  a^  -  a^. 
^r  if  POX  and  QOXt  represent  the  phases  <l>^  and  <f>2  of  the  component 
ibrations,  ROX  will  be  the  phase  <^  of  the  resultant  vibration.  The 
mplitudes,  therefore,  compound  like  forces. 

To  compound  several  vibrations  by  this  method  we  have  only  to 
raw  OPj,  OPg,  OP3,  etc.  (Fig.  12),  from  0,  equal  to  a^,  a^  a^  etc.,  the 
mplitudes  of  the  vibrations,  and  making  angles  P^OX,  PjOX,  etc., 
qual  to  phases  (^,  <f>^  etc. ;  then,  as  in  the  case  of  a  system  of  forces 
Minchin's  Statics),  the  resultant  amplitude  is  equal  to  n.OG,  if  there 
re  n  amplitudes,  and  if  G  is  the  centre  of  mean  position  of  the  points 

1>   ■^2>  ^39  ®^' 

It  may  be  more  instructive,  however,  to  employ  the  method  of  the 
olygon  of  forces.     Thus  draw  OP^  (Fig.  13)  equal 
5  a^,  and  making  an  angle  <^  with  OX,  and  from      ^ 
\  draw  PjP2  =  a2»  ^^^  making  <^2  ^^^  OX.     Then 
)P2  represents  the  resultant  of  the  vibrations  a^ 
nd  ag.     Similarly  for  a  third  draw  P2P3  =  «s,  and 
laking  an  angle  <^  with  OX,  and  so  on  for  any 
umber.     The  line  joining  O  to  P„,  the  extremity  Fig.  is.— The  vibration 
f  the  line  last  drawn,  represents  in  magnitude  the  °  ^^^^' 

mpHtude,  and  its  direction  makes  an  angle  with  OX  equal  to  the 
base  of  the  resultant  vibration. 

These  graphic  methods  we  shall  find  of  great  utility  in  the  theory 
f  diffraction. 

Cor,  1.  When  the  system  of  vibrations  to  be  compounded  forms  a 
eries  in  which  the  phase  difference  of  any  two  consecutive  terms  is 
ifinitesimal,  but  varying  continuously  from  term  to  term,  then  the 
ngle  between  any  two  consecutive  sides  of  the  vibration  polygon 
rill  be  infinitesimal.  The  polygon  will  consequently  become  a  con- 
inuous  ciu"ve,  as  shown  in  Fig.  14,  such  that  the  element  of  length  at 
ny  point  M  of  the  ciu"ve  represents  the  amplitude  of  a  corresponding  Vibration 
onstituent  vibration,  and  the  angle  which  tangent  at  this  point  makes 
rith  OX  represents  the  phase  <^  of  the  same  vibration.  The  line 
fining  0  to  M  represents  the  resultant  of  the  system  of  vibrations 
etween  0  and  M;  the  length  of  the  line  OM  representing  its 
mplitude,  and  the  angle  MOX  its  phase.  If  P  be  a  point  on 
be  curve  such  that  the  tangent  at  P  is  parallel  to  OX,  then  the 
re  OMP  represents  a  system  of  vibrations  varying  continuously 
1   phase  from  zero  to  ir  —  that  is,  over  half  a  period  —  and  OP 

E 
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represrenu  ch<  ^mpilzsdt.  AZkd  XOP  die  phaie  of  the  resultant  of  tlie 
•Tstem. 

Cor.  '2.  If  the  sT«:em  ot  Tibradoos  forms  a  series  of  equal  ampli- 
tucie  and  equkreeeent  phase,  then  the  sides  of  the  vibration  polygon 
will  be  equal  and  equallj  inclined  to  each  other.  .  In  other  words,  the 
\ibration  polygon  will  be  regular  and  inscribed  in  a  circle.  Hence, 
when  the  niunber  of  terms  is  Terr  great  and  the  constant  phase  diffe^ 
ence  very  small,  the  polygon  will,  in  the  limits  coincide  with  its  cir* 
mtion  cumifcribing  circle,  and  it  follows  that  the  resultant  of  an  infinite 
^*  number  of  vibrations  of  e^iual  amplitude,  and  varying  uniformly  in 
phaise,  may  }je  represented  in  amplitude  and  phase  by  the  chord  of  i 
circular  arc.  The  general  cur\'e  of  Fig.  14  becomes  in  this  case  i 
circle,  as  shown  in  Fig.  15.  The  arc  OM  of  this  circle  represents  i 
Hystem  of  vibrations  of  equal  amplitude  and  phase  v'arying  uniformly 


Fin.  14.  Fig.  15. 

from  zero  to  </».     The  chord  OM  represents  the  resultant,  and  the 
am])litii(le  is  therefore 

OM=2r8inl0, 

while  the  phiise  of  the  resultant  is 

That  is,  the  i)ha8e  of  the  resultant  is  the  arithmetic  mean  of  the  initiil  j 
aiul  final  constituents  of  the  series,  and  it  is  consequently  the  same  as 
tlie  ])harto  «)f  tlie  constituent  corresponding  to  the  middle  point  of  the 
arc  OM  ;  for,  in  the  case  of  a  circle,  the  tangent  at  the  middle  point 
<»f  \\\o  arc  is  jNirallol  to  the  chord  of  the  arc. 

Tlio  iliainoter  OP  of  the  circle  represents  the  resultant  of  a  system 
of  vibnitions  of  ot|Uul  amplitude,  and  phase  varying  uniformly  between 
the  liniits  0  and  r.  The  phase  of  this  resultant  is  W,  and  it  is 
tluMvfoiv  a  tjuartor  jH»riiHl  1>ehind  the  first  constituent  of  the  series,  or 
the  Hiuno  as  the  midtllo  term  of  the  series.  If  the  amplitude  of  each 
ooustittiont  of  tho  sorios  Ih>  a.  and  if  there  be  n  terms  in  the  series, 
\\w\\  if  I  ho  sorios  U*  rt»pn»soiiteil  by  any  arc  OM  of  a  circle,  we  have 
in  tho  limit  for  tho  length  of  the  arc 
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Hence,  if  r  be  the  radius  of  the  circle  and  <^  the  difference  of  phase  of 
the  first  and  last  terms  of  the  series,  we  have 

rif>  =  na. 

Consequently  the  amplitude  of  the  resultant  is 

If  the  phase  varies  from  0°  to  tt,  the  arc  will  be  a  semicircle  and  the 
amplitude  of  the  resultant  will  be  2r — that  is, 

TT 

46.  Waves  of  Different  Lensrths. — We  have  good  reason  to  believe 
that  the  velocity  of  propagation  in  air  is  the  same  for  light  waves  of 
every  length,  just  as  we  know  that  sound  waves  of  different  lengths 
travel  with  the  same  velocity.  Still  whether  v  be  constant  or  not  it 
is  generally  impossible  for  two  vibrations  of  different  periods  such  as 

yi  =  «!  sin  (wj^  +  a,),     and  ya = ^2  sin  (wa^  +  eta) 

to  completely  destroy  each  other.  We  have  seen  that  when  Wi  =  Wg  =  w, 
any  number  of  such  waves  combine  to  form  a  resultant  wave  A  sin((i>/  -  a) 
of  the  same  period  as  the  constituents,  and  containing  no  trace  of 
their  distinction.  The  two  waves  given  above  cannot,  however,  be 
so  compounded  unless  their  periodic  times  be  the  same — that  is, 
unless  we  have  vj\  =  vjk^  The  consideration,  therefore,  of  waves 
of  different  lengths  may  be  kept  perfectly  separate,  for  their  ultimate 
effect  will  be  the  superposition  of  their  separate  effects,  each  possessing 
its  own  individuality. 

This  point  is  illustrated  by  sounding  two  notes  of  different  pitches 
together  (for  example,  a  note  and  its  fifth) ;  or  by  the  mixture  of  two 
colours. 

47.  To  compound  two  Rectangular  Vibrations. — If  a  particle  be 
subjected  simultaneously  to  two  simple  harmonic  vibrations  of  the 
same  period,  but  in  perpendicular  directions,  the  resultant  vibration  is 
in  general  elliptic. 

Let  the  superposed  vibrations  along  OX  and  OY  (Fig.  1 6)  be  given 

by  the  equations 

x=a8in  df 
y  =  b  sin  {d  +  d) 

when  0  for  brevity  denotes  the  phase  of  one  of  the  vibrations  and  8 
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thcii'  dilferunce  uf  |jhnse.     Now  9  h  »  variitlile  coiitaintng  the  tine. 

and  to  eliminate  it  we  have 


„  =  /,(»iHtf™«J  +  ™s»«i. 

and 

riue=j-/<.. 

therefore 

!-;;«..«■,. ^/,.y, 

Hence 

(i-;™')'=— (■-?;■ 

or  finuliy 

5*5- ^-'-»"- 

ThiE  equation  dcnot 

es  an  ellipse  htiving  iu  cen 

seijuently  the  cur\'B  descriljed  by  ihc  particle  under  thu 


uetion  of   two  recbingukr  vibi-altoiia  uf  the  Si 
amplitudes  ii  and  li,  an<l  differeDce  of  phase  >^ 
If  3  be  increased  by  ir  the  «qualion  becomes 


periodic   tim 


The  greatest  values  of  jr  and  v  ary  a  and  6  respectively,  1 
tangonta  AK  and  BF  be  drawn  [larallel  to  the  axes  of  refet 

have<Fig,  17) 

0A-".     nnd  0»  =  '.. 

Also  by  putting  r  =  0  and  i*  =  0  Buceeaaively  in  thy  eiiiuttioii  < 


Again  if  ivt;  roijlace  ■>'  by  ita  maximum  vahio  ».  wv  find  y  =  ft  (J 

the  ordinate  of  the  [loiut  E  ;  and  if  we  replai.'e  i/  by  its  n 

/)  we  find  x  =  ii  cos  3  for  the  aljacissa  of  the  jtoiiil  1'',  thenfory  , 


ELLllTIC  VIBRATIONS 


dor.  I. — If  the  clifTerence  of  phase  A 

of  tlie  resultant  vibration  becomes 


r  the  oquHtion 


This  represcnte  a  right  line  passing  through  0  (Fig.    18)  and 
making   an   angle  with   the  axis  of   ij,   the 
tangent  of  which  is  iiih. 

Cor.  2. — If  the  difference  of  phase  be  tt  or 
(2n  +  l)jr,  which  corresponds  to  a  retardation 
AA  or  (2ii+]);j,  the  resultant  vibration  is 
repre^entetl  by 

-+^'  =  0.  Slice  nMultlvl.Hirir. 

This  is  the  equation  of  a  right  line  passing  tliiough  O  (Fig.  19)  and 
inclined  lo  the  axis  of  ;/  on  the  other  side  at  an  angle  whose  tangent 

Thus  we  see  that  if  two  simple  rectangular  vibrations  be  c 
jioiinded,  the  resultant  vibration  is  a  simple  rectilinear  vibration  if 
they  differ  in  phase  by  any  number  of  times  '2w  (or  a.  retardation  of 
any  nnmber  of  times  A),  and  if  a  difference  of  phase  equal  to  any  odd 
miilttple  of  IT  or  a  retardation  of  any  odd  multiple  of  half  a  i 
length  be  introduced,  the  resultant  \'ibration  is  still  rectilinear,  btit  its 
direction  is  turned  thi-ough  an  angle  28,  if  fl  be  the  angle  the  first 
\ibration  makes  with  either  a 

This  remark  is  of  importance  in  the  theory  of  polarised  light. 

Cor.  3.— If  5=  .W,  or  any  odd  multiple  of  iir,  that  is,  if  there 
retardation  of  ]A,  we  have 
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middle  points  at  the  same  instant,  and  in  this  case  one  passes  through 
its  middle  point  when  the  other  is  at  its  extremity. 
K,  in  addition,  a  =  6,  we  have 

and  the  resultant  vibration  is  circular  (Fig.  21). 

Thus  two  rectangular  vibrations  of  equal  amplitude  and  periodic 
time  will  compound  into  a  circular  vibration  if  they  differ  in  phase  by 
any  odd  multiple  of  Jtt,  or  if  one  be  retarded  on  the  other  by  any  odd 
multiple  of  \)l 

48.  Vibration  of  Permanent  Type — Polarised  light, — It  bs 
been  remarked  already  that  the  phenomena  of  interference  lead  us  to 
believe  that  light  is  propagated  as  a  periodic  disturbance  or  a  periodic 
change  of  some  sort  in  the  condition  of  a  medium.  This  periodic 
change  is  referred  to  as  the  \dbration ;  but  as  to  the  nature  of  the  change, 
whether  it  is  simply  a  periodic  displacement  of  the  elements  of  the 
medium,  such  as  occurs  in  a  vibrating  elastic  solid,  or  as  to  whether  it 
is  something  of  quite  a  different  nature  must  remain  a  matter  of 
speculation.     In  representing  the  vibration  by  an  equation  of  the  form 

y  =  a8m  {ut  +  a) 

no  particular  assumption  need  be  made  as  to  what  it  is  that  f 
represents,  except  that  it  is  the  change  of  condition  at  the  time  /.  It 
is  perhaps  simplest  to  regard  ^  as  a  displacement  in  the  medium  such 
as  occurs  in  ordinary  wave  motion.  This  is  the  ordinary  notion,  but 
there  is  no  advantage  in  imposing  such  a  limitation  on  the  nature  of  the 
disturbance,  except  for  the  purposes  of  distinct  conception  in  the  mind. 
In  representing  a  periodic  change  by  a  simple  equation  of  the  foi'e- 
going  form  it  should  be  remembered,  however,  that  this  equation 
embraces  an  infinite  succession  of  similar  changes — that  is,  an  infinite 
train  of  waves  of  invariable  type.  Light  is  said  to  be  polarised  when 
the  type  of  the  vibration  is  maintained  invariable.  If  the  ether  vibration 
consists  in  a  periodic  displacement,  all  the  elements  of  the  vibrating 
ether  in  the  wave  front  describe  similar,  and  similarly  situated,  curves 
which  remain  permanently  the  same.  Thus  if  all  the  elements  describe 
similar  and  similarly  situated  ellipses  for  any  time  the  light  is  said  to 
be  elliptically  polarised  during  that  time.  K  they  describe  circles  it 
is  circularly  polarised,  and  if  they  describe  parallel  rectilinear  paths  it 
is  called  plane-polarised  light.  The  essential  feature  of  polarised  light 
is  then  that  all  the  elements  of  ether  in  any  wave  front  continue  to 
describe  exactly  the  same  kind  of  orbits,  or  the  nature  of  the  disturb- 
ance remains  permanently  the  same. 


Examples 

1.  Any  number  of  aimple  hannonic  vibrations  in  different  directions,  differing 
2  phase  bat  having  the  sama  periodio  time,  compound  into  an  elliptic  vibration. 

2.  Any  dmple  harmonio  vibration  is  equivalent  to  two  opposite  rircalar  vibra- 

1  a  circniar  vibration,  vii.  ifi  +  j^  =  a*,  so  aUo,  changing  the  sign 


B  a  circniar  vibration  in  the  opposite  direction.  Adding  the  I 
T-components,  and  also  the  ^-components,  we  find  for  the  | 
esnltant  vibration  y\^  j2. 

x  =  2acoaut,  s=0. 
k>naequently  the  two  opposite  cireDlar  vibrations  coinpoand  into  a  dmple  rectilinear 
ibration  of  double  the  amplitude. 

Conversely,  if  we  start  with  the  simple  vibration  3!=cioosirf,  we  may  write  it  in 
he  fonn 

(1)  z^^cosuf,  ;/—     Jasinwf. 

(2)  z=iaoo8«(,  y=-losinw(. 

"be  first  pair  represent  a  circniar  vibration  of  amplitude  ia,  and  the  second  pair 
jpresent  an  opposite  circniar  vibration  of  amplitude  Ja. 

This  result  is  of  importance  in  the  theory  of  circularly  polarised  light. 

An  inspection  of  the  figure  shows  at  once  that  a  particle  moving  with  simple 
armonic  motion  along  a  line  OV  may  be  supposed  actuated  by  two  equal  and 
pposite  circular  vibratione  of  half  the  amplitude,  for  the  velocities  ];erpendicular  to 
lis  line  destroy  each  other,  while  the  velocity  along  it  is  doubled.] 

8.  Two  simple  harmonic  vibrations,  in  rectangular  directions,  compound  into  a 
arabolic  vibration  if  the  periodic  time  and  phase  of  one  is  double  that  of  the  other. 

[The  equations  of  the  comtionent  vibrations  are 


terefore  eliminating  8,  t 


"  the  phase  of  one  is  not  double  that  of  the  other,  the  resultant  vibration  is  of  the 
iiirth  degree. 

The  shove  vibration  is  that  obtained  by  compounding  a  note  and  its  octave.  A 
irther  exercise  is  that  of  compounding  a  note  and  its  fifth  (periods  in  the  ratio  2 : 3), 
■  any  note  and  another  at  an  octave-l-Gftb  interval  from  it  (periods  in  ratio  I  : 3). 
isgrams  of  these  cases  wilt  be  found  in  treatises  on  Sound  under  the  head  "  Lis- 
Uonx's  figures."] 

4.  If  a  system  of  vibrations  differing  in  amplitude  and  wave  length  (or  periodic 
me)  be  superposed,  we  have  for  resultant 

y  =  a,aia2*{r^  -l-oi)-H»,sin2«-^^  -f o,)+  .  .  .  etc., 
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which  may  be  written  in  the  form 

i/  =  rtj8in2Tl  -m  +ai  l+028in2Tl    m  +aj  1+  .  .  . 

f  T=?/i,Ti  =  »itjT2=etc.,  vijy  m„  etc.,  being  integers.  This  shows  that  y  is  periodic, 
for  it  remains  unaltered  when  for  t  we  substitute  t  +  T.  The  periodic  time  of  tW 
resultant  vibration  is  therefore  T,  the  L.C.M.  of  Ti,  Tj,  Tj,  etc.  I 

5.  The  components  of  an  elliptic  vibration  are 

find  the  direction  of  the  axes  of  the  ellipse. 

2ab 
[The  directions  are  given  by  tan  2^=-a^^co8  6.] 

6.  Two  elliptic  vibrations,  given  by  the  equations 

xi  =  rt,  sin  (w/  +  oi)  1      j*2 = rt^  sin  (w(  +  Og)  \ 
y,  =  fe,  sin  M  +  ft)  J      y2=ft28in  (w^  +  ft)  J 

are  superposed,  find  the  resultant  vibration. 

[If  the  components  of  the  resultant  vibration  be 

x^a  sin  (w/  +  a)    and  y  =  b  sin  {ut  +  jS), 
we  have 

a^  =  (ti^  +  (t.^  ■\-  2a\a^  cos  (oi  -  a,) 
ft-i  =  6i*  +  h,^  +  2ftifea  cos  (ft  -  ft) 

f/i  sin  a]  +  ^3  sin  cu  ^    6.  sin  ft  +  6a  sin  jSg  H 

«i  cos  a, -fr/^  cos  og'  ^    6]  cos  ft +  6,008/:^ 'J 

7.  The  elliptic  vibration 

x=a  sin  w^,     y  =  h  cos  o;^ 

is  equivalent  to  the  two  superposed  ciixiular  vibrations 

a^  =  ^(a  +  6)  sin  w^  \     a^=4(a- 6)sin  w^      1 
yi  =  i(«  +  6)  cos  wt]     2/2  =  -  i(a  -  6)  cos  (at  ]  * 

consequently  the  elliptic  vibration  may  be  regarded  as  the  resultant  of  two  opjiositelj 
directed  circular  vibrations  of  amplitudes,  ^(^  +  6)  and  4(a-6)  respectively. 

8.  System  of  Discrete  Particles — Minor  Limit  to  the  Periodic  Time, — A  system  of 
pellets,  each  of  mass  m^  is  attached  to  a  weightless  string  at  equal  intervals  a.  The 
string  is  stretched  with  tension  T  along  a  smooth  horizontal  plane,  so  that  the  ftroe 
of  gravity  does  not  enter  the  question  of  the  horizontal  transverse  distnrbanoeS) 
discuss  the  motion  (P.  G.  Tait,  Eiicy.  Brit.  art.  ** Waves"). 

Let  the  transverse  displacement  of  the  nth  pellet  bo  y„  at  the  time  U  The 
equation  of  its  motion  is 

at*  a  a 


d  d 

*  If  y«=yTar),  then  y„+i=yi;ic  + a) =c ''•'./)[ j;),  consequently  we    have   Vnw-t^^ 

and  y«-i  =  €''"''V     Hence  «»^*=l!Vc''^*-2  +  e  "'^jy^,  which  reduces  to  TaS 

when  a  is  very  small,  so  that  we  recover  the  equation  of  vibration  of  a  oontiniioiiB 
cord. 
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Again,  if  yR= A  cos  (w^  -  kx)  where  x=iutj  we  have,  from  the  above  etjuation, 

T 

-  i/ictf^cos  (arf-ita!)  =  -[co8{fcrf-A-(ar  +  a)}  -2co8  (w<-A:a?)+co8|w^-Ar(ar-«)j] 

2T 

=  -  —  cos  {tat  -  ^»)(1  -  cos  ka). 

4T 
[ence  nua^  =  —  %\v?}jka. 


he  greatest  possible  value  of  w  is  consei^iuently  2\/Tlmu — that  is,  we  must  have 
<  2v/a,  if  V  be  the  velocity  of  a  disturbance  in  a  cord  under  the  same  tension  and 
f  the  same  mass  per  unit  length.     The  time  of  oscillation  of  a  pellet  is  2ir/u  and  is 

"  ra/v  or  x^^amfT, 

This  question  is  closely  connected  with  Stokes's  theory  of  fluorescence.  For  if  a 
istorbing  force  of  shorter  period  than  the  limit  given  above  be  applied  continuously 
9  one  of  the  pellets,  there  will  be  an  accumulation  of  energy  in  its  neighbourhood  ; 
nd  this  energy,  if  we  suppose  the  disturbing  force  to  cease,  will  be  transmitted 
hroughout  the  system  by  vibrations  of  equal  or  greater  period  than  the  limiting 
alue  above,  corresponding  to  light  of  lower  refi*angibility  than  the  incident,  but 
aving  a  definite  superior  limit  of  refrangibility. 

9.  On  the  Ormip  Velocity  of  a  Train  of  Waves, — When  a  group  of  waves  advances 
nto  still  water,  ^he  velocity  of  the  group  is  less  than  that  of  the  individual  waves 
rhich  constitute  it.  The  individual  waves  appear  to  advance  through  the  grouj), 
ying  away  as  they  approach  its  anterior  limit  Sir  G.  G.  Stokes  first  explained 
his  by  regarding  the  group  as  formed  by  the  superposition  of  two  infinite  trains 
f  waves,  of  equal  amplitude,  and  of  nearly  equal  wave  lengths,  advancing  in  the 
ame  direction,  and  the  same  explanation  has  been  developed  by  Lord  Rayleigh. 

If  two  infinite  trains  of  waves  be  represented  by  QOsk{vt-i')  and  cos  A*'(r7  -  a*) 
here  A:=2ir/X  and  ^•'  =  2ir/V,  their  resultant  is 

cos  k{vt  -  x)  +  cos  k'{i^t  -  x) 

/l^v'-kv^    k'-k  \        /A;V  +  A:»     k'  +  k  \ 
=  2co8(^— 2— <-     2    ^jcos^^-^— /!--2    ^) 

=  2  cos  Ja  cos  [k(vt  -x)  +  Ja]  where  a = d{kv)  .  t  -  uxik. 

Now,  if  k' - k  and  v'  -vhe  very  small,  we  have  a  train  of  waves  whose  amplitude 
aries  slowly  from  one  point  to  another  l)etween  the  limits  0  and  2,  forming  a  series 
f  groups  separated  from  one  another  by  regions  comparatively  free  from  disturbance. 

At  any  time  t  the  position  of  the  middle  of  that  gioup  which  was  initially  at  the 
rigin  is  given  by  a  =  0,  or 

{k'o'-kc)t-{k'-k)x=0. 
lence  the  velocity  of  the  group  is 

y_x_k'v'-kv 

r  in  the  limit  when  the  number  of  waves  in  each  group  is  infinite,  the  relation 
etween  the  group  velocity  V  and  the  wave  velocity  v  is 

d(^)_d(l/T) 
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remembering  that  X:r=2r/T  and  that  ^*=2r/\,  or,  as  it  may  also  be  written, 


Thus  if  i;  oc  \» 
Cases — 


X_^     rflogr_       dlogv 
T-^"^rfiog~Jb"^"dl^' 

V  =  (l-n)r. 


rcc\,  V  =  0,    Reynolds's  disconnected  pendulums 

roc  \i,  V  =  i^r,  Deep-water  gravity  waves 

t>oc  X**,  V=r,    Aerial  waves,  etc. 

roc  X  -  *,  V=|r,  Capillary  water  waves 

roc  X  "  *,  V  =  2r,  Flexural  waves. 

The  theory  of  capillary  water  waves  (V=|r)  has  been  given  by  Thomson  (?A»7. 
Mofj.  November  1871).  Tlieir  wave  length  is  so  small  that  the  force  of  restitution 
due  to  capillarity  largely  exceeds  that  due  to  gravity.  The  flexural  waves  (Y =2r)are 
those  corresponding  to  the  bending  of  an  elastic  rod  or  plate  (Rayleigh,  Thwrya 
Sound,  §  191). 

Professor  Osborne  Reynolds  {Nature,  23rd  August  1877 ;  also  Brit.  Assoc  Ply- 
mouth) gave  a  dynamical  explanation  of  the  fact  that  a  group  of  deep-water  wavei 
advances  with  only  half  the  rapidity  of  the  individual  waves.  In  this  case  the 
energy  propagated  across  any  point,  when  a  train  of  waves  is  passing,  is  only  our- 
half  of  the  energy  necessary  to  supply  the  waves  which  pass  in  the  same  time,  » 
that  if  the  train  of  waves  be  limited  it  is  impossible  that  its  front  can  be  propagated 
with  the  full  velocity  of  the  waves,  as  this  would  imply  the  acquisition  of  iDOf« 
energy  than  can  in  fact  be  supplied.  Professor  Reynolds  did  not  contemplate  the 
cases  where  more  enei'gy  is  pro|)agated  than  corresponds  to  the  waves  passing  in  ti» 
same  time,  but  his  argument  a]>plied  conversely  to  the  results  already  given  shoirs 
that  such  cases  must  exist.  The  ratio  of  the  energy  propagated  to  that  of  the 
passing  waves  is  V/r.  Thus  the  energy  propagated  per  unit  time  is  V/r  of  that 
existing  in  a  length  r,  or  V  times  that  existing  in  a  unit  length.     Accordingly 

Energy  pro]>agated  per  unit  time  _ dijcv)  __ d{  1/T)  ^ 
Energy  (average)  per  unit  length""   dk  "  rf(l/X) 

[Lord  Rayleigh,  Note  on  "Progressive  Waves"  {Proceedings  of  the  London 
Miith^inatical  Society,  vol.  ix.  No.  125  ;  also  Theory  of  Sound.] 


CHAPTER  III 

ON   THE  APPROXIMATE   RECTILINEAR  PROPAGATION   OF   LIGHT 

49.  The  Prineiple  of  Huygens — Secondary  Waves — Wave 
Envelopes. — ^The  first  function  of  any  theory  of  light  is  to  account 
satisfactorily  for  the  so-called  rectilinear  propagation  of  light  in  a 
homogeneous  medium.  The  commonest  observations  on  the  shadows 
cast  by  opaque  objects  or  on  the  beams  of  light  transmitted  through 
apertures  show  roughly  that  light  is  propagated  in  right  lines  or  rays, 
andy  as  we  have  already  mentioned,  this  apparent  rectilinear  propaga- 
tion would  seem  at  first  sight  to  argue  strongly  in  favoiu*  of  the 
corpuscular  theory.  When  the  facts  are  more  closely  scrutinised, 
however,  it  is  found  that  the  rectilinear  propagation  is  only  approxi- 
mate, for  when  the  source  of  light  is  small,  such  as  a  narrow  slit,  then 
the  shadow  of  an  opaque  obstacle  (a  wire,  for  example)  is  not  so  wide 
as  the  obstacle,  for  the  light  bends  round  the  edges  of  the  obstacle 
into  the  geometrical  shadow,  just  as  sound  bends  round  corners,  only 
in  a  much  smaller  degree. 

Hence  any  proposed  theory  must  account,  not  for  an  accurate 
rectilinear  propagation,  but  for  an  approximate  rectilinear  propagation 
in  which  there  is  a  slight  bending  round  corners.  The  apparent 
superiority  of  the  emission  theory  consequently  breaks  down,  and  in 
the  explanation  of  this  and  other  phenomena  connected  with  the 
passage  of  light  through  narrow  apertures,  and  past  the  edges  of 
opaque  obstacles,  the  wave  theory  obtains  a  decided  advantage. 

It  is  well  known  that  large  obstacles  cast  more  or  less  distinct 
sound  shadows,  still  in  such  cases  there  is  considerable  bending  round 
comers,  but  the  question  at  once  arises  as  to  how  far  the  possibility  of 
observing  this  bending  depends  on  the  wave  length.  If  the  wave  length 
is  very  small  will  the  amount  of  observable  bending  be  also  very  small  ? 
It  will  be  seen  from  the  following  considerations  that  this  question  must 
be  answered  in  the  affirmative,  and  that  the  approximate  rectilinear  pro- 
pagation of  light  is  a  consequence  of  the  minuteness  of  the  wave  length. 
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» 


According  tu  the  wave  theory  each  point  of  a  luminous  hoAfi 
lentre  of  disturbance,  or  a  source  from  which  waves  nre  pro)>a}^t«H  ft 
the  elher.     It  ia  therefore  iiecesBaiy  to  form  eome  conceptioii  of  tit  I 
inatuier  in  which  a  wave  is  propagated. 

Let  0  (Fig.  '23)  be  a  centre  of  diatmltance,  and  let  «/<  lie  the  trM 
ive  diverging  from  it.  The  radiuB  of  the  mm 
increases  with  the  velocity  of  light,  *o  thu 
the  disturbance  now  at  ah  will  an  insUti) 
later  Ije  at  "'?/,  and  the  single  wnve  ai  in 
imvelling  out  will  diatwhall  the  elementid' 
the  niodium  over  which  it  jiiisaes.  Thus  tlx 
distiu-bance  of  any  one  element  of  the  mediim 
cuiiGtis  a  subsBi]Uont  dislurlHmce  of  all  tk 
other  elements,  and  we  may  i-eganl  the  ^ 
placements  of  the  elements  of  the  wi»t 
front  all  as  the  wmse  of  the  subse^iiaii 
displacement  of  the  elements  of  ah'.  With  M,  M',  etc.,  as  contra 
descril^e  a  series  of  etiual  small  spheres '  to  represent  the  wavelet* 
developed  by  the  centres  of  disturbance  M,  M',  etc.  All  thm 
small  spheres  touch  a  sphere  a'b'  having  its  centre  at  O.  and  ie 
this  manner  we  get  a  new  wave  front  a'b'.  In  this  manner  the  w»v( 
all  is  propagated  to  a'b'  by  the  small  secondary  waves  arising  from  iHt 
front  of  the  original  wave  ab.  The  envelope  of  these  secondMrj'  w^iw 
is  the  grand  wave,  and  in  this  view  of  wave  envelo]>es  Huygena  rv^aLidcd 
a  wave  as  being  proimgated.  The  effective  part  of  each  secoii ' 
wave  in  generating  the  primary  wave  he  aupiJOsed  confined  I 
l>ortion  of  It  which  touches  the  envelope. 

The  energy  of  iiJt  is  thus    handed  on   to  a'b',  and   ; 
manner  from  a'b'  to  //'b",  etc.     Consequently  each  point  of  th»l 
front  in  any  of  its  anterior  )>ositions  may  be  considered  a 
diRturbance  from  which  a  secondary  wave  diverges,  and  the  a 
(■tTect  of  these  sefondari/  waves  at  any  point  must  be  the  same  na  tW 
of  the  primary  wave  itself,  when  [Missing  through  that  point. 

Or,  more  generally,  if  roimd  the  origin  0  any  ideal  closetl  surfm 
be  described,  the  whole  action  at  any  point  outside  this  surfocci,  of  ikt 
waves  diverging  from  0,  may  be  regarded  as  due  to  the  motion  ptv 
pikgated  across  the  varions  elements  of  the  siu-facc — thnt  is,  ovk 
element  of  the  surface,  as  a  centre  of  disturbance,  sends  waves  to  the 
point  under  consideration,  and  the  disturbance  there  is  the  reuiltut 
of  their  combined  action.  The  geneitd  problem,  therefore,  is  to  delff 
mine  the  nature  of  the  disturliance  at  any  point,  when  thv  (nD 
,ft  tliG  niedinTii  lo  Im  isotropic. 
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particulars  of  the  displacement  at  each  point  of  any  surface  surrounding 
the  origin  O  are  known.  It  is  convenient,  however,  to  choose  the  wave 
front  as  the  surface  of  resolution,  for  the  vibrations  at  it  at  any  instant 
are  all  in  the  same  phase. 

Thus  if  ah  be  the  front  of  a  wave  diverging  from  0,  then  all  points 
on  the  surface  of  ah  are  in  the  same  phase  of  motion  at  any  instant, 
and,  as  time  progresses,  each  point  passes  through  all  the  phases  of  the 
vibration  originated  by  0.  Each  point  of  ah  must,  therefore,  be 
regarded  as  the  origin  of  an  infinite  train  of  waves,  and  in  calculating 
the  displacement  at  any  point  outside  a&,  we  must  consider  all  the 
iraves  which  reach  that  point  simultaneously  from  the  various  points 
of  ab.  These  waves  will  have  left  the  various  points  of  ah  at  different 
times  previously,  and  will,  therefore,  be  in  different  phases  when  they 
reach  the  point  The  general  problem,  therefore,  is  to  find  the 
resultant  of  a  system  of  vibrations  of  different  amplitudes  and  phases, 
determined  by  the  distances  of  the  various  points  of  ah  from  the  point 
in  question. 

In  order  to  make  this  clearer  let  AB  (Fig.  25)  represent  the  trace  of 
a  plane  parallel  to  the  front  of  a  system  of  plane  waves  travelling 
towards  O.  At  any  instant  the  various  points  M^,  Mg,  M3,  etc.,  of 
AB  are  in  the  same  phase  of  motion,  and  this  phase  changes  periodic- 
ally as  the  time  progi*esses.  Each  point  of  AB,  regarded  as  a  centre 
of  disturbance,  is  the  origin  of  an  infinite  train  of  waves  (which  diverge 
as  spheres  around  it  if  the  medium  be  isotropic),  so  that  at  any 
instant  the  displacement  at  O  is  the  resultant  of  an  infinite  series  of 
disturbances  propagated  from  the  various  points  of  A6.     The  phases 

I 

of  these  distiu*bances  are  determined  by  the  distances  of  0  from  the 
various  points  of  A6,  and  their  amplitudes  depend  upon  the  inclination 
to  the  •prave  front  of  the  line  joining  O  to  the  corresponding  centre  of 
disturbance.  Thus,  if  v  be  velocity  of  propagation,  the  waves  reach- 
ing O  at  any  instant  are — the  wave  which  left  P  at  the  time  OP/V 
previously,  the  wave  which  left  M^  at  the  time  OMj/r  previously,  the 
wave  which  left  Mg  at  the  time  OM.,/r  previously,  etc.  etc.,  so  that  if  inter- 
the  variation  of  phase  with  time  be  known,  then  the  phases  of  all  the  *^**^"^^- 
disturbances  reaching  0  at  any  instant  are  known,  and  their  ampli- 
tudes can  also  be  calculated  if  the  law  of  variation  of  amplitude  be 
known,  so  that  the  resultant  effect  at  0  can  be  estimated.^ 

*  Huygens  endeavoured  to  explain  the  rectilinear  ]iropagation  of  light  by  the 
principle  of  wave  envelopes  alone.  Thus  if  ah  (Fig.  23)  be  an  aperture,  and  Oab  a 
cone  of  light  falling  on  it  from  0,  he  tis^xmml  that  the  effect  of  each  element  of  ah 
in  generating  a'h'  was  confined  to  the  apex  of  the  secondary  wave  or  that  i>art  of  it 
whicli  touches  the  envelofie.      This  practically  assumed  the  whole  question,  and  it 
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The  question  now  arises  as  to  what  is  to  limit  the  secondary 
waves  diverging  from  each  point  of  the  primary  wave  as  origin,  hi 
an  isotropic  medium  the  disturbance  of  each  little  wave  spreads 
generally  in  a  spherical  form*  Are  we  to  suppose  the  sphere  com- 
pleted so  that  each  small  wavelet  is  propagated  backwards  as  well  as 
forwards  ? 

We  know  that  a  single  wave  may  be  transmitted  along  a  stretched 
cord,  or  through  the  air.  In  this  case  the  agitation  of  any  point 
causes  the  future  agitation  of  those  in  advance  of  it^  but  of  none  in 
the  direction  from  which  it  has  been  propagated.  Thus  in  Fig.  7  the 
wave  travelling  along  the  cord  AB  distiu'bs  in  turn  all  those  parts  of 
the  cord  in  advance  of  it,  but  has  no  effect  on  those  behind  it.  For 
this  reason  it  has  been  supposed  by  some  that  each  point  of  the 
primary  wave  sends  forward  only  a  hemispherical  wave,  viz.  that  half 
of  the  secondary  spherical  wave  which  lies  in  front  of  the  primary 
wave.  Further,  if  the  disturbance  is  zero  at  the  base  of  this  hemi- 
sphere, it  is  natural  to  suppose  that  the  intensity  of  the  disturbance 
diminishes  gradually  from  the  vertex  towards  the  base.  This  would 
be  the  case,  for  example,  if  the  intensity  in  any  direction  varied  as  the 
cosine  of  the  obliquity,  or  inclination  to  the  wave  normal. 

The  law  which  determines  the  intensity  at  each  point  of  & 
jkes's  secondary  wave  has  been  investigated  by  Sir  G.  G.  Stokes.^  He  his 
^*  shown  that  the  effect  of  an  elementary  wave  at  an  external  point 
varies  as  (1  +  cos  6)  where  6  is  the  obliquity,  or  angle  between  the 
wave  normal  and  the  line  joining  the  point  to  the  centre  of  the 
elementary  wave.  This  factor  will  vanish  only  when  ^  =  flr,  that  is 
for  points  directly  behind  the  wave.  According  to  this  law  the 
secondary  wavelet  must  be  regarded  as  a  complete  sphere,  the  dis- 
turbance varying  gradually  from  a  maximiun  at  its  forward  apex  to 
zero  at  the  diametrically  opposite  point  in  its  rear.  The  effect  po- 
duced  at  any  point  by  a  wave  element  depends  also  on  the  direction 
of  vibration  in  the  element.  Professor  Stokes  finds  it  proportional  to 
the  sine  of  the  angle  between  this  direction  and  the  radiiis  vector  lo 
the  point. 

It  will  be  sufficient,  however,  for  our  present  purpose  to  admit 
that  the  effect  produced  at  any  point  by  a  secondary  wave  depends 
upon  the  obliquity,  and  diminishes  as  the  obliquity  increases. 

was  left  to  Fresiicl  {G^uvrcs,  toni.  i.  p.  174)  to  show  that  the  secondary  waves  diTdg- 
ing  from  the  various  points  of  al  must  be  taken  into  accoimt,  and  that  these  Vr 
mutual  interference  may  neutralise  eacli  other  in  some  regions  of  space,  and  henoe 
produce  darkness  and  shadow^. 

*  On  the  Dynamical  Theory  of  Diffraction,  Math,  and  Phys,  Papers^  vol.  ii.  |v 
243  ;  Camb,  Phil.  Trans,  vol.  ix.  p.  1,  1849. 
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Deflnltlon  of  Poles  and  Half-period  Elements. — The  pole 
t  A  wave  with  respect  to  any  escWiiml  point  0  is  that  point  of  the 
which  is  nearest  t«  0,  or  more  accurately,  that  point  of  the  wave 
rom  which  the  Jistnrbance  reaches  O  in  the  least  time.  If  the  wave 
plane  the  pole  of  O  is  the  foot  of  the  perpendicular  drawn  from  it 
>  the  wave  front,  and  if  the  waA'e  is  spherical,  the  pole  is  that  jwiiit 
her*  the  wave  is  intorsected  by  the  line  joining  O  to  the  centre  of 
ic  sphere. 

In  general,  if  the  wave  be  neither  plat 
vU  {or  jiolf-B)  of  a  wave  as  the  [wint  (or 
Ktints,  or  continuous  locus  of  points)  on  the 
ra^'e  front,  from  which  light  is  proittgaled 
O  in  either  a  mininmm  or  a  mnxiniiim 
ime. 

Let  P  (Fig.  24)  be  the  pole  of  a  na\f 
dth  respect  to  the  point  0,  and  donuiL' 
)P  by  6.  The  disturbance  from  P  reaches  O 
than  the  distiu-bance  from  any  other 
Ktint  of  the  wave.  With  O  as  centre  and  a 
itdiiw  h+  ^K  deBcriba  a  curve  on  the  wave 
Iront.  This  curve  is  the  intersection  of  the 
ffave  front  with  a  sphere  of  imlius  fc+^A  i''i8-24.-Hsii-poriuiiEieiiwiin. 
iriri  centre  O,  and  will  include  a  small  element  of  area  on  the  wave 
I .  Hit  around  P  which  we  shall  call  the  first  half-fierwiJ  eianmi  or  zone. 
Witi  O  as  centre  and  a  radius  b  +  X  describe  another  sphere  meet- 
j  the  wave  front  in  a  second  curve  which  with  the  first  curve  will 
iinle  a  little  annulus  or  strip  or  area  on  the  wave  front.  This  area 
> .  term  the  second  lialf-period  element.  Similarly  by  describing  other 
ipheree  of  radii  ft  +  3  ,  6  +  4-,  etc.,  we  obtain  curves  on  the  wave  front 
ncluding  the  3rd,  4th,  etc,,  half-period  elements,  the  /ith  half-period 
dement  being  intercepted  between  the  spheres  of  radii  fi  +  (/(-l)jA 
Uid  fi  +  njA.  A  half-period  element  with  respect  to  any  point  0  is 
ifaen  a  narrow  strip  of  the  wave  front  surroimding  the  pole  P  of  that 
and  such  that  the  difference  of  the  distances  of  its  inner  and 
edges  from  0  is  half  a  wave  length. 

.  Comparison  of  two  Consecutive  Half-period  Elements.— Let 
low  consider   the   mutual   effect    of    two  consecutive   half-period 
lentB,  MjMj  ami  M^Mj,  at  the  jToint  0  (Fig,  24).     For  this  purpose 
bt  Ihe  annulus  M,M.  lie  divided  into  a  series  of  concentric  circular 

rof  infinitesimal  area.     This  may  be  supposed  to  be  done  by  a 
1  of  spheres  descrilied   round  O  as  centre  with  radii  r,  r+  6, 
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T  +  28,  r  +  36,  eU:.,  where  5  is  a  very  small  quntitity  (a  eubmulti|jl«  rf 
JA)  and  i  b  the  distance  of  the  inner  edge  of  M^Mj  from  O.  Then, 
if  MjMg  1«  divided  up  in  the  same  manner,  the  first  ring  of  M^M.  will 
l>e  half  a  wave  length  nearer  O  than  the  first  ring  of  MjMjp  and  l>wtig 
consequently  opposite  in  phase  they  will  neutralise  each  other  at  0  if 
the  amplitudes  of  the  vibrations  which  they  transmit  are  equal.  In 
'^  the  same  way  the  second  ring  of  M^Mg  will  lje  opposite  in  phase  to  the 
second  i-irig  of  M^M.p  the  third  to  the  third,  etc.,  so  that  the  consecn- 
tive  strips  of  one  half-period  element  tend  to  neutralise  the  cam- 
BjKinding  strips  of  the  other,  and  if  their  amplitudes  Ar«  equal  l\ity 
will  destroy  each  other  completely. 

W'c  have  now  to  examine  how  far  equality  in  this  respect  a 
realised  and  on  what  quantities  approximate  equality  depends.  Fit 
this  purpose  it  is  necessary  to  remember  that  the  elementary  rinp 
into  which  the  half-period  elements  have  been  divided  are  such  thii 
they  are  at  unifoniily  increasing  distances  /■,  <■  +  5,  r  +  23,  et«,  from  0. 
and  they  consequently  send  vibrations  of  uniformly  increasing  liime 
to  0.  Kings  constructed  in  this  manner  will  not  be  ngoruiisly  oqiai 
in  area,  and  the  amplitudes  of  the  vibrations  they  transmit  to  0  tetj 
differ  accordingly.  In  order  to  find  an  expression  for  the  area  of  juif 
such  ring  let  XX'  (Fig.  2.5)  be  the  width  of  the  aiinutits,  and  Irt 
(JX'-OX  =  B  where  S  is  »  very  snnil 
ijiiimtity.  Then  if  ^  l>e  the  mean  radiu 
i>[  the  iinnidus  its  area  is  2jr/XX';  liiil 
liy  similar  triangles  XX' :<i ; :  r  :  .r,  vhai 
I  is  the  mean  distance  of  the  strip  fata 
O,  henco  .r .  XX' =  cfi,  and  the  cxpraaioo 
fur  the  area  becomes 


This  ex])reasion  shows  lis  that  K  ^ 
iiigs  (ire  so  constructed    that  &  renuiP 
oiistiiiit.  then  their  areas  increase  as  ibej 
etude  from  the  centre  :  but  tho  iocrw 
"'^ '"*  i)f  amplitude  arising  from  this  incr««tt  of 

lu-ea  is  exactly  counterbalanced  by  the  diminution  of  amplitude  arinif 
from  increase  of  distance  from  0.  if  we  take  as  a  first  assumptiou  tbri 
the  amplitude  of  the  vibration  ti-anemitted  to  0  by  any  ring  is  prop*' 
tional  to  the  area  of  the  ring  and  inversely  as  it«  mean  distance  from  0 
Since  the  area  of  the  aninilus  is  ■iiri-&,  this  assumption  leads  to  thn  rufr 
elusion  thai  the  nmplitiule  of  the  vibration  due  to  any  antiull 
proporrional  to 
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and  therefore  the  same  for  all  the  rings.  The  corresponding  rings  of  two 
consecutive  half-period  elements  would  thus  produce  equal  and  opposite 
effects  at  O  and  would  appear  to  neutralise  each  other  completely,  but 
as  yet  we  have  not  introduced  any  consideration  as  to  how  far  the 
amplitude  of  the  vibration  due  to  any  element  depends  on  the 
obliquity — ^that  is,  upon  the  inclination  of  the  wave  normal  to  the  line 
joining  O  to  the  element  in  question.  At  present  we  shall  merely 
assume  that  the  effect  of  obliquity  is  to  diminish  the  amplitude  so  that  Effect  of 
the  effect  produced  at  O  by  any  element  diminishes  as  the  radius  of  ^  '^^^  ^' 
the  ring  increases.  The  result  of  this  assumption  is  that  the  element- 
ary rings  of  the  half-period  element  M^Mg  are  more  effective  at  0  than 
the  corresponding  rings  of  M2M3,  and  instead  of  complete  neutralisation 
we  have  an  outstanding  difference  for  every  consecutive  pair  of  zones, 
and  the  resultant  of  these  outstanding  differences  is  the  integral  effect 
of  the  wave. 

It  is  interesting  to  notice  the  effect  of  this  diminution  of  amplitude 
on  the  resultant  of  a  single  half-period  element.  If  such  an  element 
be  divided,  as  above,  into  a  great  number  of  concentric  rings  of 
equicrescent  phase,  and  if  there  were  no  diminution  of  amplitude 
arising  from  increase  of  obliquity,  then,  when  represented  graphically, 
the  resultant  of  the  whole  zone  would  be  represented  by  the  diameter 
OP  of  a  circle  OMP,  as  shown  in  Fig.  15,  p.  50,  the  phase  of  the 
resultant  being  90"^  behind  that  of  the  vibration  coming  from  the  inner 
edge  of  the  zone.  The  effect  of  diminution  of  amplitude,  however,  is 
such  that  in  constructing  the  curve  OMP  the  elements  of  length 
diminish  as  we  proceed  along  it  by  revolving  the  tangent  through 
equal  increments  of  angle.  This  leads  to  an  increase  in  the  curvature 
of  the  amplitude  curve  corresponding  to  any  given  portion  of  the  zone, 
and,  as  a  consequence,  the  phase  XOP  (Fig.  1 4)  of  the  resultant  is  less 
than  90°  behind  that  of  the  inner  edge  of  the  zone.  The  phase  of  the 
resultant  of  a  single  half-period  element  may  thus  be  less  than  that 
of  the  central  element  of  the  zone  and  may  correspond  to  a  ring  of 
the  zone  situated  between  the  central  ring  and  the  inner  edge. 

Before  concluding  the  comparison  of  two  consecutive  half-period 
elements  it  will  be  useful  to  examine  the  outstanding  difference 
arising  from  obliquity  in  so  far  as  it  depends  on  the  wave  length.  We 
liave  found  that  the  amplitude  of  the  vibration  due  to  any  elementary 
ring  is  proportional  to  27r^  when  the  obliquity  is  neglected,  and  if  we 
denote  the  obliquity  by  6  and  the  distance  OP  by  p  we  have  cos  6  =j>/r, 
and  consequently  any  function  of  6  may  be  expressed  in  terms  of  r  and 
(he  constant  I?.  Hence,  if  the  law  of  variation  of  amplitude  with 
obliquity  be  known,  it  may  be  expressed  as  a  function  of  r,  and  the 
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amplitude  of  the  vibration  due  to  any  elementary  ring  may  be  writta 
in  the  form 

A=a/l[r). 

The  amplitude  of  the  vibration  due  to  the  corresponding  ring  of  tbe 
consecutive  zone  will  therefore  be 

A' = (|/(r + iX) = o/(r)  +  ^rtf (r) + etc. 

As  these  are  opposite  in  phase  their  joint  effect  will  be 

A'-ArriaX/W+etc., 

aw.     so  that  if  X  is  small  the  outstanding  difference  will  be  a  small  quantity 
proportional  to  A,  viz. — 

laX/'(r). 

Hence  when  A  is  small,  the  resultant  of  two  consecutive  zones  is  snail 
compared  with  either. 

For  example^  if  we  assume  that  the  amplitude  varies  simply  as  the 
cosine  of  the  obliquity,  we  have /(r)=^/r  and/'(r)=  -p/f^y  so  that 

5  1a''-  A-A'  =  iapX/y* 

Thus  with  this  law  of  variation  (or  with  Stokes's  law,  p.  62)  the 
outstanding  difference  varies  directly  as  k  and  inversely  as  the  squire 
of  the  distance ;  in  other  words,  as  the  zones  recede  from  P  thdr 
effects  become  smaller  and  more  nearly  equal  to  each  other. 

52.  Plane  Wave. — In  order  to  estimate  the  whole  effect  of  i 
plane  wave  at  any  point  O  we  divide  it,  as  in  the  foregoing  artack^ 
into  a  system  of  half-period  elements  with  respect  to  O.  Let  % 
denote  the  resultant  effect  at  O  of  the  first  half-period  element,  m^ 
that  of  the  second,  and  so  on.  Then  since  the  corresponding  ringi  if 
two  consecutive  half-period  elements  are  opposite  in  phase  at  0,  tk 
whole  effect  of  the  plane  wave  is  represented  by  the  series 

The  only  definite  knowledge  which  we  have  as  yet  deduced  oonoerniig 
this  series  is  that  the  consecutive  terms  are  very  nearly  equal  ani 
gradually  grow  less  and  less  in  absolute  value  as  they  recede  from  the 
beginning  of  the  series,  and  setting  out  with  this  informationy  it  naj 
be  easily  shown  that  its  siun  S  approximates  in  the  limit  to  the  valoi 
^rriy  For  since  the  successive  terms  decrease  continuously  aocoidi^ 
to  some  law,  from  the  beginning  to  the  end  of  the  series^  it  feUo**! 
that  if  ordinates  Om^,  etc.  (Fig.  26),  be  erected  at  equal  digfAt^^^  ak^f 
a  right  line  OX,  so  that  the  lengths  of  the  ordinates  repreeent  tki 
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Fig.  26. 


ns  m^j  m^  m^  etc.,  of  the  series  S,  then  a  smooth  curVb  may  be 
wn  through  the  extremities  of  these  ordinates  which  will  be  either 
cave  or  convex  towards  the  axis  OX,  according  to  the  law  of  varia- 
I  of  the  constituents  mri 
he  series.  Now  ob- 
isly  m^a = 7?*^  —  m^ 
1  WI36 = IW3  —  trip 
consequently  S 
the  sum  of  the 
srcepts  fTi^a,  mj>, 
y  and  this  sum  in- 
les  the  alternate 
>8  only  of  the  stairs  leading  down  from  m^  to  X.  But  the  sum  of 
the  steps  (m^  -  m^  +  {m^  -  m^)  +  etc.  is  obviously  ni^,  hence  the 
i  of  the  alternate  steps  must  in  the  limit  be  half  of  the  whole — 
t;  is 

I  educing  this  result  the  only  condition  that  has  been  introduced  is 
;  the  terms  gradually  diminish  to  zero,  so  that  the  curve  gradually 
roaches,  and  ultimately  touches  the  axis  OX. 

The  same  reasoning  proves  that  the  sum  of  all  the  terms  after  the  Maximum 

iipproximates  to  Jwin,  and  consequently  the  error  introduced  by  ®"^^' 

[ecting  all  the  terms  after  the  n^^  does  not  exceed  ^m„. 

Now,  if  the  wave  length  be  very  small,  a  small  area  around  P  will 

^in  a  large  number  of  half-period  elements,  and  the   resultant 

it  of  this  portion  of  the  wave  will  be  approximately  the  same  as 

.  of  the  complete  wave,  the  error  being  less  than  half  the  value  of 

last  half-period  element,  which,  when  n  is  large,  becomes  vanish- 

y  smalL      We   conclude,    therefore,    that  when   X   is  small,  the 

five  portion  of  the  wave  is  confined  to  a  small  area  around  the  pole 

be  wave.     If  this  area  be  intercepted  by  an  opaque  obstacle  the 

ainder  of  the  wave  will  have  no  appreciable  effect  at  0 — that  is,  a 

II  obstacle  at  P  will  screen  0  almost  entirely  from  the  wave,  and 
is  what  we  mean  when  we  say  that  light  is  propagated  in  right 

The  approximate  rectilinear  propagation  of  light  is,  therefore,  a 
.equence  of  the  extreme  shortness  of  the  wave  length,  and  is  ex- 
led  by  the  principle  of  interference  combined  with  Huygens's  sup- 
bion  concerning  secondary  waves.  When  the  wave  length  is  large,  Bending. 
a  the  case  of  sound,  the  bending  round  comers  becomes  very 
^eable,  but  in  this  case  also  fairly  distinct  shadows  are  cast,  and 
3iiing  occurs,  when  the  obstacle  is  large  compared  with  the  wave 
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length.     The  only  difference  is  that  irhen  the  wave  length  is  aai\) 
the  intensity  falls  off  much  more  rapidly  as  we  recede  within  ihe 
geometrical  shadow,  and  as  the  liniiu  of  observation  arc  detennrni^ 
by  the  intensity,  the  extent  to  which  bending  is  obaen-ahle  is  euor- 
mously  less  in  the  case  of  light  than  in  that  of  sound. 
GrapUo         The  foregoing  results,  deduced  from   the  series  S,  may  be  also 
°"      ■  derived  in  a  very  convenient  and  instruclive  manner  hy  aid  of  tb« 
elegant  graphic  method  of  Art.  4o.     Thus,  if  we  construct  the  ampli' 
tude  curve  for  the  first  half-period  element,  it  will  be  represented,  m 
we  have  already  seen,  by  an  arc  Oa'o  (Fig.  27),  which  is  very  ne*rlj 

■ 

\' 

^|^^^HB| 

Kit-.  i7,-vibn.tLonSj,l«l.                                                      I 

a  semicircle,  and  in  the  same  way  if  the  construction  be  extended  lit 
second  half-iieriod  element  will  be  represented  by  an  arc  ab'h,  which  (    "' 
also  nearly  a  semicircle.     The  resultant  of  the  first  balf-period  is            ' 

and  the  resultant  of  the  second  is                                                             * 

while  the  resultant  effect  of  the  pair  taken  together  is                             * 
".,-,%= Oft,                                                       , 
the  difference  06  being  small  compared  with  either  m,  or  m       SiM    ' 
larly,  if  the  construction  be  extended  to  the  other  half-period  clenuoH     ' 
so  as  to  embrace  the  whole  wave  front,  the  third  half.period  will  «n 
rise  to  the  arc  U'c,  the  fourth  to  c/I'd,  etc  etc.     Hence  the  eomjdW 
curve  representing  the  whole  wave  is  a  sph^  of  an  in6nito  nunibct  d 
nearly  circular  convolutions  of  ever -decreasing  radius  Burroundin 
point  J   on    the    line    On,  very  ikpiiroximatoly   halfway    betw^^H 
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Since  OJ  represents  the  amplitude  of  the  vibration  excited  by  the 
prhole  wave,  and  since  Oa  =  m^,  it  follows  that  in  the  limit  we  have 

3o  also  the  figure  informs  us  (as  does  also  the  series  S)  that  the  effect 
>f  the  first  two,  or  any  even  number  of  half-period  elements,  is  less 
»han  the  effect  of  the  whole  wave,  while  the  effect  of  any  odd  number 
>f  elements  is  greater  than  the  effect  of  the  whole  wave.  In  either  case, 
hs  the  number  of  elements  is  increased,  the  deficit  or  excess  of  effect 
>ver  OJ  gradually  diminishes — ^that  is,  the  lengths  Oe,  (M,  etc.,  be- 
^me  more  nearly  equal  to  OJ. 

We  are  consequently  led  to  the  conclusion  that  if  the  whole  wave 
8  screened  off,  except  the  first  half-period  element,  the  intensity  at 
he  point  0  under  consideration  will  be  about  four  times  as  great  as 
hat  produced  by  the  whole  wave,  whereas,  if  the  aperture  be  increased 
o  as  to  transmit  two  half-period  elements,  the  intensity  at  0  will  be 
educed  almost  to  zero.  By  increasing  the  aperture  so  as  to  transmit  Effect  of 
hree  half -periods  the  intensity  again  rises  to  a  maximum,  and  by  *c'®®'**°« 
urther  increasing  it  so  as  to  transmit  four  elements  the  intensity  falls 
o  a  minimum.  By  still  further  increasing  the  aperture  the  intensity 
kt  O  passes  through  a  succession  of  maxima  and  minima,  but  these 
>ecome  less  and  less  pronounced  as  the  number  of  elements  is  increased, 
o  that  after  the  aperture  reaches  a  certain  limit  further  increase  will 
)roduce  no  noticeable  effect  in  the  illumination  at  0.  Now  a  large 
lumber  of  these  elements  is  included  in  a  small  area  around  P,  the 
)ole  of  0,  and  we  consequently  conclude  that  the  effective  portion  of 
,he  wave  is  restricted  to  a  small  area  around  P  in  so  far  as  the  illumi- 
lation  at  O  is  concerned. 

On  the  other  hand,  if  we  consider  the  effect  of  placing  a  small 
screen,  instead  of  an  aperture,  at  the  pole  of  the  wave,  we  see  at  once 
^hat  when  the  screen  just  covers  the  first  zone,  the  amplitude  of  the 
vibration  at  0  will  be  represented  by  oJ,  for  the  part  Oa'a  of  the 
Eimplitude  curve  is  cut  off  while  the  remainder  of  the  spiral  remains 
effective.  Similarly,  if  the  screen  covers  two  elements,  the  intensity  at 
0  will  be  represented  by  the  square  of  6J,  and  so  on.  We  conclude, 
therefore,  that  as  the  screen  increases  in  size  the  intensity  at  0 
gradually  diminishes  to  zero  without  passing  through  maxima  or 
minima,  and  that  when  the  screen  is  large  enough  to  cover  a  con- 
siderable number  of  zones  the  illumination  at  0  falls  below  the  limits 
of  observation. 

These  theoretical  deductions  are  fully  confirmed  by  the  results 
obtained  by  experiment,  as  will  be  seen  later  on,  and  it  may  be  well  to 
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remark  thai  there  is  no  complementajy  relation,  such  as  might  at 
sight  be  imagined,  connecting  the  intensity  at  O  when  part  cC 
wave  is  tranamittod  through  an  aperture  with  that  obtained  wheaj 
Eame  part  ia  obstructed  by  a  screen,  and  the  remainder  tranamil 
for,  in  the  former  case,  the  illumination  passes  through  maxima  and 
minima  as  the  size  of  the  aperture  ia  varied,  whereaa,  in  the  Utter  case, 
no  such  maxima  or  minima  occur. 

53.  Spherical  Wave. — In  the  same  manner  we  may  calculate  iii» 
effect  of  a  spherical  wave  at  an  external  point.      Let  C  ^Fig.  28}  k 

the  centre  of  the  wave,  P  the  pole  of  0, 

and  let  OM'  -  OM  =  S,  where  S  is  •  raj 

small  quantity. 

The  area  of  the  annuliis  int«rc( 

on  the  surface  of  the  wave  by  two  s] 
I  described  round  0  with   nulii   OM 


OM'  i 


.  MM', 


Fig.  i8.^Sl.l„;ri«l  Wsv... 

where  6  denotes  the  angle  OCM.  For 
annulus  ia  a  circle  of  mean  radius  a  sin 
M  on  OC,  a  being  the  radius  CM  of  the 

Now  if  N  be  the  foot  of  the  perpendicular  from  M  on  OM', 


ice  MM'  is  very  i 
viz.  the  perpendicidarl 


KM'_ 
S1M'~ 


nOM'C,  .-.  DM' 


^OM'  » 


lOM'C^OCdnOCM*, 


e  MCM'  ia  very  small  and  NM'  =  5,  we  have 

ra=(n  +  ft)MM'8iii*.' 


consequently  the  area  of  the  annulus 


For  a  plane  wave  a  =  a  +  b  =  'Xi ,  and  the  area  becomes  a&  1 

Hence   if  we   neglect  the  variation   of  amplitude   artuiu 
obliquity  and  take  it  to  vary  directly  as  the  area  of  the  strip' 
inversely  aa  the  distance  '■,  we  find  that  the  amplitude  prwluoed  at  0' 
|jy  any  annulus,  such  that  the  difference  of  the  distances  of  iu  iimif 
and  outer  edges  from  .0  is  ^  is  simply  proportional  to 


nlr=a{a  +  l,)iia«d9,    bnt   •>« 
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^^M  coneequentlf  all  rings  for  which  &  fa  the  same  produce  effects  of  ^^| 

^^■ttl  magnitude  at  O.     We  find,  therefore,  as  before  that  when  the  ^^H 

^^pct  of  obliquity  ie  neglected  the  consecutive  half-period  elements  ^^M 

^^■troy  each  other  at  0,  but  when  the  obliquity  is  utken  into  account  ^^M 

^^p  effects  of  the  various  zones  at  0  gradually  diminish  as  they  recede  ^^M 

^^■gn  the  pole  P,  and  the  whole  effect  is  the  sum  of  the  series  ^^U 

^^B                                             8— mi  -  inj  +  »i]-nij-t-et«.,  ^^H 

^HLirhich  the  terms  gradually  diminish  from  left  to  right.     From  this  ^^M 

^H^  all  the  reasoning  of  the  foregoing  article  applies  together  with  ^^M 

^^■Iphic  construction,  and  we  conclude  that  the  whole  effect  is  approxi-  ^^M 

^Hptely  the  same  as  half  that  of  the  first  half-period  element,  or  ^^U 

^ft      54.  Wave  of  any  Form. — When  plane   or  spherical  waves  are  ^^M 

^fcdect«d  or  refracted  at  curved  surfaces  the  wave  front  in  general  ^^M 

^Kcomes  of  a  more  complicated  character  ;  hence,  in  order  to  complete  ^^M 

^^k  problem  of  the  rectilinear  propagation  of  light  in  isotropic  media,  ^^M 

^^BB  necessary  to  consider  the  case  in  which  the  wave  front  is  a  surface  ^^M 

^^■uiy  form.     The  tirat  ptoint  to  be  remarked  about  such  a  surface  is  ^^M 

^^bt  it  may  present  several  poles  with  respect  to  any  point  0,  for  it  ^^| 

^^■^  be  such  that  the  radius  vector  drawn  from  0  to  a  variable  point  ^^M 

^^m  the  surface  passes  through  several  maidma  and  minima  as  the  point  ^^M 

^^■rerses  the  surface.     These  poles  are  the  points  in  which  the  surface  ^^M 

^Btouched  by  a  sphere  of  variable  radius  described  round  0,  and  they  ^1 
^B»7  be  isolated  from  each  other,  or  they  may  in  some  cases  be  con- 
^Eaeutive  poinU  on  the  surface  and  form  a  continuous  locus  or  curve  of  I'ale  i™°"- 

^K      Now  since  the  radius  vector  from  0  to  any  pole  P  (Fig.  29)  ie  ^H 

^bther  a  maximum  or  a  minimum,  it  follows  that  the  line  OP  ia  a  ^| 

^■Ormal  to  the  surface  at   P.      For  this 

^nason    the    element    of    surface    in    the 

^■Unediate  neighbourhood  of  P  mil  have 

^Hpsibly  the  same  effect  at  0  as  the  cor- 

^^^toonding  element  around  P  taken  either 

^^K  the  tangent  plane  or  on  the  sphere  of 

^^bsest  contact  with  the  surface  at  P. 
Hence  when  the  wave  length  is  very 
small,  BO  that  a  considerable  number  of 

half-period    elements  are  contained   in   a   small   area  around  P,   this 
jwrtion  of  the  wave  will  produce  an  effect  at  0  which  will  not 
sensibly  increased  by  increasing  the  magnitude  of  the  area  in  question. 


FlB,  «'.-Wi 


lot  be  ^^^ 

estion,         ^^H 
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or  if  this  portion  of  the  surface  he  intercepted  by  a  screen,  the  dark- 
ness at  0  will  not  be  sensibly  increased  by  increasing  this  size  of  the 
screen. 

As  we  recede  from  P  the  obliquity  increases,  and  as  before  we 
can  see  from  general  considerations  that  two  oonsecutive  half-period 
elements  at  a  distance  from  P  very  approzimately  neutralise  each 
other.  For  if  we  consider  two  consecutive  half-period  elements 
intercepted  on  the  surface  by  spheres  described  round  O  with  radii 
r  -  ^X,  r,  and  r  +  ^A,  then,  if  X  be  small,  any  two  neighbouring 
portions  of  these  elements  will  be  related  to  each  other  as  tlie 
neighbouring  portions  of  two  consecutive  half-period  elements  on  a 
plane  or  spherical  surface,  at  a  distance  from  the  pole  such  that  the 
obliquity  is  the  same.  When  this  obliquity  is  sensible  the  outstand- 
ing difference  of  effect  between  two  consecutive  half-period  elements 
will  consequently  be  vanishingly  small  when  X  is  small,  and  the  whole 
effective  portion  of  the  wave  will  be  limited  to  a  small  area  surround- 
ing each  pola 

In  the  general  case,  therefore,  the  whole  illumination  at  0  will 
appear  to  come  from  the  immediate  neighbourhood  of  certain  points 
on  the  surface,  and  this  iUimiination  will  not  be  appreciably  influenced 
by  screening  off  the  remainder  of  the  surface.  These  points  may  be 
isolated  and  can  be  treated  as  separate  sotu*ces  when  they  are  remored 
from  each  other  by  a  large  number  of  half-period  elements,  the  effect 
of  each  being  approximately  the  same  as  half  that  of  the  first  half 
period  element,  or  they  may  be  close  together  and  form  continnoas 
loci  on  the  surface,  so  that  the  illumination  may  appear  to  come  to  0 
from  certain  curves  traced  on  the  surface. 


CHAPTER  IV 

REFLECTION 

55.  Reflection,  Resralar  and  Irregrular. — When  light  falls  upon 
the  surface  of  separation  of  two  media,  part  of  it  is  generally  turned 
back  or  r^Uded,  Thus  when  a  pencil  of  light,  admitted  into  a  darkened 
room  by  a  hole  in  the  shutter,  is  allowed  to  fall  upon  a  polished 
metallic  mirror,  a  reflected  beam  may  be  seen^  leaving  the  mirror 
and  travelling  along  a  certain  definite  path.  This  portion  of  the  light 
is  said  to  be  regularly  reflected,  in  contradistinction  to  another  portion 
of  the  light)  which,  after  falling  upon  the  mirror,  is  scattered  at  the 
surface  in  all  directions— or  irregularly  reflected.  This  scattering  is 
due  to  the  inequalities  of  the  reflecting  surface,  and  it  diminishes  as 
the  polish  of  the  surface  is  made  more  perfect^ 

It  is  by  means  of  this  scattered  light  that  we  see  most  of  the  bodies 
around  us  which  are  not  self-luminous.  Thus  if  the  light  were  all 
regularly  reflected  from  a  mirror  the  eye  would  be  affected  only  when 
placed  in  the  reflected  beam,  and  then  a  bright  image  of  the  sun  would 
be  seen  in  the  mirror.  If  the  eye  were  elsewhere,  no  light  would  enter 
it  and  nothing  would  be  seen.  The  scattered  light,  however,  is  diffused 
in  all  directions  from  ordinary  objects  and  enters  the  eye  from  all  parts 
of  the  surface,  so  that  they  can  be  seen  in  every  position  of  the  eye. 

In  speaking  of  reflected  light  in  future  we  mean  that  light  which 
is  regularly  reflected  according  to  the  laws  which  we  are  about  to 
enunciate.     The  so-called  irregularly  reflected  light,  when  there  is  any 

^  By  means  of  reflecting  dust  particles  in  the  air  which  scatter  the  light  in  all 
directions.  We  cannot,  of  course,  see  light  travelling  through  space.  It  only  affects 
the  eye  when  it  enters  it,  and  therefore  must  either  enter  it  directly  from  the  source 
or  be  reflected  into  it. 

'  The  expression  "  irregularly  reflected  "  is  here  rather  an  abuse  of  terms.  There 
is  no  irregularity  in  the  reflection.  The  irregularity  is  confined  to  the  reflecting 
surface.  The  ordinary  laws  of  reflection  are  obeyed  in  full,  and  are  not  departed 
from  unless  the  linear  dimensions  of  the  reflecting  surface,  or  of  the  rugosities  on  it, 
are  small  compared  with  the  wave  length. 
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occasion  to  speak  of  it,  will  be  specially  referred  to  as  scattered  or 
diffused  light. 

56.  Laws  of  Reflection. — The  beam  of  light  filing  upon  the 
mirror  is  termed  tlie  mdderd  lights  and  the  angle  which  its  directioQ 
makes  with  the  perpendicular  (or,  as  it  is  often  called,  the  normal)  to 
the  mrrface  at  the  point  of  incidence  is  named  the  angle  of  tnodflia!, 
while  that  part  of  the  light  which  is  reflected  is  known  as  the  refidi 
light,  and  the  angle  which  its  direction  makes  with  the  nonnal  to  tk 
surface  is  the  arigle  of  reflection.  The  relations  between  the  angles  d 
incidence  and  reflection  have  been  known  from  the  earliest  times,  snd 
are  stated  in  the  Ijiws  of  Reflection :  "  The  angles  of  incidence  and  r^ 
flection  are  in  the  same  plane,  and  are  equal.'' 

The  flrst  part  of  this  statement  affirms  that  the  reflected  ray  lies 
in  the  plane  containing  the  incident  ray  and  the  normal  to  the  smiace 
at  the  point  of  incidence,  while  the  second  expresses  the  equality  of 
the  angles  of  incidence  and  reflection. 

The  intensity  of  the  reflected  light  generally  increases  with  the 
angle  of  incidence  and  with  the  polish  of  the  surface.  It  also  depends 
largely  on  the  nature  of  the  medium  from  which  it  is  incident^  and  oo 
that  from  which  it  is  reflected.  For  example,  much  more  light  is 
reflected,  under  the  same  circumstances,  from  a  plate  of  glass  in  air 
than  from  the  same  plate  immersed  in  water.  The  variation  of  the 
reflecting  power  of  a  surface  with  the  angle  of  incidence  is  well  iUu- 
trated  by  comparing  water  and  mercury.  At  perpendicular  incidenM 
water  reflects  about  the  fiftieth  part  of  the  incident  lights  while 
mercury  reflects  about  the  two-thirds ;  but  at  an  incidence  of  89} 
they  each  reflect  about  72  per  cent  of  the  incident  light 

An  accurate  experimental  proof  of  the  laws  of  reflection  is  furnished 
by  observations  with  such  an  instrument  as  the  Mural  Circle.  Adjust 
the  telescope  to  observe  a  star  directly,  and  then  observe  the  reflecdoo 
of  the  same  star  seen  in  the  horizontal  surface  of  a  basin  of  mercmr. 
The  telescope  in  these  two  observations  will  be  found  to  make  the 
same  angle,  on  opposite  sides,  with  the  vertical  line. 

The  graduation  of  such  an  instrument  is  the  most  perfect  that  can 
be  accomplished  by  human  skill,  and  yet  the  smallest  divergence  from 
the  preceding  law  has  never  been  detected. 

57.  Illustration  of  Reflected  and  Ref^*acted  Waves. — If  a  perfectly 
elastic  ball  impinges  directly  on  another  of  equal  mass  at  rest^  the 
second  ball  will  exactly  take  up  the  motion  of  the  firsts  while  the  first 
comes  to  rest  at  the  spot  where  it  impinged  on  the  other.  The  wlnde 
process  is  as  if  the  first  ball  moved  on  through  the  other  without  dis- 
turbing it  or  being  disturbed  itself. 
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velocity  and  energy   initially 
is  the  case  of  a  compress! on»l 


So  again,  if  a  number  of  similar  balls  be  placed  in  a  row  (Fig.  30,  a), 
and  if  the  one  at  the  end  (A)  be  struck  in  the  direction  of  the  row,  it 
will  move  forward  and  impinge  on  the  second  and  come  to  rest  there, 
while  the  second  moves  forward  to  strike  the  third,  and  como!'  to  rest 
in  turn.  In  this  manner  the  blow 
is  communicated  by  each  ball  to '") 
its  successor,  and  the  disturbance  >«, 
travels  along  the  whole  b'nc,  leaving 
all  the  balls  at  rest  except  the  last 
(B),  which  moves  forward  with  the 
communicated  to  the  first  (A).  This 
wave  travelling  in  air  (as  in  sound)  along  a  uniform  straight  tube. 
Now  let  us  suppose  that  after  the  row  AB  we  have  another  row 
A'B'  (Fig.  30,  P)  of  heavier  balls.  When  the  ball  B  moves  forward 
it  strikes  A'  and  rebounds  (since  its  mass  is  less  than  that  of  A'). 
At  the  same  time  A'  moves  forward  and  strikes  its  neighbour, 
which  in  turn  performs  its  part,  and  the  disturbance  travels  along 
the  row  of  larger  halls  A'B',  each  coming  to  rest  when  it  impinges 
on  its  successor,  because  they  are  all  of  the  same  mass.  But  the 
state  of  things  has  now  altered  m  the  row  AB,  for  B  has  rebounded 
from  A',  and,  travelling  backwards,  has  struck  it*  neighbour  and  come 
to  rest.  This  disturbance  is  handed  on  from  ball  to  ball  as  a  disturli- 
ance  along  the  row  in  the  backward  direction  BA.  Hence  the  dis- 
tiirbance  in  the  first  row  (AB)  has  given  rise  to  two  other  disturbances, 
—a  direct  one  in  the  second  set  A'B',  and  a  reflected  one  in  the  back- 
ward direction  BA  in  the  first  set. 

In  the  same  manner  we  may  suppose  the  disturbance  to  arise  in 
the  row  of  larger  balls.  Thus  if  B'  be  struck  the  impulse  will  be 
communicated  along  the  line  to  A',  iind  A'  in  its  turn  will  move 
forward  and  impinge  on  B,  but  as  B  is  of  less  mass  than  A',  the 
ball  A'  will  not  come  to  rest,  but  will  follow  after  B,  and,  therefore 
(if  the  balls  be  imagined  connected  with  weightless  threads),  A'  will 
pull  its  snccesBor  after  it,  which  in  turn  will  act  upon  its  neighbour, 
Slid  so  on.  A  second  disturbance  is  set  up  in  the  row  A'B',  which 
consists  of  a  further  motion  of  the  balls  in  the  same  direction  as  the 
original  disturbance. 

We  may  now  liken  the  two  rows  of  balls  to  two  media  separated 
by  a  common  surface.  The  smaller  lighter  Italia  will  correspond  to 
the  rarer  medium  and  the  heavier  balls  to  the  denser.  When  any 
disturbance  originates  in  one  of  the  media  it  is  propagated  through 
it,  and  when  it  arrivee  at  the  surface  of  sepatfttion  two  naw  dis- 
turbances are  set  up,   one  (refracted) 
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another  (le  flee  ted  j  in  the  first  medium.  It  therefore  follows  {rom 
the  wave  theory  that  when  light,  travelling  in  one  medium,  coma  M 
the  surface  of  another,  part  of  it  should  penetrate  into  the  seeood 
medium,  or  we  should  have  a  refracted  wave,  and  part  of  it  sboald 
be  propagated  backwards  in  the  first  medium  in  the  form  of  a  refleottd 
wave. 

Since  the  phenomena  of  the  reflection  and  refraction  of  light  exitt, 
we  must  admit  that  the  ether  is  modified  in  some  way  by  the  presence 
of  matter,  and  differently  in  different  substances.  For  example,  ti» 
ether  in  glass  cannot  be  in  the  same  condition  for  \-ibration  as  ibt 
ether  in  air  or  water.  Its  so-called  elasticity  and  density — that  i«  lu 
say,  those  properties  which  enable  it  to  propagate  wave  motion — at* 
modified  by  the  substance  which  it  permeates. 

58.  Deduction  of  the  Two  Laws  of  Reflection. — Let  AA'(Fig.3I)W 
the  surface  of  se|>ai-ation  of  two  media,  and  AB  tie  front  of  a  pbmt 
wave  incident  on  it.  Each  successive  portion  of  the  surface  as  hood 
as  the  wave  reaches  it  becomes  the  centre  of  two  diverging  wavu 
one  (reflected)  in  the  upper  medium,  and  the  other  (refracted)  in  tht 
lower.  These  waves  travel  with  dilTerent  volocitieH,  but  if  the  niodium 
lie  homogeneous  and  isotropic  the  secondary  waves  will  be  sphotial. 
At  present  we  shall  confine  our  attention  to  the  reflected  wai'e. 

If  BA'  and  MP  bo  peipendicuUr  to  the  wave  front  AB,  then  B  » 

the  pole  of  A'  and  M  is  the  pole  of  P,  so  that  A'  is  illuminated  bj'  Uk 

I   element  of  the  wave  at  B,  lUid  P  Iff 

the  element  at  M  ;  or,  in  other  Tonli. 

B.V  nnd  MP  are   Jn  the  direction  of 

ivhat  we  call  the  rays  of  light.      Whm 

■  liij:ht  from  B  reaches  A'  the  ligbi 

from  M  has  arrived  at  P  somi^  tinw 

?foro,  and  would  have  reached  N  d 

had    not    been    ol>stmct»d    by  the 

surface,  but  on  reaching  P  s  r«fl«Ct«d 

Plans  surfsc*.  wave  is  developed  which  di\-ergei  inn 

a  sjihere  of  radius  PM'  =  PN,  and  similarly  the  reflected  wftve  »t  A 

has  diverged  into  a  sphere  of  radius  AB'  =  AD. 

If  the  plane  of  the  wave  AB  and  the  surface  of  separation  AA 
be  perpendicular  to  the  plane  of  the  paper,  the  line  through  A'  Jtt 
pendicular  to  the  plane  of  the  paper  is  the  intersection  of  lh«  siiHsM 
of  separation  with  the  wave  front  at  A'.  Through  this  line  drav  i 
plane  to  touch  the  reflected  wave  diverging  from  A  and  let  the  poiB 
of  contact  bo  B'.  Now  since  AB'  is  the  radius  of  this  wave,  at  tte 
instant  the  light  from  B  reaches  A',  it  follows  that  AB'  =  BA'  =  All. 
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ice  the  reflected  light  travels  with  the  same  velocity  as  the 
cident  Hence  the  triangle  AA^'  is  equal  in  all  respects  to  the 
[angle  AA'B  or  to  AA'D.  Consequently  if  from  P  we  let  fall  a 
^rpendicular  PM'  on  A'B'  we  will  have  PM'  =  PN,  and  therefore  the 
fleeted  wave  diverging  from  P  will  touch  at  M'  the  tangent  plane 
'B'  to  the  wave  from  A.  Similarly  the  waves  diverging  from 
rery  point  of  the  surface  will  touch  the  same  plane.  This  plane 
therefore  the  reflected  wave  envelope,  and  A'B'  is  the  trace 
:  the  reflected  wave  at  the  instant  the  light  from  B  reaches  the 
3int  A'. 

The  angle  A'AB  is  the  angle  between  the  plane  of  the  incident 
ave  and  the  surface  ;  it  is  therefore  equal  to  the  angle  between  the 
ormal  to  the  wave  front,  or  the  ray,  and  the  normal  to  the  siu^ace. 
[ence  A'AB  is  equal  to  the  angle  of  incidence.  Similarly  AA'B'  is 
qual  to  the  angle  of  reflection,  but  these  angles  are  equal  by  the 
quality  of  the  triangles  ABA'  and  AB'A'.  The  lines  AF,  PM',  etc., 
re  the  normals  to  the  reflected  wave  front,  that  is  the  reflected  rays. 
Luy  one  of  these  rays  obviously  lies  in  the  plane  containing  the 
orresponding  incident  ray  and  the  normal  to  the  surface.  The  two 
iws  of  reflection  are  thus  completely  accounted  for  by  the  wave 
beoxy. 

Let  us  now  investigate  the  matter  a  little  more  closely.  It  appears 
rom  what  has  been  already  said  that  the  effective  portion  of  the  wave 
LB  in  illimiinating  P  is  confined  to  a  very  small  element  around  M, 
he  foot  of  the  perpendicular  from  P  on  the  wave  front  So  in  like 
oanner,  if  A'K  were  the  incident  wave,  AB  would  be  the  reflected 
rave,  the  path  being  exactly  retraced,  and  P  would  be  illimiinated  by 
he  element  of  A'B'  around  M'.  We  should  therefore  expect  that  the 
dement  M'  of  the  reflected  wave  is  illuminated  by  the  point  P  of  the 
urface,  or  further  back  still,  by  the  element  M  of  the  incident  wave. 
t  is  easy  to  show  that  this  is  the  case. 

On  the  line  AA'  find  points  P,  P^,  Pj,  etc.  (Fig.  32),  such  that  the 
jath  MPjM'  exceeds  the  path  MPM'  by  half  a  wave  length,  the  path 
VIPjM'  exceeds  MPM'  by  two  half  wave 
engths,  etc.;  that  is,  each  path  exceeds  its 
predecessor  by  half  a  wave  length.  It  is  well 
oiown,  of  coiirse,  that  the  path  MPM'  is  less 
;han  any  other  if  the  lines  MP  and  PM'  are 
squally  inclined  to  the  surface.  Therefore 
^he  path  MPM'  is  that  along  which  it  takes  the  light  the  least  time  to 
reach  M'  from  M  after  reflection  from  the  surface  AB.  Therefore  in 
estimating  the  illumination  at  M'  by  the  reflection  from  AA'  we  may 
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consider  each  point  of  AA'  as  the  origin  of  a  disturbance  propagated  to 
M',  and  find  the  resultant  effect  The  surface  being  divided  up  inlo 
half-period  elements,  as  indicated  above,  we  can  easily  show  as  before 
that  of  these  elements  those  immediately  around  P  are  the  greatest^  and 
that  the  elements  diminish^  rapidly  at  first  and  then  more  slowly  till 
they  become  practically  equal,  and  being  opposed  in  effect  at  M'  they 
produce  no  illumination  there.  Consequently  the  effective  portion  of  the 
surface  AA'  in  illuminating  M'  is  confined  to  a  very  small  element  of 
the  surface  at  P.  If  M  is  a  single  luminous  point  an  eye  placed  at  M' 
will  perceive  a  bright  point  in  the  direction  MT.  The  illumination 
which  reaches  M'  from  M  is  propagated  in  the  same  time  and  as  if  it 
came  from  a  point  situated  at  an  equal  distance  on  the  other  side  of 
the  surface.  Similarly  every  point  of  the  reflected  wave  is  illuminated 
by  a  corresponding  point  of  the  incident  wave  as  if  the  light  came 
from  the  corresponding  point  of  a  line  through  A  parallel  to  A'K 
(Fig.  31).  This  line  is  the  reflection  of  AB  in  the  surface.  We  see 
then  that  each  point  of  the  reflected  wave  is  illuminated  by  that  point 
of  the  incident  wave  which  sends  light  to  it  in  the  least  time.  This  is 
an  example  of  "  the  principle  of  least  time,"  which  is  of  very  wide 
application  and  fertility  in  the  theory  of  light. 

We  have  now  proved  that  the  disturbance  at  any  point  M  of  the 
incident  wave  is  propagated  along  MP,  and  after  reflection  at  P  it  travels 
to  M',  a  corresponding  point  on  the  plane  A'B'.  The  plane  A'K  is  the 
locus  of  the  points  which  are  simultaneously  disturbed.  It  is  the  re- 
flected wave,  while  PM  and  PM'  are  rays  obeying  the  laws  of  reflection 
enunciated  above  (Art.  56). 

Cor, — ^The  time  taken  by  light  to  travel  from  any  point  of  the 
incident  wave  to  the  corresponding  point  M'  of  the  reflected  wave  is 
the  same  for  all  rays  and  a  minimum.     For  MP  +  PM'  =  MN  =  BA'. 

59.  Reflection  of  a  Spherical  Wave  at  a  Plane  Surfti^e. — Let  m 
now  consider  the  case  of  spherical  waves  diverging  from  a  centre  0 
and  falling  upon  a  plane  reflecting  surface  AB  (Fig.  33).  Let  the 
wave  front  at  the  instant  under  consideration  meet  the  sur£ace  at  A 
and  B  in  the  plane  of  the  figure.  Each  point  of  the  surface  between 
A  and  B  will  have  become  by  this  time  the  centre  of  a  reflected  ware. 
Thus  if  the  surface  had  not  been  present  the  wave  would  have  (xth 
ceeded  imobstructed,  and  would  occupy  the  position  ANB.  The  effect 
of  the  surface,  however,  is  such  that  M,  the  foot  of  the  perpendicular 

^  The  decrease  in  the  elements  PPi,  PiP,,  etc.,  is  well  exhibited  by  deacribing  « 
p^ni-^rrx  ^f  clUpses  with  M  and  M'  for  foci  and  mig'or  diameters  equal  to  /4-i\  /+>, 
vhere  I = MP  +  MT.     If  the  line  A  A'  is  a  tangent  to  the  inner  eUipM  tlie 
do  on  it  by  the  other  conies  are  the  half-period  elements. 
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on  AB,  has  become  the  centre  of  a  spherical  reflected  wave  of 
S'  =  XfN,  and  any  other  point  P  is  the  centre  of  a  spherical 
wave  of  radius  PQ'  =  PQ. 

clear  that  all  these  reflected  waves  will  touch  a  sphere  of 
O"  and  radius  O'X',  where  MO'  =  MO.     For  join  0'  to  P,  and 
the  joining  line  to  meet  this  ■ 
at   Q'.     Then   0'Q'  =  ON'  = 
lOQ,    and    OP  =  O'P,   therefore   | 
PQ'   b    equal    to    the 
of  the  wavelet  diverging  from   I 
is  also  normal  to  the  sphere 
Hence    the    reflected    wave 
ing  from  P  touches  the  sphere 
and   this  sphere  ia  therefore 
ivelofte  of  the  reflected  waves.  "  '*'  "" 

limit    to   which    the    reflected  disturl>ance    has    been   propa- 

when  the  incident  wave  meets  the  aiuface  at  A  and  B.      The 

(reflected  wave   front  ia  consequently  a  sphere  diverging  from  0'  us 

C«n!re,  or  the  reflected  light  appears  to  diverge  from  a  point  0'  on  the 

'  ii.r  side  of  the  surface,  and  at  the  same  distance  from  it  as  0.     This 

ii^  is  termed  the  inuu/e  of  0  in  the  surface. 

Hefore  dismissing  this  case  it  may  be  noticed  that  the  effect  of  a 
jtUne  surface  in  reflecting  a  spherical  wave  is  simply  to  reverse  its 
furvature.  Thus  the  incident  wave  ANB  diverging  from  0  is  con- 
Trrted  into  a  wave  of  equal  radius  diverging  from  0'. 

60.  Measure  of  Curvature. — As  the  efl'ect  of  reflection,  or  rofrac- 
I!,  is  in  general  t<i  change  the  curvature  of  a  wave,  it  will  be  con- 
-i.^ent  to  define  the  meaaure  of  curvature  before  dealing  with  waves 
^.i.L'ted  or  refracted  at  curved  surfaces.  In  the  case  of  a  iinifaiiiily 
■II  curve  (such  as  a  circle)  the  curvature  is  measured  by  the  bend 
Minit  length- — that  is,  by  the  angle  between  the  tangents  at  the 
.ir<:[nicies  of  a  unit  length  of  the  curve.  In  the  case  of  a  circle  this 
'  numerically  equal  to  the  angle  subtended  at  the  centre  by  a  unit 
'tui!th  of  the  circumference,  or  the  same  aa  the  ratio  of  any  angle  at 
llie  centre  to  the  arc  subtending  it.  Thus  the  general  measure  of  the 
of  a  circle  ia — 

,• ...«i.  I 


"here  f 
drailar 

^'I'lien  the  curve 


the  radius  of  the  circle,  and  the  angle  is   expressed  : 
i  circle  the  rale  of  bending  varies  fro 
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point  to  point,  but  the  curvature  at  any  point  is  still  measured  by  the 
limit  of  the  above  ratio  when  the  arc  and  angle  are  taken  very  small. 
The  curvature  of  a  curve  at  any  point  is  thus  the  reciprocal  of  a 
length-^namely,  the  radius  of  curvature,  that  is,  the  radius  of  the 
circle  osculating  the  curve  at  the  point  in  question. 

The  curvature  of  a  small  arc,  AB  (Fig.  34),  may  be  conveniently  ^ 
jitta.  expressed  in  terms  of  the  sagitta  PM.  Thus  we  have  PM  x  MQ  =  ALA.*, 
but  when  PM  is  small  MQ  =  2p  approx.,  and  consequently 
PM  =  MA*/2/D — that  is,  for  an  arc  of  given  chord,  the  sagitta  PM  is 
directly  proportional  to  the  curvature.  And  this  is  what  would  have 
been  expected,  for  in  the  limit  PM  clearly  measures  the  bulge  or 
bend  of  the  arc.     It  follows,  therefore,  that  if  two  arcs,  AP£  and 
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AQB  (Fig.  35),  have  the  same  chord  AB,  their  curvatures  are  directly 
as  their  sagittae  PM  and  QM.  Or  if  the  arcs  touch  each  other,  as  in 
Fig.  36,  and  if  a  tangent  be  drawn  at  the  point  of  contact,  then  the 
intercepts  PM  and  QN  made  by  the  arcs  on  a  perpendicular  to  the 
tangent  are  proportional  to  the  curvatures  of  the  arcs.  For  in  the 
limit  these  intercepts  clearly  measure  the  amounts  of  bend  of  the  arcs. 

Ex. — If  the  curvature  of  a  circle  be  a  when  its  radius  is  p,  prove  that  when  the 
radius  becomes  p+c  the  curvature  becomes 


«r  = 


l+c<r* 


[In  this  case  we  have  (r=  lip  and 


p  +  c    1+c/p    l+c<rj 


61.  Reflection  of  a  Plane  Wave  at  a  Spherical  Surface. — We 

shall  now  consider  the  reflection  of  a  plane  wave  at  a  spherical  surface. 
Let  AMB  (Fig.  37)  represent  the  reflecting  sphere,  and  XABY  the 
trace  of  a  plane  parallel  to  the  front  of  the  incident  wave.     As  the 

^  This  method  of  treating  the  problems  of  reflection  and  refraction  was  given  in 
full  by  Professor  S.  P.  Thompson  in  1889  {Phil.  Mag.  vol.  xxviii.  p.  282),  and  wis 
partially  employed  in  the  first  edition  of  this  work. 
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ivave  approaches  the  surface  (from  left  to  right)  it  comes  into  the 
;>osition  of  a  tangent  plane  to  the  surface,  first  touching  it  at  some 
]>oint  M.  At  this  instant  M  becomes  the  centre  of  a  reflected  wave, 
and  as  the  original  wave  moves  farther  to  the  right,  each  point  of  the 
surface  in  turn  Ivecoraes  the  centre  of  a  reflected  wave.  Thus  when 
the  incident  wave  occupies  the  position  XY,  the  part  between  A  and 
B  will  have  been  reflected  by  the  Burfaee  into  the  wave  AN'B,  such 
that  MX'  =  MN,  for  MN'  is  the  distance  to  which  the  reflected  dis- 
fitrbance  travels,  while  the  incident  ware  travels  over  the  distance 
MN. 


small,  MN  is  proportional  to  thi 


iui-e  of  the  surface  and  NN'  is  proportional  to  the  curvature  of  the 
rurtected  wnve.     But 

NN=2NM. 

»nd  we  conclude  that  the  curvature  of  the  reflected  wave  is  twice  that 
of  the  reflecting  surface.  The  action  of  the  surface  in  reflecting  a  1 
plane  wave  is  therefore  to  imprint  on  the  reflected  wave  a  curvature  ' 
«qual  to  twice  the  curvature  of  the  surface.  In  other  words,  when  a 
plaiie  wave  is  reflected  at  a  convex  spherical  siu-facc,  the  reflected 
Wave  diverges  from  a  point  F  halfway  between  the  centre  of  the 
mirror  and  its  surface.  This  point  is  called  the  prtTui/til  fwiis  of  the 
mirror,  and  the  distance  MF  is  termed  its  /(t/i/  Inifftk.  The  focal 
length  /  of  a  spherical  minor  of  radius  p  is  consequently  determined 
1)y  the  equation 

/=  hp- 

Since   1,'/  measures  the  curvature  impressed  on  a  plane  wave  by 
reflection  at  a  spherical  surface,  this  quantity  measures  the  curvature  , 
producing  power  of  the  mirror  and  is  termed  the  fot-al  power. 
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clear,  therefore,  thai  the  focal  power  ie  eijiial  to  twice  the  ciirvaiure  (if 
the  mirror. 

The  case  of  a  concave  spherical  mirror  is  shown  in  Fig.  38,  in 
irhicb  MM  represents  the  reflocting  surface  and  XY  is  the  trace  of  k 
plane  parallel  to  the  face  of  the  incident  wave,  supposed  tiavelling 
from  left  to  right.  If  the  reflecting  surface  had  not  been  present 
XY  would  represent  the  incident  wave  in  one  of  ita  positions,  bm  by 
the  reflecting  action  of  the  surface  NN  is  converted  into  N'N',  where 
obviously  in  the  limit  MK  =  MN',  and  therefore  the  curvature  of  the 
reflected  wave  N'N'  is  twice  that  of  the  reflecting  surface.  The  centre 
F  of  N'N'  is  consequently  halfway  between  O  and  the  surface,  or  the 
action  of  a  concave  reflecting  surface  is  to  convert  a  plane  wave  into  a 
spherical  wave,  of  twice  the  curvature  of  the  surface,  which  convergW 
to  a  point  halfway  between  the  centre  of  the  mirror  and  it«  surface. 

62.  Reflection  of  a  Spherical  Wave  at  a  Spherical  Surf&ce.— 
We  have  seen  that  a  plane  surface  in  reflecting  a  spherical  wave 
simply  reverses  the  curvature  of  the  wave,  and  that  a  spherical  BU^ 
face  imprints  twice  its  own  curvature  on  a  plane  wave  in  reflecting  it, 
we  might  therefore  suspect  that  a  spherical  surface  in  reflectang  a 
spherical  wave  would  reverse  the  curvature  of  the  incident  wave,  and 
in  addition  impress  it  with  twice  the  cui'vature  of  the  reflectitig  Burfacft 
That  this  is  the  case  is  very  easily  proved.     Thus  if  we  suppoBC  t 


Spherical  wave  ANB  (Fig.  39),  diverging  from  a  source  0„  to  be  re- 
flected at  the  surface  of  a  spherical  mirror  AMB,  then  the  wnve  whid 
would  have  occupied  the  position  ANB,  if  unobstructed,  will  be  c«)ii- 
verted  into  the  wave  AN'B  by  the  reflecting  action  of  the  mirror,  and 
the  relation  between  the  two  waves  is  determined  by  the  eqaality 
MN  =  MN'. 
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From  thiB  it  follows  at  once  that 

DN  +  DN'  =  2DM, 

*  the  sum  of  the  curvatures  of  the  incident  and  reflected  waves  is 
[ual  to  twice  the  curvature  of  the  mirror. 

In  the  case  of  a  convex  reflecting  surface,  if  ANB  (Fig.  40)  re- 
"esents  the  position  which  the  incident  wave  would  have  gained  if 
lobstructed  by  the  reflecting  surface,  AN'B  the  reflected  wave,  then 
[N  =  MN'y  and  consequently 

DN'-DN=2DM. 

ut  if  we  remark  that  in  this  case  the  curvature  of  the  incident 
ave  is  opposite  in  sign  to  that  of  the  reflected  wave  and  of  the 
irror,  we  may  write  this  equation  like  the  foregoing  in  the  form 

DN  +  DN'=2DM, 

lat  is,  with  proper  attention  to  sign  we  may  say  in  general  that  the 
irvature  of  the  reflected  wave  is  equal  to  the  curvature  of  the  incident 
Eiye  reversed  added  to  twice  the  curvature  of  the  mirror.  This  may 
BO  be  expressed  by  saying  that  the  curvature  of  the  mirror  is  the 
ithmetical  mean  of  the  curvatures  of  the  incident  and  reflected  waves. 
Denoting  the  curvatures  of  the  incident  and  reflected  waves  by 
aad  o-^  respectively,  and  that  of  the  mirror  by  o-,  the  fundamental 
for  the  reflection  of  a  spherical  wave  at  a  spherical  surface 
diefOTm 

<ri  +  <rj=2<r. 

I 

the  sum  of  the  curvatures  of  the  incident  and  reflected  waves  is 

to  tlie  focal  power  of  the  mirror. 

iDtespiretation  of  this  equation  is  that  if  the  incident  wave 

from  a  point  0^  at  a  distance  p^^  from  the  mirror,  the  reflected 

irill  ecmverge  to  (or  diverge  from)  a  point  O2  at  a  distance  P2 

mirror  such  that 

112 

Pi     pi     P 

here  p  is  the  radius  of  curvature  of  the  mirror. 

The  points  0^  and  O^  are  termed  conjugate  foci  with  regard  to  the 
irror,  and  are  such  that  a  wave  diverging  from  either  will  after 
flection  converge  to  (or  diverge  from)  the  other. 

Cor. — ^When  Oj  is  at  infinity  the  wave  becomes  plane — ^that  is,  p^ 
infinite,  and  the  incident  light  forms  a  parallel  beam,  so  that 
=  1/p^  =  0 ;  and  we  have  the  equation  of  Art.  61,  viz.  o-^  =  2<r  and 


r 
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63.  Wave   of  any   Form    reflected   at   any   Surfaee. — In  the 

preceding   articles  wo  have  considered    the  reflectioo  of    plane  anii 
spherical  waves,  but  tbetheoiymay  l>e applied  to  a  wave  PQ  (Fig.  41) 
of  any  form  reflected  at  any  surface  AB.     Consider  the  Hght  incident 
at  any   point  A    of    the    surface.      This 
point  is  illuminated  by  the  element  of  the 
w&ve  at  P  where  P  ia  the  pole  of  A,  or 
that   point   of  the  wave  from  which  it 
t-iikes  the  light  least  time  to  reach  A.     If 
tha  curvature  of  the  siirfaco  at  A  ia  not 
infinitely  great  the  light  will  be  reflected 
at  A  us  from  an  element  of  the  tangent 
'"^-  "  plane  at  this  point,  so  that  the  reflected 

light  travels  from  A  along  a  direction  AP",  such  that  AP  and  AP 
make  equal  angles  with  the  normal  at  A,  and  lie  in  the  same  [dane 
with  it  according  to  the  ordinary  laws  of  reflection. 

It  may  happen  that  the  wave  PQ  has  more  than  one  pole  with 
respect  to  A,  that  there  may  be  several  points  P  such  that  the  time 
required  by  the  light  to  reach  A  from  them  is  either  a  maximum  or  a 
minimum.  In  this  case  the  light  will  appear  to  come  in  tayg  from 
each  of  these  jwinta  to  A,  and  we  will  have  a  correspondiag  set  of 
reflected  rays.  There  might  be  a  curve  on  PQ  such  that  each  ixnni 
of  it  is  a  pole  of  A,  the  light  then  would  appear  to  travel  to  A  faao 
the  whole  of  this  curve.  Examples  of  such  cases  will  appear  in  the 
sequel. 

To  find  the  form  of  the  reflected  wave  take  any  system  of  poinU 
A,  B,  etc.,  on  the  reflecting  surface  and  determine  their  poles  P,  Q,  etc. 
With  A,  B,  etc.,  as  centres  and  radii  r,  r',  ete.,  such  that  PA  +  r  = 
BQ  +  r'  =  etc.,  describe  spheres.  These  spheres  touch  the  rcfiected 
wave  P'Q'  at  the  points  P',  Q'.  The  reflected  wave  may  therefore  1» 
described  either  as  the  envelope  of  these  spheres  or  as  the  locua  of  the 
points  P',  etc.,  taken  on  the  reflected  rays  such  that  PA+AP'  =  QBt 
BQ'  =  constant.  Hence  if  a  set  of  rays  be  drawn  pcrjiendicular  to  ant 
wave  front  in  a  homogeneous  isotropic  medium,  they  will  after  reflec- 
tion (or  any  number  of  reflections)  be  perpendicular  to  the  new  ■ntt 
front,'  and  the  length  of  any  ray  from  wave  front  to  wave  front  will 
be  constant  and  the  same  for  all  the  rays.  The  same  proposition  boldt 
likewise  for  refraction. 

Buys. — From  what  has  been  proved  we  see  tbat  it  is  approximBUlf 

legitimate  to  regard  the  light  emitted  from  any  point  as  made  np  ol 

very  narrow  pencils  or  rays,  and  that  after  reflection  each  little  beta 

'  Mslus,  Journal  dt  V£eeU  I'oiyttchntqiu,  uIl  xiv.  p.  1,  1H08. 
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or  ray  is  reflected  on  the  other  side  of  the  normal  to  the  surface  at  an 
angle  equal  to  the  angle  of  incidence.  In  dealing  with  problems  in 
the  reflection  of  light  we  may  therefore  consider  the  light  propagated 
in  rays  if  it  facilitates  the  solution.  Yet  we  must  carefully  l)oar  in 
mind  that  rofs  have  no  physical  existence,  for  it  is  waves  that  are 
propagated  and  not  rays.  The  following  examples  are  added  for  the 
sake  of  comparison : — 


Examples 

1.  If  a  plane  mirror  on  which  a  pencil  of  light  is  incident  l)e  turned  through  auy 
angle  about  an  axis  perpendicular  to  the  plane  of  incidence,  the  refliwtfwl  liglit  in 
deyiated  through  twioe  that  angle. 

[The  direction  of  the  incident  light  remains  fixed  in  H])ace,  henco  if  tlio  )iUriii 
reflecting  surface  be  turned  through  any  angle  6  the  normal  will  Ix;  turned  ilirougli 
the  same  angle,  consequently  the  angle  of  incidence  i  becomcH  i±0,  Tlie  mmh  of 
reflection  is  also  altered  by  the  same  quantity,  therefore  tlio  angle  iHitween  the 
incident  and  reflected  rays  is  2i±2$y  but  originally  it  was  '2i,  therefore  the  reHeeled 
ray  has  been  turned  through  an  angle  20, 

This  theorem  is  of  wide  application  in  practice,  for  plane  mirront  are  extendi  ve|y 
used  to  indicate,  by  the  change  in  the  dire(;tion  of  a  refle<;te«l  ray,  the  utoi\nun  of 
magnetised  or  electrified  needles,  and  for  many  other  ]}MT\tfmi;H  in  j»hyNirAl  ApjMratiiw,  J 

2.  Show  from  Ex.  1  that  when  a  plane  wave  is  refiecte^l  at  a  Mpheri<'al  mitfut'Jt 
the  curvature  of  the  reflected  wave  is  e<{ual  to  twic?  that  of  the  mirfmv. 

3.  Light  emanating  from  a  luminous  origin  O  is  rf;fle<;ted  at  a  plane  nutfiw^,  itt'tvtt 
from  the  doctrine  of  rays  that  the  reflect^'!  light  apfieant  Ut  vnut*-  from  *  |*'/iiit  (/ 
on  the  other  side  of  the  surface,  such  that  the  line  00'  in  \i^Tiit'U'\ifnUt  u,  the 
surface,  and  0  and  (X  are  equally  diJiUnt  from  it  'Fig,  12,. 


'*-  J  -r- 


[The  line*  joining  O  aad  f/  u,  tt,j  ^mA  *A  *t^  m/fv>  «/•  */,  v*-./  .f^/.t^^l  ♦^^  /•, 
hence  erery  rHket«4  nj  paawi  *Jt.'S*r^,  '/,  4<ii  *7*  ;/.v>/J  ,f,  */^  t*f*/*AA  .,/;* 
will  receire  a  COM  </ H|[^-t -^^  «!>?,  ^/ ^  r't^.  y^rV/.  7.'>  , //.•  »•.  '  -/.«u*i/;V^'  f 
appear  to  eome  frwa  ^/,  Tiji  yJnx^  t^  *x*j0^  u^  '■''.*/^  */*  /•'♦>/*•-'/•.  */  */  ,t,  »^^ 
surface.    Th*  mA^fOM  v^nm  m^  t*^m^*n  w^-v,  ^/  w  -a-.*»*  , 

the  conju^u*  fK»  ty  u^.  *veVt*»  ^  f^jt 

on  the  ioriafK  «$  &  '&j«aavw  5(fv*  X  mw.  ^/^-yt*^,  » -^  '--•  '.-/**-*«>»  ^i  '/•  > 
Then  ifOF^ia.7iii*.vii«ief«l^  M«f  >7  «  **4f^TM  ^*/  ^;^  -#  *^**  i-'/#t^*.  •/,  '^^ 
sur&ce,  aad  u^!n6ivn  vm^fu  ^m  ««4^  ^'>7      /<>n<«> 


<^   >7      V,    M* 
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But  approximately  OP=OA=f>i,  and  FP=FA=f)^  therefore 

Pi(p-ft)=^(pi-p)» 

112 
or  — H— =  -» 

Pi    Pi     P 

which  is  the  algebraic  statement  that  the  row  [AFCO]  is  harmonic — a  property  at 
once  evident,  for  PA  and  PC  are  the  bisectors  of  the  angle  OPF. 

The  reflected  rays  therefore  pass  through  the  point  F  determined  by  the  above 
equation,  and  the  reflected  waves  are  spheres  round  F  as  centre.  Of  course  this  is 
only  an  approximation.  When  0  is  infinitely  distant  the  light  falls  upon  the 
mirror  in  a  parallel  beam,  and  the  point  F,  to  which  it  converges,  is  termed  the 
principal  focus.  It  lies  halfway  between  C  and  A,  or  the  principal  focal  distance  / 
is  equal  to  ip.  This  follows  from  the  above  equation,  for  1/pi  =  0  and  p^  =/•  For  a 
plane  mirror  p=qo,  so  that  pi=  -/j^] 

5.  The  equation  of  Example  3  may  be  written  in  the  form 

iPi-/){P2-f)=A 

where/ is  the  principal  focal  distance,  or  2/"=  p.  /  is  therefor^  a  geometric  mean 
between  the  distances  of  the  coi^jugate  foci  0  and  F  from  the  principal  focus. 

6.  Light  diverging  from  a  point  O  falls  upon 

a  convex  spherical  mirror,  find  the  position  of  the 

conjugate  focus  F. 

"'\^'''*-*»^^  [Here  the  point  0  (Fig.  44)  and  the  centre  of 

"^  the  mirror  lie  on  opposite  sides  of  the  surface. 

The  radius  p  is  therefore  to  be  reckoned  negative. 

Hence  if  f>i  is  positive  p2  will  be  n^;ative,  and 

^*  0  and  F  will  lie  on  opposite  sides  of  the  mirror. 

The  focus  F  is  in  this  case  virtual,  that  is,  the  reflected  light  appears  to  diverge  from 

it  and  the  reflected  wave  is  a  sphere  diverging  from  F  as  oentre.  ] 

7.  l(p  and  q  denote  the  distances  of  two  coigugate  foci  from  the  centre  of  a 
spherical  mirror,  prove  that 

1     1     2 

-  +  -=-. 

p  q   p 

8.  Light  diverges  from  a  point  F,  find  the  form  of  the  surface  ^  which  will  accu- 
rately reflect  it  to  another  point  F'. 

[The  surface  must  evidently  be  such  that  the  lines  from  F  and  F'  to  any  point  of 
it  are  equally  inclined  to  the  tangent  plane  at  that  point.  Now  a  fundamental 
property  of  an  ellipse  is  that  the  lines  joining  the  foci  to  any  point  of  the  curve  are 
equally  inclined  to  the  tangent  at  that  point.  Hence  light  proceeding  from  one 
focus  will  be  reflected  to  the  other,  and  the  surface  generated  by  the  revolution  of  an 
ellipse  round  its  migor  axis  will  therefore  satisfy  the  conditi<His  of  the  problem.  The 
surface  is  therefore  any  spheroid  having  F  and  F'  for  focL  If  the  surface  is  a  hyper- 
boloid  of  revolution  then  one  focus  is  the  virtual  image  of  the  other,  and  if  the 
surface  is  a  paraboloid  of  revolution,  the  second  focus  being  at  infinity,  the  light 
proceeding  from  the  first  focus  will  after  reflection  travel  in  a  parallel  beam  in  the 
direction  of  the  axis  of  the  surface. 

We  arrive  at  the  same  conclusion  by  regarding  coigugate  foci  as  two  points  such 
that  the  time  taken  by  light  to  travel  from  one  to  the  other,  by  reflection  at  th« 

^  Such  a  mirror  is  said  to  be  aplanoJtie.  A  spherical  surface  is  aplanatic  for  np 
diverging  from  its  centre  only. 
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snrlkoe,  is  ttnwtant,  or  the  Mune  for  all  paths.     For  if  p  and  p'  be  the  distances  of  F 
and  F'  from  any  point  of  the  snifkoe  we  have 

p+p'= constant, 

bat  this  ia  the  fimdamental  j^opertj  of  an  ellipsoid  of  revolution. 

If  meronry  be  placed  in  an  elliptic  dish  and  disturbed  at  one  focus  the  reflected 
waves  may  be  seen  converging  to  the  other  focus.] 

9.  A  Inminoos  point  is  situated  between  two  plane  mirrors  inclined  at  a  given 
ingle  $,  find  the  number  and  position  of  the  images  formed  by  successive  reflections 
at  the  mirrors. 

10.  Show  that  when  an  eye  is  placed  to  view  any  image  formed  by  successive  re- 
Qections  at  two  mirrors,  the  apparent  distance  of  the  image  from  the  eye  is  equal 
to  the  distance  actually  travelled  by  the  light  in  coming  to  the  eye  from  the  luminous 
point. 

11.  A  luminous  point  is  placed  between  two  plane  mirrors  inclined  at  an  angle  of 
27*.  Prove  that  the  number  of  images  ia  thirteen  or  fourteen,  according  as  the 
ingular  distance  of  the  point  Arom  the  nearer  mirror  is  less  than  or  greater  than  9"*. 

12.  If  the  light  of  the  sun  be  admitted  through  a  small  hole  an  image  of  the  sun 
is  depicted  on  a  screen  placed  to  receive  it,  but  if  it  be  admitted  through  a  largo 
kpertore  we  obtain  an  image  of  the  aperture.     Explain  this. 

[Each  small  portion  of  the  aperture  depicts  an  image  of  the  sun,  and  the  com- 
plete system  of  these  images  forms  the  image  of  the  a][>erture.] 

13.  If  the  fraction  of  light  reflected  at  the  iirst  surface  of  a  parallel  plate  be  a 
[there  being  no  regular  interference),  that  transmitted  by  the  first  surface,  reflected 
by  the  second  and  again  transmitted  by  the  first,  is  a(l  -  a)^  That  reflected  three 
times  and  transmitted  twice  is  o*(l  -  a)',  etc.     Hence  the  whole  reflected  light  is 

R=o  +  (l-o)«(o  +  a8  +  o3  +  .   .  .)=   ^"  . 

1  +o 

14.  A  system  of  rays  being  such  that  they  all  cut  a  given  surface  orthogonally, 
construct  a  mirror  which  will  reflect  the  system  to  a  given  focus  (Sir  "Wm.  R. 
Hamilton,  Trans,  Roy.  Irish  Academy ,  vol.  xv.  p.  80,  1828). 

[Take  on  each  ray  a  point  such  that  the  sum  (or  difference)  of  its  distances  from 
the  orthogonal  surface  and  the  given  focus  is  constant.  The  locus  of  these  points  is 
the  surface  of  the  required  mirror.] 

15.  If  rays  diverging  from  a  point  are  reflected  at  any  surface  the  reflected  rays 
are  cut  orthogonally  by  a  system  of  surfaces,  and  after  reflection  at  any  number  of 
sorfaces  the  whole  length  of  each  ray  from  the  source  to  any  orthogonal  surface  is 
the  same  for  each  ray  (Hamilton,  ibid,), 

[The  medium  is  supposed  isotropic  and  the  orthogonal  surfaces  are  the  wave 
surfaces.] 
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64.  Ref^^ction,  Snell's  Law.  —  When  light  is  incident  on  ttie 
surface  of  a  transparent  medium  n  portion  is  refiected ;  but  another 
portion  enters  the  medium,  pursuing  there  in  general  an  altered  dir«c- 
tion.  This  portion  is  said  to  be  refrnded.  Generally  tre  may  say  thu 
when  light  ia  incident  at  the  surface  of  separation  of  two  media  one 
portion  ia  reflected  back  and  propagated  in  the  first  medium,  irhile 
another  portion  is  refracted  and  transmitted  through  the  second 
medium,  if  it  be  transparent,  but  absorbed  immediately  at  the  Burface, 
or  within  a  very  small  distance  from  it,  if  it  ba  opaque. 

The  angle  which  the  refracted  ray  makes  with  the  normal  to  llw 
surface  is  called  the  nngU  of  rf:/ntetion.    It 
the  fii-st  medium  is  rarer  than  the  second. 
for  example,  air  and  water,  the  angle  ol 
refraction   is  less  than  the  angle  of  in- 
cidence, the  refracted  ray  ia  l)ent  fonw^ 
I  the  normal  (Fig.  45) ;  on  the  other  huwli 
is  bent  or  deviated  from  the  normal  if 
^'i**  **'  the    first    medium    is   optically   denser — 

that  is,  more  highly  refracting  than  the  second, 

The  relations  connecting  the  angles  of  incidence  and  refraction  an 
known  as  the  Lairn  of  Refraction.  These  were  arrived  at  by  Snell  about 
1621,  but  first  stated  by  Descartes  in  the  form^"The  incident  and 
refracted  rays  are  in  the  same  plane  with  the  normal  to  the  surEue ; 
they  lie  on  opposite  aides  of  it,  and  the  sines  of  their  inclinations  to  il 
bear  a  constant  ratio  to  one  another." 

Denoting  the  angles  of  incidence  and  refraction  by  i  and  r  respecV 
ivelv.  the  relation  between  them  is  stated  in  the  formula 


The  constant  ratio  /i  is  called  the  indei  of  rrfrnetion.     Il  is  in  general 
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greater  or  leas  than  unity  according  aa  the  first  metiium  is  rarer  or 
denser  than  the  second.'  When  light  iiosses  from  vacuum  into  any 
medimn  the  ratio  is  termed  ita  ahsdule  index  of  rofra.ction,  but  when  it 
passes  from  one  medium  to  another  it  is  termed  the  relnlire  index. 

65.  Deduction  of  the  Laws  of  Refraction. — The  theoretical  deduc- 
tion uf  the  lawfl  of  refraction  is  in  all  respects  similar  to  that  of  the  laws 
of  reflectioa  Let  AB  (Fig.  46),  aa  before,  be  the  trace  of  the  incident 
plane  wave,  and  AA'  that  of  the  surface  i 
of  separation,  both  planes  being  [wr- 
pendicular  to  the  pkne  of  the  paper. 
Let  V  be  the  velocit}'  of  light  in  the 
fint  medium  and  v'  that  in  the  second. 
Tbon  if  t  be  the  time  requiretl  by  the 
light  to  traverae  the  distance  BA',  we 
h«ve  BA'=pi  =  AD,  and  if  the  w.iv.i- 
bad  been  unobstnicted  by  the  second 
medium,  it  would  occupy  the  position  '*^  " 

A'ND  (parallel  to  AMB)  at  the  end  of  the  time  /.  However,  since 
the  disturbance  travels  with  a  velocity  v'  in  the  second  medium,  the 
point  A  becomes  the  centre  of  a  spherical  wave  of  radius  t'7  =  AC,  or 
such  that  AD  :  AC  :  t  n :  v',  for  AD  -  vl.  Similarly,  at  the  end  of  the 
limB  '  any  [mint  P  of  the  sui-face  will  be  the  centre  of  a  refracted 
Km  of  radius  ?M',  auch  that  PN  :  PM' : : .' :  v'.     Therefore 

^P  A(J_AD_AA' 


I 


iind  hence  if  a  plane  be  drawn  through  A'  [verpendicular  to  the  plane 
of  the  paper  to  touch  the  sphere  diverging  from  A,  it  will  also  touch 
that  diverging  from  P,  or  from  any  other  jwint  of  surface  AA'.  The 
plane  through  A'C,  perpendicular  to  the  plane  of  the  paper,  is  therefore 
the  wave  envelope  or  the  locus  of  those  points  which  are  just  about  to 
be  disturl«d  at  the  end  of  the  time  I.  As  in  the  case  of  reflection,  we 
may  show  that  the  i)oint  M'  of  the  refracted  wave  is  illuminated  by  the 
point  P  of  the  surface,  that  ie,  the  disturbance  at  M  is  propagated  along 
the  path  MPM'  from  M  to  M',  and  we  shall  show  immediately  that 
this  path  is  that  along  which  it  takes  light  the  least  time  to  travel  from 
U  to  M',  and  that  the  principle  of  least  time  is  ol^eyed  in  refraction  as 

I,fia  in  reflection, 
tbe  Vigle  AA'D  ia  the  angle  of  incidence  and  the  angle  AA'C  is 
tt  is  not  univeraallj  true  that  the  ilenser  media  are  tho  more  highly  refracting, 
for  «alQl>le  witer,  of  unit  deuaity,  liiia  *  t*fractive  indei  1-3338  for  yellow  light, 
irbereaa  oil  of  tnrpeutJDc,  deueity  O'SSS,  haa  an  index  14744  for  the  tame  light. 


L    ^ 


90  REFRACTION  chap,  v 

the  angle  of  refraction ;  denoting  these  by  i  and  r  respectively,  we 

have 

AD__8in  i_y  _ 
AC  "sEr  ""?"'*• 

Hence  we  have  the  law  of  refraction,  viz.  "  the  sine  of  the  angle  of 
incidence  bears  a  constant  ratio  to  the  sine  of  the  angle  of  refraction/' 
while  we  have  also  the  additional  information  that  this  constant  ratio, 
or  the  refractive  index,  is  equal  to  the  ratio  which  the  velocity  in  the 
first  medium  bears  to  the  velocity  in  the  second. 

The  bending  or  deviation  of  a  ray  of  light  in  passing  from  one 
medium  to  another  is  then  due  to  the  difference  of  the  velocities  of 
light  in  the  two  media.  The  greater  the  change  of  velocity  the 
greater  the  bending.  If  light  travels  more  slowly  in  the  second 
medium  than  in  the  first,  v  is  greater  than  v\  i  is  greater  than  r,  /i>l, 
and  the  refracted  ray  is  deviated  towards  the  normal ;  the  reverse  is 
the  case  when  v  is  less  than  v\ 
^^*y  Now  we  know  by  direct  observation  that  the  deviation  is  towards 
the  normal  when  light  passes  from  a  rare  medium  like  air  to  a  dense 
medium  such  as  glass  or  water.  The  wave  theory  therefore  indicates 
that  the  velocity  of  light  in  air  is  greater  than  its  velocity  in  glass  or 
water  in  the  ratio  of  their  refractive  indices,  and  experiment  proves 
this  to  be  the  case. 

The  emission  theory,  on  the  other  hand,  points  to  the  opposite 
conclusion.  According  to  it  sin  i/sin  r  =  f;7t;  (Art.  23),  so  that  in  those 
media  where  the  bending  is  towards  the  normal  the  light  travels  with 
increased  velocity.  Here  then  the  conclusions  of  the  two  theories  are 
contradictory,  and  experiment,  which  alone  can  decide  between  them, 
supports  the  wave  theory  conclusively.  The  emission  theory  is  conse- 
quently imtenable  in  its  original  form,  and  requires  serious  modification 
in  its  fundamental  tenets  in  order  to  meet  this  difficulty. 

Examples 

1.  If  the  velocities  in  two  media  be  v^  and  i?2,  while  the  yelocity  in  yacaam  is  r, 
the  dbaoluU  refractive  indices  of  the  media  are 

Mi=v/vi,     and/w,=v/ra, 

while  their  reUUive  refractive  index,  or  the  index  of  the  second  with  respect  to  the 
first,  is 

The  law  of  refraction  may  consequently  be  written  in  the  form 

fii8int=/Lt,sinr. 


HUYGENSS  COKSTSUCTION 
mber  of  mnlia  vre  have 


i.  CoQstruction  for  Reflected  and  Refracted  Waves  (Huygens). 

J*  liiiv«  now  the  following  constnietion  for  the  wave  fi'onts  of  the 
pottiuiig  into  which  &  beam  of  parallel  light  is  divided  when  it  is 
a  the    sui-face    of  separation    of   two  transparent   isotropic 

I*'  the  plane  of   the  paper  be  perpendicular  to  the  plane  of  the 
*"'  tsre,  and    also    to  the  plane  surface   of    separation  of  the 


«-«(Pig.  47)  1w  th 


if  the  incident  » 


ti  the  plane  of 


kpuper.     The  plmio  of  the  wavu  is  a  plane  through  AH  jMsrpcndiciilar 

t  plane  of   the  paper,  and  the  surface  of  separation  is  a  plane 

i^h  AA'  perpendicular  to  the  jiaper.     With  A  as  centre  describe 

jtheres  of  radii  r'  and  /',  where  t  is  the  time  of  propagation  from 

»  A',  and  v  and  t'  are  the  velocities  of  propagation  in  the  first  and 

end  media  respectively. 

e  radius  AB'  of  the  Upper  sphere  is  equal  to  A'B,  and  the  radius 
"  of  the  lower  is  A'B/;i.  The  ratio  of  the  radii  is  equal  to  the 
a  <ii  the  velocities  in  the  two  media,  or  equal  to  the  relative 
ictive  index. 

1  A'  drnw  planes  perpendicular  to  the  paper  to  touch  these 
B,  and  let  A'B'  and  A'C  be  the  traces  of  theae  tangent  pLnica. 
e  tangent  planes  are  the  limits  to  which  the  diaturliance 
ipsgated  at  the  instant  the  wave  from  B  reaches  A'.     They  are 
leeted  and  refi'act«d  wave  fronts  respectively.     The  perpendiculars 
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AB'  and  AC  on  them  from  A  are  the  reflected  ajid  refracted  aya 
arifling  from  the  ray  incident  at  A. 

The  media  here  considered  are  isotropic,  and  the  waves  diver^ng 
from  any  point  are  accordingly  sphericnl.  This  is  not  the  case  in  all 
media,  yet  the  constniction  for  the  wave  fronts  remains  the  aame:  ti*. 
with  A  as  centre  describe  the  waves,  whatever  shape  they  be,  which 
have  diverged  from  it  at  the  instant  the  wave  from  B  reaches  A'. 
Through  A'  draw  ta.ngGnt  planes  as  before  to  these  waves.  Them 
planes  nre  the  reflected  and  refracted  wave  fronts. 

67.  TotaJ  Befleetlon. — If  the  first  medium  be  rarer  (less  refractlDg) 

than  the  second,  the  radius  of  the  second  sphere  is  less  than  that  of 

the  first,  bnt  the  radius  AB'  of  the  first  is  oqiial  to  BA',  which  is  leu 

than  AA',  hence  the  radius  AC"  of  the  second  sphere  is  always  len 

than  AA',  consequently  A'  lies  outside  it,  and  it  is  always  possible  to 

draw  a  tangent  plane  to  it  from  A'.     There  is  then  always  a  refracted 

B  otherwise  when  the  second  medium  is  rarer  (less  refract- 

I  ing)  than  the  first     In  this  case  the 

velocity  in  the  second  is  greater  tlun 

in   the   first,   and   the   radius    of    the 

second  sphere  is  greater  than  the  radiiu 

of   the   first.      It  is  therefore  greater 

than   A'B,   and    may  be    greater    than 

I  AA'  if  the  incidence  exceeds  a  ccrtaia 

'"*■  '^-  limiting  value.      If  the  radius  of  thi 

i  is  greater  than  AA',  the  point  A'  will  lie  inside  it,  and 

it  will  Ik)  impossible  to  draw  a  real  tangent  plane  to  it  bom  A'> 

Consequently  there  is  no  refracted  wave,  and  the  light  is  all  reBaetod 

back  into  the  first  medium,  as  shown  in  Fig.  48. 

The  light  in  this  case  is  said  to  bo  totally  reflected,     This  limit  tt 
•  Critiol  reached  when  the  radius  AC  of  the  lower  sphere  is  equal  to  AA'.    In 
■"s''-    this  case 

""  '     A'A    AC'~d'    *^ 
SO  that  the  limiting  angle  of  incidence  at  which  totil  reflection  occun 
is  given  by  the  equation 

where  /j.  is  the  refractive  index  of  the  rarer  medium  with  resj)ect  to  tlw 
denser.  If,  however,  ^  denotes  the  relative  refractive  index  of  tU 
denser  medium,  the  limiting  angle  is  given  by 


e  is  known  as  the  Crilical  Anijk,  and  totiil  reflection  o 
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le  case  of  light  passing  into  a  less  refracting  medium  if  the  angle  of 
icidence  is  greater  than  the  critical  angle. 

The  existence  of  total  reflection  is  frequently  taken  advantage  of 
I  the  construction  of  optical  instruments,  and  notice  of  it  often  comes 
ithin  reach  of  ordinary  observation,  as  when  the  surface  of  water  is 
iewed  in  a  glass  held  above  the  head,  the  silvery  brilliancy  of  the 
irface  being  due  to  the  total  reflection  of  the  light. 

For  water  the  critical  angle  is  about 48**    27'    40" 

For  crown  glass  ,,  , 40°    SO' 

For  chiomate  of  lead  it  is  only 19*"    28'    20" 


Example 

If  light  is  refracted  at  a  plane  surface,  prove  that  the  deviation — that  is,  the 
fference  of  the  angles  i  and  r — increases  as  the  angle  of  incidence  increases. 

[When  i  is  small  we  have  i =/***,  and  therefore  the  deviation  is  i-r=(/Lt-  l)r= 
(c  - 1)1/1.  The  deviation  conse- 
lently  increases  with  the  angle 
'  incidence.  When  i  is  not 
oall  it  follows  at  once  from  the 
w  of  refraction  that  sin  i  in- 
cases more  rapidly  than  sin  r, 
-  that  i  increases  more  rapidly 
lan  r — ^that  ia,  that  %-r  in- 
easea  with  i.  This  may  be 
lown  geometrically  as  follows : 

-Let  OP  (Fig.  49)  be  any  line  

presenting  the  velocity  in  the  Fig.  49. 

■at  medium,  and  on  the  same 

ale  let  OM  represent  the  velocity  in  the  second.     With  0  as  centre  and  OM  as 

dius  describe  a  circle.     Then  if  the  angle  POM  be  the  angle  of  refraction  the  angle 

MN  will  be  the  angle  of  incidence,  for  we  have 

OP_vi_       sin  i    sinOMN 
0M~^""'*~8inr"'8in  POM 

[ence  OMN  =  t,  and  if  OP  be  parallel  to  the  refracted  ray  and  OM  parallel  to  the 
3rmal  then  PM  will  be  parallel  to  the  incident  ray.  The  angle  0PM  is  consequently 
[ual  to  i  -  r  and  therefore  represents  the  deviation.  Now  it  is  clear  that  0PM 
icreases  as  r  increases — that  is,  as  i  increases,  until  the  line  PM  becomes  a  tangent 
>  the  circle.  At  this  point  the  limit  is  reached  beyond  which  total  reflection  occurs 
id  refraction  into  the  second  medium  ceases.] 

68.  Relation  connecting  the  Intensities  of  the  Incident,  Re- 
ected,  and  Refracted  Waves — The  Energy  Equation. — Since  the 
icident  wave  is  divided  into  a  reflected  wave  and  a  refracted  wave, 
:8  energy  must  be  equal  to  the  sum  of  the  energies  of  the  other  two. 
lie  reflected  and  refracted  waves  derive  their  energies  from  the 
icident^  and  it  is  clear  that  a  pencil  of  length  v  of  the  latter  gives 
ise  to  a  reflected  pencil  of  length  v  and  a  refracted  pencil  of  length  v\ 
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and  the  widths  of  the  pencils  are  proportional  to  AB,  A'K,  and  A'C 
respectively  (Fig.  47).  Hence  if  a,  6,  c  be  the  amplitudes  of  the 
corresponding  vibrations,  the  energy  per  unit  volume  will  be  propor- 
tional to  pa^,  /jft*,  pi?'y  where  p  and  p  are  symbols  for  the  two  media 
representing  what  we  may  call  the  density  of  the  ether,  or  that 
property  of  it  which  corresponds  to  the  density  of  ordinary  matter, 
and  by  which  it  possesses  energy  when  in  motion.  Hence  the  energy 
of  an  incident  beam  of  length  v  and  width  AB  will  be  proportional  to 
vpo?' .  AB,  and  we  have  the  equation  ^ 

vpa« .  AB = rp62 .  A'B'  +  v'p'^' .  A'C 

Hence 

vpc?  COS  i = v^  cos  %  +  v'p*^  cos  r, 

or,  since  v\rf  =  sin  t/sin  r,  we  have 

p(a«-y)    sin  2r 
p'c*     ~8in  2i 

It  is  not  imusual  to  find  it  asserted  that  the  square  of  the  ampli- 
tude of  the  incident  vibration  is  equal  to  the  sum  of  the  squares  of 
the  amplitudes  of  the  reflected  and  refracted  vibrations;  but  this 
could  be  true  only  if  p//j'  =  sin  2r/sin  2t,  a  law  which  might  exist  if 
sin  2r/sin  2t  were  constant  instead  of  sin  i/sin  r.  We  would  then 
have  a  refractive  index  measured  by  the  ratio  of  the  densities  of  the 
ether  in  the  two  media.  The  amplitude  of  the  refracted  vibration, 
however,  depends  on  the  mean  energy  per  unit  volume,  and  this,  we 
have  seen,  depends  on  the  density  p  of  the  ether  in  the  second 
mediiun  or  on  the  velocity  of  propagation. 

CcT. — ^Two  suppositions  have  been  made  with  respect  to  the 
quantities  p  and  p',  one  by  Fresnel,  that  the  velocity  of  propagation 
is  inversely  as  the  square  root  of  the  ether  density,  or  that 

p     i/*    sinV 
by  which  the  energy  equation  reduces  to 

a' -J*    tan  t        ,-r.         ,,  .      . 

-^ = j^^-       (Fresnel  s  energy  equation. ) 

The  other  supposition,  made  by  MacCullagh,  is  that/o=p',  or  the 
ether  density  is  the  same  in  all  substances ;  we  have  then 

a' -ft*    sin2r        ,._    -,  „     ,,  .     , 

^     =  ^f^^*       (MacCullagh  s  energy  equation.) 


^  This  equation  may  be  written  down  at  once  by  observing  that  the  energy  in 
the  triangle  ABA'  (Fig.  47)  is  equal  to  the  sum  of  the  energies  in  the  triangles  AB'A' 
and  AC'A'. 
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69.  The  Prineiple  of  Least  Time  or  the  Law  of  Fermat — When 
light  pa886B  from  any  point  M  to  another  M'  (Fig.  31)  by  reflection  at 
%  surface,  we  have  seen  that  the  rays  PM  and  PM'  are  equally  inclined 
to  the  sur&ce^  and  consequently  their  sum  is  less  than  the  sum  of  the 
lines  joining  M  and  M'  to  any  other  point  on  the  surface.  The  path 
BfPM^  is  that  which  will  be  traversed  in  the  least  time  in  passing 
Erom  M  to  M'  by  reflection  at  the  surface. 

A  similar  law  governs  the  refraction  of  light,  viz.  if  light  pass 
from  any  point  M  (Fig.  50)  to  any  point  M'  in  another  medium,  the 
path  MAM'  traversed  by  the  ray  is  such  that  the 
time  occupied  in  travelling  over  it  is  a  minimum. 
For  if  the  time  along  the  path  MAM'  is  a  mini- 
mum, the  time  over  this  path  must  be  equal  to 
that  occupied  in  traversing  the  consecutive  (very 
near)  path  MA'M'.  Hence  if  AB  and  A'G  be 
drawn  perpendicular  to  MA'  and  M' A  respectively, 
it  follows  that  the  times  of  travelling  over  the 
iistances  AC  and  A'B  are  equal,  since  MA  =  MB  and  M'A'  =  M'C. 

Sence 

A'B    AC       _AA'8mt    AA'ginr 

;hat  is, 

*~»  ■       ^^      ~~M     "■"    /*• 

sinr    v^ 

Elence  if  the  time  occupied  in  traversing  the  path  be  a  minimiun,  the 
)rdinary  law  of  refraction  is  obeyed,  and  conversely. 

Denoting  the  rectilinear  paths  in  the  two  media  by  I  and  /',  the 
aw  of  Fermat  asserts  that 

1,1' 

-  +  — =a  TninimuTn, 

V       V 

>r 

l-\-/d'=a.  minimum. 

[f  the  same  ray  passes  through  several  media  we  have  S(//t;),  that  is, 
S/J,  a  minimum,  and  if  the  refractive  index  of  the  medium  changes 
from  point  to  point,  the  path  of  a  ray  becomes  a  continuous  curve, 
ind  the  length  I  in  the  above  formula  becomes  a  small  element  ds  of 
^he  curve.  The  principle  of  least  time,  according  to  which  the  wave 
tront  is  always  as  far  advanced  as  possible,  may,  for  a  medium  of 
irariable  refractive  index,  be  written  in  the  form 

I  —  =  minimum ,    or  I  /*^ = minimum. 

We  are  to  observe,  therefore,  that  in  all  cases  of  refraction  through 


prisms,  lenses,  etc.,  when  light  travels  from  one  point  to  anotW  the 
ray  pursues  that  path  which  requires  least  time.  For  example,  when 
the  various  rays  pass  from  one  focus  of  a  convex  lens  to  its  ccMijiigati;. 
those  which  travel  through  the  centre  of  the  lens  traverse  a  gre«l«r 
distance  in  glass,  and  a  less  distance  in  air,  than  those  wliich  pass  near 
the  edge ;  but  all  rays  require  the  same  time  to  travel  from  one  foctu 
to  the  other,  viz.  the  minimum  time. 

70.  Beft>acUoR  of  a  Plane  Wave  through  a  Prism, — A  priam  of 
any  material  is  a  wedge-shaped  portion  of  it  contained  between  twi 
planes  called  its  faces,  which  intersect  in  a  line  termed  the  edge  of  iht 
prism.  The  angle  between  the  faces  is  called  the  angle  of  the  prism. 
Let  ABC  (Fig.  ul)  l>e  a  section  of  a  prism  by  the  plane  of  the  [Mper, 
supposed  perpendicular  to  the  LKlge  of  tho 
prism.  Consider  a  plane  wave  of  light  iiicidtnt 
on  the  face  AB  in  the  direction  PQ,  the  plani 
of  incidence  being  the  plane  of  the  paper,  and 
^  thus  perpendicular  to  the  edge  of  the  prisnt- 
The  light  being  refract«d  into  the  prism  in 
the  direction  QB,  making  an  angle  r  witl  dw 
normal,  will  aufFor  a  deviation  i  -  r  at  the  face  AB.  If  the  angle  <i 
incidence  of  QK  on  the  second  face  be  r',  and  the  angle  of  emergent 
along  RS  be  i',  the  light  will  auflcr  a  further  deviation  i'  ~  f.  Tht 
light  will  now  emerge  in  the  direction  RS  (if  the  angle  of  incii 
on  the  second  face  be  less  than  the  critical  angle)  and  the 
tion  8  from  the  original  course  PQ  is 


8  =  (i-. 


where  A  is  tho  angle  of  the  prism,  which  is  equal  to  r  +  /,  ein«j 
equal  to  the  external  angle  between  the  normals  at  Q  and  R  to  tl 
A  plane  wave  BM  (Fig.  52)  incident  on  the  face  AB  is  r 
into  tho  prism,  and  travels  through  it  as   | 
n  plane  wave  AD.     It  then  emerges  frotn 
the  second  face  AC  as  a  plane  wave  ON. 
Any  point  S  of  the  wave  ON  is  illunii 
naled  by  a  corresponding  point  P  of  tho 
incident  wave,  and  the  law  which  governs  1 
the  propagation  of  the  disturbance  is  ' 
ihat  the  time  of  propagation  along  all 
jMiths  joining  pairs   of  corresponding  points  on  BM  and  CN  j 
same.     For  example,  the  time  along  MAN  =  time  along  PQBS  J 
along  BC.     Hence  wo  should  have 
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AB  sin  i + AC  sin  i' =m(  AB  sin  r + AC  sin  r^), 

true  if  the  law  of  refraction  (sin  i  =  /i  sin  r)  is  obeyed. 
;e  NC  is  such  that  the  disturbances  reach  it  from  MB  in  the 
ae ;  they  are  therefore  in  the  same  phase,  that  is,  NC  is  the 
nt  after  refraction  through  the  prism.  The  rays  which  pass 
I  edge  of  the  prism  traverse  a  shorter  path  in  glass,  but  a 
ath  in  air,  than  those  which  pass  near  the  base,  the  long  air 
lN  occupying  the  same  time  as  the  shorter  glass  path  BC,  and 

of  the  lengths  of  these  paths  is  the  refractive  index  of  the 

deviation  (S)  is  measured  by  the  angle  between  MA  and  NA 
I;  butMAB=90-i,  andNAC  =  90-t';  hence  8  =  i  +  i' -  A. 
if  /i  be  increased  while  the  angle  of  incidence  i  and  the  angle  of 
a  remain  the  same,  the  angle  of  refraction  r  will  be  diminished, 
1  =  fj.  sin  r.  Hence  the  angle  of  incidence  /  on  the  second 
I  be  increased,  for  r  +  /  =  A,  and  consequently  the  angle  of 
ce  i'  will  also  be  increased  to  obey  the  relation  sin  i'  =  fi  sin  /. 
f,  while  i  and  A  remain  the  same,  the  refractive  index  be 
i,  the  angle  of  emergence  t'  will  be  increased,  and  the  total 
1  i  +  i'  -  A  will  be  increased  by  the  same  amount, 
amoimt  of  deviation,  therefore,  depends  on  the  refractive 
hat  is,  upon  the  velocity  of  propagation  in  the  prism.  We 
onsequently  expect  that  if  ordinary  solar  light  contains  many 
jnt  waves  which  travel  with  different  velocities  in  the  prism, 
Duld  be  deviated  by  different  amounts  on  emerging,  and  a 
parallel  light  incident  on  the  first  face  should  be  a  dispersed  Dispersion. 
I  emergence  from  the  second  face.  That  this  is  the  case  was 
Lonstrated  by  Newton.^ 

Colour  and  Velocity. — The  experiments  of  Newton  prove  in 
nd  masterly  manner  that  lights  of  different  colours  are  refracted 
ent  amounts  in  passing  through  a  glass  prism  or  on  entering  a 
lium,  the  red  light  being  deviated  least,  the  violet  most,  and 
rmediate  colours  (orange,  yellow,  green,  and  blue)  in  continu- 
Bition  by  intermediate  amounts.  But  we  have  seen  that  the 
of  the  ray  on  entering  a  new  medium  is  a  consequence  of  the 
e  of  velocity  in  the  two  media,  and  the  greater  this  difference 
ter  the  deviation. 

therefore  conclude  that  the  velocity  of  the  violet  light  is  least 
t  of  the  red  greatest  in  the  prism,  while  the  intermediate 

*  See  extracts  at  end  of  chapter. 
H 


08  REFRACTION  vhaf.  v 

colours  travel  vith  intermediate  velocities.  We  have  reason  to  believe 
that  all  the  colours  travel  with  practically  the  same  velocity  in  air  and 
free  space,  for  if  the  red  travelled  faster  than  the  violet  it  would  follow 
that  a.  star  reappearing  after  eclipse  should  at  first  appear  red,  as  the 
red  light  would  reach  us  first,  and  then  gradually  change  tint  till  it 
finally  became  white  when  all  the  colours  have  had  time  ta  arrive. 
Similarly,  when  the  star  is  just  disappearing  at  eclipse  it  should  he 
violet  coloured,  as  the  violet  would  be  the  last  to  reach  us. 

Now  as  no  observation  of  this  nature  has  ever  been  made  it  follows 
that  the  violet  waves  must  differ  in  some  respect  from  the  red,  and  this 
diSevence  must  exist  either  in  the  wave  length  or  the  periodic  time  of 
vibration,  or  both,  for  if  they  all  had  the  same  periodic  time  and  wave 
length  there  would  be  nothing  left  by  which  we  could  distinguish  the 
red  waves  from  the  violet.  The  waves  then  in  air  must  have  different 
periodic  times  and  different  lengths,  for  since  they  travel  with  the 
same  velocity,  the  equation 

oT  =  X 

shows  that  the  periodic  times  are  proportional  to  the  wave  lengths. 

In  the  case  of  refraction  there  is  one  element  which  is  likely  lo 
remain  unaltered,  viz.  the  periodic  time  of  vibration.  For  the  vibratitm 
in  the  second  medium  is  excited  and  forced  by  the  vibration  in  the 
first  medium,  and  these  will  in  general  be  executed  in  the  same  time. 
The  time  T  then  is  the  same  in  the  incident  and  refrsct«d  wave,  so 
that  if  the  velocity  changes  in  the  second  medium  the  wave  length 
changes  proportionately  by  the  equation 

vT=X. 

Hence  it  follows  that  when  refraction  occurs 


and  the  quantities 


remain  unaltered. 


I 


So  far  as  we  have  yet  gone  the  theory  has  not  indicated  whetktt 
the  red  waves  are  longer  or  shorter  than  the  violet ;  aU  wu  ikv 
arrived  at  is  that  the  shorter  the  wave  length  the  shorter  the  perioHit 
time  is  in  a  vacuum.  Further  on  experiments  will  be  given  whitl 
show  that  the  red  waves  execute  about  395  billion  (39B  x  10'*)  vito»- 
tions  per  second,  while  the  violet  vibrate  about  763  billion  (76S  x  lO'T 
times  per  second,  or  nearly  twice  as  fast  as  the  red. 


Sl'HKRICAt.  WAVE  &9 

k  The  diapei-sioii  of  the  colours  (as  it  is  called)  by  a  iirism  shows 
that  allhoiigh  all  the  waves  travel  with  the  same  velocity  in  free  space, 
yet  in  dense  media,  like  glass  and  water,  the  velocity  of  propagation 
depends  upon  the  wave  length  or  periodic  time. 

£jrirMr. — Light  nicideut  at  ui  aii);lo  i  b  rcfracteit  tlirougli  a  parallel  ]i]ate  o{ 
gloss,  Watea  of  lengths  \,  and  \  are  retVacled  at  angles  n  and  r,  respticttvely, 
find  the  relative  retanlattoii  by  traiiBiuission  (hrough  the  pUte. 

Let  PQ  [Fig,  58)  Iw  the  front  of  a  plane  wave  iiioirtent  on  the  face  of  the  plntt 
St  aji  angle  i,  and  l}0  the  dlrectiun  of  the  iuoJdolit    I 
light.     Let  TM  and  PN  be  the  directiona  of  thii 
ntncted    rays.      The    planes   OUR,    and   ONR,, 
periiendioular  to   PM  and   PK,   are  the  refracted 
wave  Tninte,  nliich  on  emergence,  if  the  plate  hv 
jiaraUel,  will  pxieeed  parallel  to  PQ.      Thua  the    | 
miergent  vrave  fronts  are  R^B  and  R^C,  and  if  tlic 
platp  had  not  beec  present  the  ongjnsl  wave  from 
woiilil  hare  heen  propagated  ta  OLA.     Henue  tliL' 
cITeL't  of  Che  pUtB  is  to   retard   one  wave  hy  an    I 
jRiount  AB  and  the  other  hy  AR,     The  relative 
retardation  of  one  on  tlia  other  is  therefore  H,B. 
But  \fr  Iw  the  thickness  of  the  jilate,  we  have  RiD  =  c  i 


„  hence 


P 


=  rsin,'[c 

=  f(/J|  COS 


example  uill  be  at  use  hereafter  in  the  consideration  of  the  coh 
and  of  doubly  refracting  ctystaU. 

'Wlleo  i  =  r  =  0,  the  light  is  iuiident  normally,  an 
,),  M  is  otherwise  directly  obvious. 


the  retardation 


72.  Reh-actlon  of  a  Spherical  Wave  at  a  Plane  Surface.^Let 

spherical  waves  diverging  from  a  centre  O  (Fig,  54)  fall  upon  the  plane 
face  AB  of  a  transparent  subsbtnce.     If  the  wave  had  not  cncoun- 
^^  t«red    the   second  mcdiiun  it  would 
ome  instant  occupy  the  position 
'ANB,   a  sphere  of    radius   OA  and 
centre  O.     The  velocity  in  the  second 
medium  is,  however,  different  from 
■that    in    the    first,    so    that    M    has 
I   become  the  centre  of  a  wave  in  the 
second  medium  of  radius  MN',  where 
.MN:MN'  =  r,  :«2,or 

i^r.  .■,).  ""  .MN  =  f<.MN', 

Ifiimilarly  any  other  point  P  will  l>e  the  centre  of  a  spherical  wave 
idias  equal  to  PQ//*,  and  the  refracted  wave  will  be  the  envelope 
L  these  spheres.     In  the   figure  we  have   supposed  the    second 
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substance  more  refracting  than  the  first,  bo  that  their  relative  indti 
is  greater  than  unity.     The  consequence  is  that  the   incident 
ANB  is  flattened  down  into  another  AN3  of  less  curvature.' 

Now  MN  and  MN'  are  proportional  to  the  curvatures  of  the 
waves.  Hence  the  relation  between  the  curvatures  is  lieterminisH 
the  foregoing  equation,  and  may  be  expressed  by  saying  that  thea 
vature  of  the  incident  wave  is  fi  times  that  of  the  refractei!  wji 
Denoting  these  curvatures  by  tr^  and  cr^  respectively,  tfais  relation  ni 
be  represented  in  any  one  of  the  following  fonns : — 

a,  =  paj,     or  ff|/ir,  =  rjvj,     or  HiSi  =  ^^^ , 

where  /i^  and  /i,  are  the  absolute  indices  of  the  first   medium  i 
second  medium  respectively. 

If  p^  and  p^  represent  the  radii  of  curvature,  we  have 
o-g  =  I/pu  tuid  consequently  the  relation  betweeit  the  distano 
points  0  and  0'  from  the  surface  is 

78.  Befraetion  of  a  Plane  Wave  at  a  Spherical    Surtt 
The  case  of  a  plane  wave  incident  on  a  spherical  refracting  8i 
is  one  of  extreme  simplicity  when  considered  from  the  point  gf  | 
of  the  wave  theory.     Thus  let  AMB  (Fig.  55)  represent  the  s 
a  refracting  sphere  and  XABY  the  trace  of  a  plane  parallel  I 
front  of  the  incident  wave.     If  the  refracting  sphere  bad  noffl 
present  XY  would  represent  the  incident  wave  in  one  of  its  p 
but  by  the  action  of  the  sphere  the  portion  ANB  of  the  plane  wii^ 
retarded  and  takes  the  form  of  the  curve  AN'B,  which  is  approximately  I 
an  arc  of  a  circle  when  AB  is  small.     Now  MN  and  NN'  are  propor-j 
tional  to  the  curvatures  of  the  surface  and  refracted  wuvo  respectivelf, 
and  the  relation  between  these  is  determined  by  the  equation 

That  is 

*iNN'=(/i-l)MN. 

Hence  if  o-  be  taken  to  represent  the  curvature  of  the  surface  and  "' 
that  of  the  refracted  wave,  we  have 


'  If  Att  is  eiuall  the  arc  AN'B  will  be  &|>|>roximat«ly  a  circle  having  its  cealn  it 
0'.  The  true  Torm  of  the  refracted  w»ve  is  not  a  sphere,  however,  but  >  |i»t«llell» 
a  hyperboloid,  bo  that  the  cur\*e  AN'B  is  a  |«rallel  to  a  hyperboU  (see  Ex.  1,  p,  !1U 
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!  refracting  sphere  is  shown  in  Fig.  56,  where 

f  faT>nt    of    the  refracted  wave  and  XN  ia  the  corresponding 

'  the     incident   wave.       Here  aga.in  we  have  MX  =  /iMN', 

(re  derive  the  Kame  fonnula  aa  that  obtained  for  a  convex 

I  both  cases  therefore  the  action  of  the  refracting  sphere  ia 

I  the   refracted  wave  a  curvature  eqnal  to  (/i  -  I  )'/i  limea 

■efracting  sphere.     This  impressed  curvature  <r'  is  always  ii 

of  the  refracting  surface  it,  and  when  n  is  greater  than  '^' 

n-faen    the  sphere  is  more  highly  refracting  than   the 

irhich  it  is  immersed — the  curvature  of  the  refracted  wave 

J  sign  jis  thiit  of  the  surface,  but  of  opinwite  sign  when  /i 

Unitv-       Hence  when  /i  is  greater  than  unity  the  focus  P, 


the  refracted  wave  converges  (or  from  which  it  api>ears  lo 
lies  on  the  same  side  of  the  surface  as  its  centre  C  ;  but  when 
than  unity  the  focus  and  centre  lie  on  opposite  siilea  of 
ice.  Th«  relation  between  the  focal  distance /=FM  and  the 
of  the  refracting  surface  is,  since  t'  =  1  //  and  o-  =  1  /p. 


/=„ 


absolute  indices  p^  and  jl,  be  used  instead  of  the  rclat 
.  the  above  formula!  become 


e  tr'  impreaaed  on  a  plane  wave  by  refraction  at  a  spherical  p^^, 
I  the  focal  powfT  of  the  surface.     It  is  measured  by  the  power 


5 
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[ence  if  the  curvatures  of  the  incident  wave,  refracted  wave,  and 
irface  be  denoted  by  <ri,  (r^  and  <r  respectively,  we  have  the  relation 

(ri=fMr^-{ffl)<r,     or -^=^i. 

»  --  » 2 

herefore  <r^  is  determined  by  the  equation 

fAa^-(ri  =  {fi-l)cr,    or<ra=-i+      -a. 

r*  A* 

be  relation  between  the  conjugate  focal  distances  is  consequently 

Pi    h       P    ' 

If  the  relative  index  fi  be  replaced  by  fijfjii,  the  ratio  of  the 
bsolute  indices  of  the  two  media,  the  relation  between  the  curvatures 
ikes  the  symmetrical  form 

nd  the  relation  between  the  conjugate  focal  distances  becomes 

Pi     Ai        P     ' 

*he  same  formula  holds  good  for  a  convex  refracting  siu*face  if  the 
[gn  of  the  curvature  of  the  incident  wave  be  reckoned  opposite  to 
hat  of  the  surface. 

Car. — If  p  and  q  denote  the  distances  of  the  conjugate  foci  0 
nd  O'  (Fig.  57)  from  the  centre  C  of  the  refracting  surface,  then 
^=  p-p,  p^  =  p-Q,  and  the  foregoing  formula  becomes 

q      2^  P      ' 

►r  in  terms  of  the  relative  index  p,  we  have 

p     q        p     ' 


ExampU 

A  pencil  of  light  diverging  from  a  point  fails  directly  on  a  refracting  sphere  of 
"adius  p  and  passes  through  it,  find  the  focus  of  the  transmitted  rays. 

75.  Refraction  through  a  Lens. — A  lens  is  a  portion  of  a  trans- 
>arent  substance,  such  as  glass,  quartz,  or  rock-salt,  bounded  by  two 
Urfaces  of  such  a  shape  that  light  diverging  from  a  point  O  (Fig.  58) 


rtnd  falling  on  one  face,  will  after  tritnsmiBston  «>nvei'ge  to,  or  diverg* 
from.  Another  jmint  0'.  That  is,  the  surfaces  of  the  lens  are  90  ahnped 
that  a  wave  which  is  spherical  before  transmission  remains  apherial 
after  transniiasion.  The  siirface§  of  the  lens  itself  are  not  accurately 
spheiical,  but  only  approximately  so.  The  true  curve  of  the  ruf^im 
which  will  accurately  refract  to  a  point  light  diverging  from  anothei 
point  is  the  Cartesian  oval  {see  Ex.  7,  ]>.  II 3).  A  surface  which  refmcu 
to  a  point  the  light  diverging  from  another  point  is  called  an  'iphimtk 
surface,  and  the  points  are  called  omjngaU  fuH  with  respoct  to  it  Tlw 
fundamental  relation  connecting  conjugate  foci  0  and  0'  is  that  the 
time  of  propagtttion  is  the  same  along  all  the  paths  hy  which  the  li^t 
reaches  0'  from  O.  Thus  in  Fig.  58  if  light  diverging  from  Ojk 
refracted  by  a  double  convex  lens  AB  to  the  point  0',  any  «pb^| 
wave  diverging  from  0  emerges  from  the  lens  as  a  sjiherical  warfi  OOf 


verging  to  0'.  Every  point  of  this  wave  is  a  pole  with  reepect  to  U, 
and  all  the  distuibances  which  simultaneously  reach  0'  are  in  the  sanu 
phase.  The  illumination  at  O'  is  con8e<|uently  very  intense.  At  pointi 
outside  the  cone  O'AB  there  is  destructive  interference  and  darkneet, 

The  relation  connecting  the  conjugate  focal  distances,  or  the 
curvatures  of  a  wave  before  and  aft«r  transmission  through  a  leu, 
follows  very  simply  from  the  principles  of  the  wave  theory.  In  li< 
first  place,  let  ue  consiiler  the  case  of  a  concavo-convex  lens  (Fig.  59) 
in  which  the  thickness  MN  and  the  aperture  AB  arc  small  coiDpoTiiil 
with  the  focal  distances.  This  is  taken  as  a  typical  case  because  lb« 
curvatures  of  its  surfaces  are  of  the  same  sign,  whereas  in  the  iloubk 
convex  lens  (Fig.  58)  the  curvatures  of  the  faces  are  of  opposit«  ugn 

The  relation  which  we  are  about  to  deduce  might  be  obtained  ini' 
mediately  by  applying  the  formula  of  Art.  74  to  the  two  facos  of  tbi 
lens  in  succession,  but  for  the  sake  of  illustration  we  sh«ll  appraui 
the  problem  directly  from  funthimental  principles.  The  principle  la 
which  the  present  investigation  is  iMsed  is  that  the  time  required  V 
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raveree  the  path  OAO'  is  the  same  as  thm  re(|iiired  for  the 
SO'.  The  air  e-inivdleiit  uf  the  latter  patb  is  OM  +  /tMX  +  NO'. 
n  (undiimeiitAl  ei|iiatio]i  i^ 


lire  O  and  radius  OA  describe  a  circle  cutting  00'  at  P, 
centre  0'  and  radius  O'A  describe  a  circle  cutting  00'  at  Q, 
ting  the  foregoing  equation  in  the  form 

(OA-OM|  +  [0'A-0'N)  =  ^MN', 

-PM-n.'X-^MN'. 


fpressed  in  terras  of  the  aagittae,  gives  at  once 

DP-DM  +  DQ  +  nN=;<(DN-DM). 

W\y  the  relation  connecting  the  curvatures  of  the  waves 
ind  emerging  from  the  lens  with  the  curvatures  of  its  faces  is 

DP+DQ=(m-])1DN-DM}, 

;  the  curvatures  of  the  waves  as  before  by  T^  and  a-^,  and 
imet  of  the  surfaces  by  rr  and  a-',  we  have 

nfers  to  the  surface  of  greater  curvature,  which  in  Kg.  59  is 
I :  that  on  which  the  light  is  incident  being  regarded  as  the 

le  of  the  lens. 

expressed  in  tenns  of  the  corresponding  radii  of  curvature 
ring  equation  furnishes  the  relation  between  the  conjugate 


■•(;-;■)■ 


k'er  of 
tns. 
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where  p^  and  p^  are  the  distances  of  O  and  O'  from  the  lens,  and  p  and 
p  are  the  radii  of  curvature  of  its  faces  ANB  and  AMB  respectively. 

If  the  point  0  from  which  the  light  emanates  be  infinitely  distant 
the  incident  wave  will  be  plane — that  is,  its  curvature  a-^  will  be  zero, 
and  the  curvature  of  the  transmitted  wave  will  be 

The  function  of  the  lens  is  consequently  to  change  the  curvature  of  a 
wave  by  an  amount  (fi  -  l)((r  -  (r'),  so  that  this  quantity  represents 
ai  the  curvature  producing  power  and  is  termed  the  focal  power  of  the 
lens.  In  general,  therefore,  we  may  say  that  the  curvature  of  the 
transmitted  wave  is  equal  to  the  algebraic  sum  of  the  curvature  of  the 
incident  wave  and  the  focal  power  of  the  lens — that  is,  the  final  cuna- 
ture  of  the  wave  is  equal  to  the  algebraic  sum  of  its  initial  and 
impressed  curvatures. 

The  point  to  which  a  plane  wave  or  a  parallel  beam  of  light  is 
concentrated  is  termed  the  pincipcd  focus  of  the  lens,  and  its  distance 
from  the  lens  is  termed  the  focal  length.  Denoting  the  focal  length 
by /we  have 

which  expresses  the  focal  power  in  terms  of  the  refractive  index  and 
the  curvatures  of  the  faces  of  the  lens. 

In  this  calculation  the  thickness  of  the  lens  has  been  supposed  to 
be  greatest  at  the  centre.  In  some  lenses,  however,  the  thickness 
increases  from  the  centre  towards  the  edge,  so  that  their  thinnest  part 
is  at  the  centre.  Lenses  are  accordingly  divided  into  two  classes 
according  as  their  greatest  or  least  thickness  is  at  the  centre.  The 
former  are  termed  convex  and  the  latter  concave  lenses. 

An  examination  of  the  motion  of  0'  as  0  moves  along  the  axis  of 
the  lens  will  be  a  useful  exercise,  and  the  deduction  of  the  fonnids 
for  the  various  forms  of  lenses  presents  no  further  difficulty. 

Examples 

1.  Prove  that  the  distance  between  two  conjugate  foci  with  resiiect  to  a  IfU* 
cannot  be  less  than  four  times  its  focal  length. 

[Since  the  suni  of  the  reciprocals  of  two  conjugate  distances  is  equal  to  l[f,  an*! 
therefore  constant  for  a  given  lens,  it  follows  that  the  product  of  these  reciprocals 
is  greatest  when  they  are  equal,  and  consequently  the  sum  of  the  distances  themselr^^ 
must  be  least  when  they  are  equal.     Thus 


/•    \Pi    pJ     \Pi    Pi  J 


4_ 

PiP-i 
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Rrhich  shoivB  that  the  product  of  the  reciprocals  is  greatest  {ue.  p^p.^  is  least)  when 

f    Pi    H      PiP% 
Hence  pi-¥p^  must  bear  a  constant  ratio  to  pip^  and  consequently  pi-\-p^\9  least 

prhen  p^  is  least,  which  is  wheil  p}=^=2/'.      In  other  words,  the  least  distance 

between  two  conjugate  points  is  4/.] 

2.  A  lens  is  employed  to  cast  an  image  of  an  object  on  a  screen,  show  that  in 
general  there  are  two  possible  positions  of  the  lens  for  given  positions  of  the  object 
snd  screen,  and  prove  that  the  length  of  the  object  is  a  geometrical  mean  between 
the  lengths  of  the  two  images. 

[In  order  that  any  image  may  be  possible  the  distance  between  the  object  and 
lereen  must  bo  greater  than  4A  This  being  the  case,  let  the  lens  produce  a  distinct 
image  on  the  screen  when  placed  at  a  distance  pi  from  the  object  and  p^  from  the 
icreen.  Then  if  ^  be  the  length  of  the  object  and  /^  the  length  of  the  image,  it  follows 
that 

f=^-J (1 

Now  since  conjugate  foci  are  interchangeable  it  follows  that  the  lens  will  also 
produce  a  distinct  image  on  the  screen  when  the  distance  of  the  lens  from  the  object 
8  p^  and  horn,  the  screen  pi,  so  that  if  l^  be  the  length  of  the  image  in  this  case  we 
lave  ^ 

[=? (2) 

h    Pi 

Multiplying  (1)  and  (2)  together  we  have 

P=lil2t   or/=V/^ 

Efence  if  /|  and  l^  be  measured,  the  length  /  can  be  deteimined  when  the  object  is 
30t  accessible  for  the  purpose  of  direct  measurement. 

This  method  of  obtaining  the  length  of  a  luminous  object,  or  the  distance  between 
two  luminous  points  is  of  practical  importance  in  measurements  of  the  wave  length 
>f  light  (p.  143).] 

3.  If  a  lens  of  absolute  index  M3  be  situated  between  two  media  of  absolute  indices 
III  f^^^  /hi  PTO^e  that  the  curvatures  ai  and  a^  of  the  waves  entering  and  emerging 
Trom  the  lens  are  connected  with  the  curvatures  a  and  a'  of  the  two  faces  of  the  lens 

by  the  equation 

fiyffi  +  MjtTj = {fii  -  p^)cr  -  (Ma  -  fx^)a\ 

[In  this  case  we  have,  by  the  principle  of  least  time  (Fig.  59), 

MiOA  +  fifi'A = MiOM  +  /K3MN  +  /LUjO'N, 

H'hich  may  be  reduced  at  once,  as  in  Art.  75.] 

4.  Find  the  relation  connecting  the  curvatures  of  the  incident  and  emergent 
waves  in  the  case  of  a  lens  of  which  the  thickness  c  is  not  small. 

[As  before  let  ffi  be  the  curvature  of  the  incident  wave  when  it  reaches  the  first 
lurface  ff  of  the  lens,  then  the  curvature  a'2  of  the  wave  when  it  just  enters  this 
lurface  is  given  by  the  equation  (Art.  74) 

Mi<^i-/V'2  =  (Mi-Ma)flr (1) 

Sow  the  wave  when  it  enters  the  lens  travels  a  distance  c  before  it  meets  the  second 
mrface,  and  consequently  its  curvature  (r'3  when  it  meets  the  second  surface  is  by 
the  Ex.  of  Art.  60 
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But  by  Art  74  the  curvature  o-^  of  the  wave  emerging  from  the  lens  is  connected  with 
(r',  the  curvature  of  the  second  surface  and  with  tr^  ^7  the  equation 

and  this  by  (2)  becomes 

Substituting  for  fju/r'^  from  (1)  we  have  at  once 

This  ec^uation  connects  the  distances,  pi  =  llaj  and  Pi^Xjff^  of  any  pair  of  coujogate 
foci  from  tlie  surfaces  of  the  lens  with  the  radii  of  curyatoro  of  its  faces  and  the 
thickness  c.  If  the  incident  wave  be  plane  we  have  0'i=O,  and  the  focal  power  of  the 
lens  is  given  by  the  equation 


7-^2-V   Vx'^Jll+CMa-^iW/^a    *"'}' 


/ 

This  expression  shows  that  the  focal  power  is  not  the  same  when  the  light  falls  on 
the  surface  cr'  as  when  it  falls  on  tr,  so  that  the  focal  power  changes  when  the  lens  is 
reversed  with  regard  to  the  incident  light.  When  the  thickness  is  neglected  this 
reduces  to  the  expression  of  Art  75,  and  the  focal  length  remains  unaltered  when 
the  lens  is  reversed.] 

5.  Determine  the  focal  power  of  a  combination  of  two  thin  lenses  situated  at  • 
distance  c  apart 

[Let  /]  and  /,  be  the  focal  lengths  of  the  two  lenses,  then  if  a  plane  wave  faUs 
upon  the  lens  /],  its  curvature  when  emerging  from  it  is  l/fj,  and  its  curyatni«  when 

it  reaches  the  second  lens  is  ^-t~*    Hence  the  ctirvatnre  of  the  wave  emerging  iroo 

the  second  lens  is 

1       1 

which  expresses  the  equivalent  focal  power  of  the  combination.  Denoting  this  by  # 
and  denoting  the  focal  powers  of  the  lenses  by  0i  and  ^  respectively  we  have 

The  focal  power  when  the  combination  is  reversed  is  obtained  by  interchanging  ^ 
and  02  or/i  and/2  in  the  foregoing  expressions. 

If  a  wave  of  curvature  <r  falls  upon  the  combination  its  enrvatore  after  trutf- 
mission  will  be  ^  +  0.] 

CAUSTICS 

76.  Evolute  of  Wave. — The  reflected  and  refracted  waves  whick 
we  have  so  far  considered  have  been  either  plane  or  spherical  in  fani» 
so  that  the  reflected  and  refracted  rays  converge  to,  or  diverge  froMi  l| 
a  point.     In  the  case  of  plane  waves  this  point  is  infinitely  disltf^  |< 


iver,  ■when  Ughl  diverging  ffom  h,  point  is  reflected  or 
sd  at  a  given  surface,  the  front  of  the  reflected  or  refracted 
i  neither  spherical  nor  pkne,  and  the  rays  wilt  not  pass  through 
le  point,  but  will  envelop  a  surface  called  the  citafic.  This 
if  convergence  of  the  rays  is  termed  aslipiMtism. 
fw  the  rays  ^re  Dormals  to  the  wave,  and  the  normals  to  a  curve 
xfaoe)  envelop  another  carve  (or  surface)  called  the  e»oluto.' 
qnently  the  reflected  or  refracted  rays  envelop  the  evolute  of  the 
*d  or  refracted  wave.  The  evolute  of  the  reflected  wave  is 
Sore  the  ntauiic  fcy  iyJJfctws,  and  the  evolute  of  the  refracted  wave 

Eic  hy  Tf/rnftif'u. 
be  sufficient  for  our  present  piupose  to  conflue  our  attontiou 
of  revolution,  the  incident  light  diverging  from  u  point  on 
cda  of  revolution.  In  this  case  the  caustics  will  also  be  surfaces 
evolution  about  the  same  axis,  and  the  section  of  the  eauslii- 
u-e  by  any  plane  through  the  axis  will  )>e  the  caustic  curve  of 
_  iierating  curve  of  the  surface  at  which  the  reflection  or  refraction 


iius  if  a  surface  Ije  genemted  by  the  revolution  of  the  c 
60)    round    the 


B  APQ 


ri'l  if   O  be  the  origin 
jht,  then  rays  OP,  OQ  I 
:  .;  upon  the  surface  will  [ 
■  fracted    in    directions 
iiid    QN.      The  curve 
'  N  tutting  these  refracleil  I 
A*,  right  angles,  or  rather  I 
^u^face   formed  by  the  I 
volution  of  BMN  around  | 
B,  will    be   the  refracted  I 
»ve.     The  evolute  of  the 
r-e   B-\IN  is  the  enveloi>e  ^*''" 

VAit  rays  refracted  at  APQ,  that  is,  the  caustic  surface  i^  formed  by 
I  rvoliition  of  the  caustic  curve  around  OA. 

77.  Prtmary  and  Secondary  Foci, — Let  the  refracted  rays  PM  and 
N    produced  backwards,  intersect  at  Fj  ;  then  Y^  is  a  point  on  the 
ays  PM  and  Q\  be  considered  infinitely  near. 


ue  when  tho  nave  is  uot  u  siufate  itf  roTolutiou  tlit  em 

0  p»rta,  or  aljeets,  generatei]  liy  the  two  princi|ial  contrei 

imply  the  aurfnce  of  ceiitrea  of  the  wave  surfiicp,  i 

e  aurface  a  oue  of  revolution  one  of  the  iihe«U  of  the  aurfaee  of  ttii 

o  the  aiia  of  revolution. 


^ 


of 

J 
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Now  if  the  whole  figure  be  revolved  round  OA  through  a  very  a 
angle,  PQ  will  describe  a  little  element  of  the  refracting  surface,  ] 
an  element  of  the  refracted  wave  surface,  and  F^  a  short  line  on 
caustic  surface  perpendicular  to  the  plane  of  the  paper.  The  elen 
of  the  surface  formed  by  the  revolution  of  PQ  round  OA  receiT 
cone  of  light  from  O.  This  cone  gives  rise  to  a  refracted  cone  wl 
falls  upon  the  element  of  the  wave  surface  generated  by  MN,  and 
rays  of  this  latter  cone  produced  backwards  pass  through  a  short 
on  the  caustic  siuiace  at  F^. 

This  line  is  an  element  of  the  circle  described  by  F^  in  revot 
round  the  axis  OA.  It  is  consequently  perpendicular  to  the  plao 
the  paper — that  is,  to  the  primary  plane  of  the  refracted  cone.  ( 
plane  containing  the  axis  of  the  cone  and  the  axis  of  the  sur&c 
termed  the  primary  plane  of  the  cone,  while  a  plane  perpendicula 
this  through  the  axis  of  the  cone  is  called  the  secondary  plane.) 
cross  section  of  the  refracted  cone  at  F^  is  consequently  termed 
primary  focal  line  of  the  cone.  Now  in  the  case  of  a  surface  of  rei 
tion  it  is  clear  that  every  normal  to  the  siuiace  meets  the  axi 
revolution,  and  the  point  in  which  any  normal  NFj  meets  the 
Focal  lines,  remains  fixed  while  the  curve  BMN  revolves.  The  point  F^  is  tl 
fore  the  vertex  of  a  cone  of  rays  passing  through  the  circle  descr 
by  N  about  the  axis  OAB.  Similarly  every  other  point  on  the 
is  the  vertex  of  a  right  circular  cone  of  rays  cutting  the  wave  sui 
orthogonally.  Hence  the  wave  normals  at  two  adjacent  points  M 
N  meet  the  axis  of  revolution  at  two  adjacent  points,  embracing 
tween  them  an  element  of  the  axis  which  remains  the  same  while 
curve  BMN  revolves  round  the  axi&  The  elementary  refracted  < 
of  rays  previously  considered  consequently  passes  through  a  sec 
line  at  F^ — namely,  an  element  of  the  axis  of  revolution.  This  ib 
secondary  focal  line  of  the  refracted  cone.  It  lies  in  the  plane  of 
paper,  and  is  consequently  perpendicular  to  the  primary  focal  li 
The  cross  section  of  the  refracted  cone  at  Fg  by  a  plane  perpendic 
to  its  axis  is  not  a  line,  but  in  general  a  figure-of-^ightnshap^  curv 
As  the  section  of  the  refracted  cone  degenerates  to  a  line  at  F^ 
again  to  a  line  at  Fg,  and  as  these  lines  are  at  right  angles,  it  foil 
that  any  cross  section  between  F^  and  Fg  will  be  an  oval  curve  ha^ 
diameters  in  and  perpendicular  to  the  primary  plane,  which  reduo 

^  In  the  general  case  when  the  wave  surface  is  not  one  of  revolution  the  mm 
to  the  surface  (t.^.  the  rays)  intersect  each  other  only  when  taken  along  the  lai 
curvature.  These  lines  form  two  orthogonal  systems  on  the  sorfiuM,  and  tiM« 
sponding  intersections  of  rays  form  a  surface  of  two  sheets  (the 
surface  of  centres).  The  primary  focal  line  Fi  is  an  element  of  »  ^ 
and  F)  is  an  element  of  a  line  on  the  other. 


xra  as  the  ci-oss  section  moves  lo  Fj  or  Fj  respectively,    C<iiisequentl_y  Cireia « 
.1.  some  place  between  Fj  and  F^  the  diameters  of  the  cross  section  j^^^ 
rill  be  equal.     The  section  will  here  be  a  circle,  or  approximately 
iich.     This  section  is  called  the  dfde  of  leaxl  cmfiunoii. 

The  existence  of  the  focal  lines  and  the  circle  of  least  confusion 
in  be  easily  aacei-tained  by  reflecting  obliquely  from  a  concave  mirror 
cone  of  light  diverging  from  a  bright  point,  and  receiving  the  re- 
ected  cone  on  a  white  screen  or  sheet  of  paper.  For  one  position  of 
lie  screen  a  well-defined  line  perpendicular  to  the  primary  plane  is 
epicted.  This  is  the  primary  focal  line.  As  the  screen  is  moved 
tray  farther  from  the  surface  the  line  broadens  out  into  an  oval  spot, 
hich  in  one  position  of  the  screen  ia  very  nearly  a  circle — the  circle 
I  least  confusion.  On  moving  the  screen  farther  away  the  oval 
arrows  in  perpendicular  to  the  primary  plane  till  it  again  becomes  a 
ne  lying  in  the  primary  plane.     This  is  the  secondary  focal  line. 

\^*hen  the  incidence  of  a  small  cone  is  direct  the  focal  lines  and 
,rcle  of  least  confusion  all  coincide  with  the  geometrical  focus  C  (Fig. 
0).      This  is  the  point  where  the  caustic  meets  the  axis  of  revolution,  cnap, 
I  is  a  double  point  or  cusp  on  the  caustic  curve. 

Caustics  by  reflection  may  be  easily  shown  by  allowing  the  light 
t  the  BUii  or  lamp  to  fall  upon  a  narrow  riband  of  polished  steel 
ich  as  a  watch  spring.  Placed  on  a  sheet  of  paper  and  bent  into 
ny  desired  curve,  the  spring  shows  a  well-defined  bright  caustic  on 
ae  paper,  the  part  within  being  brighter  than  that  without  the  curve. 
■y  varying  the  form  of  the  spring  a  variety  of  caustics  with  cusps, 
antranr  flexures,  and  other  singularities  may  be  exhibited.  The 
Une  of  the  sheet  of  paper  should  pass  nearly  through  the  sun  or 

fof  light,     The  bright  curve  seen  uixm  the  surface  of  a  cup  of 
a  familiar  example  of  the  caustic  of  a  circle. 


,„i,,la 


'    I.   Light  diverging  bom  a  poiut  is  refre 

tu«iic  curve  bthe  evoluteofaconk  Mction. 

[IiCt  O  {Fig.  fll)  be  the  Inminoua  [loiiit. 

'r>  llie  rofracting  surface,  OP  any  iiiuiiimt 

D«w  OD  (lerfiendiculsr  to  the  s\ir- 

and  {irwluce  it  till   DO'  =  DO.      Di- 

.>'   s  dn:le  about  OPO'   ind    iii'oiliioc 

i?fr»cted  ray  PQ  backwards   to   jiiL-et 

-     .irctc  at   M.      Join    OM    nud    O'M. 

II    nince    D    is    the    miadle    point    of 

till,    wi;    OP  =  0'r    or    the    nngle 

>i-PHO',    tliat  ia,   the    rsfiacted   ray 

!.     tiK     ■ngio     H.        NoH-     PMO  = 

m'  =  i,  the  ugile  of  inoidence.  and  PN"D  = 


liiicF  MX  Ijisoi-le  thu  miglr  A[.     Conevquently 

'"OM^:OTr    «'<»l*o>l-  ,-«™n.a«t. 

Tlic  locus  uf  M  U  tliereforc  an  eUi|>»i>  having  O  and  0'  for  Foci,  snd  tlic  reCntctrd  nf 
I'lj  is  8  Domul  to  theeUi|i8esI  M.     TLecaiutif  is  tiiererorv  ttiverolnteof  tliim 
Tlie  major  disuicter  2"  and  the  ecwntricity  '  ot  the  roiiic  are  given  hy 


aa  =  007*1. 


id.  =  ^. 


I 

^^  let  01 

^^^        ir  tb<- 


ri'Oiti  \he  rtircr  to  tlie  dciupi'  mnliiini,  thp  Kfractolnf 
.  11  lien  Wtwecii  0  mid  P,  and  HO'  -  MO  i»  ooiiituil. 
'he  lwu!(  of  M  is  a  hy|>erl*la.  with  0  ami  0'  fw  f™. 
idjor  di»uiet«r  OO'/m.  aud  «w«iilricity  m 

The  Infracted  wavp  Oont  in  gtit  liy  fiiiiliug  a  irrmd 

oitiU  (J  such  that  OP-*->irQ  =  con9L     The  locna  uf  lb 

oiiilB  y  will  be  the  refracted  wave  front  ciiltiog  idf 

I  rnys  Pt;  iiomially,     The  c»u»tio  HurfiH:«  is  fonnil  tii 

he  revolution  of  the  foregoing  ovolute  roauil  OO'. 

Tlie  lellected  wares  in  this  case  are  ajiUeres  ixin»aCiv 
ith  0'.  to  that  the  reflected  raya  all  appear  Co  conv 
I  from  0'.] 

.   Parallel  rays  are  reflected  from  a  j^iherical  niiitiir, 
I  Nnd  the  uLiistic 

[Let  ACB  (Fig.  62)  be  a  section  of  the  mirror,  i)H 
j.,j ,  ^,„  the  dii-eetioci  of  the  incident  liKht,  and  RP  a  rdtictti 

ray.  With  centre  0  (the  eentrc  of  the  miiror)  daorila 
acireleof  railiuBOF-^OC'.  Joiu  RO  and  upon  RT  as  diamater  describe  a  tirti*, 
centre  0'.  Then  0'T  =  i0T.  Let  the  retlecUKl  ray  cut  thU  circle  at  P.  Hatrtiw 
angle  P0T=2PRT  =  2QRO  =  2TOF.     Therafore  in  length  the  arc  TF=arc  TP. 

[r  therefore  the  circle  KPT  rolls  on  the  circle  TF  the  {lOiiit  I'  will  ttacc  out  lb 
epicycloid  APFB,  the  cusp  of  which  is  at  F.  and  since  BPT  is  right,  and  PT  is  DM 
normal  to  the  [>ath  of  P,  it  follows  that  RP  is  a  tangent  tn  the  [Nth.  Helm  A* 
reflected  rays  envelop  an  epiryvtoid,  the  cub[>  of  uhieli  b  at  The  tnineipal  fom>  ^ 


ir.l 


the  circumference  ol 


■  h 


9.  Ught  diverging  from  a  point 
the  concave  arc,  find  the  caustic. 

[The  caustic  is  au  epicycloid  foniicl  by  th 
.■i,Tle.l 

4.  Light    divergea    from    a    luminoiut    [h) 
situated   outside   a  sphere,  And  the 
refractiou. 

[Aaurfaceof  revolution  generated  bj'therroluti.' 
uf  a  Carteiiau  oval  vrhnw  foci  are  the  luininoii; 
]»tnt  and  iti  iiivurse  with  respect  to  the  sphere.] 

R.  Find  the  geometrical  focus  of  a  jiencil  of 
light  after  direct  refraction  at  a  pUue  aui'face. 

[Let  the  light  divert^e  ftron  0  (Fig.  63],  and 
let  OP  W  any  ray  nearly  (lanitlel  to  OA.  tlie 
perpendicular  from  0  on  tlie  siirtaci!.  Tlien  Pi 
If  the  refracted  ray  ]nwluGe<l  backwards  meets  OA 


k  am]  FA  l)p  lienotcd  by  pi  and  ft  re 


tb  thererore  Tartlier  owsy  from 

|tii  >i  is  ii*  ur  -^  1,  that  is,  acconlitijj 

I  pUHa  from  the  less   ta  the  murti 

pUum,  or  via  vrrnt. 

Ititnsted  in  air  objects  iindrr  v 

ir  tlie  lurfaoe  tbui  they  really 

(fa  placed  under  water  objects  in 

Wwr»w«y.] 

RIB  gsanietrical  focus  of  a  pencil  r>r 

tMt  tefrac:tioli  at  a.  Hiilierieal  ^mrlaci: 

~  [.  64)  be  tbe  centre  of  the  apheiu 

_    [t  in  it,  BO  that  OP  in  nearly  parallel 

•j",  wohaTeCPO  =  iaii<lCPF^ 


^i 


J  OC.     Then  if  the  refrat-ted  ray 


k 


PF 


nula  ooinuides  with  that  which  determines  the  position  of  the  focus  by 
'  a  spherical  mirror  when  we  put  /i-  -  1.  a  geueral  substitution  which 
pnic  of  re&aetion  into  the  t'orreHpniiding  rnrmnlie  of  reflectiou.  ] 
I  diverges  from  a  point  Fi ;  to  find  thn  surface  which  will  refract  it 
■  ftDOther  given  point  Ft. 
1^  be  the  distances  of  Fi  and  F,  from  any  jmint  P  of  the  surface,  then 
imc  along  /^  must  be  I'onstant,  or 

ft  .Pj _,.„,,,.„„. 


n  of  a  Cartesian  oval  of  which  Fi  and  P,  are  the  foci 

If  the  light  he  jarallel,  instead  of  diverging  from  a 

lint  Ki,  this  >tiirfaee  becomes  a  spheroid  of  eccentricity 

'/I.  and  haviu);  Fg  for  a  focus. 

These  surfaces  were  originally  studied  by  Newton  and 

I   Descartes,  and  are  termed  apliinalic  fur/iitc3  (seo  New- 

)n'*  FHiicipin,  book  i.  §  14,  prop.  97). | 

8.  A  small  oblique  ]>enci[  is  reflected  at  a  spherical 

I   BiirfkcG  to  determine  the  primary  and  secondary  foci. 

[Let  C  (Fig.  65)  he  tbe  centre  of  the  surface,  0  the 

origin  of  light,  OP  and  OQ  incident  rays,  and  PF,  and 

ing  mtteuted  rays.     F|  tbe  primary  and  Fi  the  secondary  focus. 

.  =  Pi,  CP=R,  PCA=».     Then  linoe  CP  and  CQ  bisect  thu 

letively,  we  have 

2PCQ  =  P0y  +  PF|(J, 


11*  REFRAOTIOW 

but  the  perpendioular  froni  P  on  OQ  is  eijoal  to  fi  ■  POQ,  and  also  to  PQ  ■ 
ThererorB  POQ  =  PQ  cos ''/p.  Similarly  PFiQ  =  PQcoii  t'/pi,  wliile  PCQ=r 
'I'herefore 


by-^s-'i 


^id^nt  obliquely  ou  a  plane  rvfracling  aorfaci,  fiml  tW  ^ 
[irinmry  and  Mcondary  fod. 

[Let  OP  and  OQ  (Fig.  M)  be  Cn-J 
icL-idHiit  rays,  PF|  atiil  QF,  tliere"      ' 
Thfn  if  PF,=p„  PFi=ft,  0P=.|| 

hint-    PF.    ft 
liuh  may  iie  HTitten  id  tlie  ronB| 


Again,  if  WB  denota  tlio  angle  PF,(J  by  rfr  and  POy  by  i/t,  w 
angles  PFiQ  and  POQ 


1 1-,  tliprefore  eoa  iili  =  uf(t»rrlr,  consecfUBntly 


10.  A  small  peiiuil  i/(  light  in  icfractod  obliiiui-ly 
R,  Hnd  the  roci 

[Denote  the  auglea  subtended  by  I'Q 
at  O,  F],  and  C,  by  o,  §,  y  re»]iec lively. 
Tlieu,  since  these  angles  are  very  iimall, 
we  have  (Fig.  67) 


PQoc 


P(>oo 


_L9 


Bitt  sioiw  the  tnsugles  PMO  and  QMCL 
have  Gijual  vertical  angles,  the  auiu  of  theH 
base  angles  of  one  is  equal  to  the  sum  oft 
the  base  angles  of  tbi*  other,  or 

<l  +  i=-r+H-di,     .-.rh^a-y. 

Similarly  from  the  triangles  PXFi  and  <JNC'  we  have 

fl  +  r=Y+r+rfr,     .-.  rfr=^->. 
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Stibttitatiiig  for  a,  /9,  y,  we  find 

^ut  sinoe  sin  i=^  sm  r,  we  have 

cos  idt=fi  cos  rdr, 
[therefore 

<C08i     1\  /cosr     1\ 

>r 

Mcos'r    cos' I  _ /A  cosr- COS  i 
Pi     "    P    ~         5  • 

Again,  since  the  area  of  the  triangle  OPC  is  equal  to  the  sum  of  the  areas  of  OPF2 
nd  CPF2,  wo  have 

pR  sin  i=pp'2  sin  (t  -r)  +  R/>2  sin  r, 

T  dividing  across  by  pp^R  sin  r,  we  find 

M     1,  ^1 

—  =  =f  (/It  cos  r  -  cos  i)  +  - » 
pn     ii  p 

fi     1     H  COS  r  -  cos  i 
Pi"  P"  K 

Hence  both  results  are  incorporated  in  the  equations 

/icos'r    cos'i    /A  cos  r- cos  i     m     1 


ft 


r--cosi__/i     1  "1 


1 1.  Determine  the  foci  of  a  small  pencil  refracted  obliquely  through  a  prism  in  a 
>rincipal  plane. 

[Using  9  and  neglecting  the  thickness  of  the  prism  we  find 

cos'  r  cos'  i' 
^  ~  cos'  i  cos'  Z'^* 

p^=p. 

if  the  prism  be  in  the  position  of  minimum  deviation  (Art.  78)  i  =  t",  and 
tad  we  have 

Pl  =  ft2  =  P> 

ooincide.    The  refracted  pencil  therefore  diverges  from  a  point  at  the 
(p)  as  the  origin  from  the  edge  of  the  prism.     This  result  is  of  import- 
[  tiw  study  of  the  spectrum. 
fHw  IsbMting  angle  of  the  prism  be  very  small,  the  angles  /,  /',  r,  /  are  very 
•qnsl,  and  we  have  again  pi=/)3=p.] 
JMSL  Frore  that  for  a  prism  of  angle  A 

.sin  i(A  +  g) _    cos  ^(r-/) 
sin  ^A     ~    cos^(i-i')* 

[We  have  5 = i + i'  -  A,  and  r + r' = A,  therefore 

sin  i( A  +  h) _  9\ii  \{i-¥i') 
sin  JA     ~8in4(r+r')* 
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But  siu  I =fi  sin  i\  and  sin  i'=/iAsm  /,  therefore  by  addition  we  have 

sin  \{i  +  i')  cos  J(t  -  i') = /t*  sin  4(^+  ^)  cos  i(**  ~  ^)» 

and  consequently 

sin  i(i  +  %')  _   cos  J(r  -  /) 
sinl(r+7') "" '^cosiCi-O  '  ®^' 

The  least  value  of  cos  4(r-r')/cos4(i~i')  is  unit}'',  and  when  this  happens  i  =  »' 
and  r=r',  or  the  deviation  is  a  minimum.  For  if  i>i'  we  have  i-r>/'-r',  or 
i-i'>r-r^.     Hence  cos  \{i  -  i^)  is  less  than  cos  i(r  -  /).  ] 

18.  Prove  that  if  the  refractive  index  of  a  prism  be  changed  by  an  amount  dfi, 
the  deviation  6  i^ill  be  changed  by  an  amount  dS,  where 

cos  r  cos  I 

[We  have  r  +  /  =  A,  sin  i  = /ia  sin  r,  sin  i'  =  fM8inr'  where  A  and  i  are  constants 
5  =  I  + 1'  -  A,  and  consequently  rf5  =  di\ 

For  the  minimum  deviation  r=r'  =  4A,  and  the  above  becomes  ^ 

^^^        2siniA_ 
Vl-M^'sinHA^' 

consequently  the  angle  of  dispersion  of  any  two  colours  increases  with  the  angle  of 
the  prism.  ] 

14.  If  a  ray  of  light  pass  through  a  system  of  prisms  of  vertical  angles  A],  Ao, 
etc.,  and  if  a^^  a^^  etc.,  denote  the  angles  between  the  faces  of  the  consecutive 
prisms,  prove  that  the  deviation  is  given  by  the  equation 

5  =  ii  +  i'„  +  2a-2A 

where  ij  is  the  angle  of  incidence  on  the  fii*st  prism,  and  i'n  the  angle  of  emergence 
from  the  last. 

[We  have  d=Z(i+  i'  -  A),  and  also  the  relations  i\  + 12  =  "i2»  ^'a  +  *3= <*«»  etc.,  con- 
sequently 2(i  +  i')-ii-i'n  =  2a,  therefore,  etc.] 

15.  Determine  when  the  deviation  produced  by  a  given  system  of  prisms  will  be 
a  minimum. 

[By  Example  14  the  deviation  will  be  a  minimum  when 

rfii  +  rfi'„=0. 

Now  for  each  prism  rfr+rfr'sO,  cos  uii=/iAcos  rdr^  cos  i*di'=fJLCOBf^dr^,  and  therefoiv 

cost*    .    cost'    ,.    ^ 
cosr        cos/  ' 

cos  IT  COS  I 

or,  writing  — ?=/,  we  have  the  series  of  relations  dii  +/irft'i  =  0,  di^+fyiC^^^ 

COS  'L  COS  / 

etc.,  which  with  the  relations  rfi'i  +  rft2=^*i2=0,  etc.,  become 

dii=/idi^j     dLi=f^i^  etc. 

Hence  by  multiplication  and  the  relation  rf/j-f  rft"„=0  we  have 

I  ~/iy2/»  •  •  •  /»!• 
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Bj  Example  11  it  appears  that  the  primary  focal  distance  is  given  by  the  e<iiiation 
Pi  =/iV,  hence  for  the  system  of  prisms  we  will  have 

/>i  =  (/i/i/a  •  •  •  /«)V 
which  in  the  case  of  minimum  deviation  becomes 

Pl  =  Py 

^T  the  system  in  this  case  is  still  aplanatic] 

16.  When  rays  issuing  from  a  luminous  origin  are  reflected  at  a  given  surface  the 
two  sheets  of  the  caustic  surface  have  a  finite  number  of  points  in  common.  Tlie 
intensity  of  the  reflected  light  is  greatest  at  these  |)oints,  and  each  of  them  is  the  con- 
jugate focus  of  an  ellipsoid  of  revolution  described  with  the  source  of  light  as  one 
focus  and  having  contact  of  the  second  order  with  the  mirror  (Hamilton,  loc.  cit.). 

1 7.  Along  a  given  ray  the  intensity  varies  inversely  as  the  pi*oduct  of  the  dis« 
tuices  from  the  two  foci  of  the  pencil  [ibid.). 


NEWTON'S  EXPERIMENTS 

"  Lights  which  differ  in  colour,  differ  also  in  degrees  of  refrangi- 
bility  "  (Newton,  Opticksy  book  i.  prop.  i.  theorem  1). 

Exper,  1. — I  took  a  black  oblong  stiff  paper  terminated  by  parallel 
sides,  and  with  a  perpendicular  right  line  drawn  across  from  one  side 
to  the  other,  distinguished  it  into  two  equal  parts.  One  of  these 
parts  I  painted  with  a  red  colour  and  the  other  with  a  blue.  The 
paper  was  very  black  and  the  colours  intense  and  thickly  laid  on,  that 
the  phenomenon  might  be  more  conspicuous.  This  paper  I  viewed 
through  a  prism  of  solid  glass,  whose  two  sides  through  which  the 
light  passed  to  the  eye  were  plane  and  well  polished,  and  contained 
an  angle  of  about  sixty  degrees,  which  angle  I  call  the  refracting  angle 
of  the  prism.  And  whilst  I  viewed  it,  I  held  it  and  the  prism  before 
a  window  in  such  manner  that  the  sides  of  the  paper  were  parallel  to 
the  prism,  and  both  those  sides  and  the  prism  were  parallel  to  the 
horizon,  and  the  cross  line  was  also  jmrallel  to  it ;  and  the  light  which 
fell  from  the  window  upon  the  paper  made  an  angle  with  the  jiaper, 
equal  to  that  angle  which  was  made  with  the  »ime  paper  by  the  light 
reflected  from  it  to  the  eye.  Beyond  the  prism  was  the  wall  of  the 
chamber  under  the  prism  covered  over  with  black  cloth,  and  the  cloth 
was  involved  in  darkness  that  no  light  might  l>e  reflected  from  thence, 
which  in  passing  by  the  edges  of  the  paper  might  mingle  itself  with 
the  light  of  the  paper  and  obscure  the  phenomenon  thererif.  These 
things  being  thus  ordered,  I  found  that  if  the  refracting  angle  of  the 
prism  be  tamed  upwards,  so  that  the  paper  may  seem  to  Vie  lifted 
upwards  by  the  refraction,  its  blue  half  will  \ye  lifted  higher  by  the 


I 
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refraction  than  ila  roil  half.  But  if  the  refracting  angle  tic  I 
downwards,  so  that  the  paper  may  seem  to  be  carried  lower  by  t)n  ' 
refraction,  its  blue  half  will  be  carried  something  tower  thereby  than 
its  red  half.  Wherefore  in  both  cases  the  light  which  uomes  from  tia 
blue  half  of  the  paper  through  the  prism  to  the  eye  does  in  like  cir- 
cumstances suffer  a  greater  rofi-action  than  the  light  which  coiue»  from 
the  red  half,  and  by  consequence  is  more  refrangible. 

ExyfT.  2.— Alwut  the  aforesaid  paper,  whose  two  halves  were  painted 
over  with  red  and  blue  ...  1  lapped  several  times  a  slender  threai) 
of  very  black  silk  in  such  a  manner  thai  the  several  parts  of  the 
'  black  lines  drawn 
over  them,  or  like 
long  and  slender 
AaxV  shadows  cut 
upon  them.  1  nu^t 
htive   <lrawn   black 


thread  might  appear  upon  the  colours  like  so 


lines    with 


prn. 


but  the  threads 
were  smaller  and 
better  dofiued,  ...  I  placed  a  candle  lo  illnrainate  the  paper 
strongly,  for  the  experiment  was  tried  in  the  night.  .  .  Theu  at  a 
distance  of  six  feet  and  one  or  two  inches  from  the  pajwr  upon  the 
floor  I  erected  a  glass  lens  four  inches  and  a  quarter  broad,  which 
might  collect  the  rays  coming  from  the  several  points  of  tbe  paper, 
and  make  them  convei^e  towards  so  many  other  points  ut  the  satne 
distance  of  six  feut  and  one  or  two  inches  on  the  other  side  of  tha 
lens,  and  so  form  the  image  of  the  coloured  jMjier  upon  a  whiu 
pajwr  placed  there.  .  .  .  The  aforesaid  white  pajwr  ...  I  movvd 
sometimes  towards  the  lens  and  sometimes  from  it,  to  Knd  the  placet 
where  the  images  of  the  blue  and  red  parta  of  the  coloured  paper 
apjieared  most  distinct.  Those  places  I  easily  knew  by  the  im 
of  the  black  lines  which  1  had  made  by  wi'riditig  the  silk  abc 
paper.  For  the  images  of  those  tine  and  slender  lines  (wbidl 
reason  of  their  blackness  were  like  shadows  un  the  coloan)  1 
confused  and  scarce  visible,  unless  when  the  colours  on  either  « 
each  line  were  terrainatod  most  distinctly.  Noting, 
diligently  as  I  could,  the  places  where  the  red  and  blue  ilu&ges  Q 
coloured  paper  appeared  most  distinct,  1  found  that  where  tiM 
half  of  the  paper  appeared  distinct,  the  blue  half  appeared  i 
so  that  the  black  lines  drawn  upon  it  could  scarce  lie  s 
tbe  contrary,  where  the  blue  half  appeared  most  distinct  th«  i 
appeftred  confused,  so  that  the  black  lines  drawn  uiwn  it  n 
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visible.  .  .  .  The  disUiiite  of  the  white  paper  from  the  lens  when  the 
image  of  the  red  half  of  the  coloured  paper  apjieareii  most  distinct  being 
greater  by  an  inch  and  a  half  than  the  <listiince  of  the  Bame  white 
[aper  from  the  letia  when  the  image  of  the  blue  half  appeared  most 
distinct,  la  like  incidences,  therefore,  of  the  blue  and  red  upon  the 
lens,  the  blue  was  refracted  more  by  the  lens  than  the  red,  so  as  to 
converge  sooner  by  an  inch  and  a  half,  and  therefore  is  more 
'(•frangible. 

■'  The   light  of  the  sun  consists  of  rays  ditferently  refrangible " 
fXewton,  Optiftf,  book  I.  prop.  ii.  theorem  2). 

In  a  very  dark  chamber,  at  «  round  hole  about  one-third  jjart  of 
.m  inch  broad,  made  in  the  shut  of  a  window,  i  placed  a  glass 
(nism,  whereby  the  beam  of  the  sun'a  light,  which  came  in  at  that 
hole,  might  Ije  rofriu- 
upwards  towards  ihe 
posite  wall  of  the  chiLuil 
and  there  form  a  coloiu'cd  | 
image  of  the  sun.  The 
axis  of  the  prism  (that  is, 
the  lino  jutssing  through  I 
the  middle  of  the  prism  I 
fiom  one  end  of  it  to  the 
other  end  parallel  to  the  I 
edge  of  the  refracting  angle) 
was  in  this  and  the  following  experiments  perpendicidar  to  iho 
incident  rays.  About  this  axis  I  turned  the  prism  slowly,  and  saw  the 
refracted  light  on  the  wall,  or  coloured  image  of  the  sun,  first  to 
descend  and  then  to  ascend.  Between  the  descent  and  ascent  Minim 
when  the  image  seemed  stationary,  I  stopped  the  prism  and  fixed  °^'"^^' 
it  in  that  posture  that  it  should  bo  moved  no  more.  For  in  that 
posture  the  refractions  of  the  light  at  the  two  sides  of  the  refract- 
ing angle — that  is,  at  the  entrance  of  the  rays  into  the  ])t^sm  and 
at  their  going  out  of  it — were  eijual  to  one  another.  .  .  .  The  priam 
therefore  being  placed  in  this  posture,  I  let  the  refracted  light  fall 
perpendicularly  upon  a  sheet  of  white  paper  at  the  opposite  wall  of 
the  chamber,  and  observed  the  figure  and  dimensions  of  the  solar 
image  formed  on  the  paper  by  that  light.  This  image  was  oblong, 
and  not  oval,  but  terminated  with  two  rectilinear  and  parallel  sides, 
and  two  semicircular  ends.  On  its  sides  it  was  bounded  pretty 
distinctly,  but  on  its  ends  very  confusedly  and  indistinctly,  the 
light  thus  decaying  and  vanishing  by  degrees.  The  bi-eadth  of  this 
image    answered  to   the    sun's    diameter,  and  was    about    2J  inches 


I 
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.  .  .  but  the  length  of  the  image  was  »boiit  lOj  inchci^,  ai 
length  nf  the  rectilinear  sides  about  8  inche-e,  and  the  refracting  ui^ 
(jf  the  prism,  whereby  so  great  a  length  was  made,  was  64  ii^i«» 
\Vith  a  less  angle  the  length  of  the  imnge  was  less,  the  breadth 
remaining  the  same.  If  the  prism  wa«  turned  about  its  axis  that  w»j 
which  made  the  rays  emerge  more  obliquely  out  of  the  eecwl 
refracting  surface  of  the  prism,  the  image  soon  became  an  inch  or  tou 
longer,  or  more  ;  and  if  the  prism  was  tiinied  about  the  contrary  wur- 
so  as  to  make  the  rays  fall  more  obliquely  on  the  first  refracting 
surface,  the  image  soon  became  an  inch  or  two  shorter.  And.  the^^ 
fore,  in  trying  the  experiment  I  was  as  curious  us  I  could  be  in 
placing  the  prism  l)y  the  above-mentioned  ruie  exactly  in  such  a 
posture  that  the  refractions  of  the  rays  at  their  emergence  out  of  the 
prism  might  l>e  equal  to  that  at  their  incidence  on  it. 

Now  the  different  magnitude  of  the  hole  in  the  window-ahnt  and 
the  different  thickness  of  the  prism  where  the  rays  |tassod  tbroi^t  it. 
and  the  different  inclinations  of  the  prism  to  the  horiitDR,  ,i 
sensible  changes  in  the  length  of  the  image.  Neither  did  the 
matter  of  the  prisms  make  any  ;  for  in  a  vessel  made  of  ^C^BiAaI 
plates  of  glass,  cemented  together  in  the  shape  of  a  prism  -  a^pbpJDled 
with  wat«r,  there  is  a  like  success  of  the  experiment  accordh^'^  Ihc 
quantity  of  the  refraction. 

TIm'k  image  of  the  spectrum  was  culoui'eil,  licing  red  at  its  \rasi 
refracted  end  ami  violet  at  its  most  refracted    end,    and    yello' 

blue    in   the  ini«- 
I  medifttt!  siiaces- 

I  then  jilatfii* 

I  seconil     prism    nn 

iliat*lv  after  lii' 


hisl  m  a  iro*s  pta 

tiun    to    it.  ihar  it 

might  again  reftwt 

the   lieam    of   tlw 

^'"^-  '"■  sun's     light    whid 

;  to  it  through   the  first  priani.     In  the  firat  prism    the  Smb 

was  refracted  upwards,  and  in  the  second  sideways.     And   1  fouiJ 

that   by  the   refraction   of   the   second   prism,  the   breadth   of  tic 

image  was  not  increased,  but  its  superior  part,  which  in  the  first  prum 

suffered  the  greater  refraction,  and  appeared  violet  and  blue,  ilid  a^ 

in  the  second  prism  suffer  a  greater  refraction  than  its  fuferica- 

which  appeared  red  and  yellow,  and  this  without  any  dilatation 

image  in  breadth. 
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'Rrptr.  6. — In  the  middle  o(  two  thin  bcmrds  1  uiiule  roiiiiil  holes 
third  of  an  inch  in  diameter,  and  in  the  window-shul  a,  much 
iroader  bole  Iieing  mude  to  let  into  my  darkened  chamber  a  large 
learo  of  the  sun's  light,  I  placed  a  prism  behind  the  shut  in  that 
>eam  to  refract  it  towards  the  opposite  wall,  and  close  Iwhind  the 
iristn  I  fixed  one  of  the  boards  in  such  a  manner  that  the  middle  of 
the  refracted  light  might  pasa  thi-ough  the  hole  made  in  it  and  the 
rest  be  intercepted  by  the  Ijoai-d.  Then  at  a  distance  of  about  twelve  feet 
from  the  first  Iward  I  fixed  the  other  board  in  such  manner  that  the 
uiiddle  of  the  refracted  light  which  came  through  the  hole  in  the  first 
board  and  fell  upon  the  opposite  wall  might  pass  through  the  hole  in 
this  other  board,  and  the  rest  being  intercepted  by  the  board  might 
paint  upon  it  the  coloured  epectnim  of  the  sun.  And  close  behind 
this  boanl  I  fixed  another  prism  to  refmct  the  light  which  came  through 


the  hole.  Then  I  returned  sjieedily  to  the  first  prism,  and  by  turning 
it  slowly  to  and  fro  about  its  axis,  I  caused  the  image  which  fell  upon 
Jie  second  board  to  move  up  and  down  upon  that  board  that  all  its 
larts  might  successively  pass  through  the  hole  in  that  board  and  fall 
jpon  the  prism  behind  it.  And  in  the  meantime  I  noted  the  places 
m  the  opposite  wall  to  which  that  light  after  its  refraction  iti  the 
(econd  prism  did  pass ;  and  by  the  difference  of  the  places  I  found 
;hat  the  light  which  being  most  refractetl  in  the  first  prism  did  go  to 
;he  blue  end  of  the  image,  was  again  more  refracted  in  the  second 
[>nBm  than  the  light  which  went  to  the  red  end  of  that  image,  which 
proves  as  well  the  first  proi>osition  as  the  second.  And  this  happened 
when  the  axes  of  the  two  prisma  were  parallel  or  inclined  to  one 
mother,  and  to  the  horizon  in  any  given  angles. 

■•  Homogeneal  light  ia  refracted  i-egularly  without  any  dilatation 
^fjUtiing  or  shattering  of  the  rays,  ami  the  confused  vision  of  objects 
lecn  through  refracting  bodies  by  heterogeneal  light  arises  from  the 
lifTerent  rcfraogibility  of  several  sorU  of  rays "  {Oplkh,  book  i,  prop. 
■,  theorem  4). 
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Expei',  1 2. — In  the  middle  of  a  black  paper  I  made  a  round  hole 
about  a  fifth  or  sixth  part  of  an  inch  in  diameter.  Upon  this  paper  I 
caused  the  spectrum  of  homogeneal  light  described  in  the  former 
proposition  so  to  fall  that  some  part  of  the  light  might  pass  through 
the  hole  of  the  paper.  This  transmitted  part  of  the  light  I  refracted 
with  a  prism  placed  behind  the  paper,  and  letting  this  refracted  light 
fall  peri>endicularly  upon  a  white  paper  two  or  three  feet  distant 
from  the  prism,  I  foimd  that  the  spectrum  formed  on  the  paper  by  this 
light  was  not  oblong,  as  when  it  is  made  (in  the  third  experiment)  hj 
refracting  the  sun's  compound  light,  but  was  (so  far  as  I  could  judge 
by  my  eye)  perfectly  circular,  the  length  being  no  greater  than  the 
breadth,  which  shows  that  this  light  is  refracted  regularly  without  any 
dilatation  of  the  rays. 


CHAPTER  VI 


ON  THE  DETERMINATION   OF   REFRACTIVE   INDICES 

78.  Minimum  Deviation. — Newton,  when  investigating  the  solar 
pectrum,  always  placed  the  refracting  prism  so  that  the  incident  and 
mergent  rays  were  equally  inclined  to  the  faces  of  the  prism.  In 
ther  words,  the  pencil  of  light  passed  symmetrically  through  the 
rism  so  that  i  =  i'  and  r  =  r'. 

In  this  case  we  may  easily  show  that  the  deviation  is  a  minimum. 
Vlth  any  centre  O  (Fig.  72) 
escribe  two  circles  CD  and 
lB  with  radii  proportional  to 
be  velocities  of  light  in  the 
wo  media  (air  and  glass) — 
bat  is,  the  ratio  of  the  radii 
I  equal  to  the  refractive  index 
f    the    prism.       Draw    OA  ^*«- '2* 

parallel  to  the  incident  ray,  and  at  A  draw  CAN  parallel  to  the 
Lormal  to  the  first  face  of  the  prism.     Then  OAN  =  /,  and  since 

sin  i_    _  OC    sin  OAN  _     ami 
sill  r"'*"?)!" sin  OCA  "sin  OCA* 

I  follows  that  OCA  =  r.  Consequently  OC  is  the  direction  of  the  ray 
Hthin  the  prism.  If,  therefore,  CN'  be  drawn  parallel  to  the  normal 
o  the  second  face  the  angle  OCB  =  r\  and  since  OC/OB  =  /x  it  follows 
«  before  that  OBN'  =  i',  and  therefore  OB  is  parallel  to  the  emergent 
ay.  Hence  the  angle  AOB  is  equal  to  the  whole  deviation,  while 
V.OC  and  BOC  are  the  deviations  at  the  first  and  second  faces  respect- 
vely,  and  ACB  =  A  the  angle  of  the  prism.  The  angle  ACB  is 
herefore  constant,  and  the  problem  is  now  reduced  to  finding  when 
he  arc  AB  is  a  minimum,  for  AB  measures  the  angle  AOB  which  is 
he  total  deviation. 

We  shall  now  show  that  the  arc  AB,  intercepted  on  the  inner  circle 
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by  the  lines  CA  and  C6  inclined  at  a  constant  angle  A,  is  least  when 

CA  =  CB,  that  is,  when  the  lines  are  equally  inclined  to  CO.     For  let 

CA  and  CB  be  this  position,  and  let  CA'  and  CB'  be  a  consecutive 

l)osition,  that  is,  such  that  the  angle  ACA'  =  BCB'  =  B  where  B  is  very 

small.     Then 

AA' _  sin ^  BB' _  smf 

AC  "sin  A''    *"^BC"sinB'' 


Hence  if  AC  =  BC  we  have 


AA'siuB' 
BB'"8inA'' 


But  obviously  sin  B'  >  sin  B  and  sin  A'  <  sin  A,  B'  being  an  exterior 
and  A'  an  interior  angle,  and  B  =  A,  therefore  sin  B'  >  nn  A'  or 
AA'>BB'.  Consequently  A'B'>  AB  or  the  arc  AB  is  leas  than  its 
consecutive  value  on  either  side,  and  is  therefore  a  minimiun^  (see 
also  Ex.  12,  p.  115). 

In  practice  the  position  of  minimum  deviation  is  easily  determined. 
Newton,  who  worked  with  a  small  pencil  of  solar  light  froni  n  aper- 
ture in  the  shutter,  placed  the  prism  edge  downwards.  CoimquentlY 
the  refracted  pencil  was  l)ent  upwards,  and  the  spot  on  the  eonsii  wa^ 
displaced  towards  the  ceiling  as  well  as  converted  into  a  edoured 
spectrum.  He  found  that  by  gently  turning  the  prism  roandfifeB  edge 
the  spectrum  moved  down  the  screen,  and  by  rotating  it  in  tlie  opposite 
direction  the  spectrum  moved  up  so  as  to  increase  the  deviataon.  By 
rotating  it  slowly  in  the  former  direction  so  that  the  spectnim  moved 
down,  or  the  deviation  diminished,  he  found  that  as  he  turned  tbe 
prism  the  spectrum  moved  down  the  screen  to  a  certain  position,  where 
it  came  to  a  standstill,  and  then  commenced  to  move  upwards  again, 
no  matter  which  way  he  rotated  the  prism.     This  position  is  that  o^ 

'  Or  thus  :  since  5  =  i-  +  i'  -  A, 

we  have  for  5  a  max.  or  min.         0  =  di  +  di'f 
also,  since  r  j  >•'  =  A,  0  -  dr  +  rfr'. 

Again,  sin  i  =  fA  sin  r  and  sin  i'=fi  sin  /, 

therefore  cos  ifli-fi  cos  nlr  and  cos  i'di^=/i  coe  r'dr'. 

Hence  by  division  we  have 

cos  i  _co8  /•  .     cos'*  i  __co^  r 

cos  i'    cos  /•'        '  *  cos*  i'    <»«*  r* 

or 

1  -  fi^  sin*  '•  _  1  -  sill'  /•  _8in*  r 
1  -  /w.*  sin"'*  r'  ~  1  -  sin*  /""sin*  r' 

the  third  expression  being  o!)tained  from  the  first  and  second  by  taking  the  ntio«f 
the  difference  of  their  numerators  to  the  difference  of  their  denomiiuitors.  Heaff 
r=/,  and  consequently  i=i'.  It  is  easily  seen  that  this  corresponds  to  a  minima* 
rather  than  a  maximum  value  of  8. 


THE  SPECTROMETER 


ISS 


■   minimum  deviation,  and  ia,  as  Newton  observed,  that  in  which  iho 
juissea  symmetrically  through  the  prism. 
The  same  principle  is  used  at  present,  although  the  method  of 

■  (■(lure  is  ditferejn,   the  speciniin   being  now  viewed   through  ii 

■  -'.■■>pe  instead  of  being  projected  on  a  screen. 

An  instrument  fitted  to  observe  a  sjwcl.nim  ia  called  a.  spectroscope, 
'  .-[wctromet^r  if,  in  addition,  it  1>e  graduated  to  measure  the  devia- 
lon  of  the  refracted  rays. 

70.  The  Spectrometer. — Fig.  73  represents  the  outline  of  a  spectro- 
neter.  The  source  of  light  is  placed  before  a  narrow  slit  S  in  the 
md  of  a  telescope  tube,  or  if  i^TOiitL'r  illumination  l)e  desired  the  light 


n  or  electric  arc  is  concentrated  at  S  by  means  of  a  condensing 
At  the  other  end  of  the  tul)e  an  achromatic  tens  L  is  placed  and 
jciised  on  S,  so  that  the  light  emerges  from  L  in  a  parallel  beam, 
'his  part  of  the  apparatus  ia  called  the  collimnlor,  and  its  function  is 
0  procure  a  parallel  beam  of  light.  The  light  emerging  from  the 
ollimator  falls  upon  the  face  AB  of  the  prism  ABC.  The  prism  is 
laced  with  its  refracting  edge  (A)  vertical  on  a  horizontal  tsible,  at 
he  centre  of  the  instrument,  which  can  1«  levelled  by  means  of  three 
djusting  screws.  In  passing  through  the  prism  the  light  suffers 
ispersion,  and  there  emerges  a  parallel  beam  of  red  light  an<l  also  a 
larallel  beam  of  violet,  with  beams  of  the  other  colours  situated 
letween  thcra.  The  pencil  of  red  light  is  brought  to  a  focus  K  and 
0  violet  light  to  a  focus  V  by  the  object  glass  M  of  the  observing 
The  other  coltmra  are  focused  ai  points  lying  between  V 
I,  so  that  a  real  s])ectnim  is  depicted  in  the  focal  plane  of  the 


le 
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telescope.      This  spectrum  is  then  viewed  through  a  suitable  eye- 
piece N. 

Since  the  property  of  a  lens  is  to  concentrate  a  system  of  parallel 
rays  to  a  single  focus,  we  see  that  the  use  of  the  collimator  is  of  great 
importance  in  producing  a  pure  spectrum.  For  since  the  red  light 
emerges  from  the  prism  in  a  parallel  beam,  it  will  form  a  red  image  of 
the  slit  at  R,  similarly  there  will  be  a  violet  line  at  V,  and  the  other 
coloured  images  will  be  spread  out  between  R  and  V  without  over- 
lapping if  the  slit  be  sufficiently  narrow.  The  dispersion,  as  tJie 
separation  of  the  colours  is  called,  depends  on  the  nature  of  the  piism 
as  well  as  its  angle  (see  Ex.  13,  p.  116),  and  can  be  greatly  increased 
by  allowing  the  light  to  pass  through  several  prisms  in  succession  so 
that  a  very  long  spectrum  may  be  obtained. 

The  collimator  and  telescope  are  attached  to  the  graduated  circle, 
their  axes  are  parallel  to  its  plane,  and  their  directions  meet  above  iu 
centre.  The  telescope  is  generally  fitted  with  cross  wires  and  a 
Ramsden's  eyepiece,  and  turns  in  a  plane  parallel  to  the  graduated 
circle  about  its  centre  while  the  collimator  is  fixed.  The  position  of 
the  telescope  with  reference  to  the  circle  is  determined  by  a  vernier. 
The  table  which  supports  the  prism  turns  roimd  a  vertical  axis  and 
carries  an  arm  furnished  with  a  vernier,  which  slides  on  the  graduated 
circle  and  determines  its  position. 

80.  Measurement  of  Minimum  Deviation  and  Angle  of  Prism.— 
Since  the  deviation  depends  on  the  wave  frequency  (or  colour)  of  the 
light,  the  prism  can  be  placed  in  the  position  of  minimum  deviation 
only  for  some  selected  colour  at  once.  To  measure  the  minimum 
deviation  for  any  ray  the  telescope  is  turned  to  view  the  slit  of  the 
collimator  directly,  and  its  reading  is  then  taken  on  the  graduated 
circle.  The  prism  of  the  substance  of  which  we  wish  to  determine  the 
refractive  index  is  now  fixed  on  the  table  of  the  spectroscope,  and  the 
telescope  is  turned  to  view  the  spectrum  produced  by  the  prism.  The 
prism  is  then  rotated  (by  turning  the  table  which  supports  it)  through 
a  small  angle,  and  this  will  generally  either  increase  or  diminish  the 
deviation.  Turning  it  in  one  direction  will  increase,  and  in  the  opposite 
will  diminish,  the  deviation.  This  latter  direction  being  determined, 
the  prism  is  slowly  turned,  and  the  spectrum  is  followed  by  the  tele- 
scope till  the  spectrum  comes  to  a  standstill,  and  any  further  turning 
of  the  prism  in  either  direction  will  increase  the  deviation.  The 
reading  of  the  telescope  is  now  taken,  and  the  difference  between  thv 
and  the  former  reading  is  the  minimum  deviation  of  the  ray  undtf 
consideration. 

To  determine  A,  the  angle  of  the  prism,  turn  the  table  of  the 


I 


pe  ao   that  tlw  edge  ut  the  pn^  <Fig- 
kmod  tfaeli^  bnan  it  ids  ^ob  ^ 

^  «nten  k,  aad  an  H^gB  of  tke  At 
^  view  Goinadii^  witb  de  CI 


,  torn  the  uieampe  nto  tt^ 
W,  ao  that  an  iattee  of  the  (lit  <• 
B  the  &tt  AC  n 
the  t**'*^  of  tlir 
n  theae  tvo  pMhiona,  that  ii. 
throng  which  it  hH  heec 
twice  the  ai^e  of  the  fnan, 
is  <mlj  an  JDiMlfiliua  trf  the 
.  that  if  a  piaae  iiMuLUm  it  tn-ned  thraush  any  a>^  tha 
i  mjr  ia  tunxd  throng  twin  that  a*^  (chap.  it.  Ex.  1).  Or 
^  an^  betweoi  the  rtdected  aj  AM  and  the  iaadcBt  nj 
b  is  eqw]  to  twice  the  aa^  liLlama  AB  and  the  iaddeu 
laJao  the  aa^  between  AVaad  the  inddnat  ay^ndaaai  is 
ie  ao^  betweeo  the  bee  AC  sad  the  iaddeaC  S^t,  Then- 
I  Ml^  between  AH  and  Alt',  or  tike  aa^  thna^  wUch 
IhMDpa  haa  be«n  tanMd,  it  equal  to  iwjcc  the  aa^  of  the 

(pmmsbonid  be  [^aced  on  the  taUe,  w  that  the  li^  tnaa 
ttnd  portioii  at  the  mtliiailin,  leas  blk  apon  ita  edgt,  aai 
tl  paaa  hy  it.  At  the  ame  tiae  it  ii  to  be  (o  aiQaMed  that  i 
tbie  to  see  tbe  slit  br  reflectioa  inn  both  iaoet, .  * 
'  These  eonditioaa  are  ynerally  ■eeored  fcf  ^_ 
^ilh  its  edge  a  littia  in  Craat  of  the  reotre  of  the  i 


h  method  of  deterannit^  A  coppoaee  ibe  faces  of  the  p 
iri^t  up  to  ha  ei^e,  and  that  near  the  edge  the  fi 
If  any  doobt  exista  as  to  the  faces  \ 
we  mar  enplqj  anwhcf  loetbod 
I  i^ioii   keeping  the  tdcatope    fixed  and   rotating  1 
iltknd  irnxj  be  need  when  the  table  is  fnnushed  «itb  i 
[dctonnne  iU  position. 

JBp  the  telescope  H  to  any  poMtion,  ao  that  iu  axu  is  ii 
)Kis  of  the  eoHiiaator,  and  tan  the  table  till  the  image  o 
iBen  in  the  telescope  by  n6ectioa  from  the  fue  AB  of 
Bie  Teraicr  and  tbca  tnni  the  table  ondl  tbe  slit  i 
in  fimn  the  other  face  AC.     Read  tbe  Ubie  reniier  i 
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Thu    itifl'erence    between     the     two    readings    ia    easily    seen    to  be 
:r-A, 

Having  measured  both  A  and  &,  we  determine  /i  hy  the  fonnulii  tl 
the  following  article.  A  Bunsen  burner  with  a  bead  of  sail  iu  it  giic* 
a  yellow  aodinm  light  which  is  very  homogeneous.  By  using  it  ve 
determine  the  refractive  index  for  yellow  light  and  avoid  complica- 
tions. To  ensure  accuracy  the  det«r  mi  nations  of  A  and  R  should 
all  cases  be  repcateil  several  times. 

81.  Formula  for  the  Refractive  Index. — The  prism  being  [Jacoj 
in  the  jii.isilioii  of  minimum  deviation  for  any  particulai-  ray  of  ligb 


,  =  i(A+«), 


therefore  «m  i[A-i-J)=^Bin  4A 

siniA     ■ 

a  formulii  which  determines  fi  when  A  and  S  have  been  am 

Car. — If  the  prism  Ite  very  thin,  so  that  A  and  3  are  very  a 
the  sines  of  the  angles  may  bo  replaced  by  their  circular  i 

and  the  above  foimula  becomes 

*=(^-l)A. 

82.  Liquids, — The  retractive  index  of  a  licjuid  may  be  determinOP 
by  enclosing  it  in  a  hollow  prism  the  faces  of  which  are  plates  d(  I 
jjarallel  glass.     If  the  glass  sides  of  the  hollow  prism  be  unifonu  ( 
plates  they  will  not  cause  any  dispersion  or  deviation  of  the  I 

-Tlie  metlioJ  emliloyed  b;  DuscarMH  to  d«ten 
rrfractivc  index  or  n  substance  U  tgM 
Mf    luterost.     Trsiianjitticg   %  i 
[lencil  of  light  tlimiigli  s: 
Tfi)  ill  a  vcitical  actceii  Alt,  it  |l 
ticnl  face  of  a   [irism  plaoMl  4 


II  tile  V 


»!» 


Hie  a 


T1.P  nugle  *  *liich  tin- 
«iIiiitioii  O'A'  =  A'F  tai 


H'itli  the  Lonn>i]  is  Attv 


?3  METHOD  OF  NEWTON  l.iO 

■  wiioly  jjriH'eiliire  is  eonaequently  the  same  iia  in  the  case  of 
'i]-|mrent  solids.' 

83.  Method  of  Total  Refleetlon. — By  measuring  the  ciitical  angle 
I  of  a  siibstauce  wi!  at  once  iletermine  its  relative  index  of  refraction 
■  ihe  formula 


?  ;iflvantage  of  this  methoil  is  that  it  ilues  not 
Illation  of  A  prUm,  arid  may  therefoi'i-  bu  ajiplied  to 
i<:h  it  is   not  ci 


MjUire  the  con- 
solid  substance 


■niciit  to  cut.     Wol- 

ii-ton*    applied     th<^ 

iij'.-ihod     to     liquids. 

-mil  in  this  application 

ii  has  Ijetn  perfected 

liy  MM.  Terquem  and  ""'"' 

Tmimn.^  Two  plates  of  [WRillel  glass  (Fig.  77)  cemented  together 
Ut  their  edges  by  a  little  gum  or  Canada  lialsam,  so  as  to  enclose  a 
*lun  layer  of  air,  are  immersed  in  a  vessel  containing  the  lic|uid  under  i-iin 
vonsiileriktioii.  The  vessel,  which  is  a  square  I)OX  ^^-ith  pitrallel  glass 
vides,  is  first  fixed  on  the  table  of  the  spectrometer  and  the  telescope 
&i  adjusted  to  view  the  collimator  slit,  the  light  passing  normally 
vlirough  the  sides  of  the  box.  The  prepared  glass  plates  arc  now 
])laced  in  the  linuid  with  their  plane  faces  vertical  (the  table  of  the 
spectroscope  lieing  horizontal),  and  so  inclined  to  the  light  from  the 
coltiniatoi'  that  total  reflection  just  occurs.  When  this  happens  the 
Acid  of  the  telescope  becomes  quite  dark.  It  is  clear  that  in  this 
case  the  angle  of  incidence  on  the  glass  plates  is  the  angle  of  total 


irr«*«,-l  Mdho,l.~ 


'   WolUitoll.  riiil.   Tra 
'  Tert|uein  and  Traniiii 


til  iugeliioU9  nietiiod  oriiiMBuriug  the  rerrautive  iiid^x  ofn 
liifoid  v>'B«  cmployeil  )iy  Newton.  The  liquid  was  pUcn] 
ill  a  rectnugulir  vessel  with  a  Hat  (jIrss  bottom  II  (Fig, 
73).  This  vessel  is  attacIicJ  to  «  frame  KM,  which  iiiovca 
freely  roand  a  lioiiionlAl  a^is  0,  toniod  by  n  vertical 
nupport  OP.  A  pancil  of  solnr  light  falls  u^ioii  the  sut- 
facB  of  the  liquid,  aud  Ihe  carrier  AB  is  turned  round  O 
lill  the  pencil  emerging  from  the  lisse  of  the  vessel  is 
pitrallel  to  AB.  In  this  ;ioiiit)OD  the  refracted  beam  is 
perpendicuUr  to  tliu  base  M  of  the  vessel.  The  ajigle  i)l 
ii'fraclion  ia  consequently  equal  to  the  inclination  of  AB 
lu  the  vertical.  This  is  detenuined  by  a  graduated  eiroh' 
ntlaohed  lo  01*.  The  angle  of  iocidecce  i»  the  inclination 
ijf  the  incl'Ient  ray  to  the  vertical,  and  thin  may  be 
determined  by  Kjieating  tho  experiment  when  there  is  no 
liiliiid  in  the  vewel. 


I 


JoumiU  de  Phytiq"'',  (Irst  6i 


■-  p.  l!3a.  18/5. 
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reflection  of  the  liquid  and  air.  By  turning  the  plates  round  the 
vertical  in  the  opposite  direction,  the  light  reappears  in  the  telescope^ 
and  then,  on  continued  rotation  of  the  plates,  again  vanishes.  The 
angle  through  which  the  plates  have  been  turned  is  twice  the  critical 
angle  a,  and 

sin  a  =  llfi. 

Solids.  In  a  similar  manner  the  index  of  a  thin  plate  of  a  solid  may  be  j 
determined  by  immersing  it  in  a  liquid  of  known  index  /a^  greater  | 
than  that  of  the  solid.     Here  we  have  i 

8ino=At/AK,. 

i 

This  method  has  been  adopted  by  Kohlrausch  for  measuring  tin  { 
indices  of  crystals.^ 

It  is  important  that  the  light  should  fall  upon  the  plates  containiif 
the  air  film  in  a  parallel  beam,  for  the  whole  pencil  will  then  suffer 
total  reflection  at  the  same  instant,  and  the  field  of  the  telescope  wiD 
become  dark  suddenly.  Care  should  also  be  taken  to  place  the  plates 
vertically.  This  being  secured,  with  monochromatic  (sodium)  light, 
the  disappearance  of  the  image  is  almost  instantaneous,  and  MM. 
Terquem  and  Trannin  estimate  the  experimental  error  at  less  than 
fifteen  seconds.  When  white  light  is  used,  the  image  passes  througl 
shades  of  yellow,  orange,  and  finally  the  pure  red  of  the  extreme 
spectrum.  The  accuracy  of  the  method  is  shown  by  the  following 
table,  where  the  indices  are  compared  with  the  determinations  d 
Fraunhofer,  and  of  Gladstone  and  Dale,  the  slight  differences  bei< 
attributable  to  the  state  of  purity  of  the  liquid : — 


,  Ray.,  Temp. 


Water  . 

»> 
Benzine 

Glycerine 

Amyllic  Alcohol 

Sulphide  of  Carbon 


D 
A 
A 
A 
A 


2  a. 


Index. 


C     18°     '  97'  20'  3(r  1  -3317   1  •88171  Fraunhofer. 


18'  97'*  9' 50" 
19°*5  84°  41' 20* 
18°  85°  55'  20" 
18°  91°  10'  0" 
20°     !76°55'    0"!  1-6078 


1-8836 
1-4846 
1  -4672 


ft 


1  •88171 

1-4860    Gladstone  and  Dil«. 

1  -4664 


1-4000  1*8990 
1-6076 


fi 
t* 


»* 


tt 


«t 


When  the  liquid  can  be  procured  in  small  quantities  only,  or  wliei 
it  is  imperfectly  transparent  or  pasty  (such,  for  example,  as  tki 
crystalline  lens  of  the  eye),  Wollaston's  original  method  may  be  uati 
A  small  drop  D  (Fig.  78)  of  the  liquid  is  attached  to  the  lower  soxb^ 
of  a  right-angled  prism  ABC,  resting  on  a  horizontal  table  ABf^ 


1   JFied,  Ann.  iv.  1,  1878. 


.. .    ft4  EXAMPLES  ISl 

■  ■.<A  with  a  sinull  hole  to  receive  tho  drop.     The  drop  is  viewed 
iL-h  the  face  AC  of  the  prism  Ijy  meuTis  of  a  telescope  T  pivoted 
:  lie  centre  of  a  graduated  circle,  which  slides  oii  u  verticii!  iwl  fixed 
ihe    table.      The   telescope  f 
nrsi  placed  at  auch  u  height  that  I 
the  table,  or  any  mark  below  the 
drop,   may    be    seen    through    it.  I 
'i-  the  graduated  circle  is  lowered  I 
single   of  reflection  from  thu  [ 
■].  is  increased,  till  at  last  tho 
-  ftilling  on  it  from  the  other 
■    "f  the  prism  are  totally  re- 

■i.d.  The  telescope  is  now  fixed,  and  its  inclination  (6)  to  tho 
Mitical  is  observed.  In  this  case  NDM  is  the  critical  angle  a,  and 
NMD  =  90-0,  while  TMO  =  90  -  ft  But  the  refractive  index  of  the 
glass  is  given  by 

_MU  TMO_i.'osg 
''"Bin  NMD    co«V 
Hence 

cos  a  -  ,    and  sin  a  =  -  v/>i' -  oos^tf. 

IJut  if  the  refractive  index  of  the  drop  Iw  denoted  by  n',  we  have 

An  objection  to  the  method  is  the  diflicidty  of  making  the  angle  of 
the  prism  exactly  right.  To  avoid  this,  Mains  worked  inth  an  acute- 
angled  prism,  of  which  the  index  and  angle  were  accurately  determined. 

Examples 
U  Vhea  the  angla  A  at  the  prism  u  tetnt,  prove  tbat 

m'  =  sLii  (fl- A)  COS  A  +  sin  Av'*''-«i[i' («-A) 

11  before,  is  the  angle  the  telescope  makes  nitli  the  vertical. 

le  of  Incidence  ot  the  ray  DM  on  Che  face  AC  ifl  r=A-a,  and  the  angle 
"  =A-fl.    Butsin  i  =  *i3in  r,there(ore8in(A-»)=«»in(A-a),  and 


1 


f  Determine  the  refractive  indei  of  the  p 
•e  the  mediam  below  the  priim  in  air, 

M  =  co3ec  Av'l  +  sin'(#-A)-2(;oB  A  sin  |tf  -  A)."| 

.  Gladstone  and  Dale*s  Law — Variation  of  Refractive  Index 
L  Denslty.^When  a  substance  is  eompresseil,  or  its  temperature 
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varied,  the  density  (/>)  alters,  and  this  is  accompanied  by  a  corre- 
sponding variation  in  the  refractive  index  (/a).  Gladstone  ^  and  Dale 
found  that  these  two  quantities  were  related  by  the  equation 

- —  =  constant. 
P 

The  physical  interpretation  of  this  law  is  not  far  to  seek  if  we 
admit  that  the  refracting  substance  consists  of  refracting  molecules  of  | 
constant  index  distributed  through  the  ether.     The  quantity  fi-l 
represents  the  excess  of  the  refraction  or  path  retardation  due  to  the 
presence  of  the  molecules,  and  will  be  proportional  to  their  number  | 
per  unit  volume,  that  is,  to  the  density.     Thus  if  /i  be  the  index  of  a 
plate  of  the  substance  and  e  its  thickness,  the  corresponding  path  in 
free  space  of  a  ray  traversing  the  plate  will  be  fie,  but  if  the  thickneal 
absolutely  occupied  by  the  molecules  of  the  substance  be  c  and  the  I 
constant  index  ^  of  a  molecule  be  w,  then  a  thickness  «  -  c  of  the  plate  If 
is  occupied  by  ether,  and  the  corresponding  free  space  path  for  the] 
plate  will  he  e  -  €  +  m€.     Hence 

or  M-l=-(»i-l). 

But  c/e  measures  the  relative  volume  occupied  by  the  molecules, 
and  is  therefore  proportional  to  the  density  of  the  body.  Consfr 
quently 

-  =  constant. 
P 

Since  the  density  of  a  solid  or  liquid  can  be  changed  only  verj 
slightly,  experiments  on  the  law  are  necessarily  confined  within  ex- 
tremely narrow  limits,  and  we  can  only  accept  it  as  an  approximation 
to  the  truth  in  absence  of  other  support. 

In  the  case  of  gases,  however,  the  density  can  be  varied  consider- 
ably, but  on  the  other  hand  /i-l  is  here  a  very  small  quantity, 
therefore  experiments  which  sufficiently  veiify  the  formula 


will  also  verify  the  formula 


P 


P  ' 


for  /I  +  1  =  2  very  nearly,  if  /i  exceeds  unity  by  a  small  amount 

»  Gladstone  and  Dale,  Phil,  Trans,  p.  887,  1868,  and  p.  817,  1863. 

-  The  quantity  €  is  the  thickness  of  the  ])late  of  the  same  face  area  thtt  tk 
molecules  of  the  plate  e  would  form  if  arranged  with  no  fVee  spaces  between  tb<ft 
and  the  m  is  the  index  of  this  derived  plate. 
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The  emiarion  theory  indicates  that  for  all  bodies  the  quantity  pr-l 
mid  be  proportional  to  the  density,  and  consequently  it  has  been 
ight  to  establish  the  latter  formula.  Thus,  if  v  be  the  velocity  in 
^ven  substance  and  v  the  velocity  in  a  vacuum,  the  work  done 
a  luminous  corpuscle  in  passing  into  the  substance  from  vacuum  will 
proportional  to  the  density  of  the  substance,  but  the  work  done  on 
»  corpuscle  is  {nroportional  to  the  change  in  the  square  of  its  velocity 
vis  vwOj  therefore 

at  is, 

is  shows  that  the  index  is  independent  of  the  angle  of  incidence, 
i  that  fi*  - 1  is  directly  proportional  to  the  density  of  the 
wtance. 

Prom  his  experiments  on  the  variation  of  the  index  of  water  under 
npression,  M.  Jamin  concluded  that  (/i^  -  l)/p  was  constant,  but  M. 
kscart  found  that  the  residts  of  M.  Jamin  were  more  accurately 
^resented  by  the  formula  of  Gladstone  and  Dale,  and  this  conclusion 
>  been  verified  by  Quincke.^ 

Effect  of  Variation  of  Temperature. — If  the  temperature  varies  the 
(lecular  index  may  also  vary.  If  this  be  so  it  follows  from  the 
lation 

^-.l  =  r(wi-l), 

lere  v  is  the  volume  of  the  molecules  in  a  imit  volume  of  the  sul)- 
.nce,  by  differentiating  logarithmically  with  regard  to  the  tempera- 
•e  e  that 

1     dfJL_l  dr        1     dm 
M- 1  de^vde'^m^l  d$' 

it  the  density  of  the  medium  is  proportional  to  r.     Hence 

1     dfjL    I  rf/>  _     1     dm 
fj~^  de'"pde~m-l  de' 

what  is  more  commodious  for  calculation,  if  V  be  the  volume  at  0 
a  unit  mass  of  the  substance,  then  V  =  l/p,  and 

;rn;  ds  \de  m-i  de' 

Gladstone's  law,  which  assumes  in  to  be  constant,   requires  the 

»   Ketteler  proposes  the  empirical  formula 

u'-l 

{I  -  op  -  ^f^  -  ypf^  .  .  .  )=con8tant. 

P 
ied.  Ann,  xxx.  p.  299,  1887  ;  Journal  dc  Physique,  second  series,  tom.  vii.  1888 
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CHAP,  n 


second  member  to  vanish.  M.  Dufet^  found  it  always  negative  and 
very  nearly  constant  for  liquids,  but  greater  in  absolute  value  than ' 
indicated  by  theory  when  m  is  a  variable.  In  the  case  of  solids  the 
sign  was  positive  and  the  magnitude  less  than  that  deduced  from  theory, 
whereas  in  the  case  of  solutions  when  concentrated  they  behaved  ai 
solids,  but  when  dilute  they  behaved  as  liquids. 

Or  in  all  liquids  the  molecular  index  decreases  as  the  temperature 
rises,  and  in  all  solids  the  molecular  index  increases  with  the  temper- 
ature while  the  quantity  —^  4j  remains  very  nearly  constant. 

The  effect  of  temperature  on  the  refractive  index  is  shown  in  the 
following  table  after  Gladstone  and  Dale.  The  indices  are  for  the  D 
line,  except  that  of  phosphorus,  which  is  for  the  C  line  — 


Tempera* 

Sulphide  of 

Water. 

Ether. 

•  •  • 

Absolute 

Methyl 

Phosphonis 

tiire. 

Carbon. 

Alcohol. 

AlcohoL 

(LifiuklX 

0" 

1  -6442 

1  -3330 

•  •  • 

10" 

1  -6346 

1-3327 

1  -3592 

1  -3658 

1  -3379 

20" 

1-6261 

1  -3320 

1  -3545 

1  -3615 

•  •  • 

... 

30" 

1-6182 

1-3309 

1-3495 

]  -8578 

•  •  • 

2-0741 

40" 

1-6103 

1  -3297 

•  •  • 

1  -3536 

1  -3297 

2-0677 

60" 

•   •   a 

1  -3280 

•  •  • 

1  -3491 

■  •  • 

2  0603 

60" 

... 

1  -3259 

... 

1  -3437 

2-0515 

85.  Indices  of  Mixtures  and  Solutions. — The  law  of  Gladstone 
may  be  applied  to  calculate  the  refractive  index  of  a  mixture  of  two 
substances  which  have  no  chemical  action  on  each  other. 

Let  Vj  and  Vg  be  the  volumes,  p^  and  p^  the  densities,  pt^  and  % 
the  indices  of  the  components  of  the  mixture,  and  let  V,  /s,  /a  be  thi 
corresponding  quantities  for  the  mixture,  we  have 

and  since  each  of  the  components  occupies  a  volume  V  in  the  mixture 
we  can  say  that  V^p^/V  and  VgPg/V  are  the  densities  of  the  componenti 
in  the  mixture.     Consequently  by  Gladstone's  law 

Pi         p'\  Pi      Vj 


and 


Ma-l^Ma-l^(M^2-l)V  ^ 

Pi  P'l  P2         V2* 


where  p\  and  p^  are  the  new  indices  of  the  components  in  the  mix^n^ 

^  "  Sur  la  loi  de  Gladstone  et  la  Variation  de  I'Index  mol^ulaire."      Par  U.  H- 
Dafet,  Journal  de  Physique,  November  1885.     See  also  September  1885. 


^ 
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to  the  law.     The  index  fi  of  the  mixture  will  therefore  be 
^en  by  (/i  -  1)  =  (fL\  -  1)  +  0*'2  ~  l)i  ^^^  ^7  ^^®  foregoing  equations 

or,  finally,  if  M^  and  M^  be  the  masses  of  the  components, 

P  Pi  Pa 

Experiment  shows  that  this  formula  is  very  approximately  true  for 
mixtures  of  liquids  and  mixtures  of  isomorphous  crystallised  salts,  but 
it  ceases  to  be  exact  for  mixtures  of  saline  solutions. 

Effect  of  Change  of  Temperature. — If  the  temperature  (d)  varies,  we 
bave 

But  by  the  equation  (/i  -  1)  =  lim  -  1)  it  follows  that 


Te\~p~ )~"p(B^~~p~  '  ni-\  lie' 
Hence 


^  p       »i-l  dS         ^    p,        mi  -l   dS         ^    pi 


1      dm-i 


7/U.-1    do 


86.  Gases. — The  index  of  refraction  of  a  gas  may  be  determined, 
like  that  of  a  liquid,  by  enclosing  it  in  a  hollow  prism  with  faces  of 
parallel  plate  glass.  The  prism  is  placed  on  the  table  of  the  spectro- 
meter, and  the  gas  under  consideration  is  admitted  through  drj-ing 
tubes,  if  necessary,  its  temperature  and  pressure  being  noted.  The 
telescope,  as  usual,  is  first  adjusted  to  observe  the  collimator  slit  directly, 
and  if  the  plate  sides  of  the  prism  are  of  tnily  parallel  glass,  the  prism, 
when  placed  on  the  table  of  the  spectroscope,  will  pro<luce  no  deviation 
when  it  contains  free  air.  This  being  ensured,  any  future  deviation  is 
due  to  the  refractive  diflference  l>etween  the  gas  containe<l  by  the  pnsm 
and  the  outside  air.  Any  such  deviation  will  in  general  l>e  very 
small,  so  that  the  table  of  the  instniment  (with  the  priwrn  attached) 
may  be  turned  through  I80\  This  will  throw  the  deviation  to  the 
opposite  side  (as  the  edge  of  the  prism  is  now  turned  in  the  opjx^site 
direction),  so  that  the  difference  iMjtween  the  two  readings  of  the  t<;le- 
scope  will  be  25,  and  by  means  of  the  ordinary  fonnula  we  obtain  the 
relative  index  of  the  gas. 

To  obtain  its  absolute  index  we  re^juire  first  the  index  of  air  at 
zero  and  760  mm.     This  is  detennine^l  by  first  pumping  oh  much 
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as  possible  of  the  air  out  of  the  prism.  Let  the  pressure  of  tbe  t^  i 
residual  air  be  h\  its  index  ^',  and  density  p,  then  by  the  law  of  \^ 
Gladstone  and  Dale 

p'  "   Po    • 

if  ^  be  the  temperature. 

But  if  the  exterior  air  be  at  a  pressure  h^  density  p,  and  index  ^ 
we  have  also 

P  Po     ' 

or  m=1  +  (mo-1)'=1  +  K-1)       '* 


Experiment  gives  the  relative  index  of  the  air  in  the  prism  with 
respect  to  the  exterior  air ;  if  this  be  m  we  have 

fx     760(1 +a^)  +  (Ai^-l)A  • 

Hence  ^^i^^JllzJ^^^lJ^) , 

To  determine  the  refractive  index  Vq  of  any  gas  at  zero  and  760 
(the  pressure  being  A'),  we  have  as  before,  by  Gladstone's  law, 

r'  =  l  +  (ro-l)         ^' 


*■/>/%  » 


(1+0^)760 

where  v  is  tne  index  at  h'  and  0. 

If  the  outside  air  be  at  ^  and  0^  we  have  for  it,  as  above, 

'*=^+('^-^\iT«Wo- 

Consequently  if  tti^  be  the  relative  index  of  the  gas  with  respect  lo 
the  air,  we  have 

_/_(l+tt^)760  +  (ro-l)^^ 
'"*"ft"'(l+a^)760  +  (/io-l)^* 

from  which  we  obtain  v^, 

Dulong^  worked  with  a  constant  deviation.  He  introduced  the 
different  gases  successively  into  a  hollow  prism,  but  varied  the 
pressure  so  that  each  produced  the  same  deviation.      Thus  for  air 

*  Annales  de  Chimu  et  de  Physique,  second  series,  torn,  xxxi  p.  154,  1826. 
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Hnd  $  in  the  prism,  while  the  exterior  air  is  at  A  and  6,  we  have 
Hbe  relative  index 

r  ( H- 0^)760 -Km»-1)A' 

(1+o^)760  +  (ai»-1>A  ' 

Bie  for  a  gas  at  h\  and  6^,  with  relative  index  m^  we  have 


m,= 


(1  +  o^,)760  +  (m»-1>Ai 


if  the  pressure  be  adjusted  to  give  a  constant  deviation,  we 
m  =  fA^,  which  determines  fq  as  a  function  of  /i^  a  known  quantity, 
like  exterior    pressure  and   temperature   have  remained  constant 
the  experiment,  we  have  6^  =  6  and  h^  =^  h,  and  therefore 

hthe  refractive  powers  (ji-l)  of   two  gases  are  inversely  as  the 
■wares  required  to  produce  the  same  deviation. 
^  The  refractive  index  of  a  gas  may  also  be  determined  by  delicate 
;bods  depending  upon  interference  phenomena  as  mentioned   in 
122,  123. 

Indices  of  Refbactiox  op  Gases 


Index. 


Density. 


cygen. 
Irogfii 

Uorme 
[Kitrons  Oxide 
Vithc  Oxide  . 
Hjtirochloric  Acid 
Oirlwnic  Oxide 
CvboDic  Anhydride 
Cyanogen 


1  000294 
1-000273 
1*000138 
1*000300 
1-000772 
1-000503 
1-000803 
1-000449 
1  000340 
1*000449 
1-000834 


1000 
1106 
0-069 
0-971 
2-470 
1-520 
1-089 
1-247 
1-957 
1-524 
1-806 


Index.         Denhity. 


Ethylene 
Xarsh  Gas 
Chloride  of  Ethyl 
Hydrocyanic  Acid 
Ammonia 
Phosgene 
Salphydric  Acid 
SolpharouB  Acid 
Ether     . 
Sulphide  of  Carlx»n 
Phospharetted  Hyd 


1-000678 
1  000443 
1  -001095 
1-000451 
1-000385 
1001159 
1-000644 
1-000665 
1-900153 
1  000150 
1-000789 


0-978 
0-555 
2-234 
0-944 
0-596 
3-442 
1-191 
2^34 
2  580 
2-644 
1-214 


CHAPTER   VII 

INTERFERENCE  FRINGES 

87.  Destructive  Interference. — So  far  we  have  been  engaged  in 
considering  the  mode  of  propagation  of  a  luminous  wave,  and  the 
modifications  which  it  undergoes  when  it  encounters  the  surface  of 
a  new  medium.  We  shall  now  proceed  to  inquire  into  the  effects 
produced  when  two  series  of  waves  are  propagated  simultaneously  in 
the  ether  from  two  small  luminous  origins  close  together. 

When  two  waves  arrive  simultaneously  at  the  same  point  of 
space,  the  ether  there  will  be  thrown  into  vibration  by  both,  and  ve 
have  already  shown  (chap,  ii.)  that  in  this  compound  motion  each 
vibration  may  be  regarded  as  acting  independently  of  the  other.  U 
the  constituent  vibrations  are  in  the  same  direction,  the  effects  are 
added,  and  the  amplitude  of  the  resultant  vibrations  will  be  equal  to 
the  sum  of  the  amplitudes  of  the  constituents,  but  if  they  are  o^^xMed, 
the  resultant  amplitude  is  equal  to  the  difference  of  the  amplitudes  of 
.the  constituents.  In  this  latter  case,  if  the  vibrations  are  of  eqnil 
amplitude,  they  should  completely  destroy  each  other.  This  is  usuaDf 
spoken  of  as  destructive  interference. 

We  know  from  experience  that  two  sets  of  sound  waves  ntfj 
neutralise  each  other  and  produce  silence,^  so  also  two  sets  of  water 
waves  when  superposed  may  produce  a  dead  level  If  then  there  » 
any  truth  in  the  undulatory  theory  of  light,  something  of  the  same 
kind  should  take  place  with  two  sets  of  light  waves.  That  this  actoalf 
occurs  is  abundantly  proved  by  the  following  experiments. 
^^  In  all  cases  of  interference,  however,  it  is  to  be  carefully  ft 

buted.  membered  that  light  (regarded  as  energy)  is  never  annihilated.    TV 

^  Two  organ  pipes  tuned  in  unison  and  mounted  close  together  produoe  oaff 
a  very  faint  sound  at  external  points.  They  start  in  opposite  phases,  and  the  eftO 
which  would  be  produced  by  one  is  just  neutralised  by  the  other.  Other  examples  <^ 
interference  occur  in  the  beats  of  two  notes  nearly  in  unison,  in  the  nodes  of  csfi* 
pi])es,  and  vibrating  strings,  etc. 


^  !l.     _^       - 


1  THEORY  OF  YOUNr.'M  EXJ'EHIMENT 

DicrnnittoR  alone  is  altered,  so  that  the  il]u  mi  nation,  instead  of  being 
iffiiaeii  regularly,  is  concentrated  in  some  places  at  the  expense  of 

B.  Two  Small  Apenures— Theory  of  Young's  Experiment. — 
8  suppose  that  two  sets  of  waves  always  exactly  alike  start  from 
TO  near  luminous  origins  A  and  B  (Fig.  79).  If  the  direttioiis  of  the 
liiCiirbances  transmitted  to  any  point  P  by  the  two  sources  conspire 
ic  amplitude  of  the  disturbance  at  P 
he  doubled,  but  if  the  coni- 
enl  vibrations  be  opposed  at  I' 
I  wrill  destroy  each  other,  and  \\<- 
iffect  will  Ijc  produced  at  this  i»iiii. 
\  the  former  case  the  illumination  -.w 
'  is  foiir  times  thai  proflueed  b_v 
BJlher   of  the  sources  acting  singly ;  *"'*'■  '  " 

in  the  latiei'  case  the  illumination  is  zen^.  The  illumination  sent  by 
one  source  is  swept  away  by  that  contributed  by  the  other ' — a  result 
(■Iwerved  in  the  justly  celebratetl  experiment  of  Dr.  Young,  and 
-ipliarently  opposed  to  the  idea  of  the  materiality  of  light  (see  p.  25). 

Let  us  now  examine  the  theory  of  Young's  experiment  a  little 
more  closely.  The  direction  of  the  vibrations  sent  by  A  and  B  to  any 
point  P  of  a  screen  ivill  conspire,  and  the  amplitude  of  the  disturbance 
will  be  doubled,  when  they  arrive  at  P  in  the  same  phase.  Now  we 
■-iippoee  the  waves  to  set  out  from  A  and  B  in  the  same  phase,  so  that 
1  hey  will  arrive  at  P  in  the  same  phase  if  the  path  AP  is  equal  to  BP, 
..r  differs  fi-om  it  by  any  number  of  complete  wave  lengths.  But  the 
lihrations  will  be  opposed  at  P  if  the  waves  arrive  there  in  opposite 
^ihases,  which  will  be  the  case  if  AP  differs  from  BP  by  one  half-wave 
length,  or  any  odd  number  of  half-wave  lengths.  We  therefore  oon- 
clndf  that  if 


the  jioinl  P  on  the  screen  will  be  veiy  bright,  or  dark,  according  ae 
71  is  even  iir  odd.  If  then  0  be  the  middle  point  of  AB,  and  if  OM.be 
jierpeodicular  to  AB,  the  distances  AM  and  BM  will  be  equal,  therefore 
the  light^s  should  be  in  accoidance  at  AI,  and  it  should  1>e  veiy  bright. 
At  M,  there  will  be  darkness  if  the  difference  of  the  distances  of  this 
point  from  A  and  B  is  half  a  wave.  At  M^  'here  will  be  brightneaa 
ii^in  if  the  difference  of  its  distances  from  A  and  B  is  two  half-wave 

'  It  is  usually  said  that  tJie  li(;ht  fruiu  oiJt>  source  is  destrofei!  at  these  placee  hy 
lliHt  from  the  oclier.  Tliis  is  minUsdinj^,  huu'ever,  as  there  U  no  real  destruction, 
'ill  tho  light  in  niemly  taken  awny  fmni  noiiiE  [ilacea  iinil  IifBpei!  il(i  at  oUieril, 
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lengths.      Similarly,  darkness  will  occur  again  at  M3,  brightness  at 
M^,  and  so  a  series  of  bright  and  dark  points  occur  alternately. 

The  point  M „  is  such  that  the  difference  of  its  distances  from  A 

and  B  is  7i~ ;  if  then  this  difference  remains  constant  the  point  Mr 

may  lie  anywhere  on  a  hyperbola  (as  far  as  the  plane  of  the  paper  is 
concerned),  having  A  and  B  for  foci. 

In  space  the  locus  of  M „  is  obviously  an  hyperboloid  of  revolu- 
tion, viz.  that  generated  by  the  revolution  of  the  foregoing  hyperbola 
round  the  line  AB  as  axis. 

On  the  screen  then  we  have  not  a  series  of  bright  and  dark  points, 
but  a  series  of  alternately  bright  and  dark  lines,  or  bands  perpendicular 
to  the  plane  of  the  paper.  These  lines  are  the  intersection  of  the 
screen  with  the  hyperboloid  loci  just  mentioned,  which  are  so  Utile 
curved  as  to  sensibly  coincide  with  their  asymptotes. 

The  distance  of  any  band  from  the  central  point  M  is  very  easily 
calculated.  For  if  P  corresponds  to  a  retardation  of  n  half-wave 
lengths,  the  distance  MP  is  small.  Denote  MP  by  a*,  MO  by  a,  and 
with  P  as  centre  describe  an  arc  of  a  circle  BC.  This  arc  is  approxi- 
mately a  straight  line  perpendicular  to  OP,  and  AB  is  perpendicular 
to  OM,  therefore  the  angle  ABC  is  equal  to  the  angle  POM.  And 
hence  their  circular  measures  are  equal,  or 

PM__AC         x_ni\ 
OM"AB'    °^«"   c  * 

where  r  represents  the  distance  AB.     Hence 

a       X 

and  the  point  P  is  bright  or  dark  according  as  n  is  even  or  odd. 

89.  Colour  and  Wave  Length. — This  formula  shows  that  the 
distance  of  any  fringe  from  the  central  one  M  depends  on  the  wave 
length  being  in  direct  proportion  to  it.  Hence,  if  composite  light  he 
used,  we  should  expect  to  find  rainbow-coloured  bands  ^  instead  ol 
merely  bright  and  dark  lines.  This  is  what  is  actually  observed,  and, 
moreover,  the  inner  edge  of  each  band  is  violet,  while  its  outer  edge  is 
red,  showing  that  the  violet  wave  lengths  are  shorter  than  the  red. 

Having  accurately  determined  the  magnitudes  of  x,  a,  9i,  and  c,  the 
formula  gives  the  wave  length  of  any  particular  kind  of  light.  By  tliis. 
method  the  length  of  the  red  waves  is  found  to  be  about  '0000266  in.i 

'  If  the  colour  depends  on  the  wave  length.  The  existence  of  these  bands  c<»* 
sequently  indicates  that  each  coloured  light  has  a  definite  wave  length  and  period, 
just  like  each  musical  note. 
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the  violet  about  *0000167  in.,  and  the  mean  wave  about  00002  or 

90.  Fresners  Mirrors. — When  Young  first  published  his  experi- 
ments, scientific  men  were  by  no  means  inclined  to  admit  that  the 
phenomena  observed  were  due  to  interference  in  the  manner  conceived 
by  their  illustrious  discoverer.     It  was  known  that  the  image  of  a 
amall  luminous  origin,  formed  by  the  light  admitted  through  a  very 
%niall  hole,  was  surrounded  by  coloured  Imnds,  and  that  light  sufTered 
a  similar  modification  in  passing  near  the  edge  of  an  opa(|ue  obstacle 
^aee  Newton's  Experiments,  p.  224).     The  bands  observed  by  Young 
might  then  be  attributed  to  this  modification  (or  difiraction).     They 
might  be  a  variety  of  diffraction  bands. ^     Objections  were  therefore 
raised,  and  to  remove  them  it  was  necessary  to  devise  some  method  of 
obtaining  two  small  sources  of  light  close  together  wholly  independent 
of  apertures  or  edges  of  opaque  obstacles.     This  was  first  contrived  by 
Fresnel,  whose  experiments  are  justly  ranked  amongst  the  most  im- 
portant and  instructive  in  the  whole  mnge  of  physical  o])tics. 

In  his  first  experiment  ^  Fresnel  used  two  plane  mirrors  inclined 
at  an  angle  of  nearly  ISO"",  so  that  they  almost  lie  in  the  same  plane. 
A  beam  of  light  diverging  from  the  focus  of  a  lens  or  from  a  very 
narrow  slit  is  allowed  to  fall  upon  them.  Each  mirror  reflects  the 
light  which  falls  upon  itj  and  we  have  therefore  two  reflected  beams 
whose  directions  are  inclined  at  a  very  small  angle. 

If  S  (Fig.  8Q)  be  the  source  of  light,  OM  and  ON  the  two  mirrors, 
the  cone  of  light  reflected  from  OM  appears  to  come  from  a  vertex  A, 
the  reflection  of  S  in  OM ;  similarly  the  light  reflected  from  ON  aj)- 
pears  to  come  from  B,  the  reflection  of  S  in  ON.  If,  therefore,  the 
mirrors  are  inclined  at  a  very  obtuse  angle,  the  points  A  and  B  will 
be  very  close  together,  and  the  reflected  beams  should  give  inter- 
ference phenomena  on  a  screen  placed  across  any  part  of  the  region 
where  they  overlap,  similar  to  those  which  would  be  produced  if  A  and 
B  were  two  small  apertures.  Here  now  we  have  two  sources  of  light 
^loee  together  without  the  aid  of  edges  or  ai)erture8,  and  the  result  is 
conclusive  in  favour  of  Y^'oung's  theory.  A  brilliant  system  of  fringes 
is  produced,  similar  to  those  anticipated  by  the  theory.  In  order  to 
satisfy  ourselves  that  these  bands  are  really  produced  by  the  mutual 
action  of  the  two  beams,  we  have  only  to  intercept  one  of  them  by 

>  Diffiraction  bands  axe  also  due  to  iuterfereiicc  and  the  ])rineiplc  of  their  produc- 
tion is  essentially  the  same  as  that  underlying  interference  bands.  The  latter  are 
produced  by  the  interfering  action  of  two  distinct  waves,  while  the  former  are  pro- 
<iuced  by  interference  between  the  element^)  of  a  single  wave  as  explained  in  Art.  126. 

3  CBuvrts,  torn.  L  pp.  150,  186,  26S. 
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covering  the  corresponding  miiTor  with  Umpblack  and  the  whd* 
system  instantly  vanishes.  They  also  vanish  when  the  mirron  m 
(wrallel. 

Supimse  the  point  of  light  S  to  lie  in  the  plane  of  the  papnr,  ltd 
let  the  line  of  intersection  of  the  mirrors  be  perpendicular  to  it  wJ 
meet  it  at  O.  Now  SA  is  perpendicular  to  the  mirror  OM,  uiul  Ai» 
=  Sm.  Similarly  BS  is  perpendii:ular  to  ON,  and  meets  it  prodand 
at  a  point  n  such  that  B»  -  S;i,  while  the  angle  ASH  is  equal  to  tttt 
external  angle  between  the  mirrors,  since  it  is  the  angle  between  lb 
perpendiculars  to  them  from  S.  Also  since  OS  -  OA  =  OB  the  i»init 
S,  A,  B  lie  on  a  circle  haWng  its  centre  at  0,  therefore  the  angle  .A8B 
at  its  circumference  is  half  the  angle  AOB  ut  it-s  centre,  or  the  an^l« 
AOB  -  2(1)  if  lu  denote  the  external  inclination  of  the  mirrow.  Hentp 
if  nOC  be  perpeinlitul.ir  to  both  AB  and  the  screen,  D  is  the  mitlille 


point  of  AB  and  C  is  the  centre  of  the  fringes.     If  we  denote  Oil  bf 
a  and  OC  by  b  we  have  AB  =  2(i  Bin  w,  since  OB  is  approximately  e<i««l 

to  OD  (or  sin  u  =  tan  w),  and  the  formula  ^  =  rij "  a  ^**''  ^^^  diet»iic« 
of  the  nth  fringe  from  the  centre  becomes 


since  u>  is  a  very  small  angle. 

For  the  success  of  this  experiment  very  cstreful  adjuatmet 
necessary.  The  polished  surfaces  of  the  niirrois  should  extend  ri^ltl 
up  to  the  line  of  intersection  of  the  two  faces.  If  the  mirron  a 
made  of  glass  it  should  lie  black,  or  else  silvered  on  the  first  ba  I 
otherwise  the  reflections  from  the  second  surface  of  the  glass  deatrcf  | 
the  effect,  Polished  black  glass  is  commonly  used  instead  of  poli^ht^  J 
metallic  mirrors. 

One  mirror  M  is  usually  attached  to  ii  plate,  which  can  be  fin 
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One  of  the  uprights  of  the  optical  bench.  The  other  mirror  N  can  turn 
ronnd  the  axis  0 ;  this  axis  is  fixed  to  a  plate  through  which  three 
screws  pass  to  adjust  the  level  of  the  mirror  M.  Another  screw  is 
furnished  with  a  spiral  spring  which  keeps  the  mirror  pressed  against 
tiie  three  screws.  By  means  of  these  the  mirror  M  is  adjusted  till  its 
CMlge  is  parallel  to  the  axis  0.  When  this  is  arrived  at  a  screw  enables 
tlie  mirror  N,  by  turning  round  0,  to  vary  the  angle  between  the 
xiiirrors.  The  other  mirror  can  be  screwed  forward  parallel  to  itself. 
*I1us  motion  displaces  A  along  the  line  SA,  and  the  result  is  that  the 
central  band  with  the  whole  fringe  system  is  displaced  across  the 
•ereen.  The  complete  system  of  fringes  may  in  this  manner  be  caused 
tko  pass  in  succession  over  any  desired  part  of  the  screen. 

The  angle  between  the  mirrors  may  be  found  by  first  looking  at 
^he  image  of  a  straight  line  reflected  in  both  mirrors.  This  image  will 
be  straight  when  the  planes  of  the  mirrors  coincide,  a  position  which 
is  obtained  by  adjusting  the  mirror  N  till  the  image  is  straight.  The 
Yiumber  of  turns  of  the  screw  which  brings  the  mirror  N  from  this 
fXMition  to  any  other  measures  the  angle  between  the  mirrors  in  the 
latter  pontion.  The  angle  between  the  planes  of  the  mirrors  may  be 
«iIso  brought  to  zero  by  viewing  the  two  images  of  the  slit  in  the 
xnirroTB  and  adjusting  N  until  the  two  images  coincide.  The  number 
of  turns  of  the  screw  required  to  effect  this  gives  the  angle  between 
^hem.  If  the  screw  be  not  standardised  the  distance  AB  between  the 
images  may  be  found  by  the  method  of  £x.  2,  p.  107. 

The  distances  a  and  b  can  be  measured  on  the  scale  of  the  optical 
l)ench ;  the  distance  x  by  the  micrometer  motion  of  the  cross  wires  in 
t;he  eyepiece,  and  n  can  be  counted.  We  thus  arrive  at  a  determine- 
^on  of  the  wave  length  of  any  particular  kind  of  light  which  we  may 
choose  to  fix  on. 

In  practice  a  narrow  line  of  light  (an  illuminated  slit)  is  used. 
The  slit  must  be  placed  parallel  to  the  line  of  intersection  of  the 
mirrors.  In  Fig.  80  the  mirrors  are  planes  perpendicular  to  the  paper 
through  OM  and  ON,  while  the  slit  is  perpendicular  to  the  paper 
through  S. 

91.  Fresnel's  Bi-prism. — In  the  above  experiment  a  pencil  of 
light  was  divided  by  reflection  into  two  others  inclined  at  a  small  angle 
wid  these  produced  the  phenomena  of  interference.  It  is  possible  to 
procure  the  same  result  by  refraction,  and  this  is  the  basis  of  Fresnel's 
second  experiment.^ 

Let  CDE  (Fig.  81)  represent  a  glass  prism  with  a  very  obtuse 

^  Tlus  experiment  has  been  sometimes  wrongly  attributed  to  Pouillet.     It  waa 
first  described  by  Fnsnel  ((Euvres^  tom.  i.  p.  330). 
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aiigle  K,  and  let  light  from  0  fall  perpendicularly  oh  the  tipfona 
tace  CD.     Tbe  whole  prism  is  !\e  if  mode  up  of  two  prisms  CE 
DE  of  very  small  angle  (at  C  and  ]))  placed  base  to  base  at  E.  Hod 
hence  the  name  bi-piiam. 

The   light  which  falls  upon  the  U])]>cr  half  of  the  priEm  is  U 
downwards,  and  appears  after  emergence  U>  diverge  from  u  poini 
while  that  which  falls  upon  the  lower  half  is  bent  npivjvrds,  and  Bpp««n 
Ui  di\erge  from  A.     The  less  the  angles  C  ami  D  the  nearer  together 
will  be  the  points  A  and  B,  so  that  by  diminishing  these  angles  sal- 
ticiently  the  emergent  cones  of  light  will  be  similar  to  those 
from  two  very  near  origins,  and  interference  efi'eote  will  be 
as  before. 

The  distances  from  the  prism  of  the  virtual  foci  A  and 
very  approximately  the  same  as  that  of  the  luminous  origin  0, 
since  the  refracting  angles  C  and  D  are  very  small,  the  focal  lines 
each  refracted  cone  coincide,  and  p^  =  /ig  =  p  by  Example  11,  p.  11 


preMd 
nd  B^l 

,  0,  m} 

al  lines  rJ 


In  practice  a  narrow  strip  of  light,  from  a  slit,  is  uaed, 
means  very  much  increased  brightness  is  obtained  without  I 
definition,  as  the  various  parts  of  the  slit,  if  it  bo  very  ti 
rise  to  coincident  systems  of  bands.     The  length  of  the  slit  is  carefuUj  I 
adjusted  jiarallel  to  the  edge  of  the  prism,  and  the  fringes  arc  himHi'  \ 
to  their  common  direction.     The  field  is  nsually  Iwrder.  ■  I 
systems  of  bands.     These  arise  from  difiraction,  and  will   ' 
farther  on. 

The  distance  of  the  nth  band  from  the  centre  of    i . 
easily  expressed.     Thus  if  ri  denote  the  distance  of  tbo  <>' 
the  prism,  and  l>  the  distance  of  the  prism  from  the  sci  >>  ' 
AE  =  BE  =  <i  very  approximately,  and   consequently  if  r  d 
distance  AB  between  the  virtual  foci,  and  5  the  angle  BEO  i 
deviation  iiro<liice<l  by  the  thin  prisms,  we  have,  if  <  =  angle  of  n 

for  since  the  angle  i>f  the  prism  is  small  sin  g  =  R  =  (/i  -  [ )«.      Q^ 
_«  +  6    x_     't  +  6        \ 
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lich  sliowe  that  ihc  bi-[]ri*ni '  is  equivalent  to  a  pair  of  mirrors 
;litnid  lit  an  angle  (/i  -  1)(. 

92.  Peculiarities  of  the  Bl-prlsm  Fringes. — The  fringes  jiroduced 
■  n  lii-prism  difTer  in  some  reapeuts  from  those  obtained  by  other 
jthods.  Foi-,  on  account  of  the  disperaion  in  the  glass,  the  foti  A 
d  B  will  be  ditTereiit  for  the  different  coloura.  Thus  the  riolei  light 
il  ajipear  to  come  (on  account  of  its  greater  refrangibility}  from  two 
inU  A,  and  B,  a  little  farther  apart  than  the  two  from  which  the 
i  appears  to  come.  Denoting  these  distances  by  Cg  and  c,,  the  formula 
r  the  distance  of  the  wth  red  band  from  the  centre  is  (by  Art.  8f 


+  5    K 


d  for  the  violet 


le  difference  between  j;  and  /^  is  conaeijiiently  greater  than  if  there 
IS  no  dispersion  by  the  prism.  The  iris-coloured  bands  are  therefore 
oadened  by  the  dispersion,  and  the  overlapping  is  proportionately 
.Teased.  The  fringes  of  the  bi-prism  are  bright,  for  the  prism  allows 
great  quantity  of  the  light  which  falls  upon  it  to  pass  through, 
lese  fringea  are  then  bright,  and  very  easily  prociired — the  apparatiu 
[iiiring  verj'  little  trouble  in  setting  up. 

98.  Bl-plates. — A  beam  of  light  may  be  subdivided  by  refraction 
rough  two  plates,  of  the  same  nature  and  eqiial  thickness,  plac«l  at 

angle  as  indicated  in  Fig.  82.  Two  pieces  M  and  N  of  parallel 
Lss  are  cut  from  the  same  plate  to  ensure  eiuality  in  thickness,  and 
iced  at  an  angle.  On  the  bisector  of  the  angle  between  them  is 
u^  the  luminous  origin  0.     The  light  which  falls  upon  the  plate 


passes  throiigh  il  in  a  direction  CD,  and  emerges  parallel  to  it* 
igiiial  direction,  appearing  to  diverge  approximately  from  a  point  A. 
milarly  the  light  which  emerges  from  the  plate  M  diverges  from  a 

'  If  till'  prislDK  CE  niiii  DE  wtre  placed  edgv  to  edge  iu3t«aii  of  liase  to  base,  A 
it  B  wnitd  be  intcruiuDgxd  anrl  the  emergent  cones  would  havp  do  uonimon  jHirl.. 
taieTKoee  banda  could,  however,  be  obtuinMl  by  interposing  a  lens  in  the  paths  of 
■  rones  bringing  tlieni  to  real  foci  A'  snd  B'  inmges  of  A  and  B.  Thf  light  direrg- 
11  from  A'  anil  B'  will  [in>dui«  fringed 
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virtual  focua  B.  The  emerging  cones  are  received  by  a  lens  L  whid 
bringg  them  to  leal  foci  A'  and  B'.  After  divergiiig  from  A'  and  ff 
the  beame  will  overlap  and  produce  fringes. 

The  lateral  displacement  of  a  ray  in  passing  through  a  punlW 
plat«  of  thickness  e  is  easily  seen  to  be  *  sin  (i  -  r)jctx  r,  aod  come- 
queiitly  the  distance  c  between  the  virtual  foci  A  and   B  is  taj 


appro 


lately 


■rj/co. 


which,  if  26  denote  the 
in  the  form 


mgle  lietween  the  plat«fi,  may  bo  put  at' 


ffiS[i^ 


.t-er'] 


I! 


since  i  =  90°  -  6  very  nearly. 

84.  Lloyd's  Sinifle-mliTor  Fringes.— A  convenient  nethod 
playing  interference  bands  caused  by  the  mutual  action  of  direct  and  r^ 
Hect«d  light  was  devised  by  Dr.  Lloyd  '  of  Trinity  College,  Dublin. 
polished  mirror  of  metal  or  of  black  glass  is  placed  so  tli&t  the  njt 


from  a  luminous  origin  B  (Fig.  S 
grazing  incidence.     The  reflected  r 


reflected  froni  it  at  iieuiT 
diverge  from  a  virtual  inciu  A 
which  is  the  inuige  of  the 
luigiii  11,  sn  tlub  a  poufl 
P  on  ,1  screen  placed  !«- 
yond  the  mirror  recriv^? 
light  directly  from  R  stc^ 
also  by  reflection  i^'if 
the  mirror,  or,  reganlinf 
t  of  the  reflected  light,  P  is  supplied  by  the  origini  A 
and  B,  which  may  be  brought  close  together  by  making  the  aii^le  <i 
incidence  nearly  90°. 

Since  the  reflected  light  is  confined  to  the  upper  side  of  the  mirw 
less  than  half  the  complete  system  is  formed,  and  it  might  be  itno^W 
that  under  no  circumstances  could  more  than  one-half  the  avatwii  l» 
obtained.  However,  by  interposing  a  thin  transparent  pUt«  iii  ^ 
path  of  the  direct  beam,  or  by  holding  the  magnifier  through  wlni 
they  are  examined  somewhat  eccentrically,  the  bands  may  he  di 

'  "A  New  Case  of  InlBrferrnPB  of  Bays  of  Liglif  (LloyJ,   Traiu.   J 
Atademy,  vol.  ivii.  ;  reiJ  artli  Jsjiuary  1884). 

Dr.  Lloyd's  method  scenis  to  L«vo  been  anticip&ted  liy  Professor  P 
folloning  puuge  :  "Beautiful  sets  of  coloors  (tlie  tllKot;  of  wliiob  »• 
pendent  on  interference)  are  seen  on  viewing;  a  cwidle,  or  lino  of  liglit,  by  -v 
reflection  from  sny  moderately  polished  anrfKce,  aa  ivory,  ebony,  e' 
the  eye  '■  (Kev.  B.  Powell,  FKU,  Mmj.  a,ul  Au.u  ,T«niisry  1832).     Tl 
however,  hsve  been  due  to  diHysction. 
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.  102)  BO  as  to  detach  themselves  from  the  mirror  until  the 

I  sj-Btem   is  seen,   as   in  Fresiiel's  experiments.     The  adjust- 

n    this    experiment   are   easily   made  :  it  requires  no  special 

m,  and  the  bontU  are  bright  and  well  marked. 

Uoyd  states  that  the  centre  of  the  sysl«m  does  not  correspond  DtopUMl 

IK  of  intersection  of  the  mirror  and  ecreeii,  but  that  the  bunds 

Bsplaced  through  half  the  interval  of  a  band  width  from  the 

tdge.      This,  he  suggests,  indicates  that  the  reflected  light  has 

seleroted  by  half  a  wave  length,  or  that  its  phase  baa  been 

i  by  z-  at  reflection. 

FTBsnel's  Three  ■irror  Experiment. — ^Fringes  produced  by 
I  of  three  plane  mirrors  have  also  been  obtained  by  Fresnei' 
two  pencils  which  produce  the  Wnds,  one  is  reflected  from  the 
M  {Fig.  S4)  and    the  other  successively  from  the  mirrors  L  and 


m  planes  of  the  mirrors  L  and  N  intersect  at  0  on  the  stuface 
Let  ui  and  ui'  be  the  angles  they  make  with  it  respectively, 
the  line  OS  makes  an  angle  ff  with  the  mirror  L,  the  light 
1  from  L  will  appear  to  come  from  a  point  S'  where  the  arc 
i,  and  if  this  light  falls  upon  N  its  reflected  beam  will  diverge 
I  where  the  arc  S'A  =  '2(<u  +  u'  -  8),  for  the  mirror  N  makes  an 
It-  «■  -  e  with  OS'.     Hence 

the  light  reflected  from  M  will  diverge  from  B  where 


^ntly  the  a 


'  Frranel,  (Euara,  tarn.  i.  [>■  ' 
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Hence  if  we  denote  OS  by  a  we  have  OA  =  OB  =  a,  and 

The  system  is  consequently  equivalent  to  two  mirrors  inclined  at  an 
angle  w'  -  6. 

Since  the  mirror  M  is  shaded  by  the  others,  the  interfering  pencils 
will  be  incomplete  and  unsymmetrical  with  respect  to  the  central  line 
OC.  The  central  fringe  may  therefore  be  found  near  one  extremity 
of  the  system,  or  it  may  lie  entirely  outside  the  visible  fringes  or 
common  part  of  the  interfering  pencils.  By  increasing  the  path  of  the 
doubly  reflected  pencil,  or  diminishing  that  of  the  other,  the  fringes 
may  be  displaced  on  the  screen  so  that  the  whole  system  may  be 
viewed.  This  is  readily  done  by  screwing  forward  the  central  mirror 
M  in  the  direction  of  the  normal  to  its  plane. 

The  angles  w  and  w'  may  have  any  value  up  to  45°,  for  it  is  only 
necessary  that  ta'  -  $  should  be  small.  Fresnel  worked  with  m  =  (»'. 
and  varied  the  angle  between  7°  30',  and  40°. 

If  a  change  ir  of  phase  accompanies  each  reflection  the  twice  a^- 
fleeted  beam  will  be  accelerated  by  half  a  wave  length  on  that  reflected 
from  the  central  mirror,  and  therefore,  as  in  Lloyd's  bands,  the  central 
band  or  that  corresponding  to  equal  distances  CA  and  CB,  will  be 
black.  This  is  confirmed  by  the  experiment  It  should  also  be 
further  remarked  that,  as  in  case  of  a  single  mirror,  the  right  side  of 
A  corresponds  to  the  left  of  B  and  the  left  to  the  right,  as  if  B  were 
the  reflection  of  A  with  respect  to  the  central  line  OC  (see  Art.  98). 

96.  The  Optical  Bench. — Interference  experiments  are  usually 
made  on  an  optical  bench.  This  apparatus  usually  consists  of  a 
horizontal  bar,  accurately  graduated,  along  which  three  vertical  up- 
rights can  slide  freely.  Attached  to  each  upright  is  a  vernier,  so  that 
the  distance  between  them  can  be  determined  accurately  by  the  scale 
on  which  they  slide.  Each  is  also  furnished  with  a  headpiece,  which 
can  be  raised  or  lowered  or  turned  round  a  vertical  axis  at  will. 

The  first  upright  is  furnished  so  as  to  hold  a  metal  piece,  which 
carries  a  slit  capable  of  being  adjusted  to  any  convenient  width  by 
means  of  a  screw.  A  fine  adjusting  motion  of  the  head  allows  the 
slit  to  be  brought  accurately  parallel  to  any  desired  direction.  The 
second  upright  carries  a  frame  in  which  can  be  placed  a  metal  rio^ 
which  holds  the  plate  containing  the  two  small  apertures,  or  any  other 
apparatus  for  producing  interference  or  diflraction,  such  as  the  bi-prism. 
a  fine  wire,  an  opaque  edge,  a  diflraction  grating,  etc.  The  third 
carries  a  micrometer  eyepiece  furnished  with  a  cross  wire.  The  95» 
of  this  eyepiece  is  horizontal — that  is,  parallel  to  the  bench  on  which 
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ill  the  pieces  slide.  The  head  of  the  second  upright  can  be  moved  by 
neans  of  a  horizontal  screw  perpendicular  to  the  length  of  the  scale, 
o  that  each  piece  which  it  carries  can  be  brought  into  the  line  joining 
he  slit  and  observing  telescope. 

The  use  of  a  lens  is  legitimate  in  experiments  on  interference,  for 
ight  brought  to  a  focus  by  a  lens  is  concentrated  there  without  any 
elative  change  of  phase  in  its  components ;  since  all  the  rays  brought 
o  that  focus  travel  over  paths  which  require  the  same  time. 

The  eyepiece  being  furnished  with  a  cross  wire  and  micrometer 
creWy  the  distance  x  of  any  band  from  the  centre  can  be  measured, 
nd  the  value  of  \  can  be  calculated  accordingly. 

97.  Conditions  necessary  for  Interference. — When  commencing 
hese  investigations  we  assumed  the  waves  emitted  by  A  and  B  at  any 
istant  to  be  always  exactly  the  same,  and  the  theory  indicates  that 
bis  is  necessary  in  order  to  have  interference  fringes  or  points  at 
rhich  the  effects  destroy  each  other  confinualhj.  If  the  phases  of  the 
raves  from  A  varied  irregularly  a  great  number  of  times  per  second 
rith  respect  to  those  from  B,  we  should  have  at  any  given  point  P 
leutralisation  and  co-operation  succeeding  each  other  so  rapidly  that 
LOthing  but  a  mean  effect  would  be  perceived,  and  this  would  be 
lerely  the  sum  of  the  mean  effects  of  each  source  taken  separately. 
Cow  if  the  disturbances  come  from  two  independent  sources,  such  as 
he  two  different  parts  of  a  flame,  the  relative  phases  of  the  two  would 
«  purely  casual,  and  no  fixed  and  permanent  neutralisation  could  be 
xpected.  Observation  shows  that  no  interference  effects  are  mani- 
ested  unless  the  two  interfering  streams  of  light  come  originally 
rom  the  same  source,  and  subsequently  traverse  slightly  different 
*aths,  and  this  is  what  the  theory  anticipates. 

In  the  experiments  of  Grimaldi  the  apertures  were  illuminated 
irectly  by  the  sun,  and  consequently  no  interference  phenomena 
ould  possibly  have  been  observed.  This  point  was  particularly 
oticed  by  Young,  who  allowed  the  sunlight  to  pass  first  through  a 
arrow  slit,  and  then  through  the  two  small  apertures.  He  re- 
larked  that  the  fringes  disappeared  when  one  of  the  apertures  was 
topped,  and  also  when  the  slit  was  removed,  so  that  the  two  apertures 
rere  illuminated  directly  by  the  sun.  In  this  case  each  point  of  the 
un  produces  a  distinct  set  of  fringes,  but  the  multitude  of  sets 
ecome  so  superposed  and  interspersed  that  all  visible  effect  is 
bliterated. 

An  essential  condition  then  is  that  the  two  apertures  be  supplied 
rom  the  same  source,  so  that  the  waves  diverging  from  A  and  B  at 
ny  instant  may  be  exactly  alike.     To  effect  this  in  practice,  a  narrow 
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slit  is  usually  placed  symmetrically  near  the  apertures  with  its  length 
perpendicular  to  the  line  joining  thent  The  light  from  a  lamp  or 
other  source  falls  first  upon  the  slit,  or  is  focused  on  it  by  means  of  a 
condensing  lens,  and  after  diverging  from  it  reaches  the  two  apertures. 
The  slit,  being  very  narrow,  is  like  a  single  line  of  light,  each  point 
of  which  is  symmetrically  situated  with  respect  to  A  and  B,  and  sends 
waves  to  each  which  are  exactly  alike,  so  that  the  whole  r^ultant 
wave  emitted  by  A  is  the  same  as  that  emitted  by  R  These  waves^ 
on  arriving  at  any  point  P  of  the  screen,  will  produce  the  phenomena 
of  permanent  interference.^  The  bi-prism  and  other  apparatus  for 
producing  interference  bands  are  therefore  to  be  regarded  as  contriv- 
ances to  procure  two  similar  origins  of  light  in  close  proximity. 

From  this  it  will  be  easily  understood  how  it  is  that  two  lamps,  or 
two  candles,  can  never  be  expected  to  destroy  each  other's  effects 
anywhere  when  placed  close  together  like  two  organ  pipes  tuned  in 
unison.  Two  lamp  flames  have  no  permanent  phase  relation.  The 
waves  sent  out  by  one  are  not  necessarily  similar  to,  or  in  any  way 
related  to,  the  waves  sent  out  by  the  other.  Each  point  of  a  flame  is 
an  independent  source  of  lights  and  the  waves  emitted  by  it  continuallj 
vary  in  character ;  while  for  two  sources  to  produce  darkness  at  any 
point  the  necessary  condition  is  that  they  should  continually  send 
waves  to  this  point  opposite  in  phase,  but  in  other  respects  exactly 
alike. 

98.  The  Corresponding  Points  of  the  Sources. — In  Youngs 
experiment  the  two  apertures  are  supplied  by  the  same  small  source, 
and  in  the  case  of  Fresnel's  mirrors  and  bi-prism  the  interfering 
origins  are  images  of  the  same  source,  and  are  therefore  similar — Uie 
right-hand  side  of  one  corresponding  to  the  right-hand  side  of  the 
other  and  the  left  to  the  left.  With  Lloyd's  single  mirror  it  is  Bowt 
what  different,  for  here  the  two  interfering  sources  are  the  luminom 
origin  and  its  image,  but  the  right  side  of  the  image  corresponds  to 
the  left  side  of  the  origin,  and  tnce  versd.  Now  continuous  interference 
can  be  expected  to  occur  only  between  rays  issuing  from  corresponding 
points  of  the  interfering  sources,  for  the  waves  emitted  by  the  variow 
points  of  the  source  (slit)  have  necessarily  no  fixed  phase  reUtioo 
when  it  is  supplied  directly  by  a  flame.  Hence  with  the  bi-prism  and 
mirrors  it  is  the  right  side  of  one  image  that  interferes  with  the  right 
of  the  other,  and  the  left  with  the  left,  but  in  Lloyd's  experiment  the 

*  The  fringes  are  only  iiroduced  distinctly  when  the  source  is  very  narrow.  Tb» 
width  of  the  aperture  should  be  so  small  that  the  displacement  of  the  centre  of  tin 
system,  incurred  by  using  in  turn  the  tn'o  edges  of  the  slit  as  linear  apertoM 
should  be  small  compared  with  the  width  of  an  interference  band. 
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ght  side  of  the  sooroe  interferes  with  the  left  of  the  image,  and 
ce  ven(L  In  the  ktter  case  when  the  slit  has  any  sensible  width 
16  centre  of  symmetrir  must  be  the  same  for  the  bands  produced  by 
I  corresponding  points,  but  the  distance  c  between  the  corresponding 
>ints  is  variable.  In  Fresnel's  experiments,  on  the  other  hand,  the 
fltance  c  is  constant^  while  the  centre  of  symmetry  varies.  In  Lloyd's 
cperiment  then  the  4»ntral  bands  are  exactly  superposed  for  all  the 
"oape  of  corresponding  points,  and  the  width  of  the  slit  does  not 
terfere  with  the  achromatism  of  the  central  line.  The  widths  of 
le  bands  produced  by  different  pairs  of  corr^ponding  points  will, 
>weYer,  be  different  (since  the  band  width  varies  inversely  as  c),  and 
is  results  in  a  confusion  which  increases  from  the  centre  outwards.^ 
L  FresneFs  experiments  the  band  width  is  the  same  for  all  })airs  of 
»rresponding  points,  and  the  width  of  the  slit  merely  leads  to  a 
teral  displacement  of  the  central  line  of  the  various  systems,  so  that 
le  condition  for  distinctness  is  that  the  width  of  the  slit  be  narrow 
impared  with  the  width  of  a  band,  and  this  limiting  width  of  the  slit 
independent  of  the  order  of  the  bands. 

99.  limit  to  the  Number  of  Fringes. — The  formula  (p.  140)  for 
le  distance  of  any  bright  band  from  the  centre  of  the  system  shows 
lat  the  width  of  any  band,  measured  from  darkness  to  darkness,  is 

/r=//X/r. 

"he  band  width  is  therefore  directly  proportional  to  the  wave  length 
E  the  light  employed.  If  the  light  could  be  procured  absolutely 
omogeneous — that  is,  of  a  single  wave  length  A — then  theoretically 
le  screen  should  be  covered  with  an  infinite  number  of  similar  bands, 
aving  nothing  to  distinguish  one  from  another. 

With  ordinary  light  the  case  is  very  different.  Each  colour  gives 
tse  to  a  system  of  bands,  and  of  these  the  red  bands  are  broadest 
nd  the  violet  narrowest,  the  width  of  the  former  being  about  twice 

'  The  meaHurc  of  the  confusion  arising  from  tlie  variation  of  c  in  the  finite  width 
r  the  slit  in  Lloyd's  exijeriuient  is  easily  found.  Thus  the  distance  of  the  nt\i 
%ni\  of  any  system  from  the  centre  is  x=na\/Cf  and  tln'roforc  the  interval  3./-  Ik*- 
jreen  two  con'esjwnding  hands  when  c  varies  is 

r  if  J/?  be  the  band  width  ^oKjc  we  have 

=  -u     , 
tr  c 

hercfore  the  slit  must  be  miwie  narrower  as  v  increases  if  the  distinctness  of  the 
•ands  is  to  be  preserved. 
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Fig.  85. — Overlapping  of  the  FringeM. 


that  of  the  latter.  Hence  it  happens  that  after  a  few  alternations  the 
nth  red  band  coincides  with  the  (n  +  l)th  violet^  or  perhaps  the  dark 
spaces  of  one  system  are  filled  up  with  the  bright  bands  of  another,  bo 
that  overlapping  and  superposition  of  the  multitude  of  systems  from 
the  red  to  the  violet  takes  place,  and  this  leads  to  the  final  obliteration 
of  all  visible  efiect  at  a  short  distance  from  the  centre  (Fig.  85). 
What  occurs  then  is  that  a  few  (ten  or  twelve)  bright  rainbow-coloured 

bands  are  seen  which  become 
less  and  less  distinctly  marked, 
finally  merging  into  one 
another  and  fading  into  uni- 
form illumination  at  a  short 
distance  from  the  central  line. 
This  line  is  white,  as  it  is 
a  bright  line  for  adl  wave 
lengths.  Theoretically  there  is  not  a  single  place  of  complete  dark- 
ness, for  this  would  entail  at  that  place  a  complete  discordance  of 
phase  for  all  wave  lengths,  whereas  any  point  at  a  distance  x  from 
the  centre  will  be  bright,  for  the  wave  length  determined  by  nak  =  cj. 
The  very  existence  of  any  visible  bands  with  white  light  depends  on 
the  limited  sensibility  of  the  eye,  which  is  confined  to  about  one 
*^  octave,"  and  on  its  capability  of  making  chromatic  distinctions. 

Want  of  purity  in  the  light  is  therefore  detrimental  to  the  pro- 
duction of  a  large  number  of  visible  bands. 

100.  Interference  under  high  Relative  Retardation. — ^It  follows 
from  the  foregoing  considerations  that  the  more  homogeneous  the  light  the 
greater  the  number  of  observable  interference  bands,  and  if  perfecdy 
homogeneous  light — that  is,  light  of  a  single  wave  length — could  be 
obtained,  the  screen  should  be  covered  with  an  infinite  system  d 
similar  bands.  In  practice,  however,  it  has  not  as  yet  been  possible  to 
obtain  strictly  homogeneous  light.  An  approximation  to  it  may  be 
obtained  by  casting  the  spectrum  of  any  source  of  light  on  a  screen, 
furnished  with  a  very  narrow  slit,  in  such  a  way  that  a  narrow  strip 
of  the  spectrum  is  transmitted  through  the  slit  This  slit  may  be  used 
as  the  source  of  light  in  an  interference  experiment,  and  when  so 
employed,  the  number  of  bands  directly  observable  is  vastly  greater 
than  that  given  by  a  source  of  ordinary  white  light.  Still,  in  this 
case  also,  the  light  is  heterogeneous,  for  the  slit  transmits  a  narrow 
})and  of  the  spectrum,  and  this  band  contains  a  group  of  waves  varying 
in  length  by  an  amount  depending  on  the  width  of  the  slit,  and,  tf 
the  band  width  will  be  different  for  the  different  constituents  of  dtf 
group,  there  will  be  overlapping,  and  ultimately  obliteration  of  the  baiMk 


AVT.  100  LARGE  RELATIVE  RETARDATION  153 

A  very  convenient  source  of  approximately  homogeneous  light  is 
that  of  the  sodium  flame.^  This  consists  of  two  narrow  bands  very 
cloee  together  in  the  yellow  part  of  the  spectrum,  so  that  it  contains  a 
group  of  waves  of  different  lengths,  and  overlapping  ultimately  occiu:'8. 
With  this  source  of  light  Fizeau  observed  50,000  bands,  and  more 
recently  this  number  has  been  largely  increased  by  Professoi*s  A.  A. 
Michelson  and  K  W.  Morley.'^  Using  the  light  of  incandescent  sodiimi 
vapour  (in  an  exhausted  tul>e  provided  with  aluniinium  electrodes) 
interference  was  observed  with  a  retardation  of  over  200,000  wave 
lengths,  ie.  over  4  inches.  This  number  was  still  further  increased  by 
using  the  light  from  Pliicker  tubes  containing  vapour  of  mercury  or 
thallium  chloride  which  gave  interference  with  a  diiierence  of  piith  of 
540,000  and  340,000  wave  lengths  respectively.  In  these  experiments 
a  special  form  of  apparatus,  called  an  inferferenre  rf'fradomf'tei\  was  em- 
ployed (Art.  123),  by  which  any  desirable  difference  of  jmth  could  be 
easily  introduced  between  the  two  interfering  beams.  Experiment 
consequently  proves  that  the  number  of  bands  directly  observable 
increases  with  the  purity  of  the  light. 

It  may  also  be  shown  that  interference  takes  place  in  the  regions 
beyond  the  limits  of  the  visible  fringes  where  overlapping  exists  to  such 
an  extent  that  the  field  appears  to  be  uniformly  illuminated.  In  thes(> 
regions  any  point  is  a  place  of  brightness  for  certain  wave  lengths  and 
of  darkness  for  others,  and  consequently  the  light  there  is  a  mixture 
in  which  only  certain  constituents  of  the  original  light  are  represented. 
Hence,  if  a  slit  be  opened  in  any  part  of  this  region  so  that  the  light  sjx'ctro- 
falling  on  it  may  be  transmitted  and  ex;miincd  in  a  8i)ectroscope,  the  st^opi^' 

miilvsis 

spectrum  will  exhibit  certain  dark  bands  corresponding  to  those  waves  '  '  * " 
which  are  destroyed  by  interference  at  the  slit.  This  method  was 
employed  by  Fizeau  and  Foucault.^  If  a  narrow  slit  be  opened  *  at 
the  centre  M  of  the  fringe  system  the  light  which  is  tmnsniitted 
through  it  will  give  a  complete  spectnim,  since  the  central  fringe  is  a 
place  of  brightness  for  all  colours.  On  the  other  hand,  if  a  slit  bo 
opened  at  any  other  part  of  the  fringe  system  the  tmnsmitted  light 
will  give  a  spectrum  exhibiting  those  colours  for  which  the  slit  is  a 

^  Proposed  by  BrewHter,  Annulca  dc  Oiimir  rt  dc  Physii/Hff  second  series,  toiii. 
xxxvii.  p.  437,  1828. 

'^  A.  A.  Michelson  and  E.  W.  Morley,  Journal  of  th'.  Association  of  Engiiorrimj 
,S'*tcirf.i€St  May  1888,  and  Address  Ixjfore  the  Ameiican  Association,  Cleveland  Meeting'. 
August  1888,  Ity  A.  A.  Michelson. 

^  Fizeau  and  Foucault,  Atifuiiea  df  ChimiA'  etde  Physique,  third  series,  tuni.  xxvi. 
p.  V\K  1840  :  Comptea  IUndu»,  *24th  Noveml>er  1845. 

*  The  width  of  the  slit  should  not  be  more  than  a  moderate  fraction  of  that  of  a 
band. 
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place  of  brightness,  iiiid  consequently  crossed  hy  dark  liandi 
the  absence  of  those  colours  which  ure  destroyed  by  interf* 
slit.     If  J-  be  the  distance  of  the  slit  from  the  centre  of  the 
the  wave  lengths  of  the  darh  bands  satisfy  the  equation 

In  the  exper-imeiit  of  Fizeaii  and  Foiieault   a  slit  ^ 
the  centre  of  the  system  produced  by  Fresnel'a  mirrors,  and  by  si 
forward  one  of  the  mirrora  parallel  to  itself,  the  system  of  I 
displaced  gradually  across  the  screen,  so  that  they  passed  in 
over  the  slit.     As  the  fii-stdark  band  comes  on  the  slit,  a  dark  Im 
seen  in  the  spectrum  which  passes  from  the  violet  to  the   red  a 
mirror  is  gradually  displaced,  then  a  second  succeeds  It,  ■ 
two,  three,  or  more  dark  Imnds  simultaneously  appear  croseiagi 
spectrum,  till  finally  they  become  so  numerous  and  narrow  t 
segiarate  and  distinguish  them  the  resolving  power  of  the  spectraMfl^a 
requires  to  l>e  increased.      Hence  the  extent  to  which  i 
can  be  observed  is  limited  only  by  the  reaolring  power  of  the  sptt 
scope.' 

'  It  lias  beon  uaimllj  held  that  even  it  the  number  of  obaervabla  fringes  i 
limited  liy  overlai>piii);,  yet  s  major  limit  to  this  number  would  be  detera 
lertaiii  irregular  changes  taking  pUeo  in  the  source  of  light.    Thus  if  «-c  i« 
l>oint  P  so  far  ^ni  the  ceutral  line  of  the  Fringes,  tliat  AP  -  BP  is  a  large 
uf  wave  lengths,  then  the  light  reaching  P  at  any  instant  from  B  is  a  Urge  na 
of  wave  periods  in  advance  of  that  which  reachea  it  from  A.    The  former  irivt 
emitted  From  the  iiaurce  some  time  before  the  latWr,  and  if  the  nature  of  the 
emitted  by  the  source  has  changed  in  the  meantime,  the  waves  reaching  Pat 
instant  from  A  and  B  will  be  dissimilar,  and  have  no  constant  phase  relation. 

.  Tlie  iiTegainrily  oonlemiilatod  in  thin  view  of  the  subject  does  not  appwt  Ip: 
any  clearly  delitied  meaning  iii  the  case  of  vrhtte  light.  For  exami>Ie,  in  the  (i 
a  nioaochromatic  source,  if  the  vibration  be  represented  by  a  simple  ei{uittiOB  rf 
form  x=asiD{tiit  +  a},  We  deal  with  an  infinite  train  of  waves  propagatnl  in  ft  pNfM 
re^dar  mannvr.  If  thia  train  be  supposed  broken  up  bj  sudden  cliajigsa  of  |l 
originating  in  tlie  Bouroe,  then  we  have  to  deal  with 

the  couditionii  of  propagation  will  be  altered,  so  that  tlie  state  of  aflain  at  fttif 
ceases  to  be  represented  by  the  foregoing  simple  equation,  and  the  problem  " 
much  more  ooniplicated.     In  M.  Oony's  opinion  the  nature  of  white  light  ma; 
understood  bj  assindlating  it  to  a  disturbance  originated  by  a  seqnence  of 
irregidar  impulses.     The  action  of  a  prism  istoanalysethis  Dompli 
its  constituents  in  the  way  a  complex  |ienodiu  function  is  analysed  into  il 
harmonic  com[ionenta  in  a  Fourier  series.     That  interference  bandit  may  be 
under  high  relative  retardation  with  white  light  is  merely  a  proof  of  the 
pwer  ol  the  spectroscope  and  affords  no  criterion  as  to  regularity  in  the 
(see   further,   M.   Couy,  J<iuraal  <U  Physique,    2"",   tom.   v.   p.  854,   1886 
Rayleigh,   Fhil.  Mmj.  vol  ixvii.  p.  460,  1889  ;  Anhur  Schnster,  PML  ibf. 
xvxvii.  p,  SOB.  18941. 
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If  two  dark  bands  appear  in  determinate  parts  of  the  spectniin 
correspcmding  to  wave  lengths  X  and  \\  then  by  the  above  equation 

(2n  +  l)X=(2u'  +  l)V  =  2«, 

where  n  and  n'  are  two  whole  numbers,  and  5  is  the  difference  of  the 
distances  of  the  interfering  origins  from  the  slit  in  the  screen.  Be- 
tween these  two  bands  a  number  N  of  other  dark  bands  may  occur 
which  can  be  counted.     Then  we  have 

T^^-       ,  2W  +  1X-X' 

N  +  l=7.-H=       2         -y-. 

or  2»  +  l=(N  +  l)-?^„    2w'  +  l=(N  +  l)/^^ 


'X-X"  '  X-X' 

Knowing  »  or  n'  we  can  calculate  5,  the  relative  retardation  of  the 
pencils  when  they  reach  the  slit. 

101.  Achromatie  Interference  Bands. — The  interfeience  bands 
ordinarily  obtained  are  highly  coloured,  and  this  hapi^ns  beaiuse,  in 
the  formula, 

a  X 

.=  ->,-. 

the  distance  c  is  the  same  for  all  colours  while  A  is  variable.^  If,  how- 
ever, by  some  means  c  be  made  different  for  the  different  colours  so 
as  to  be  directly  proportional  to  A,  wc  will  have  A/r  =  const.,  and 
the  bands  will  be  of  the  same  width  for  all  colours.  The  fringes  will 
therefore  be  achromatic,  and  the  want  of  homogeneity  of  the  light  will 
offer  no  obstacle  to  the  production  of  a  large  number  of  fringes.  This 
may  be  easily  arranged  by  using  Lloyd's  mirror  and  a  diflraction 
grating  (Art.  135,  etc.)  with  which  to  form  a  spectrum.  Whit(; 
light  from  a  narrow  slit  falls  in  succession  upon  a  grating  and  an 
achromatic  lens,  so  as  to  form  diffraction  spectra  in  the  focal  plane  of 
the  lens.  One  of  these  spectra  -  is  used  as  the  proximate  source  of 
light  in  the  interference  experiment,  and  since  the  de\aation  of  any 
colour  in  the  diffraction  spectrum  varies  as  A,  it  is  only  necessiiry  to 
arrange  the  mirror  so  that  its  plane  passes  through  the  white  centitil 
image  in  order  to  realise  the  conditions  for  achromatic  Imnds.  When 
the  adjustments  are  carefully  made  the  whole  field  is  filled  with  fine 
bands,  which  become  coloured  only  at  the  edges  of  the  field. 

With  less  perfection  the  diffraction  spectmm  may  be  replaced  ])y 
a  prismatic  one  so  arranged  that  Xjr.  is  constant  for  the  most  luminous 

*  In  the  case  of  the  bi-prisni  e  varies,  being  least  for  the  red  and  greatest  for  the 
violet,  and  this  exaggerates  the  overlapping  and  increases  the  colouring. 

*  Lord  Kayleigh  used  the  second. 
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rs.ya.  "The  bands  nre  then  Achromatic  in  the  same  sense  that  an 
ordinary  telescope  is  so.  In  this  case  there  is  no  objection  to  a 
merely  virtual  Bpectrum,  and  the  experiment  may  be  very  simjily 
executed  by  Lloyd's  mirror  and  a  prism  of  about  20'  held  just  iti  front 

of  it" 

"  It  is  interesting  to  observe  the  effect  of  coloured  glasses  ui>oti  ihe 
(listinctness  of  the  bands.  If  the  achromatism  be  in  the  green,  a  ml 
or  orange  glass,  so  far  from  acting  as  an  aid  to  distinctness,  al>literaie^ 
all  the  tjands  after  the  first  few.  On  the  other  hand,  a  green  gl»^ 
absorbing  rays  for  which  the  bands  are  already  confused,  confoi 
additional  sharpness.  With  the  aid  of  a  red  glass  a  large  number  of 
liands  are  seen  distinctly,  if  the  adjustment  be  made  for  this  part  of 
the  spectrum." ' 

102.  Displacement  of  the  Fringes — Diminished  Speed  tn  Denser 
Media. — In  the  deduction  of  the  law  of  refraction  the  wave  theory 
pointed  out  that  the  velocity  of  light  should  be  less  in  the  denser  or 
more  refracting  media,  and  we  mentioned  in  passing  that  the  emissioD 
theory  pointed  to  an  opjiosite  conclusion.  This  point  can  now  1« 
decided  by  means  of  the  phenomena  of  interference.  It  is  oh^-ionB 
that  the  central  fringe  is  situated  in  that  place  to  which  it  takes  the 
light  the  same  time  to  travel  from  the  two  interfering  origins.  If  nor 
a  thin  plate  of  glass  (or  other  transparent  substance)  be  interpo»ii 
in  the  path  of  one  of  the  beams,  the  light  of  that  beam  will  be  retarded 
or  accelerated  according  as  it  travels  slower  or  faster  in  the  glass  tbui 
in  air.  The  point  then  at  which  the  two  beams  will  arrive  in  thi 
same  time  will  )>e  displaced  on  the  screen.  The  central  band  will  bt 
moved  towards  the  path  of  the  beam  in  which  the  plate  (Fig.  86)  is 
interposed  if  the  light  travels  slower  in  the  glass,  but  to  the  apptrntt 
»ide  if  it  travels  quicker  in  it.  lb 
residt  is  decisively  in  faToor 
iliminished  velocity  of  light 
more  refracting  media,  aod  Uw' 
once  of  velocity  may  be 
I  the  amount  by  which  the  fringe  s 
KijisiJ.— iii»piiK!eim:iitoriiieLViit™m»od.  displaced. 

It  is  easy  to  calcidate  the  relation  between  the  displacement  ui 
the  refractive  index  of  the  int«rposed  plate.  Let  P  be  the  posiiiw 
(if  the  central  fringe  when  the  plate  is  interposed  in  the  path  d 
the  ray  BP.  The  time  of  travelling  over  AP  is  the  same  as  du: 
of  travelling  over  BP ;    hence  if  n  and  t/  denote  the  velocities  ii 

'  Lnnl  Kay1eif[h,  Phil.  Mug.  vol.  xxviiL  pp.  77,  189,  1889. 
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I  the  plate  reapeclively,  and  r  the  thickness  of  iho  pUh), 

BP-c  +  *«!  =  Al'. 
(^«-l)  =  AP-Bl'  =  B* 


if  the  ceutral  fringe  is  diaplaeed  through  the  distance  occupied  by  n 
fringes,  a  result  which  wan  obvious,  for  the  retardation  introduced  bj- 
the  passage  through  the  pkte  is  (/•  -  1  y. 

103.  Application  to  the  Determination  of  Refractive  Indices.  ^ — 

The  amount  of  displacement  in  the  foregoing  imfmrtant  experimeul. 
furnishes  na  with  a  method  of  determining  the  refi'acCive  index  of  a 
EultstAnce  when  the  displacement  of  the  centra!  fringe  and  the  thick- 
nese  of  the  plate  are  known.*  Fresnel  and  Arago-  applied  it  to  the 
determination  of  the  refractive  indices  of  gases.  It  is  susceptible  of 
grent  accuracy,  the  minutest  change  in  the  index  of  i-efraction  of  air 
being  observed, — such,  for  instance,  as  the  change  due  to  a  rise  of  j'j, 
of  a  degree  in  temperature. 

By  the  same  method  it  was  ascertained  that  the  refractive  index 
of  dry  air  is  about  one-millionth  greater  than  that  of  air  saturated 
with  vapour.  Arago  also  pointed  out  that  the  scintillation  of  the 
stars  is  due  to  interference  arising  from  the  changes  in  the  refracting 
r«>wers  of  portions  of  the  atmosphere  through  which  the  different 
I  lions  of  light  reach  the  eye. 

M.  Billet'  has  devised  a  very  convenient  method  of  producing 
.rurferencc  fringes,  and   showing  the  effect  of  a  plate  interposed  in 


the  path  of  one  of  the  interfering  pencils  in  displacing  the  fringes.  It 
consists  of  a  lens  cut  into  two  halves,  L  and  L'  (Fig.  87),  which  can  be 
^fl«.rat«d  or  brought  close  togetlier  at  will  by  means  of  a  micrometer 

'   ll  slsu  (lotenniiiet)  c  when  we  know  fi  and  the  ilui>laveuieiit. 
-   By  oWrviitg  tlia  pusition  of  the  rrinpti  fornieH  l>7  two  rsyif,  one  of  wbivli 
|..i-'.tHl  thruugh  vBQUutii  anil  llie  otliur  thruiigli  aii'. 

'  Jnn,  d*  Chimii  tt  (U  Phya.,  third  KricB,  torn.  hiv.  |i.  ml. 
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screw.  Their  sectioiiB  ave  brought  parallel  by  turning  one  of  then 
3  fixed  axis  by  means  of  another  screw.  The  luminous  urigin  I 
duces  two  iniBges  A  and  B  situated  on  the  optic  axes  OA  uul  d 
the  two  halves,  the  motion  of  which  allows  the  images  A  and  fil 
brought  as  close  together  as  desired.  The  light  diverging  fromfl 
imagea  produces  fringes  on  a  screen  placed  at  any  jiart  of  ■ 
common  path,  and  it  is  e^ey  to  interpose  plat«3  of  anv  t 
substance  in  the  path  of  either  or  of  both  simultaneously. 

With  the  bi-priam  the  thin  plate  may  be  placed  over  < 
the  prism,  or  if  two  plates  are  to  be  compared,  one   may  be  pi 
over  each  half.     These  experimenU  were  first  executed   by  FiJ 
and     Arago,'    and    gave    rise     to    the    construction    of    interfM 
refractometers. 

All  ingenious  modification  of  Billet's  experiment  has  been  r 
suggested  by  M.  G.  Meslin,^  in  which  fringes  of  a  circular  fonal 
obtained.    Thus  in  all  the  forms  of  experiment  so  far  describaj'^ 
AB  joining  the  interfering  soui-oos  is  at  right  angles  to  tltfid 
of  pro[)agation  of  the  light,  and  for  this  reason  the  fringes  o 
the    screen    on  which    the  light   falls  are  approximately  i 
parallel  to  AB.     This  is  the  case  because  the  surfaces  of  c 
retardation  are  hyperboloids  of  revolution  round  the  line  AB,  h»*n 
A  and  B  for  foci.      But  if  by  any  means  the  lino  AB  ia  turned  si 
be  parallel  to  the  direction  of  propagation  of  the  light — that  is,  if  i 
Circulnr  tui-ned  so  as  to  pass  through  0 — then  the  axis  of  revolution  of  I 
rnngM.    gurfacea  of  interference  will  be  perpendicular  to  the  screen,  and  tb 
cross  sections  on  the  screen  will  be  a  system  of  concentric  circles. 
Billet's  experiment  AB  is  at  right  angles  to  the  central  line,  bccatut    ^ 
and  L'  are  separated  by  displacement  at  right  angles  to  this  line,  t 
if  the  displacement  were  made  parallel  to  this  line,  then  the  line  i 
would  pass  through  0. 

This  is  shown  in  Fig.  88,  in  which  the  lower  half  of  the  1 
displaced  through  an  interval  CC  parallel  to  the  central  line,     ffil 
this  arrangement  the  light  which  passes  through  L  is  brought  lo  * 
focus  A  on  the  line  joining  O  to  its  optic  centre  C,  while  the  ligkll 
passing  through  L'  is  brought  to  a  focus  B  on  the  same  line,  and  if  1^ 
screen  PQ  be  placed  anywhere  between  A  and  B,  interference  fringet^ 
will  be  depicted  on  it  in  the  region  of  the  overlapping  beams  of  light*— 
The  surfaces  of  constant  retardation  in  this  case  are  not  hyperboloidt- 

'  (Euvra  de  Frcmel,  torn.  i.  pp.  125,  691,  and  Hverkl  memoirs  of  Ango  (SHnw* 
torn.  X.  pp.  298,  312). 

'  0.  Meslin,  Cimfla  Sendus,  1893 ;  uid  JourTial  dt  J^yriqne,  Si",  Urn.  >^ 
p.  205,  1893, 
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but  ellipaoids  of  revolution  round  ibu  line  AB,  and  faa\iiig  A  und  B 
'or  foci.  For  if  we  consider  any  point  X  on  the  screen  which  receives 
light  from  lx)th  L  and  L',  the  light  reaching  it  from  L  ivill  have 
i.raveUed  over  a  piith  6  +  AX,  where  6  represents  the  equivaleot  path 
^m  O  to  A  and  is  the  same  for  all  raya  passing  through  L.  Similarly 
the  light  reaching  X  from  L'  will  have  travelled  over  a  path  S'  -  BX, 
where  S'  is  the  equivalent  path  from  0  to  B  through  L'.  The  ditfer- 
;ttc<3  of  path  at  X  for  the  two  constituents  is  consequently 

I B  +  AX )  -  (i'  -  BX)  =  (a  -  a')  +  AX  +  BX. 

:ont*e(juently  the  path  retardation  at  X  is 
AX  +  BX-AB, 


and  if  this  is  to  remain  cotiBtant  we  must  have 

AX +  BX= const. 

That  is,  X  must  lie  on  the  surface  of  an  ellipsoid  of  revolution,  having 
-\  and  B  for  foci.  The  cross  section  of  any  one  of  these  ellipsoids  by 
t  he  plane  PQ  is  a  circle,  and  bright  and  dark  bands  are  accordingly  a 
isiTBteiii  of  concentric  circular  rings.  These  circles  are  not,  however, 
Complete,  for  the  beams  of  light  overlap  only  on  one  side  of  the 
Beatral  line,  and  at  most  only  half  of  the  complete  system,  i.e. 
Semicircles  can  be  obtained. 

For  A  given  )><wition  of  the  Bciifti  ]irove  that  the  radii  of  tlie  conucntive  riiigi 
M.re  proportioual  to  the  eqiiare  roott  of  tlie  whole  niinihirB  Ii  2,  3,  etc. 

[Take  thr  Diiddle  jioiiit  ofAB  lu  origm  and  the  line  AH  aa  sxU  off,  ao  that  the 
^uation  of  any  one  of  the  i-llipaes  may  he  h  rittan  in  the  form 


^^here  AX  +  BX=-2a.     Hen 


if  AB  =  '2c  the  relntive  retardation  ai 
i  =  AX  +  BX-AB  =  2(a-c). 
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But  ^'=a^-(^,  and  consequently,  since  8  is  small  compared  with  either  a  ore,  ve 
have  approximately 

/32  =  (a-c)(a  +  c)  =  i«(o  +  c)=c5  ; 
since  a=c+ ^d  is  nearly  equal  to  c.     Hence,  in  the  equation  of  the  ellipse, 

we  may  ^Tite  a  =  e  and  /3=  y/ed,  so  that  we  have 


-v/F 


a"). 


But  y  is  the  radius  of  the  ring  corresponding  to  the  retardation  d,  and  for  the  bright 
and  dark  rings  d=^\  according  as  n  is  even  or  odd. 

When  the  screen  passes  through  the  middle  point  of  AB  the  rings  reach  their 
maximum  size,  when  x=c  they  degenerate  to  zero.] 

104.  Abnormal  Displacement  of  the  Central  Band. — It  has  hm 

pointed  out  by  Sir  6.  G.  Stokes^  that  the  method  of  determining  the 
refractive  index  of  a  plate  by  the  displacement  of  a  system  of  inter- 
ference fringes  is  subject  to  a  theoretical  error  depending  on  the 
dispersive  power  of  the  plate.  In  the  absence  of  dispersion  the 
retardation  (8)  introduced  by  the  plate  would  be  independent  of 
X,  and  would  therefore  be  completely  compensated  at  the  point 
X  =  a^jc.  But  when  there  is  dispersion  the  retardation  S  depends  od 
\y  and  the  different  colours  are  unequally  retarded  by  the  pkte. 
The  violet  fringe  system  will  consequently  be  most  displaced,  and  the 
red  least  If  ii-  be  the  linear  displacement  of  the  fringe  system  of 
wave  lengths,  we  have  u^aZjc  and  5  =  (/*-!)«=/( A)  suppose, oofl- 
sequently 

tt  =  ^X) (1) 

The  centre  of  the  complete  displaced  system  is  therefore  not  neces- 
sarily at  the  point  reached  by  the  two  pencils  in  the  same  time,  but  k 
determined  by  the  coincidence  of  bright  bands  of  the  most  brilliant 
parts  of  the  spectrum.  Measured  from  the  original  centre,  the  position 
of  the  nth  bright  band  of  wave  length  A  will  be 


x  =  -  n\  +  w  =  -  I  n\  +/(X)  [ 


f-»-. 


When  this  quantity  is  as  independent  of  A  as  possible,  the  best  coin- 
cidence of  the  various  bright  bands  will  occur,  and  the  poait^on  will 

^  Brit,  Assoc.  Report,,  1850 ;  also  Math,  and  Phys.  Papers^  vol.  iL  n.  861. 
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^oneepoDd  to  the  centre,  or,  as  Comu  terms  it,  the  achromatic  band 
hi  the  displaced  system.  This  will  happen  when  dx/dk  =  0,  or  when 
t  is  the  nearest  integer  to 

Substituting  this  value  of  n  in  (2)  we  find  for  the  displacement  of 
•he  central  white  band 


X 


=  j{/(X)-X/'(X)} (3) 


rhere  /(A)  =  (/*  -  1)«. 

This  when  expressed  in  terms  of  u  gives  by  (I) 


— ^S w 

nd  when  expressed  in  terms  of  the  band  width  w^aXjc,  we  have 
dry's  ^  formula 

x=u-v;-j- (5) 

aw 

The  final  term  on  the  right-hand  side  of  each  of  these  equations 
I  inherently  negative,  for  since  the  refrangibility  increases  as  the  wave 
sngth  decreases,  it  follows  that  the  displacement  of  the  bands  corre- 
ponding  to  a  given  wave  length  must  increase  as  the  wave  length  (or 
land  width)  decreases.  Hence  du  and  dX  (or  dw)  must  have  opposite 
igns.  The  final  term  in  the  foregoing  equations  (which  represents 
he  abnormal  displacement  of  the  central  white  band  caused  by  disper- 
ion)  will  consequently  be  additive,  and  will  inci'euse  the  normal  effect 
ti  the  interposed  plate. 

Exercise.  — Assuming  the  truth  of  Cauchy's  formula, 


he  relative  error  is 


_        B    C 

V'(X)__        1_/2B    4C  \ 

/(X)  -"/i-lVX='      X*        '    *     /' 

105.  Abnormal  Displacement  of  the  Fringes  by  a  Prism  — 
Potter's     Experiment.  —  Repeating    an    experiment    of    Professor 

1  "Remarks  on  Mr.  Potter's  Experiment  on  Interference"  (G.  B.  Airy,  Phil. 
\fag,  March  1833). 
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Powell's,^  Mr.  Potter^  found  that  a  prism  interposed  in  the  pendli 
of  light  reflected  from  Fresners  mirrors,  arranged  to  produce  inte^ 
ference  bands,  systematically  deviated  the  fringes  towards  the  thid[ 
end  of  the  prism  by  an  amount  greater  than  that  of  the  calculated 
centre  of  the  interfering  pencils.  This  he  considered  inconsisteDt 
with  both  the  wave  and  emission  theories,  but  Sir  G.  R  Airy' 
showed  at  once  that  this  phenomenon  followed  as  an  immediate  con- 
sequence of  the  wave  theory.  The  investigation  is  that  which  w« 
have  already  applied  to  determine  the  position  of  the  central  or 
achromatic  band  when  the  fringes  are  displaced  by  a  plate  inter- 
posed in  the  path  of  one  of  the  pencils.  If  u  be  the  linear  displacement 
of  the  fringes  corresponding  to  a  wave  length  A  and  w  the  width  of  i 
band,  the  displacement  of  the  achromatic  band  is 

du 
dw 

as  before.  The  quantity  dufdw  being  negative,  the  abnormal  effect  t 
added  to  the  regular  deviation  produced  by  the  prism. 

The  abnormal  displacement  of  the  central  band  is  therefore  a  con- 
sequence of  the  heterogeneity  of  the  light.  In  fact,  with  perfectly 
homogeneous  light  we  would  have  nothing  whereby  to  distinguish  tk 
central  band,  for  the  fringe  system  would  consist  of  a  set  of  perfectly 
similar  bands.  The  effect  of  the  prism  is  to  displace  the  apparent 
centre  of  the  system.  The  nth  band  is  rendered  achromatic,  but 
the  system  is  no  more  achromatic  than  before,  for  the  widths  of  tk 
component  bands  and  the  overlapping  remain  unaltered. 

If  a  diffraction  grating  be  used  instead  of  a  prism,  the  deviatioi 
will  vary  as  the  wave  length — that  is,  u  varies  as  uo^  and  consequendf 
u-wdujdw=^0, 

106.  Talbot's  Bands. — A  remarkable  system  of  bands  was  Sk 
covered  by  H.  F.  Talbot,^  and  their  complete  explanation  was  M 

^  Powell's  experiment  was  a  simple  variation  of  that  of  Art  102.  The  interpofr 
tion  of  the  thin  plate  is  attended  by  difiSculties  on  account  of  the  extreme  {»t>ximi9 
of  the  interfering  pencils.  Powell  suggested  the  use  of  a  thin  priam  of  4*  or  5'  i^ 
fracting  angle,  the  edge  of  the  prism  being  iNirallel  to  the  line  of  intersection  of  ^ 
mirrors.  The  two  pencils  then  pass  through  different  thicknesses  of  the  pn^ 
Powell  says,  *'The  whole  set  of  stripes  are  seen  in  the  deviated  image,  unaltcM 
except  by  a  trifling  degree  of  colour  and  a  slight  shifting  towards  the  men  refrai^ 
end  of  the  spectrum,  obviously  due  to  prismatic  refraction  "  (Bev.  Baden  PMift 
Phil,  Mag,  and  Ann,  January  1832). 

^  The  prism  used  by  Potter  was  an  ordinary  glass  prism  of  48**  angle  (R.  PoCts; 
jim.,  Phil,  Mag,  February  1833). 

'  ''Remarks  on  Mr.  Potter's  Experiment  on  Interference"  (Q.  B.  Aiir. i^ 
Mag,  March  1833). 

*  H.  F.  Talbot,  Phil.  Mag,  1887,  part  i.  p.  864. 
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^ven  by  Airy,'  whose  calculation  is  very  complicated,  but  his  tirul 
reaolt  may  be  obtained  from  voi-y  elementary  considerations,  which 
are  given  in  the  theory  of  diffraction  (see  Art.  155).  At  present  we 
•hsll  merely  give  Talbot's  general  account.  He  describes  his  experi- 
nent  as  fallows  :  "  Make  a  circular  hole  in  a  piece  of  card  of  the  size 
of  tbe  pupil  of  the  ey&  Cover  one-faalf  of  this  opening  with  an 
axtn>mely  thin  film  of  glaaa  (probably  mica  would  answer  the  purpose 
«a  well,  or  belter).  Then  i-iew  through  this  aperture  a  perfect  spec- 
truin  formed  by  a  prism  of  moderat«  dispersive  power,  and  the  spectrum 
will  ap]>ear  covered  throughout  its  entire  length  with  parallel  obscure 
bands  resembling  the  absorption  produced  by  iodine  vapour." 

Ill  Fig.  89  the  thin  plate  h  represented  in  three  different  [msitions. 
At'  L  it  is  situated  directly  between  the  eye  of  the  observer  unil  the 
the  telescope,  ^^^^^^^^I^^^^HI^^^^^^^HM 
between  ^^^^^^^^^^^H|^^^^^^^^^^^^^| 
the  prism  and  the  object  ^^^^H|^^^^B|^^^^H^^^^^^| 
glass,  and  at  N  between  ^^^^^^^H^^^^^^^^B^^^^SV|^| 
the  prism  the  colli-  ^^^^^^^^^^^^^^^^^^^^H^^H 

An  imperfect  explan-  fis.  s^i.— tjiiik,i  -  b..j..i«. 

.itiou  of  the  bands  waa  given  by  Talbot  on  the  principle  of  simple 

iiit-erference.      Thus  if   6  be  the  retardation  sufferetl  by  any  ray, 

!    irave   length   A,    in   passing   through    the  plate,  then   one-half  of 

■:i-  light  passing  through  the  aperture  will  be  retarded  relatively  to 

I. it  which  passes  through  the  other,  and  if   the  quotient  SiX  is  a 

JM'le  num>ier,  the  two  halves  will  agree  in  phase,  but  if  &  ia  equal  to 

_'/'  +  l)iA,  they  will  be  opposite  in  phase  and  destroy  each  other. 

..iw  fi/A  varies  from  one  colour  to  another,  so  that  agreement  and 

.>[i]x>aition  in  phase  will  recur  alternately  as  we  pass  from  one  end 

uf   the  spectrum  to  the  other.      It  is  consequently  traversed  by  a 

svsiem  of  dark  bands. 

A  similar  experiment  ia  that  of  Brewster,^  by  which  he  imagined 
he  had  discovered  what  ho  termed  a  new  polarity  of  light.  -'While 
tixaniining  the  solar  spectrum  formed  in  the  focus  of  an  achromatic 
telescope  after  the  manner  of  Fraunhofer,  ho  placed  a  ihiti  plate  of 
gl.iss  before  his  eye  in  such  a  manner  as  to  int«rcept  and  retani  one- 
hiilf  of  the  pencil  which  was  entering  one-half  of  the  pupil.  He  was 
iben  siu7)rised  to  find  that  when  the  edge  of  the  retarding  glass  plate 
\%iis  turned  towards  the  red  end  of  the  spectrum,  intensely  black  lines 
luade  their  appearance  ,  ,  .  but  upon  turning  the  plate  of  gbisa  half 

'  Airy,  Phil-  Tram.  1810.  pirt  ii,  p.  225,  and  1811,  p.  1. 
»  "On  »ncw  PoUrity  of  Light "  (Sit  D.  Bremtar.  Brit.  Anot.  Rtfort,  1837). 
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rutind  (still  keeping  its  plane  perpendicular  to  the  Bxia  of  the  e^e),  *> 
aa  to  present  the  eilge  paat  which  the  rays  entered  the  eye  to  the 
violet  end  of  the  Hpectrum,  the  dark  hands  disiippeared."  In  inwi- 
mediate  positions  the  banda  appeared  more  or  leaa  distinct,  aceotdinj 
as  the  edge  was  more  presented  to  the  red  or  to  the  violet  end.  Thf 
thinner  the  glass  the  more  distinct  the  linee,  and  they  wer«  fomod  in 
any  part  of  the  spectrum.  Brewster  remarked  that  "  An  extuninatioD 
of  these  lines  alTords  the  very  best  means  of  determining  the  dispcrein 
powers  of  substances  ;  for  their  distanue  from  one  another  increua 
or  diminishes  exactly  aa  the  entire  length  of  the  spectrum  ia  increased 
or  diminished,  and  the  number  of  them  in  the  same  part  of  two  spectn 
of  difFei-ent  lengths  is  always  the  same." 

107. — Powell's  Bands.' — In  a  hollow  glass  prism  (Fig.  90}  a» 
taining  some  highly  refractive  liquid,  such  as  oil  of  sassafras,  anise,  v 
cassia,  a  plate  of  glass  is  inserted  with  its  lower  edge  parallel  to  lit 


edge  of  the  prism,  and  so  that  its  plane  nearly  bisects  the  angle  of  lb 
prism,  while  it  extends  only  through  the  upper  half  of  the  liquid. 
learing  the  lower  or  thinner  pai-t  clear.  The  light  from  a  slit  ban 
transmitted  through  it  in  the  usual  manner,  the  s))ectrum  thus  fotnx^ 
is  crossed  by  a  number  of  dark  bands  parallel  to  the  slit  or  edftf  <' 
the  prism. 

With  some  liquids  and  plates  the  bauds  are  sensibly  eqmdiataii)> 
in  others  they  increase  in  number  and  fineness  towards  one  eml  «( til 
spectrum.  In  most  cases  they  extend  throughout,  but  in  some  ll»T 
are  deficient  at  one  part  of  the  spectrum. 

If  the  thickness  of  the  plutf  exceed  a  certain  limit  the  bud> 
become  too  numerous  and  too  fine  to  bo  seen ;  If  less  thiui  k  edUtf 
limit  they  become  too  few,  broad  and  faint ;  while  for  sonie  tnl* 
mediate  thickness  they  appear  most  vivid  and  distinct. 

When  the  plate  is  inclined  cither  way,  even  to  being  in 
with  the  side  of  the  prism,  the  bands  are  still  seen,  but  ibey 
slight  displacement  downwards  as  the  plate  is  inclined. 

Some  combinations  of  liquid  and  plate,  anch  as  glasB  witli 
'  "OniiiewCiiseDfliiUrrerei>coorLiglit"(BMleDPow(ai.  FKU.  IYmml  UUl 
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torpeDtiiie,  or  mter,  give  no  bands  with  thia  arrangement  Stokes 
pointed  out  tliat  in  this  case  bands  are  produced  by  placing  the  plate 
in  the  thinner  part  of  the  prism,  leaving  the  wider  part  clear 
(Fig.  91). 

With  platea  of  cryBtallised  substances,  such  as  Iceland  spar,  two 
§ets  of  bands,  one  finer  than  the  other,  are  presented.  On  applying 
ft  Nicol's  prism  (chap,  zi.)  each  set  disappears  alternately,  leaving  the 
other  visible  at  each  quarter  of  a  revolution  of  the  analyser,  showing 
that  they  are  dae  to  the  two  oppositely  polarised  pencils.  The  finer 
bands  belong  to  the  extraordinary,  and  the  broader  to  the  ordinary' 
ray. 

The  explanatioa  of  the  general  >  formation  of  the  bands  is  alTordec] 
by  the  simple  interference  theory.  The  plate  having  a  refractive 
index  differing  from  that  of  the  liquid,  causes  one  part  of  the  pencil 
passing  through  the  prism  to  be  retarded  relatively  to  the  other,  by 
an  amount  which  increases  from  one  end  of  the  8t>cctrum  to  the  other ; 
and  as  this  difference  of  phase  amounts  successively  for  the  various 
coloun  to  an  odd  or  even  multiple  of  n-,  the  two  parts  will  )«  in 
discordance  for  some  or  accordance  for  other  waves,  and  produce 
corresponding  dark  or  bright  bands  in  the  spectrum. 

These  phenomena  are  analogous  to  those  observed  by  Fox  Talbot 
and  Sir  D.  Brewster,  on  partially  intercepting  the  spectrum  by  a  plate 
(rf  mica  covering  half  the  pupil  of  the  eye.  i 
Here  the  retardation  is  that  due  to  the  differ- 
ence of  refraction  of  a  plate  of  glass  and  an  I 
equal  thickness  of  liquid,  and  in  the  other  I 
cases  it  is  the  difference  )>etween  the  mica  I 
and  the  displaced  air.  Hence  Stokes  has  ^'"'-  *■-'-'""'<"'''  M".iiticjitiun. 
varied  the  experiment  by  inserting  the  glass  plate  in  a  vessel  with 
parallel  sides,  and  allowing  the  light  from  a  prism  to  fall  upon  it 
(Fig.  92). 

1.  Asaumiiig' the  tmth  of  Cftuchy's  Uw  of  diB|icmon,  tletprniine  to  what  ilfgree 
of  Apjiroximstion  X/c  can  bo  made  independent  of  \  by  meana  of  a  {iriitra  in  the  tx- 
)ieHnient  of  Art.  101. 

[Acconiiug  to  Cauchj's  law  we  may  take  e=A  -  B/X»  and  therefore 

X        x» 


■  The  comi'lete  invsrtigition  has  been  given  by  3tokes  {mt.  Trans,  p.  227, 
1S4S  ;  JTo/A.  aiul  Pkj/t.  Paptrt,  toL  iL  p.  14). 

*  These  Eiamplea  an  taken  from  laiA  Kayleigh'a  article,  Ik.  cit. 


166  INTERFERENCE  chap,  vn 

Hence  if  X/c  is  to  be  stationary  when  X  has  a  prescribed  value  \,  we  must  hare 
d{\/c)  =  0,  that  is, 

AXo«=3B. 

The  proportional  deviation  of  X/c  from  the  prescribed  value  XJcq  is  consequently 

X/c  _^  X»        -] 

X«/<^"8Xo''x«-JXo«  J 

2.  If  the  achromatism  is  to  hold  good  in  the  neighbourhood  of  the  D  line 
(Xd=  "SSSOO),  find  the  proportional  variation  of  X/c  for  the  C  line  (Xc==  '65618). 

[Using  the  formula  of  Ex.  1  we  have  \=  58890  and  X=  '65618,  therefore 

^=1-0155.] 

3.  In  Ex.  2  determine  the  order  (n)  of  the  band  at  which  the  C-system  is  dis- 
placed through  half  a  baud  width  relatively  to  the  D-system. 

[The  relative  displacement  at  the  nth  bright  band  is  8z=na{\/e'-\JcQ)=\a\^'c^, 
if  the  displacement  is  half  a  band  niddth. 
Hence 

X/c  -  Xfl/co  * 

Using  Ex.  2  this  reduces  to  7i  =  32 — that  is,  after  82  complete  periods  the  bright 
bands  of  one  system  coincide  with  the  dark  bands  of  the  other.] 

4.  If  the  prism  be  not  employed,  prove  that  the  bright  bonds  of  one  of  the  spt^n^ 
of  Ex.  3  will  coincide  with  the  dark  bands  of  the  other  when  n  =  4*2. 

[When  the  prism  is  not  employed  c  is  constant  and  the  formula  for  9i  in  Ex.  3 
becomes 

5.  If  the  two  systems  differ  in  wave  length  by  a  small  amount  d\,  prove  that  the 
formula  for  ti  in  Ex.  3  becomes  approximately 


"'(ai-'a- 


[This  formula  gives  the  order  of  the  band  at  which  complete  diacrepanoe  M 
occurs  between  the  systems  \q  and  \  +  dX,  and  it  shows  that  when  8\  is  small  the 
order  of  the  band  is  inversely  proportional  to  the  square  of  SX, 

The  corresponding  effect  will  occur  without  a  prism  at  the  band 

X-Xo""3X' 
so  that  the  effect  of  the  pnsm  is  to  increase  the  number  of  bands  in  the  ratio 

2Xo:33X.] 
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CHAPTER  VIII 

INTERFERENCE   BY  ISOTROPIC   PLATES 

Section  I. — The  Colours  of  TmN  Plates 

108.  General  Statement  of  the  Phenomena. — ^The  examples  of 
interference  which  we  are  now  about  to  discuss  are  noteworthy  on 
account  of  the  peculiarities  which  they  present  and  their  frequent 
occurrence  to  ordinary  observation.  Here  it  is  no  longer  necessary  to 
have  a  very  narrow  source  of  light. 

When  ordinary  white  light  falls  upon  a  thin  film  of  a  transparent 
substance,  such  as  a  soap  bubble  or  a  film  of  oil  spread  on  the  surface 
of  water,  brilliant  colours  are  generally  observed,  and  sometimes  all  the 
tints  of  the  rainbow  are  exhibited.  These  colours  were  first  observed 
by  Boyle  and  Hooke,  and  the  latter  succeeded  in  blowing  glass 
sufficiently  thin  to  exhibit  them  distinctly.^  They  are  often  developed 
in  mica  and  other  minerals  which  possess  a  lamellar  structure,  but  the 
most  familiar  instance  of  their  exhibition  is  in  the  froth  of  liquids  and 
films  of  oil  The  colours  vary  with  the  thickness  of  the  film,  and 
disappear  altogether  when  it  exceeds  certain  limits.  This  is  well 
exhibited  by  dipping  the  mouth  of  a  wine  glass  into  soap  water.  The 
viscid  aqueous  film  which  adheres  to  it  after  immersion  displays  the 
whole  succession  of  these  phenomena.  When  the  film  covering  the 
mouth  of  the  glass  is  held  in  a  vertical  plane  it  appears  at  first  uni- 
formly white,  but  as  it  grows  thinner  by  the  gradual  descent  of  the 
fluid,  colours  begin  to  be  exhibited  at  the  top,  where  it  is  thinnest. 
These  colours  form  horizontal  bands  which  become  more  and  more 
brilliant  as  the  thickness  diminishes,  but  when  the  thickness  is  reduced 
to  a  certain  limit  at  the  upper  part  the  film  becomes  quite  black,  and 
it  has  at  this  place  arrived  at  such  a  stage  of  tenuity  that  it  is  no 
longer  able  to  support  its  own  weight,  and  the  film  bursts. 

Every  one  is  familiar  with  the  fact  that  polished  steel  becomes 

^  A  noYice  in  the  art  of  glaM-blowing  may  succeed  in  this  experiment. 
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colourcil  in  variou!!  shades  when  exposed  to  the  air.  These  coloun 
are  due  to  a  thin  iilm  of  the  oxide  of  the  metal  which  ia  gnulually 
formed  on  the  surface.' 

The  same  appearances  are  displayed  in  a  still  more  Btrikiag 
manner  when  two  plates  of  glass  (which  contain  a  thin  film  of  wr 
between  them)  are  pressed  together,  or  when  a  convex  lens  is  laid  on 
a  plate  of  glass.  Around  the  poiiit  of  neaieet  approach  succession*  d 
coloured  rings  of  great  brilliancy  &re  presented,  which  dilnte  as  tbt 
pressure  is  increased  so  as  to  diminish  the  thickness  of  the  includisl 
air  film. 

1 09.  Thin  Plates — Retardatloii. — Let  us  now  consider  the  owe  <i 
homogeneous  light  falling  upon  a  thin  uniform  plate  or  film  of  a  tniu- 
parent  isotropic  substance,  for  example,  a  film  of  air  enclosed  betwMO 
two  parallel  plates  of  glass. 

The  light  incident  in  the  direction  AjB,  (Fig.  93)  on  the  fi« 
surfiice  of  the  film  ia  divided  there  into  two  portions,  one  refiert»d 
,  }KLratlel  to  fiC  aud  the  other  iracsmitteil 
parallel  to  B,C,.  This  latter  poriiom  it 
further  divided  at  the  second  surface,  one 
part  being  transmitted  and  the  other  »■ 
Hected  back  along  L'^B  to  suffer  refracttOB  M 
B  and  emerge  in  part  from  tho  plate  i^u 
the  direction  BC,  making  an  angle  with 
I  normal  equal  to  the  angle  of  incidence. 
ng.™.    11.1.1  .iJ..-, ... •».■!... ^^^    direction    BC    is    therefore    tho    AIM 

as  that  of  the  light  which  is  directly  reflected  at  tho  first  eiirfiice.  In 
this  direction  we  have  therefore  two  strcaniB  of  light,  one  comiqi 
from  the  first  surface  by  the  reflection  there  of  the  incident  Hglit, 
anil  the  other  emerging  from  the  first  surface  after  it  has  been  r» 
fracted  into  the  plate  and  reflectod  at  the  second  surface.  This  Utur 
stream  of  light  having  traversed  the  plate,  will  be  retarded  rejativdf 
to  the  light  which  is  reflected  directly  at  the  first  siirfaco.  The  txi 
streams  will  reinforce  or  weaken  each  other  according  as  they  wna 
the  same  or  in  opposite  phases.^ 

'  This  oxide  ia  fonned  rspidly  when  th*  temji^rature  is  liigli,  and  tliv  thicknaa  •! 
Ihe  film  (Ifpi-iida  bo  iuvaiUblj  on  the  tenipcrHtnre  that  nrttala  are  iu  Ilm  ImIuI  4 
ostiiustiug  [lie  temperature  by  tlie  colour  developed.  Thiu  st«l  in  tlin  ii 
tempering  ia  spoken  of  na  having  received  a  yellow  heat  or  bine  heat,    " 

'  "  This  mode  of  eiplainiDg  the  phenomena  oF  thin  pUtea  was 
Hooke  in  &  remarkalile  passage  in  his  Mierographia  some  yean  bafoav  ||w 
was  taken  up  bj  Newtou.     Id  this  passage  he  very  clearlj  dcaeiiLca 
whieh  the  rings  of  Boccesaive  orders  depeud  on  the  interval  of  rel 
secoud  '  puls« '  or  wave  with  respect  to  the  first,  and  therefora  on  tha 
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The  calciilatioii  of  the  difference  of  phase  of  those  two  BtrenniR  of 
Ught  is  very  umple.  Draw  B^D  and  BD^  perpendicular  to  AH  an<l 
.BjC^  respectively.  Thus  B^D  and  BD^  are  the  fronts  of  the  inoithMit 
and  refracted  waves  respectively.  At  the  instant  the  light  from  I> 
reaches  B  the  disturhance  from  B^  has  travelled  to  D^  in  the  Hccond 
medium.  Accordingly  the  first  pencil  of  light  is  about  to  leave  the 
Bur&ce  at  B  along  BC  at  the  same  instant  as  the  refracted  ray  in 
leaving  D^  to  traverse  D^C^R     The  retardation  is  therefore 

«=CiDi  +  CiB. 

Produce  B^C^  to  meet  at  E  the  normal  drawn  to  the  plate  at  K 
Then  if  r  be  the  angle  of  refraction  into  the  plate  it  is  obvious  that 
BECi  =  r,  CiB=CiE,  and  therefore 

3  =  DiE  =  BEco8/=2<:cosr, 

where  e  is  the  thickness  of  the  film. 

So  far  the  theory  seems  to  indicate  that  the  brightness  will  1x3 
greatest  when  the  difference  of  path  2e  cos  r  is  an  even  number  of  half 
wave  lengths,  and  least  when  this  difference  is  an  odd  number  of  half 
waves,  but  the  results  of  observation  show  that  the  conditions  of  light 
and  shade  are  exactly  reversed. 

Now  if  the  difference  of  phase  dei)end8  only  on  the  difference  of 
path  traversed  by  the  pencils,  when  this  difference  vanishes  (which  is 
the  case  when  the  thickness  of  the  film  is  infinitesimally  small)  the  two 
pencils  should  be  in  the  same  phase  and  the  illumination  should  be  a 
maximum.  But  we  know  that  if  at  any  point  the  thickness  of  the 
plate  is  zero  there  will  not  be  any  light  reflected  there,  and  the  point 
will  appear  dark ;  the  light  passes  straight  through.  Hence  we  have 
arrived  at  two  opposite  conclusions,  and  of  these  two  the  latter  is 
undoubtedly  correct  The  difference  of  phase  therefore  must  depend 
on  something  else  as  well  as  on  the  difference  of  path  traversed  by  the 
pencils.     This  second  element  is  not  far  to  seek. 

It  has  been  shown  (Art  57)  that  when  a  pulse  travels  along  a  row 

the  plate.  But  he  does  not  seem  to  have  had  any  distinct  idea  of  the  principle  of 
interference  itself,  and  his  conception  of  the  mode  in  which  the  colours  resulted  fi-oni 
this  '  duplicated  pulse '  is  entirely  erroneous.  Eulcr  was  the  next  who  attempted 
to  connect  the  phenomena  of  thin  plates  M'ith  the  wave  theory  of  light,  but  tlie 
attempt,  like  all  the  physical  speculations  of  tliis  great  mathematician,  was  signally 
unsuccessful,  and  the  subject  remained  in  this  unsettled  state  until  the  ])rineiple  of 
interference  was  discovered  by  Young.  When  this  principle  was  combined  with  the 
suggestion  of  Hooke  the  whole  mystery  vanished.  The  application  was  made  by 
Young  himself,  and  all  the  principal  laws  of  the  phenomena  were  readily  and  simply 
explained  "  (Lloyd,  Elementary  Trtatiae  en  the  Watt  Theory  of  Lights  third  edition, 
p.  ISS). 
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of  balls  (or  a  cord)  and  passes  into  another  row  of  different  density,  it 
is  subdivided  into  two  pulses,  one  traversing  the  second  system  and 
the  other  reflected  in  the  first  system.  Let  us  confine  our  attention 
to  the  reflected  wave.  Suppose  the  first  pulse  to  be  propagated  as  a 
forward  displacement,  then  the  reflected  pulse  will  be  propMigated  as  a 
displacement  in  the  direction  of  propagation  or  the  reverse,  according 
as  the  first  system  is  less  or  more  dense  than  the  second.  In  the  first 
case  the  pulse  is  reflected  without  change  of  sign,  in  the  second  it  is 
;e  of  reflected  with  change  of  sign.  The  displacement  in  one  case  is  in  the 
opposite  direction  to  that  in  the  other,  so  that  if  the  two  were  super- 
posed they  would  neutralise  each  other.  This  is  expressed  by  saying 
that  the  waves  are  in  opposite  phases  (see  further.  Art.  1 1 2). 

Now  in  the  case  of  the  thin  plate,  if  the  light  at  the  upper  face  is 
reflected  in  passing  from  a  dense  medium  to  a  rare,  then  at  the 
second  surface  it  is  reflected  in  passing  from  rare  to  dense.  The  two 
portions  are  reflected  under  opposite  conditions,  so  that  if  one  is 
reflected  without  change  of  sign,  the  other  is  reflected  with  change  of 
sign,  and  the  two  reflected  waves  are  in  opposite  phase&  Accordingly 
the  act  of  reflection  under  the  opposite  conditions  introduces  half  a 
period  difference  of  phase.     Hence  the  whole  retardation  is 

2c  cos  r+^X 

measured  in  the  medium  of  which  the  plate  is  composed.  If  ^  be  the 
refractive  index  of  the  material  of  the  plate,  the  air  distance  which 
corresponds  to  this  is 

2fie  cos  r+\\ 

where  X  is  now  the  wave  length  in  air.  The  illuminartion  of  the  plate 
will  consequently  be  a  maximum  if  2e  cos  r  =  an  odd  number  of  half 
waves  (measured  in  the  plate),  a  minimum  if  2e  cos  r  =  an  erea 
number  of  half  wave  lengths.  If  «  =  0,  or  the  thickness  of  the  {date 
is  infinitely  small,  the  retardation  is  half  a  wave  and  the  illuminatioi 
is  a  minimum,  which  agrees  with  experiment  If  the  wave  length  he 
measured  in  air  the  brightness  will  be  greatest  when  2fjie  cos  r  is  an 
odd  number  of  half  wave  lengths,  and  least  when  the  same  qoantitj  is 
an  even  num'ber. 

In  the  foregoing  we  have  been  considering  homogeneous  li^t— 

that  is,  light  of  a  definite  wave  length  X.     If,  however,  the  incident 

light  is  heterogeneous,  and  contains  many  wave  lengths  for  which  Kf* 

rhite  and  r  are  different,  it  will  happen  that  the  condition  for  bri^tae* 

^^^'    will  be  satisfied  by  some  of  the  constituent  waves,  while  the  conditio 

for  darkness  is  satisfied  by  others.     It  follows,  therefore,  that  in  thi 


J 
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Teflected  beam  only  some  of  the  constituents  of  the  original  light  ^nll 
be  represented 

Thus  when  ordinary  solar  light  is  incident  on  a  thin  film  the 
light  which  comes  from  any  point  of  it  to  the  eye  will  not  include 
toy  of  the  ware  length  satisfying  the  equation  (X  being  the  wave 
length  in  air) 

2fiecoar=n\ 

where  n  is  any  whole  number.  The  light  from  this  point  will  be 
aeoordingly  coloured,  the  colour  at  any  point  depending  both  on 
the  thickness  of  the  film  and  on  the  angle  of  incidence.  If  the 
angle  of  incidence  or  the  thickness  varies  from  point  to  point  of 
the  film,'  corresponding  variations  of  colour  will  occur,  but  if  the 
incidence  and  thickness  be  constant,  the  colour  will  be  uniform..  If 
the  light  returning  from  any  point  of  the  film  be  analysed  in  a  spec- 
troscope the  spectrum  will  consequently  be  crossed  by  certain  dark 
hands  corresponding  to  those  waves  which  have  been  neutralised  by 
interference.  The  number  and  closeness  of  these  dark  bands  will 
increase  with  the  thickness  of  the  plate,  and  when  the  thickness 
reaches  a  certain  limit  they  become  so  fine  and  close  that  the 
resolving  power  of  the  spectroscope  may  fail  to  separate  them. 
This  means  that  interference  has  ceased  to  be  observable  by  reason  of 
excessive  overlapping.  This  overlapping  increases  with  the  thickness  Over- 
of  the  plate,  and  leads  to  the  obliteration  of  the  bands,  but  it  should  ^^PP^'^fi?- 
be  remembered  that  interference  takes  place  in  thick  plates  just  as  in 
thin,  in  the  same  way  as  interference  exists  in  Fresnel's  experiment 
in  the  regions  distant  from  the  central  line.  The  thinner  the  plate 
the  less  the  overlapping,  and  the  more  observable  the  phenomenon. 
This  overlapping  will  be  diminished,  and  the  limiting  thickness  of  the 
plate  at  which  interference  can  be  observed  will  be  increased  by 
increasing  the  homogeneity  of  the  light. 

A  simple  case  is  that  in  which  the  film  is  a  thin  wedge  bounded 
by  two  planes  inclined  at  a  small  angle.  The  lines  of  equal  thickness 
are  parallel  to  the  edge  of  the  film,  consequently  with  monochromatic 
light  it  will  appear  crossed  by  a  system  of  parallel  bright  and  dark 
bars,  and  with  white  light  these  are  replaced  by  a  system  of  parallel 
coloiured  bands. 

In  general,  however,  it  is  not  necessary  to  resort  to  any  particular 
contrivance  in  order  to  obtain  interference  fringes  by  reflection  from 
thin  films.  If  a  film  of  uniform  thickness  could  be  procured  it  would 
appear  uniformly  coloured  when  a  beam  of  parallel  light  is  reflected  Fringes. 
from  it.  In  practice,  however,  it  is  impossible  to  secure  perfectly 
plane  surfaces,  and  the  film  of  air  enclosed  between  two  so-called 
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parallel  plates  of  glass  is  not  of  uniform  thickness  throughout  As  a 
consequence  the  film,  instead  of  being  uniformly  coloured,  generally 
exhibits  coloured  fringes  forming  curves  which  encircle  the  points  d 
nearest  approach  of  the  plates.  We  are  thus  furnished  with  an 
exceedingly  delicate  optical  test  of  the  planeness  of  the  surfaces.  On 
pressing  the  plates  closer  together  so  as  to  reduce  the  thickness  of  the 
film  the  bands  dilate,  showing  how  the  colour  at  any  point  dependi 
upon  the  thickness  of  the  film. 

110.  Influence  of  Dispersion  on  the  CoIouf  of  a  Film  —  Cod- 
dition  for  Achromatism. — The  order  of  the  colours  in  fringes  pre- 
sented by  thin  films  (or  the  series  of  tints  passed  through  by  a  film  of 
uniform  thickness  as  the  thickness  is  varied)  may  differ  considerably 
from  that  exhibited  in  the  interference  bands  produced  by  the  mirron 
of  Fresnel  and  Lloyd.  This  arises  from  the  fact  that  in  the  latt^ 
case  the  path  retardation  (8)  at  any  given  point  is  the  same  for  aD 
wave  lengths,  and  consequently  the  phase  retardation  8/k  varies  from 
colour  to  colour  by  reason  of  the  variation  of  A  alone.  In  the  case  of 
a  film,  however,  there  is  a  second  agency  through  which  the  phase 
retardation  may  be  altered,  namely,  the  dispersion  within  the  film, 
and  the  change  arising  from  this  cause  may  be  cither  of  the  same  or 
of  opposite  sign  to  that  arising  from  the  variation  of  A  when  there  i* 
no  dispersion,  so  that  the  colour  efibct  may  be  either  increased  or 
diminished  by  it. 

Thus,  let  us  consider  a  definite  case  in  which  a  uniform  fihn, 
enclosed  between  two  infinite  media  A  and  B,  is  viewed  by  an  eye 
situated  in  A,  and  let  a  parallel  beam  of  white  light  traversing  the 
medium  A  fall  upon  the  film  so  as  to  be  reflected  to  the  eye  in  ques- 
tion. In  this  case  the  angle  of  incidence  is  the  same  for  all  vave 
lengths,  but  the  angle  of  refraction  into  the  film  is  different  for  the 
different  colours.  As  a  consequence  the  path  retardation  2«  coef 
varies  from  colour  to  colour,  and  the  expression  for  the  phase  retarda- 
tion for  a  given  colour  (namely,  2e  cos  r/A)  varies  both  in  its  numerator 
and  denominator.  When  the  variation  of  cos  r  is  the  same  as  that  d 
A  for  all  values  of  A,  the  phase  retardation  will  be  the  same  for  al 
colours — that  is,  all  the  colours  will  be  equally  affected  by  interference, 
and  the  dispersion  in  the  film  will  have  produced  achromatism.  Thii 
will  happen  when 

cos  r  .     . 

—  — = constant, 

A 

and   the   corresponding  angle   of   incidence   is  determined   by  tb 
condition,  where  A  is  the  wave  length  measured  in  the  film. 

It  can  be  easily  seen  that  achromatism  may  be  produced  in  tkk 
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r  when  the  film  is  less  refracting  than  the  media  between  which 
inclosed.  For  in  this  case  the  angle  of  refraction  into  the  film 
les  with  the  refrangibility  of  the  light — that  is,  r  increases,  or 
liminishes,  as  X  diminishes,  and  consequently  there  may  be 
angle  of  incidence  for  which  the  variation  of  cos  r  is  the  same 
kt  of  X  from  colour  to  colour,  and  cosr/X  may  be  the  same 
When  the  film  is  more  highly  refracting  than  the  enclosing 
,  on  the  other  hand,  the  value  of  cosr  diminishes  as  X  in- 
3,  and  that  the  effect  of  dispersion  in  the  film  is  to  exaggerate 
>lour  effect  which  would  be  produced  by  the  variation  of  X 

t  nearly  perpendicular  incidence  the  variation  of  cos  r  for  the 
int  colours  is  very  small,  and  the  effect  of  dispersion  on  the 
'  of  the  plate  is  not  very  sensible,  but  as  the  angle  of  incidence 
eu;hes  the  angle  of  total  reflection  from  the  film,  the  angle  of 
tion  approaches  90^  and  the  variation  of  cos  r  with  X  becomes 
more  considerable,  and  may  even  pass  the  limit  at  which  colour 
)nsation  is  produced.  If  perfect  compensation  should  occur,  the 
produced  by  a  film  of  variable  thickness  will  be  simply  black 
'hite,  and  a  uniform  fllm  will  pass  through  alternations  of  black 
rhite  as  its  thickness  is  varied. 

L  order  that  perfect  achromatism  may  be  produced  it  is  clear  that 
ifractive  index  of  the  film  must  be  related  to  the  wave  length  in 
particular  manner — that  is,  there  must  be  a  particular  law  of  dis- 
»n  in  the  film.  This  law  is  contained  in  the  achromatic  condition 
X  =  const.     Thus,  if  we  write  cos  r  =  AX,  we  have 

8iii2r=l-PX«, 

onsequently  if  i  be  the  angle  of  incidence  (which  in  the  foregoing 
s  the  same  for  all  colours)  at  which  achromatism  occurs,  we  have 
=  fi  sin  I,  where  fj.  is  the  refractive  index  of  the  film  with  respect 
B  medium  A,  and  consequently  the  law  of  dispersion  required  is 

1  may  be  written  under  the  more  general  form 

t  should  be  observed  that  the  common  case  of  a  film  of  air  enclosed 
3en  two  parallel  plates  of  glass  does  not  satisfy  the  conditions 
luded  by  the  foregoing  investigation  unless  some  special  contriv- 
be  adopted  to  cause  the  light  to  enter  the  glass  so  as  to  fall  in  a 
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pai-allel  plates  of  gla£9  is  nob  of  unifonn  thickness  throughout.  ^M 
consequence  the  film,  instead  of  being  uniformly  coloured,  gemfl 
exhibiia  coloured  fringes  forming  curves  which  encircle  the  pointl 
nearest  approach  of  the  plates.  We  are  thus  furnished  wilM 
exceedingly  delicate  optical  t«st  of  the  planeness  of  the  surfacfl^H 
pressing  the  plates  cloger  together  bo  as  to  reduce  the  thickneas^H 
film  the  hands  dilate,  showing  how  the  colour  at  any  point  i^M 
upon  the  thickness  of  the  film.  9 

110.  Influence  of  Dispersion  on  the  Colour  of  a  Film — fl 
dltion  Tor  Achromatism. — The  order  of  the  colours  in  fringesd 
sented  by  thin  tilms  (or  the  series  of  tints  passed  through  by  a  fihn 
uniform  thickness  as  the  thickness  is  varied)  may  differ  corisidenl 
from  that  exhibited  in  the  interference  bands  produced  by  the  mini 
of  Fresnel  and  Lloyd.  This  arises  from  the  fact  that  in  the  Idl 
case  the  path  retardation  {S)  at  any  given  point  is  the  same  fori 
wave  lengths,  and  consequently  the  phase  retardation  6/X  i-aries  M 
colour  to  colour  by  reason  of  the  variation  of  A.  alone.  In  the  1MB 
a  film,  however,  there  is  a  second  agency  through  which  the  M 
retardation  may  be  altered,  namely,  the  dispersion  within  the  0 
and  the  change  arising  from  this  cause  may  be  cither  of  the  samel 
of  opposite  sign  to  that  arising  from  the  variation  of  A  when  thert' 
no  dispersion,  so  that  the  colour  efiect  may  be  either  increaserl  e 
diminished  by  it. 

Thus,  let  us  consider  a  definite  case  in   which  a  uniform  fill 
enclosed  between  two  infinite  media  A  and  B,  is  viewed  by  an  q 
situated  in  A,  and  let  a  parallel  beam  of  white  light  traversiiig 
medium  A  fall  upon  the  film  so  aa  to  1)e  reflected  to  the  eye  In  qt 
tion.     In  this  case  the  angle  of  incidence  is  the  same  for  all  w»i 
lengths,  but  the  angle  of  refraction  into  the  film  is  liiffevent  for 
different   colours.       As  a   consequence  the  path  retardation   2e  a 
varies  from  colour  to  colour,  and  the  expression  for  the  phase  reUid 
tion  for  a  given  colour  {namely,  2e  cos  r/A)  vai'ies  both  in  its  numenl 
and  denominator,     ^^^en  the  variation  of  cos  r  is  the  same  as  that 
k  for  all  values  of  A,  the  phase  retardation  will  be  the  same  for  ■ 
colours^ — that  is,  all  the  colours  will  be  equally  affected  by  interfereaMi' 
and  the  dispersion  in  the  film  will  have  produced  achromatism.     Thii 
will  happen  when 


and    the    corresponding   angle    of   incidence    is    determined    by  iw* 
condition,  where  A  is  the  wave  length  measured  in  the  film. 

It  can  be  easily  seen  that  achromatism  may  be  produced  in  tlrt 
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when  the  film  is  less  refracting  than  the  media  between  which 

ttidoBed.     For  in  this  case  the  angle  of  refraction  into  the  film 

with  the  refrangibility  of  the  light — that  is,  r  increases,  or 

dhniniiihen,  as  X  diminishes,  and  consequently  there  may  be 

ang^  of  incidence  for  which  the  variation  of  cos  r  is  the  same 

of  A  from  colour  to  colour,  and  cosr/X  may  be  the  same 

When  the  film  is  more  highly  refracting  than  the  enclosing 

on  the  other  hand,  the  value  of  cosr  diminishes  as  X  in- 

and  that  the  effect  of  dispersion  in  the  film  is  to  exaggerate 

eokmr  effect  which  would  be  produced  by  the  variation   of  X 

At  nearly  perpendicular  incidence  the  variation  of  cos  r  for  the 
It  oolours  is  very  small,  and  the  effect  of  dispersion  on  the 
of  the  plate  is  not  very  sensible,  but  as  the  angle  of  incidence 
;hes  the  angle  of  total  reflection  from  the  film,  the  angle  of 
lAlction  approaches  90",  and  the  variation  of  cos  r  with  X  becomes 
Heh  more  considerable,  and  may  even  pass  the  limit  at  which  colour 
Upenaaticm  is  produced.  If  perfect  compensation  should  occur,  the 
imIs  produced  by  a  film  of  variable  thickness  will  be  simply  black 
1  whitCy  and  a  uniform  film  will  pass  through  alternations  of  black 
1  white  as  its  thickness  is  varied. 

In  order  that  perfect  achromatism  may  be  produced  it  is  clear  that 
J  refractive  index  of  the  film  must  be  related  to  the  wave  length  in 
DC  particular  manner — that  is,  there  must  be  a  particular  law  of  dis- 
rsion  in  the  film.  This  law  is  contained  in  the  achromatic  condition 
i  r/X  =  const.     Thus,  if  we  write  cos  r  =  kk,  we  have 

sin^  r=  1  -  F\^ 

d  consequently  if  *  be  the  angle  of  incidence  (which  in  the  foregoing 
se  is  the  same  for  all  colours)  at  which  achromatism  occurs,  we  have 
D  r  =  ft  sin  I,  where  fj.  is  the  refractive  index  of  the  film  with  respect 
>  the  medium  A,  and  consequently  the  law  of  dispersion  required  is 

prhich  may  be  written  under  the  more  general  form 

It  should  be  observed  that  the  common  case  of  a  film  of  air  enclosed 
\»tween  two  parallel  plates  of  glass  does  not  satisfy  the  conditions 
demanded  by  the  foregoing  investigation  unless  some  special  contriv- 
ance be  adopted  to  cause  the  light  to  enter  the  glass  so  as  to  fall  in  a 
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parallel  beam  on  the  film.^  If  no  such  precautions  be  taken  a  parallel 
beam  of  white  light  falling  upon  the  first  glass  plate  will  be  dispersed 
within  the  plate,  so  that  the  angle  of  incidence  on  the  film  will  vary 
from  colour  to  colour,  while  the  angle  of  refraction  into  the  film  will 
be  the  same  for  all  colours,  and  equal  to  the  incidence  on  the  glass 
plate.  In  this  case  the  light  falling  upon  the  film  is  not  a  parallel 
beam  of  white  light,  but  a  dispersed  beam,  and  the  dispersion  which 
occurs  in  the  glass  is  corrected  by  an  equal  and  opposite  dispersion  in 
the  film,  so  that  the  light  within  the  film  is  a  parallel  beam  of  white 
light.  The  path  retardation  2«  cos  r  is  consequently  the  same  for  all 
colours,  and  the  phase  retardation  2e  cos  r/k  varies  to  the  full  extent 
from  colour  to  colour  without  compensation  of  any  sort.  The  serie* 
of  tints  passed  through  by  such  a  film,  as  its  thickness  is  varied, 
should  therefore  be  the  same  as  that  presented  in  the  interference 
fringes  produced  by  Fresners  mirrors. 

Example 
If  the  refractive  index  fi  be  related  to  the  wave  length  X  by  the  equation 

ft 
M=a  +  ^j ^• 

prove  that  achromatism  will  be  most  nearly  approached  when  ^ 

co82^=2(At-a) .,. 

[Colour  compensation  will  take  place  when  cos  r/X  is  stationary — that  is,  wImb 

Xsinrrfr+co8»irfX=0      ...         .         .       (Jl 

But  ft  sin  t=sin  r,  therefore  since  t  is  the  same  for  all  colours,  we  have  sin  r/Ai=ooi- 
stant,  and  consequently 

fi  cos  rdr- Bin  rdfis^O     ...  .         .       (4) 

Combining  (3)  and  (4)  we  obtain 

co8^r=  ~-  -^ ($) 

fi  oX 

Now  by  equation  (1)  we  find 

dfi        26        2,        . 

^=-x-«=-x(^-«)' 

consequently  (5)  reduces  at  once  to  the  required  relation  (2). 

^  This  may  be  easily  arranged  by  using  a  prism  and  a  plate  (as  in  Fig.  99)  inilNtf 
of  tH'o  plates.  A  parallel  beam  of  white  light  incident  normally  on  one  of  tlu  M 
of  the  prism  will  fall  on  the  film  as  a  paraUel  beam  of  white  light,  and  it  may  bt  * 
arranged  that  the  reflected  light  falls  normally  on  the  second  fSnoe  of  the  priim  so* 
to  emerge  to  an  eye  in  air  in  the  condition  in  which  it  leaves  the  filw^. 

^  Lord  Rayleigh,  Phil.  Mag.  vol.  xxviiL  p.  192,  1889;  and  jBbicy.  JML  ^ 
"Wave  Theory." 


MT7LTIPLE  REFLECTIONS 


>  =  5-89itl0-' 

r=rB'-80'.] 


,  and  for  the  Bodium  lines  ^  =  1  '05, 
DOiuequontly  Bchronutiam  ocean  wbea 


III.  More  Complete  Investigration — Multiple  Reflections. — The 
theory  of  thin  plates  .is  it  came  from  ^he  hands  of  Young  laboured 
tuider  an  imperfection  which,  however,  was  soon  removed.  Thus  it  is 
flanily  seen  that  the  intensities  of  the  two  portions  of  light  reflected 
from  the  two  surfacee  of  the  pUte  are  not  equal.'  These  two  portions 
tberefore  can  never  wholly  destroy  one  another,  and  the  intensity  of 
the  light  in  the  dark  rings  can  never  entirely  vanish,  as  it  appears  to 
do  when  homogeneous  light  is  employed.  Poisson  was  the  first  to 
point  out  and  to  remedy  this  defect  in  the  theory.  It  is  evident, 
in  fact,  that  there  must  be  an  infinite  number  of  partial  reflections 
w-ithin  the  plate,  at  each  of  which  a  portion  is  transmitted,  and 
it  is  the  sum  of  all  the^e  portions  that  must  be  taken  into 
account. 

Ill  the  foregoing  diaciissioti  we  assumed  that  the  only  light  which 
emerged  from  the  plate  along  BC  (Fig.  94)  is  that  ray  which  after 
refraction  at  B,  is  reflected  at  Cj.  It  is  obvious,  however,  that  there 
is  a  multitude  of  other  rays  which  ■ 
also  emerge  in  this  direction.  For  if  | 
we  take  BBj  =  BjB^  =  B^B^,  etc, 
clear  that  a  ray  incident  at  B.,  will 
after  refraction  pass  along  BjC^B^CjE 
and  part  of  it  wilt  emerge  at  B  along  I 
Bt'.  Similarly  a  ray  incident  at  B., 
will,  after  alternate  reflections  at  the 
two  surfaces  of  the  plate,  emerge  i 
evident  that  the  complete  stream  of  I 

from  the  interior  of  the  plate  consists  of  several  parts,  the  first  of 
which  is  by  far  the  most  powerful  and  the  others  diminish  rapidly  to 
zero.  The  foregoing  calculation  is  tberefore  only  approximate,  and  it 
becomes  necessary  to  calculate  each  of  the  components  and  to  sum 
their  effects.  If  the  retardation  suffered  by  the  ray  A,BjC,  in  the 
plate  is  6,  we  have  fi  =  2f  cos  r,  and  it  is  obvious  that  the  retardations 
i.f  the  consecutive  rays  incident  at  B^„  B^  B^,  etc.,  are  25,  3B,  -IS,  etc., 
reflectively.  We  thus  know  the  phases  of  the  components  as  they 
:irrive  at  B,  but  to  calculate  their  joint  effect  it  is  necessary  also  to 

Id  vioUl*  tbe  uondition 


.   part  along  BC.      It  is   thus 
;ht  which   issues  along   BC 


■I lA^ 


J 
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know  their  iimpHtudes.     For  this  purpose  it  ia  necessary  to 
Ihe-  relation  connecting  the  reflection  and  refraction  coefficients. 

112.  Relation  connecting  the  Reflection  and  Rerraetlon  Co- 
efflctents. — If  the  amplitude  of  the  incident  lay  AB  be  a,  then  ihr 
amplitude  of  the  reflected  ray  BC  may  be  denoted  by  ah  where  6  i»  i 
proper  fraction ;  similarly  the  amplitude  of  the  refracted  ray  mny  Iw 
denoted  by  nc  where  c  is  some  other  proper  fraction.*  Thua  if  a  ray  ti 
amplitude  n  be  iricideut  at  B  along  AB  (Fig.  95),  it  will  g;iYe  rise  to 
two  rays  BC  and  BD  of  amplitudes  ab  and  ac  respectively,  and  if  thtt* 
I  rays  be  reversed  they  should  combine  agnin  I* 
yive  a  ray  along  BA  of  amplitude  a.  But  if 
we  reverse  BC  it  will  give  us  two  rays,  one  n 
I  fleeted  along  BA  of  amplitude  ah\  and  anotber 
refracted  along  BE  of  amjilitude  abr.  Now  in 
reversing  the  ray  BD  wo  cannot  suppose  tlul 
the  amplitudes  of  its  reflected  and  refracted 
components  are  obtained  by  multiplying  Its  own 
amplitude  by  h  and  c  respectively,  for  it  » 
fniitidii  CoefficifutH.  passing  from  the  lower  to  the  upper  mediimi, 
whereas  the  ray  AB  passes  from  the  upper  to  the  lower.  W«  wiH 
therefore  suppose  that  the  components  of  BD  revei-sed,  along  BA  ad 
BE,  are  acf  and  (we  respectively.     We  must  then  have 


sinoB  the  two  raj's  BC  and  BD  revei-sed  must  give  a  ray  ulong  BJ 
alone  of  amplitude  a.     The  above  equations  give 


The  last  equation,  if  the  incidence  is  i  in  one  medium  and  r  tn  ds 
other,  shows  that  the  amplitude  of  the  ray  arising  from  reflection  U 
the  surface  in  passing  from  the  upper  medium  to  the  lower  U  equal  W 
the  amplitude  of  the  reflected  ray  which  would  ai'ise  if  the  Mine  nj 
were  reflected  in  passing  from  the  lower  medium  to  the  upper,  lut  ^ 
Changs  of  opposite  sign.  The  reflection  under  the  different  conditions  therefOT 
^*         changes  the  phase  of  the  vibration  by  half  a  perioii.     There  it  balf> 

'  This  iavesti^tioii  was  given  by  .Stokes  ("On  the  perrocL  BWlmeM 
central  Spot  tn  Newton's  Bingi,"  Camhridgt  and  UMia  Jl-ilh.  Jour,  igiL 
p,  1  ;  or  Mathcmalical  and  Phyncat  Paprn,  toI.  ii.  p,  8Pf. 


AET.  118  CALCULATION  OF  THE  INTENSITY 


<  4 


^ 


J  wave  lout  by  one  relatively  to  the  other.     Beyond  the  critical  angle 

we  Kave/==0,  and  ^=1. 
I        If  the  amplitude  of  the  light  incident  at  B  is  a,  and  its  phase  </s 
I  the  amplitude  of  the  reflected  vibration  is  abj  and  iu  equation  is 

y=ab  sin  <py 

m 

,  if  we  assume  that  no  change  of  phase  is  introduced  by  the  act  of  re> 
•  flection,^  while  the  equation  of  the  vibration  reflected  in  |)a$sing  in  the 
-:  reverse  direction  DB — that  is,  from  the  second  medium  to  the  first — is 

■^  y=  -aft sin  0. 

Cor. — Using  the  energy  equation  of  Art.  68  we  ol)tain  at  once 

p  1  -fc*_8in2r 
p'     (■*    "sill  '2i 

^  Hence  by  the  equation  (1  -  ^)  =  //,  we  have 

/__p'  gin  *2r 
c"  p  sin  2i 

I  as  the  relation  connecting  the  refraction  coefficients  c  and  /. 
Using  FresneFs  form  of  the  energy  equation,  we  have 

/_tan  i^fjLCOBr 
c  ~tan  r~  v.oh  i  ' 

and  using  MacCullagh's,  we  have 

/_8in  2/*_  coH  /■ 
c  ""sin  2i~MCo«i' 

113.  Calculation  of  the  Intensity. — We  can  now  culcubito  the 
intensity  of  the  light  reflected  from  the  plate. 

The  amplitude  of  the  light  which  emerges  at  B  (Fi^.  1)4)  after 
incidence  at  B^  is  acef,  and  its  phase  is  </>  +  8 ;  Kimilarly  the  amplitude  '^ 
of  the  light  which  emerges  from  B  along  the  jiath  h^CM^C^h  is 
ae^fy  and  its  phase  is  <^  +  26.  The  amplitude  of  the  next  ray  is 
aee^f  and  its  phase  is  <^  +  38.     The  equations  of  these  vibrations  are 

^^j  =  acef  sin  (<f>  -h  8),     y^  =  ^^f  ®"^  (*/»  ■♦■  2^)>    Vn  =  ^^''       /  ""» ('A  +  f^^)- 
"  Their  sum  is,  writing  -  b  for  e, 


*  Stokes  shows  that  the  tame  relations  hoM  between  n^  e,  /r,  J\  it'  retlcction  anil 
rtefraction  are  accompanied  by  a  change  of  phaM. 
^      2  Sir  G.  Airy,  Trans.  Camb.  Phil.  8oc.  vol.  iv.  p.  419,  1830. 

N 
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The  expression  inside  the  bracket  may  be  written  by  expansion  in  the 

form 

P  sin  0  +  Q  cos  0, 

where 

p=jScos5  +  fc^co8  25  +  6'co8  83+  .  .  . 

and 

Q=638in5  +  6^sin2«4-6«8in8a+  .  .  . 

Therefore  writing  cos  n^  in  the  iorm^(e     +.e  *   ),  we  find 
Similarly 

^^    1   -2^C08T+^* 

Now  the  equation  of  the  resultant  displacement  due  to  the  two 
streams  of  light  along  the  direction  BC  is 

dcf 
y=a68m  0- (Pain  0  +  Q  cos  0)-* 

=  Xsiu0+Ycos0 
where 

K-ao    ^/i_2fe:.co8  5+y^"l-26»cofla  +  M 

since  ^=1  -  6*,  and  similarly 

y_      -gftc/'sing    _  -  a&(l  -  ft*)  sin  5 
1  - 26^cos«  +  6*~  l-26»co8«  +  &*' 

Hence 

X'^Y»=(y^^^,{(l4-6a)«8in«W+(l-6«)«cos»ia} 

l-26«cos5  +  e>** 

Now  the  vibrations  ^  =  X  sin  <^  and  ^=s  Y  cos  ^  denote  two  who* 
difference  of  phase  is  90^  therefore  the  amplitude  of  the  resultant  Tibd- 
tion  is  VX^  4-  Y',  or  the  intensity  of  the  resultant  light  in  this  casev 
measured  by  X^  +  Y^.     Hence  the  expression  for  the  intensity  is 


._    4a«y8inHa    _       4a«y8in«ta 
*-l-2ft«co8a  +  i*"(l-6»)«+4ft«iii«J« 


i 
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here  8  is  the  phaie  relttdation  and  is  given  by  the  eqaaiion 

fid  A  is  the  wave  length  in  the  material  of  the  film.     The  intensic y 
ill  be  zero  when  S=^2nw — that  is,  when 

2f  co8r=jiX. 

[ence  when  2e  cos  r  is  any  even  number  of  half  wave  lengths,  there 
no  light  of  wave  length  A  reflected  from  the  plate.  The  light  re- 
nted from  the  upper  &ce  is  entirely  destroyed  by  that  reflected  from 
le  lower,  and  the  plate  appears  perfectly  black. 

Again,  the  second  form  of  the  value  of  I  shows  at  once  that  it  is 
reatest  when  S  =  «',  or  any  odd  multiple  of  tt,  for  in  this  case  sin  i8=  1 
id  dividing  above  and  below  by  sin^  ^S  it  appears  at  once  that  the 
enominator  is  at  its  least  value.  The  whole  fraction  is  therefore  at 
s  maximum  value. 

It  follows  then  that  if 

2£COBr={2n  +  l)l 

m 

le  two  streams  of  light  are  in  the  same  phase,  and  the  plate  appears 
rilliantly  illuminated. 

The  maximum  illumination  is  measured  by 

This  investigation  of  course  applies  only  to  light  of  a  definite  wave 
ingth.  If  solar  light  is  used  some  of  these  waves  will  attain  their 
laximum  value  while  others  are  at  their  minimum  and  absent  altogether, 
ad  the  resultant  light  from  the  plate  will  be  a  mixture  of  colours 
hich  will  vary  with  the  thickness  of  the  plate  and  the  angle  of 
icidence.  For  example,  if  S  and  t  are  such  that  the  red  light  is 
bsent  from  the  emergent  beam,  then  the  film  will  appear  of  a  bluish- 
reen  hue.  By  altering  the  angle  of  incidence  the  light  of  any 
articular  wave  length  may  be  extinguished,  and  the  colour  of  the 
Im  will  vary  accordingly. 

114.  The  Transmitted  System. — So  far  we  have  taken  no  account 
i  the  light  which  passes  completely  through  the  film,  and  this  we 
lould  a  priori  surmise  to  be  complementary  to  that  which  is  reflected, 
nd  therefore  the  appearance  of  the  film  as  seen  by  the  transmitted 
ght  should  be  exactly  complementary  to  the  appearance  presented 
nder  the  same  condition  by  the  reflected  light.     For  the  whole  light 
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incident  on  the  plate  is  divided  into  two  portions,  one  of  which  returns 
from  the  first  face,  while  the  other  emerges  from  the  second.  That 
this  surmise  is  supported  by  theory  will  be  readily  seen.  Consider 
all  the  light  which  emerges  from  the  plate  at  Cj.  The  first  ray  is 
A^B^C^.  Its  amplitude  is  or/',  and  if  its  phase  at  C^  is  <^,  the  e(|uation 
of  its  vibration  on  leaving  Cj  is 

!/  =  ac/Bm<p. 

The  next  ray  which  we  must  take  account  of  is  A^BgCgB^Cj,  which 
after  incidence  at  B^  is  reflected  at  C^  and  B^,  and  finally  comes  to  C,.  ' 
This  ray  reaches  Dj  (the  foot  of  the  perpendicular  from  B^  on  BX^)  ^ 
the  instant  the  ray  A^B^  reaches  B^,  consequently  the  difference  of  path 
is  D^Cg  4-  CgBj,  which  is  as  before,  2e  cos  r.  The  difference  of  phase  at 
Cj  corresponding  to  this  ^  will  be  27r/A .  2e  cos  r,  which  we  have  already 
denoted  by  8.     The  equation  of  the  vibration  is  therefore 

Similarly  the  equation  of  the  vibration  which  comes  from  Bj  along  the 
path  B3C3B2C2B1C1  will  be 

ya = arfe*  sin  (0  +  25), 
and  so  on. 

Summing  the  series  as  before,  and  remembering  the  relations 
b--e  and  rf=l-  h\  we  find  for  the  square  of  the  amplitude  of  the 
resultant  vibration 

d\\  -  i2)a 


r 


r-262cosa  +  6** 


The  intensity  of  the  transmitted  light  will  therefore  be  a  maximum 
if  ^  =  2/i7r,  for  then  cos  6  =  +1  and  the  denominator  of  the  expression 
for  r  is  least.  This  greatest  value  of  I'  is  simply  a*.  The  maximun 
value  then  of  the  transmitted  light  is  equal  to  that  of  the  incident, 
and  takes  place  when  2e  cos  r  =  nkj  but  in  this  case  we  have  foiuid 
that  the  intensity  of  the  reflected  light  is  zero.  The  transmitted  light 
then  is  a  maximum  when  the  reflected  light  is  zero. 

Similarly  the  transmitted  light  is  a  minimum  when  the  reflected 
light  is  greatest,  for  when  cos  6  =  -  1,  the  denominator  of  the  expres- 
sion for  r  will  be  greatest.  The  least  value  of  V  is  then  when 
8  =  (2«  +  l)7r,  or  2e  cos  r  =  (2n  +  1)^^,  and 

The  transmitted  light  is  then  never  zero,  but  is  always  such  that  wheo 

^  X  is  here  the  wave  length  in  the  plate. 


I 
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added  to  the  reflected  light  their  sum  will  be  equal  to  the  incident 
light,  for  we  have  always 

T  .  T>_4g«6'9inH^+tt'(l~^)'_  a 
*"*'^~        l-26-'co9«  +  6^       "'*  • 

The  transmitted  and  reflected  lights  are  therefore  always  comple- 
mentary, or  the  sum  of  the  lights  which  come  from  the  two  faces  of 
the  plate  will  exactly  make  up  the  incident  light.  The  diflerence 
between  the  maximum  and  minimum  intensities  is  the  same  in  both 
cases — that  is,  the  total  variation  is  the  same  but  the  percentage  varia- 
tion is  much  greater  in  the  reflected  system,  and  the  phenomena  are 
consequently  much  better  marked. 


sewton's  RINOS 


Hki'Tion  II.— The  Coloured  Rings  of  Thin  Puatks 


115.  Newton's  Rings.- 

o  pieces  of  firditiary  piune  g 


—It  has  been  already  mentioned  lluit  vhta 
s  Are  pressed  together  the  thin  film  «f 

Hair    enclosed    between    them    genenH; 
exhibits    a   series    of    highly    coloumi 
fringes    running    in    cur\'es    rouml  tht 
|>oint  of  nearest  approach  of  the  glaH6 
When  one  of  the  pieces  uf  glass  hui 
spherical   surface   while    the    other  it 
plane,  as  shown  in  Fig,    96,  the  laven 
of  e^jiial  thickness  in  the  film  form  • 
system  of  concentric  circles  arouni)  tb 
jioint  of   nearest  approach,   and,  *bai 
\  icwed  in  ordinary  daylight,  *  aysia 
of  highly  coloured  rings  are  seen  encircling  the  central  spot.     Thw 
appearances  are  known  as  Newton's  rings,'  and  they  form  one  of  tit 
most  beautiful  and  easily  prodiiced  examples  of  interfereno«. 

The  laws  according  to  which  those  rings  are  formed  are  verj"  tadij 
deduced  by  remarking  that  the  thickness  of  the  film  varies  appror 
mately  as  the  square  of  the  distance  from  the  point  of  contact.  Tb* 
it  OQM  be  the  spherical  surface  (of  radius  R)  of  which  the  l«n«'M» 
part,  and  0  its  point  of  contact  with  the  plate  of  glass,  then 

0F'  =  PlJrvrM  =  2Rr, 

since   PM  is  very  approximat«ly  equal  to  2R,  the  diatia«ier  of  tk 
sphere,  and  PQ  =  e  the  thickness  of  the  film  at  P.     Now  the 
sists  of  circiUar  rings  of  uniform  thickness.     Thus  at  all  |>ointa 
circle  of  radius  OP  around  the  point  of  contact  the  tfaickncM 
lilm  will  be  the  same,  and  equal  to  PQ.      Denoting  the   com 
radius  OP  by  p  we  have  the  general  relation 


Newtou,  iu  studying  the  foniiulion  of  these  riup,  "look  twool 

i  plane-convex  for  »  fonrl«en-root  t«lMCOpc,  aud  the  otlier  a  lu^  (Io«_ 
for  one  of  about  fifty  foot ;  and  ujion  tliis  laying  the  other  vith  It&  {iUm  di 
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sequently  if  e  satisfies  the  equation 

2«  COS  r=niX 

ring  will  appear  bright  or  dark  according  as  n  is  odd  or  even. 
The  radii  of  the  bright  rings  are  therefore  given  by 

p=  n/R  sec  r .  (2>i  +  l^X, 

I  the  radii  of  the  dark  rings  by 

p=\/R8ecr.  n\ 

en  n  is  any  whole  number,  and  \  is  the  wave  length  in  the  film. 

If  n  =  0,  then  p  =  0  and  the  centre  of  the  system  is  dark,  as  we  should 
''e  expected,  since  we  have  supposed  that  the  thickness  of  the  film 
zero  at  this  point.  The  radii  of  the  successive  bright  and  dark 
gs  are  proportional  to  the  square  roots  of  the  consecutive  numbers, 
I  bright  rings  corresponding  to  the  odd  and  the  dark  rings  to  the 
jn  number. 

Since  the  thickness  of  the  film  at  any  point  varies  as  the  square 
the  distance  from  the  centre,  it  follows  that  the  thicknesses  which 
respond  to  the  successive  rings  are  proportional  to  the  natural 
mbers,  at  the  dark  rings  to  the  even  numbers,  and  at  the  bright 
gs  to  the  odd. 

These  laws  were  arrived  at  with  great  accuracy  by  Newton  ^  him- 
F,  but  he  did  not  stop  here.     He  found  that  in  his  experiments  the  Wave 
K>lute  thicknesses  of  the  film  corresponding  to  the  dark  rings  were  ^*^"^.^  ^f' 

-^  *^  °  termined. 

&V(yi7>  TTwmr  '^^-t  ®^'>  when  the  angle  of  incidence  was  4  .  From 
8  we  find  A  =  ^^^^q  inch  approximately,  which  corresponds  to  the 
'St  luminous  part  of  the  spectrum  in  the  neighbourhood  of  the 
low.  These  measurements  are  the  first  from  which  the  wave  lengths 
light  might  have  been  determined,  and  Newton  made  use  of  them 

the  purpose  of  ascertaining  the  length  of  a  fit,  his  attention  being 
icentrated  on  the  development  of  the  emission  theory.^ 

If  water  instead  of  air  be  placed  between  the  glasses  the  radii  of 
5  rings  are  observed  to  be  much  smaller.     This  then  is  a  proof  that  velocity 
lit  travels  slower  in  water  than  in  air,  for  here  the  thickness  of  *®®^- 

'  Newton,  Opticks,  book  ii. 

-  **  If  the  rays  which  paint  the  colour  in  the  confines  of  the  yellow  and  orange 
8  perpendicularly  out  of  any  medium  into  air,  the  interval  of  their  fits  of  easy 
ection  are  the  ^^ixTnth  part  of  an  inch.  And  of  the  same  length  are  the  intervals 
heir  fits  of  easy  transmission  "  (Newton,  OpiickSf  book  ii.  part  iiL  prop.  18). 
For  the  thicknesses  at  the  dark  rings  were  ttAtht*  rr^zTft  etc.  This  obviously 
-esponds  to  half  a  wave  length,  so  that  we  have  for  yellow  light  the  first  deter- 
lation  of  X  =  ^^^Tj  in. 
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water  re([uired  to  retard  one  component  on  the  other  by  a  definiw 
amount  is  less  than  the  thickness  of  air,  which  produces  the  same 
result.  The  formula  which  determines  the  radii  of  the  rings  also 
points  to  the  same  conclusion,  for  the  wave  length  in  any  medium  is 
proportional  to  the  velocity,  and  we  infer  that  the  radius  of  any  ring 
varies  approximately  as  the  square  root  of  the  velocity  in  the  film 
when  the  incidence  is  nearly  normal.  Thus,  from  the  contraction 
exhibited  by  the  rings  when  water  or  any  other  fluid  replaces  air 
between  the  lens  and  plate,  it  is  possible  to  compare  tho  velocities  of 
light  in  these  media. 

When  violet  light  is  used  the  rings  are  smaller  ^  than  vrith  red 
light,  and  the  theory  points  out  that  the  ratio  of  the  radii  are  as  the 
square  roots  of  the  wave  lengths ;  hence  we  have  again  arrived  at  the 
conclusion  that  the  violet  waves  are  shorter  than  the  red,  and  we  can 
again  not  only  compare  their  magnitudes,  but  absolutely  determine 
their  lengths  in  any  given  substance. 

When  ordinary  solar  light  is  used  a  series  of  iris-coloured  rings 
are  exhibited,  violet  at  the  inner  and  red  at  the  outer  edge.  The 
order  of  succession  of  the  colours  laid  down  by  Newton  *  from  the 
centre  outwards  for  the  successive  rings  was :  (1)  black,  blue,  white, 
yellow,  red ;  (2)  violet,  blue,  green,  yellow,  red ;  (3)  purple,  blue, 
green,  yellow,  red  ;  (4)  green,  red ;  (5)  greenish-blue,  red  ;  (6)  greenish- 
blue,  pale  red  ;  (7)  greenish-blue,  reddish-white.  This  list  is  generally 
referred  to  as  "  Newton's  Scale  of  Colours." 

Thus  we  read  of  the  red  or  blue  of  the  "  third  order,"  meaning 
thereby  that  red  or  blue  which  is  seen  in  the  third  rainbow-coloared 
ring  which  encircles  the  central  dark  spot. 

With  white  light  the  alternations  are  few,  for  the  coloured  rings 
soon  become  superposed  and  overlapped,  so  as  to  obliterate  all  traces 
of  interference  and  colour,  and  the  rings  fade  gradually  into  uniform 
illumination. 

116.  The  Transmitted  Rings. — The  rings  we  have  spoken  of  » 
far  are  produced  by  the  interference  of  the  streams  of  light  reflected 
from  the  two  surfaces  of  the  thin  film.  It  is  obvious  that  the  light 
transmitted  through  the  film  should  also  exhibit  interference  pheno- 
mena, but  of  a  complementary  character,  the  maxima  and  mininu 
of  one  system  corresponding  to  the  minima  and  maxima  of  the 
other.     Thus  when  the  film  is  looked  at  from  the  other  side  a  system  ot 

^  This  may  be  observed  (followiDg  Newton)  by  illuminating  tlie  gl/Mta  ^^^ 
light  from  different  parts  of  the  8i>ectrum,  or  more  simply,  by  looking  at  the  rin^^ 
formed  by  ordinary  light,  througli  differently  coloured  glasses. 

'  OptickSf  book  ii.  obs.  4  ;  see  also  table,  p.  224. 
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:  NiLis  is  iiVieened,  comptemeiiiary  in  character  to  those  obsurvod  by 
rcMecLion,  and  consecjuently  encircling  a  white  centre.  These  rings 
are  much  paler  than  the  reflected  system,  for  on  account  of  the  greiit 
(^IfTerence  in  the  intensities  of  the  interfering  pencils,'  there  are  no 
points  of  absolute  darkness,  so  that  the  bright  rings  do  not  stand  out 
so  prominently  as  in  the  reflected  system.^ 

If  the  two  ring  systems  are  viewed  at  otice  it  follows  thiit  uniform 
illumination  should  be  the  result.  This  , 
has  been  verified  by  Arago.^  Placing  a 
^lass  plate  and  lens  in  contact  in  a 
vertical  position  over  a  horizontal  sheet 
of  unifonnly  illuminated  white  paper,  aji 
eye  situated  at  E  (Fig.  97)  will  receive 
light  from  H  by  reflection  at  C,  and  alsc 

light  from  A  by  transmission.  Both  the  reflected  and  transmitted 
Bvslems  are  in  the  field  of  view,  but  being  exactly  complementary,  the 
result  is  uniform  illumination. 

Specimens  of  ancient  glasa  sometimes  show  transmitted  coloui-a  of 
gi-eat  brilliancy.  Brewster's  explanation  is  that  oiving  to  superficial 
decomposition  of  the  glass  we  have  here  to  deal  with  a  serioti  of  thin 
plates  of  nearly  equal  thicknesses.  With  such  a  series  the  transmitted 
colours  should  be  much  purer,  and  the  reflected  much  brighter  than  is 
tuual  with  a  single  plate.* 

117.  Rings  with  a  White  Centre. — The  system  of  rings  pro- 
duced by  the  transmitted  light  as  we  bare  observed  stai'ts  from  a 
u-bite  centre,  but  the  feature  of  the  reflected  system  is  that  theii- 

'  When  li^ht  U  iiiddcDt  ivqwiidiculiirly  riii  f^litss  about  4  ]iei'  c«iit  in  reliectcl  ; 
lliu  intensity  of  the  first  reHecteil  besm  a  thmitove  about  J^  of  the  inoiilent  beam. 
Tlie  rest  enters  the  glus  and  loses  1  per  cent  again  bj  reflection  at  tliu  Beoonrl 
Burftce,  BO  that  ('9fl)',  or  'Mlfl  of  the  original  light  pMses  through.  The  light  Iratis- 
mitted  aftvr  bding  twice  reflected  iniiide  the  plate  is  I(*S6)'  (A)'i  oral>out  I,  per  cent. 
TUat  four  times  rattect^d  iwidc  will  only  he  aJi  of  thU,  and  so  on.  The  difficulty 
then  u  to  understand  how  auch  a  small  iiuantily  of  light  when  8Utior|>nited  on  the 
alrong  direct  Waal  should  produce  any  pcrccjitiblo  rings  at  all.  Houevei'  the 
intensity  of  the  weaker  beam  in  {^i)'  if  tbe  intensity  of  the  stronger  is  unity.  hi'iiL-o 
tlie  amplitude  of  the  weaker  is  ^^,  and  the  masiniuni  and  iiiiuinium  intensities  in 
the  transmittHl  lirani  will  lie 

(1±A('=1±A'W-. 
w>  lliat  the  differeiico  is,  as  nmeh  as  ,S  of  the  strong.-r  iwani.     (Foi  the  r>oui[.lclo 
calcuUtion  see  Art  113.) 

'  Noticed  by  Newton,  OjiUeks,  liouk  ii.  oha.  P. 

»  Arago.  lEiiTTtM  complitct,  torn.  x.  p.  IM  (note). 

'  The  analytical  investigations  of  Stakes  for  a  pile  of  plates  {Proe.  lUi<i.  Sor.  vol.  xi, 
|..  .''-in,  1890)  may  be  applied  l>i  this  question. 
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central  spot  is  black.     The  theory  accounts  for  the  black  spot  by 
showing  that  the  two  interfering  streams  of  light  are  reflected  under 
different  conditions,  one  in  passing  from  dense  to  rare,  and  the  other 
in  passing  from  rare  to  dense,  the  result  being  that  a  difference  df 
phase   of   half  a  period    is    introduced  between    the    two    beams. 
Let  us  now  consider  the   case  of  two  plates  enclosing  a  film  of  % 
refra<!tive  index  intermediate  between  those  of  the  plates  themseheB. 
Thus  suppose  the  film  to  be  denser  (more  refracting)  than  the  first 
plate,  and  less  refracting  than  the  second  plate,  then  the  reflection  at 
the  first  surface  of  the  film  will  take  place  when  the  light  is  passing 
into  a  more  refracting  medium,  and  the  same  will  be  the  case  at 
the   second    surface    also.     The   light   is   therefore   reflected   imder 
similar   circumstances  at  both  faces,   and  no   difference  of  phase  is 
introduced.      It  follows,   then,  that  in  the  system  of   rings   formed 
under  these  circumstances  the  central  spot  should  be  white. 

Young  verified  this  anticipation  of  the  theory  by  enclosing  oil  of 
sassafras  between  two  lenses,  one  of  which  was  of  flint  glass,  and  the 
other  of  crown  glass.  By  this  experiment  Young  justified  the  hypo- 
thesis of  the  loss  of  half  an  undulation. 

The  oil  of  sassafras  may  be  replaced  by  a  mixture  of  essence  of 
cloves  and  essence  of  laurels.  If  the  film  be  of  higher  index  than  the 
object-glasses  between  which  it  lies,  the  centre  of  the  rings  should  still 
be  black.  Arago  verified  this  by  using  oil  of  cassia,  of  which  the 
index  is  superior  to  that  of  flint  glass. 

When  the  third  medium  differs  from  the  firsts  the  theory  of  thin 
plates  becomes  more  complicated.  In  one  case,  however,  no  colours  at 
all  should  be  exhibited,  viz.  when  the  film  is  backed  by  a  perfect 
reflector,  such  as  polished  silver  covered  with  a  film  of  gelatine.  In 
this  case  the  waves  are  reflected  in  totOy  so  that  the  reflected  and  Vn» 
mitted  systems  become  superposed. 

118.  Conditions  for  Large  and  Bright  Rings. — ^The  formula  ct 
Art.  115  shows  that  the  diameter  of  the  nth  ring  increases  witk 
the  radius  of  curvature  of  the  lens — that  is,  with  the  tenuity  of  the 
film.  Hence,  in  order  to  obtain  wide  rings,  a  lens  of  very  smaD 
curvature  should  be  employed,  but  with  a  given  piece  of  aj^pantw 
there  is  still  another  factor  to  be  considered  in  estimating  the  magni- 
tude of  the  rings,  viz.  the  angle  of  refraction  into  the  film.  The 
diameters  of  the  rings  depend  on  the  secant  of  this  angle^  and  thef 
therefore  increase  with  it.  With  a  simple  piece  of  apparatus,  such  as 
that  shown  in  Fig.  96,  when  the  angle  of  incidence  is  increased,  there 
is  great  loss  of  light  by  reflection  at  the  first  or  upper  surface  of  the 
glass,  and  only  a  small  fraction  of  the  incident  beam  reaches  tlie  fihi* 
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to  that  a  large  angle  of  incidence  is  ikirimental  to  brightness,  and  iha 
ringa  obtAined  will  be  very  faint.     Tiiis  dilJiciilty  may  l)e  avoided  by 


;.  Q»,  instead  of  th(>  jiUte  find 


using  a  prism  and  a  lens,  i 

leiis    erapioyed    by 

One    face    of    the    ] 

placed  on  the  curved  surface  I 

of  the  lens  so  that  light  falling 

nearly  perpendicularly  on  one 

of    the   other  faces  will  enter 

the  priem  in  large  (piantity, 

and  in  such  a  direction  that  I 

the  angle  of  refraction  into  the  '■~'^'  '■'^■ 

film  is  also  larga      Viewed  ihrouj,'h  the  third  face  nf  llio  ])rism  the 

rings  obtained  in  this  manner  are  both  bright  and  large.     The  same 

re«ii]t  is  obtaiueil  with  a  glass  plate  and  a  prism  having  one  face 

polished  into  a  spherical  form  of  small  curvature. 

The  chief  peculiarity  of  the  rings  obtained  in  this  manner  is 
not  so  much  the  brilliancy,  or  the  diminished  intluence  of  the 
thickness  of  the  film,  as  the  more  or  less  perfect  achromatism  a 
produce*!  by  dispereion,  especially  in  the  neighbourhood  of  total  " 
reflection,  so  that  the  bright  rings  are  nearly  white  instead  of  being  <\ 
highly  coloured.  This  happens  because  the  more  refrangible  rays 
aru  more  deviated  by  the  prism,  and  therefore  enter  the  film  at 
a  greater  angle,  so  that  for  a  given  thickness  of  film  they  have  !\ 
smaller  path  retanlation,  as  explained  in  Art.  110.  This  means 
that  the  dispersion  increases  the  diameters  of  the  rings  corresponding 
to  the  more  refrangible  rays,  and  when  the  diameters  of  the  rings  of  a 
given  order  are  the  same  for  all  wave  lengths  there  is  perfect  achro- 
matism, and  the  rings  are  black  and  white.  This  compensating  effect 
of  dispersion  diminishes  the  confusion  which  arises  from  overlapping. 
nitd  increases  the  number  of  visible  rings.  As  the  incidence  augments 
the  riolet  rings  may  become  larger  than  the  red,  and  a  re^'ersal  of 
colour  occurs.  This  takes  place  near  total  reflection,  which  happens 
(ii-8t  for  the  violet  light,  and  is  attended  liy  a  rapid  change  in  the  value 
.if  cos  T  (see  further,  Art.  120). 

119,  Examination  of  Newton's  Rlntrs  through  a  Prism. — When 
N..-wton's  rings  are  examined  through  a  prism  some  remarkable  pheno- 
niena  are  exhibited.  They  are  described  iti  his  twenty-fourth  observa- 
tion, Optkh  (book  ii.): — 

"  ^VIlcn  tlie  two  object-gttfset  nr^  laid  upon  one  another  so  as  to  mnke  the  rinf;^ 
■  li>'  colonrs  appear,  Ihongh  with  my  uakeU  eye  I  coiili)  not  diBCBm  abuvir  ei||;Iit  or 
r  tlioae  liOK^.  jot  by  viewing  lliem  through  a  jiristn  I  could  nee  a  far  greatrr 
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multitude,  iusomucli  that  I  could  number  more  than  forty  .  .  .  and  I  believe  tbit 
the  experiment  may  be  improved  to  the  discovery  of  far  greater  numbers.  ...  But 
it  was  on  but  one  side  of  these  rings,  namely,  that  towards  which  the  refraction  wu 
made,  which  by  the  refraction  was  rendered  distinct,  and  the  other  side  b<?came  mow 
confused  than  when  viewed  with  the  naked  eye.  .  .  . 

"  The  arcs  where  they  seem  distinctcst  were  only  black  and  white  .successively, 
without  any  other  colours  intermixed. 

' '  I  have  sometimes  so  laid  one  object-glass  upon  the  other  that  to  the  naked  eje 
they  have  all  over  seemed  uniformly  white  without  the  least  appearance  of  any  of  t)» 
coloured  rings  ;  and  yet  by  viewing  them  through  a  prism  great  multitudes  of  thoM 
rings  have  discovered  themselves.  And  in  like  manner  plates  of  Muscov^''  ghkss  and 
bubbles  of  glass  blown  at  a  lamp  furnace,  which  were  not  so  thin  as  to  exhibit  i 
great  variety  of  them,  ranged  irregularly  up  and  down  in  the  form  of  axtivcs.  And 
80  bubbles  of  water,  before  they  liegan  to  exhibit  their  colours  to  the  naked  eye  of  • 
b^'stander,  have  appeared  through  a  piism,  girded  about  with  many  parallel  and 
horizontal  rings  ;  to  produce  which  effect  it  was  necessary  to  hold  the  prism  {taralH 
or  very  nearly  i)arallel,  to  the  horizon,  and  to  disjxyse  it  so  that  the  rays  might  be 
refracted  upwards." 

Newton  attributes  these  "  odd  circumstances "  to  the  dispersing 
power  of  the  prism.  The  blue  being  more  refracted  than  the  red,  it 
is  possible  that  the  nth  blue  ring  may  be  so  displaced  relatively  to  the 
nth  red  ring  that,  at  part  of  the  circumference,  the  displacement  may 
compensate  for  the  difference  of  diameters.  A  white  strip  may  thus 
be  formed  in  a  situation  where  without  the  prism  the  mixture  of 
colours  would  be  complete,  so  far  as  could  be  judged  by  the  eye. 

A  simple  case  is  that  in  which  the  thin  film  is  a  wedge  bounded 
by  plane  surfaces  inclined  at  a  small  angle.  If  the  edge  of  the  prism 
is  parallel  to  the  intersection  of  the  faces  of  the  plate,  by  drawing  back 
the  prism  it  will  be  possible  to  adjust  the  effective  dispersing  power 
so  as  to  bring  the  7}th  bars  to  coincide  for  any  two  assigned  colours, 
and  therefore  approximately  for  the  entire  spectrum.  The  formation 
of  these  achromatic  Kinds  depends  upon  the  same  principles  as  the 
fictitious  shifting  of  the  centre  of  a  system  of  Fresnel's  bands  when 
viewed  through  a  prism  (Art.  104). 

120.  Herschers  Fringes. — A  very  simple  and  effective  method  ol 
obtaining  coloured  fringes  by  reflection  from  a  thin  plate  of  air  wi» 
first  pointed  out  by  Sir  William  Herschel.^  On  a  perfectly  pUne 
piece  of  glass  or  a  metallic  mirror,  before  an  open  window,  place  in 
equilateral  prism.  The  light  falling  upon  the  exposed  face  of  the 
prism  is  reflected  at  the  base  and  emerges  from  the  other  face  (Fig.  99). 
To  an  observer  looking  in  through  the  latter  face  the  field  appears 
divided  into  two  parts,  one  brightly  illuminated,  which  arises  froo 
the  occurrence  of  total  reflection  at  the  base  of  the  prism,  and  the 
other  comparatively  dark,  the  light  there  being  partly  transmitt«<L 


1  Sir  William  Horschel,  Phil.  Trans.  1809,  p.  274. 
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Tiie  line  of  aejvirdtioii  of  the  two  ptti-ts  would  bu  uirciil.ar  to  au  e\'o 
-ituated  in  the  prism,  but  the  apfwireiit  shnjw  of  the  curve  aeeii  by  ihn 
■:ve  oiitsitle  is  the  diatortcfl  form  of  a  circle  soen  by  rofruction  ihroiifjh 
ilieprism.  Since  total  re- 
flection occurs  at  slightly 
iljrterent   incidences    for 

I  lie  ditTerent  colours,  it 
[■.Hows  that  the  curve  of 
-■|wi-ation  ivill   bo  iris- 

II  >l<jtired.  Inside  thii^ 
<.':iloui'ed  band,  and  niii 
iiiiiy  parallel  to  it,  v.\' 
luivc,     in     a^ldition,     .> 

■.  -tern    of     beautifully 
hiured  fringes,  the  breadth 
u  mj^e  of  pressure. 

These  bauds  do  not  require  for  their  formation  a  perfect  ]X)lish 
Ml  the  lower  surface  nor  extreme  thinneas  in  the  air  film,  for  they 
niJiV  be  seen  very  well  when  the  prism  is  seiwirated  from  the  lower 
pkte  by  the  thickness  of  thin  tissue  paper  or  a  fibre  of  cotton  wool. 

That  excessive  thinness  of  the  air  film  is  not  necessary  to  the 
pr(n]uction  of  tolerably  broa<l  fringes  when  the  angle  of  incidence 
^  1 1>  prone  he  8  the  angle  of  totiil  reflection  may  be  inferred  at  once  from 
I  ho  expression  2r  cos  J',  which  gives  the  jmth  retardation  of  the 
interfering  pencils  in  the  case  of  a  film  of  thiclcness  <■.  Near  the 
critical  angle  r  is,  nearly  90°,  and  cos  r  is  very  small,  so  that  the 
retardation  may  be  small  even  with  a  sensible  thickness  of  film,' 

When  the  prism  and  plate  combined  are  held  up  to  the  light  a 
tr.iTismitted  iris  is  seen,  lined  with  a  similar  system  of  fringes,  on 
[>  Hiking  through  the  platfi  and  the  base  of  the  prism. 

The  exi>eriment  may  also  be  conducted  by  merely  looking  through 
tw-.i  prisms  pkced  in  contact  (Fig.  100),  In  this  form  it  was  repeated 
liv  H.  F.  Talbot.^  If  the  prisms  be  ccjual,  isosceles,  and  right-angled, 
then  when  placed  with  their  hypothenuses  in  contact  they  will  form  a 
iiibe.  Looking  through  the  combined  prisms  at  the  sky,  a  system  of 
Iwnds  is  seen,  and  looking  at  the  interface  so  as  to  see  the  light 

'  These  fringBB  may  abo  W  ohtnined  very  poiiveniently  from  s  film  of  air  cncloHeil 
l.^twean  two  plmiegius  platea  which  are  Bepumled  Hy  two  fmgmBnts  Mf  the  snmi' 
ilircail  of  I'latiniiin  wire  (ftbout  ^  nJtn.  iu  diatiiftpr),  cemented  aroiiail  tlietr  edgen. 
jiiii  pliiiigFd  vortiiNiUy  in  water  contsiiiiHl  in  n  i-ecttD^itar  gtu«  vghcI  in  tlieniaoner 
dc>"Tihed  iti  Art,  83, 

■'  H.  F.  TalW.  Fhil.  Mug.  1838,  f,  101. 
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roHected  theru,  aiiotfaer  system  is  oliserveil,  the  Inlter  being  compl^ 
mentary  to  the  former. 

Fox  Talbot  describes  a  modification  of  the  experiment  as  (oHows  ^- 
"  But  the  beauty  of  the  appearances  may  be  surprisingly  increaaed  by 
I  traiispurting  the  s{>p(U-atiu  into  ■ 
k   chamber    ami    BUtTeriDg  i 
I  ]iencil  of  the  brightest  solar  lif^l 
)  (wss  through  the  priani,  or  w 
?    reflected    From   tbe    tue  AC. 
I  If  then  a  sheet  of  whitfl  p^)or  U 
held  lip,  at  any  <)istAnce  from  tbt 
iJiium,    the   coloiireii    Imods   nit 
<lepicted  upon  it  vith  the  greate< 
vivacity    and    distinctneaa.      Th» 
*'^>i-  >Do,  iiaiismiited  bands  b>vealtogeds 

a  different  (huintler  fi'oni  the  reflected  ones,  so  that  it  is  iuposaible  » 
mistake  one  for  the  other,  even  without  reference  to  tho  p&tii  of  the 
ray. 

"The  coloured  bands  are  not,  us  has  been  supposed,  itochnm^li 
lilies,  The  deviation  is  sometimes  very  marked,  so  that  «  band  in  tk 
course  of  its  progress  acquires  very  different  tints  from  those  which  it 
possessed  originally.  This  fact  may  be  considered  of  some  importtnoi 
with  respect  to  the  theory.  It  lakes  place  when  the  prisms 
close  contact  and  tbe  bands  few  in  number.  But  the  following 
moi-e  deserving  of  attention.  When  the  contact  of  the 
diminished  by  interjH»ing  a  hiiir  between  them  (still  pros&ing 
together),  the  coloured  bands  depicted  upon  the  ]Kiper  become  own 
numerous,  iiariow,  and  crowded.  Frequently  thej'  altertiato  a  gnt 
number  of  times  with  two  coniplemenlary  colours.  This  appoand  0 
me  so  remarkable  that  I  repeated  the  experiment  with  ailditico^ 
care.  The  radiant  point  of  solar  light  was  made  smaller  by  tnnf 
mitting  the  ray  through  a  lens  of  shoit  focus,  and  the  position  if  ii» 
combined  prisms  was  slowly  altered  by  turning  them  round  tliec 
centre.  The  appearance  of  the  bands  on  the  paper  wbb  all  the  tiw 
carefully  noted.  I  soon  found  a  position  of  the  prisms  in  wW 
the  remarkable  phenomenon  occurretl  uf  a  complete  conipeinatlan  ^ 
colour — that  is  to  say,  that  the  bands  were  black  and  whJto.  At  tkt 
same  time  they  were  become  exceedingly  narrow  and  ttumerooa.  , 
Thcv  resembled  more  than  anything  else  tbe  cloaelv-mloil  jarilb' 
lines  by  which  .lAiit/ows  arc  produced  in  some  kinds  of  engraving* 
which  are  often  employed  in  maps  to  represent  the  sea. 

■'  Now  it  requires  in  ordinary  circumsuinces  the  employi 


imporuace 
una  M«^  I 
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ygeneous  light,  in  order  to  produce  bands  anything  like  these 
sr  and  distinctness.     In  the  present  instance,  on  the  contrary, 

solar  light  was  employed.  .  .  .  These  bands  are  best  seen  in 

reflected  from  the  face  AC." 

achromatism  here  referred  to  is  accounted  for  by  the  disper- 
sh  takes  place  in  the  glass,  and  which  becomes  highly  effective 
e  light  falls  upon  the  film  at  an  angle  nearly  equal  to  the 
ngle,  so  that  the  angle  of  refraction  into  the  film  is  nearly  90"", 
ned  in  Art.  110. 
lie  first  place,  it  may  be  remarked  that  when  the  prism  is 

so  that  the  angle  A  is  equal  to  the  angle  B,  then  a  ray  enter- 
irst  face  AC  (Fig.  99)  at  any  angle  will  leave  the  second  face 
le  same  angle,  and  consequently  a  beam  of  white  light  entering 

AC  will  leave  the  face  BC  without  dispersion.  In  other 
be  dispersion  produced  in  the  angle  A  will  be  compensated  in 
3  B.  The  function  of  the  prism  is  therefore  to  vary  the  angle 
jtion  r  into  the  film  in  such  a  way  that  cosr/A.  is  approxi- 
he  same  for  all  the  colours.  When  A  is  not  equal  to  B  there 
.  further  displacement  of  the  fringes  such  as  would  be  produced 
ding  them  through  a  prism  of  angle  A — B,  as  described  in 
5  and  119. 

bhe  angle  of  incidence  on  the  first  face  of  the  prism  be  i^  and 
^sponding  angle  of  refraction  Vy  Then  if  i  and  r  be  the  angles 
ince  and  refraction  for  the  film,  we  have 

8ini]=/xsinr] (1) 

8inr=ftsini (2) 

i  +  ri  =  A (3) 

is  the  refractive  index  of  the  prism,  and  the  film  is  supposed 

ir.     When  the  film  is  other  than  air,  equation  (2)  can  be 

accordingly.     These  equations  combined  with  the  achromatic 

n 

cos  r          .  ... 

-  =con8t (4) 

A 

le  the  angle  of  incidence  at  which  achromatism  takes  place, 
e  law  of  dispersion  in  the  glass  is  known. 
s  in  Talbot's  form  of  the  experiment  a  parallel  beam  of  white 
s  used,  so  that  i^  is  the  same  for  all  wave  lengths ;  hence  by 
iating  the  foregoing  equations  we  obtain 

fjL  cos  ridri  + sin  Tidfi^O (1') 

fA  COS  idi  +  ainidfA= cos  rdr        ....  (2') 

di  +  dri=0 (3') 

X8inrrfr+cosrf?X=0 (4') 
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Combining  these  equations  we  obtain  at  once  M.  Mascart's  relatM 

^,  sin  A     ^dfjL 

cot'r=   . \-=rf 

sinrcosrj  d\ 

which  may  be  written  in  the  equivalent  form  - 

sin  A      X  ilfA 


cot'r= 


sin  i  cos  rj  /u  d\' 


The  foregoing  applies  to  Talbot's  form  of  the  experiment  in  i 
the  angle  of  incidence  i^  is  constant,  and  all  the  light  of  a  given  c 
is  refracted  at  the  same  angle,  so  that  the  bands  arise  from  varii 
of  the  thickness  of  the  film,  such  as  when  a  hair  is  placed  betwee 
prisms  to  produce  a  wedge-shaped  film. 

In  HerscheFs  form  of  the  experiment  the  prism  is  placed  I 
the  open  sky,  so  that  the  angle  of  incidence  is  variable  and  light 
given  wave  length  is  not  all  refracted  at  the  same  angle.  These  I 
are  broad  and  richly  coloured,  and  they  are  produced  near  the  lia 
total  reflection  by  the  variation  of  the  angle  of  incidence  whei 
thickness  of  the  film  is  constant.  Of  course  bands  of  an  intermc 
character  are  produced  when  the  angle  of  incidence  and  the  thid 
of  the  film  both  vary. 

NewtorCs  Observations  on  the  Coloured  Rings  of  Thin  Plates 

OptickSy  book  ii.  part  i.  obs.  4  :  "I  took  two  object-glasses,  the  one  a 
convex  for  a  fourteen -foot  telescope,  and  the  other  a  large  double  convex  ft 
of  about  fifty  foot ;  and  upon  this  laying  the  other  with  its  plane  side  downw 
pressed  them  slowly  together,  to  make  the  colours  successively  emerge  in  the  i 
of  the  circles,  and  then  slowly  lifted  the  up])er  glass  from  the  lower  to  make 
successively  vanish  again  in  the  same  place.  The  colour,  which  by  presdi 
glasses  together  emerged  last  in  the  middle  of  the  other  colours,  would  upon  it 
appearance  look  like  a  circle  of  a  colour  almost  uniform  from  its  circumferenoe 
centre,  and  by  compressing  the  glasses  still  more,  grew  continually  broader  till 
colour  emerged  at  its  centre,  and  thereby  it  became  a  ring  encompassing  tha 
colour.  And  by  compressing  the  glasses  still  more  the  diameter  of  this  ring  ' 
increase,  and  the  breadth  of  its  orbit  or  perimeter  decrease  until  a  new  colour  eni 
in  the  centre  of  the  last ;  and  so  on  until  a  third,  a  fourth,  a  fifth,  and  other  fi 
ing  new  colours  successively  emerged  there,  and  became  rings  encompassin 
innermost  colour,  the  last  of  which  was  the  black  spot  And,  on  the  contrai 
lifting  up  the  upper  glass  from  the  lower,  the  diameter  of  the  rings  would  dec 
and  the  breadth  of  their  orbit  increase,  until  their  colours  reached  successively  1 
centre  ;  and  then  by  being  of  a  considerable  breadth,  I  could  more  easily  duicer 
distinguish  their  species  than  before.  And  by  this  means  I  observed  their  succi 
and  quantity  to  be  as  followeth. 


^  M.  Mascart,  TraiU  (TOptiqiie,  tom.  i.  p.  449. 
'^  Lord  Rayleigh,  Phil.  Mag,  vol.  xxviii.  p.  196,  1889. 
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*'  Next  to  the  pellucid  central  spot  made  by  the  contact  of  the  glasses  succeeded 
:>lue,  white,  yellow,  and  red.  The  blue  was  so  little  in  quantity  that  I  could  not 
liscem  it  in  the  circles  made  by  the  prism,  nor  could  I  well  distinguish  any  violet 
b  it,  but  the  yellow  and  red  were  pretty  copious,  and  seemed  about  as  much  in 
extent  as  the  white,  and  four  or  five  times  more  than  the  blue.  The  next  circuit  in 
arder  of  oolours  immediately  encompassing  these  were  violet,  blue-green,  yellow,  and 
red  ;  and  these  were  all  of  them  copious  and  vivid,  excepting  the  green,  which  was 
rery  little  in  quantity,  and  seemed  much  more  faint  and  dilute  than  the  other 
flours.  Of  the  other  four  the  violet  was  the  least  in  extent,  and  the  blue  less  than 
the  yellow  and  red.  The  third  circuit  or  order  was  purple,  blue,  green,  yellow,  and 
red  ;  in  which  the  purple  seemed  more  reddish  than  the  violet  in  the  former  circuit, 
ittd  the  green  was  much  more  conspicuous,  being  as  brisk  and  copious  as  any  of  the 
>ther  colours  except  the  yellow ;  but  the  red  began  to  be  a  little  faded  inclining  very 
much  to  purple.  After  this  succeeded  the  fourth  circuit  of  green  and  red.  Tlie 
i;reen  was  very  copious  and  lively,  inclining  on  the  one  side  to  blue  and  on  the  other 
lide  to  yellow.  But  in  this  fourth  circuit  there  was  neither  violet,  blue,  nor  yellow, 
md  the  red  was  very  imperfect  and  dirt}'.  Also  the  other  colours  became  more  and 
nore  imperfect  and  dilute,  till  after  three  or  four  revolutions  they  ended  in  perfect 
ivhiteness." 

**Obe.  5. — To  determine  the  interval  of  the  glasses,  or  thickness  of  the  inter- 
aoent  air,  by  which  each  colour  was  produced,  I  measured  the  diameters  of  the 
first  six  rings  at  the  most  lucid  part  of  their  orbits,  and  squaring  them,  I  found 
their  squares  to  be  in  the  arithmetical  progression  of  the  odd  numbers,  1,  3,  5,  7,  1>, 
11.  And  since  one  of  these  glasses  was  plane  and  the  other  spherical,  their  intervals 
%t  thoee  rings  must  be  in  the  same  progression.  I  measured  also  the  diameters  of 
the  dark  or  faint  rings  between  the  more  lucid  colours,  and  found  their  squares  to 
be  in  the  arithmetical  progression  of  the  even  numbers,  2,  4,  6,  8,  10,  12.  And  it 
being  very  nice  and  dif^cult  to  take  these  measures  exactly  ;  I  repeated  them  divers 
times  at  divers  jiarts  of  the  glasses,  that  by  their  agreement  I  might  be  confirmed  in 
them." 

**  Oba.  10. — Wetting  the  object-glasses  a  little  at  their  edges,  the  water  crept  in 
slowly  between  them,  and  the  circles  thereby  became  less  and  the  colours  more  faint ; 
insomuch  that  as  the  water  crept  along,  one  half  of  them  at  which  it  first 
urived  would  appear  broken  off  from  the  other  half,  and  contracted  into  a 
leas  room.  By  measuring  them  I  found  the  proportions  of  their  diameters  to  the 
iiameters  of  the  like  circles  made  by  air  to  be  about  seven  to  eight,  and  consef[uently 
the  intervals  of  the  glasses  at  like  cii'cles,  caused  by  those  two  mediums  water 
uid  air,  are  as  about  three  to  four.  Perhaps  it  may  be  a  general  rule  that  if  any 
>ther  medium  moi'e  or  less  dense  than  water  be  compressed  between  the  glasses, 
their  intervals  at  the  rings  caused  thereby  will  be  to  their  intervals  caused  by 
interjacent  air,  as  the  sines  are  which  measure  the  refraction  made  out  of  that 
medium  into  air. " 
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Section  IIL — The  Colours  of  Thick  Plates 

121.  Brewster's  Bands. — When  a  pencil  of  light  falls  in  succesr 
sion  upon  two  transparent  plates  which  are  not  very  thin,^  some  d 
the  many  portions  into  which  it  is  divided  by  partial  reflections  at 
their  bounding  surfaces  are  frequently  in  a  condition  to  interfere  and 
produce  coloured  bands.  These  fringes  were  observed  by  Sir  D. 
Brewster^  in  1815.  The  apparatus  employed  in  the  experiment  con- 
sisted of  a  straight  tube  (Fig.  101)  blackened  od 
the  inside  and  closed  at  one  end  by  a  disc  con- 
taining a  small  aperture  0.  Two  unifonn'glasi 
plates  of  equal  thickness  were  placed  hmt  eadi 
Fig.  101.  other  at  the  other  end  of  the  tube,  one  of  them 

being  at  right  angles  to  the  axis  of  the  tube,  and  the  other  iti*Jin*<l  to 
it  at  a  very  small  angle.  This  angle  could  be  varied  by  nwm  of  a 
micrometer  screw. 

In  order  to  understand  the  formation  of  these  fringes  it  k  onlj 
necessary  to  notice  that  when  the  aperture  0  is  illumiuted  and 
viewed  through  the  plates  the  light  which  reaches  the  eye  eonasts  of 
many  distinct  components  arising  from  successive  reflections  within 
and  between  the  plates,  and  a  corresponding  series  of  images  of  tbe 
source  is  consequently  presented. 

This  series  of  images  may  be  divided  into  a  system  of  groopa 
Those  of  the  first  group  correspond  to  light  that  has  traversed  tk 
space  between  the  plates  once,  so  that  they  are  formed  by  light  that 
has  not  been  reflected  from  one  plate  to  the  other,  but  which  naf 
have  suflered  reflection  within  either  plate.     The  first  image  of  tb 

^  A  thick  plate  in  0])tic8  meaus  one  of  thickness  Urge  oompared  with  the  Uaf^ 
of  a  wave  of  light 

^  Brewster,  Edinb.  Trans,  voL  viL  p.  485,  1815. 

'  A  plate  of  perfectly  uniform  thickness  cannot  be  procured  in  |iractioe,  and  it> 
difficult  to  obtain  plates  sufficiently  uniform  to  give  good  fringes  by  this  metkfli 
A  plate  of  glass  generally  has  its  faces  inclined  to  each  other  so  as  to  form  a  pnai>^ 
very  small  angle.  The  lines  of  constant  thickness  in  such  a  plate  mre  amiiozinstilf 
rectilinear  and  jiarallel,  and  can  be  seen  when  the  plate  is  viewed  fay  reflecCioa  * 
monochromatic  light  The  interference  fringes  follow  the  lines  of  oonstiat  tbi" 
ucss,  and  if  the  plate  be  cut  in  two  along  a  line  perpendicular  to  the  dinctiot  't 
the  fringes,  the  two  parts  when  superposed  by  folding  them  lonnd  the  lin'  *' 
section  will  readily  exhibit  Brewster's  bands,  for  in  this  case  the  correspondii^  n^ 
of  the  interfering  pencils  traverse  the  plates  at  places  of  equal  thickn( 


jpnp  mny  be  called  the  priucipal  imnge,  and  it  is  formed  by  light 
h&t  has  been  directly  transmitted  through  the  plates,  such  as  AA  in 
'ig.  102.  Behind  thiH  there  is  an  image  formed  by  light  that  has 
iiffered  two  internal  reflectioiiB  in  one  of  the  plates,  such  as  the  rays 
IB  and  CC,  and  so  on  for  multiple  internal  reflections.  Now  the 
iiage  formed  by  BB  will  coincide  with  that  formed  by  CC  when 
lie  platee  are  parallel  and  of  equal  thickness;  but  when  the  plates  are 
Jghtly  inclined  the  thickness  traversed  by  the  light  in  one  of  them 
ill  difTer  by  a  small  amount  from  that  traversed  in  the  other,  and 
tere  will  be  a  small  relative  path  retardation  introduced  between  the 

Ks  BB  and  CC,  so  that  interference  bands  will  be  produced, 
ding  the  image  as  a  source  of  light  we  may  say,  then,  that  the 
formed  by  HB  interferes  «-ith  the  image  fonned  by  CC,  and 
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in  image  crossed  by  fringes.  The  image  formed  by  AA 
3  fringes,  for  there  is  no  other  pencil  of  light  of  approxi- 
B  same  path.  The  other  images  of  this  group  are  also 
■OBsed  by  bands — for  example,  the  light  that  has  suffered  four 
^flections  in  the  plate  M  interferes  with  that  which  is  four  times 
tflected  within  the  plate  N,  etc.  The  second  group  consists  of  light 
b  ha«  traverse<l  the  space  between  the  plates  three  times.  The 
K  image  of  this  group  is  formed  by  light  that  has  ti-aversed  each 
■b  only  once,  such  as  the  ray  DD,  and,  like  the  first  image  of  the 
B  group,  it  presents  no  fringes.  A  little  behind  this,  however, 
■m  the  image  formed  by  EE,  and  this  is  interfered  with  by  FF,  so 
Pb  fringes  ai'e  presented.  Other  images  are  formed  by  rays,  such  as 
\G,  that  have  suffered  four  or  more  reflections,  and  they  also  present 
onds  which  are  explained  in  the  same  manner.  The  third  group  is 
jnned  by  light  that  has  traversed  the  space  between  the  plates  five 

IM,  and  so  on. 
The  relative  retardaiion  of  the  pencils  forming  the  intci-fcrence 
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bands  on  the  second  image  of  any  group  is  easily  expressed  in  ten 
of  the  angles  of  refraction  into  the  plates.  For  if  «  be  the  commo 
thickness  of  the  plates  it  is  clear  that  the  ray  £E  suffers  a  relath 
retardation  2e  cos  r  in  the  plate  M,  while  FF  suffers  a  relatn 
retardation  2e  cos  r'  in  N.  The  two  transmitted  pencils  hai 
consequently  a  relative  path  retardation  of 

d  =  2e  (cos  r  -  cos  ?•'). 

This  vanishes  when  r  =  r' — that  is,  when  the  light  is  incident  i 
the  two  plates  at  the  same  angle,  or  is  parallel  to  the  plane  bisectii 
the  obtuse  angle  between  the  plates.  The  light  incident  in  tl 
direction  consequently  determines  the  central  fringe  of  the  systei 
Brewster  describes  the  experiment  as  follows  : — 

**  In  order  to  observe  the  phenomenon  to  the  greatest  advantage,  let  the  light  o 
circular  image  subtending  an  angle  of  1°  or  2"*  be  incident  perpendicularly,  or  neai 
so,  upon  two  plates  of  {Mirallel  glass  placed  at  a  distance  of  one-tenth  of  an  inch,  a 
let  one  of  the  plates  be  gently  inclined  to  the  other,  till  one  or  more  of  the  refleel 
images  be  distinctly  separated  from  the  bright  image  formed  by  trausmitted  lig 
and  received  upon  the  eye  placed  behind  the  plates.  Under  t^iese  circumstances  i 
reflected  image  will  bo  crossed  ^nth  about  15  or  16  beautiful  i>arallel  fringes  . 
the  direction  of  the  fringes  is  always  parallel  to  the  common  section  of  the  fc 
reflecting  surfaces. 

**  All  the  preceding  experiments  were  made  with  plates  which  were  cut  oat 
the  same  piece  of  glass,  and  had  therefore  the  same  thickness.  I  now  trierl  plat«s 
different  thicknesses,  both  when  ground  parallel  and  when  cat  from  a  common  pb 
of  glass  ;  but  I  could  never  render  the  coloured  fringes  visible,  unless  when  the  gli 
was  parallel,  and  exactly  of  the  same  thickness  in  both  plates.'* 

122.  Jamin's  Interference  Refk*actoineter. — The  interferen 
bands  obtained  by  Brewster's  method  have  been  turned  to  accooi 
by  M.  Jamin  ^  in  the  construction  of  a  very  delicate  refractometer. 

Two  plates  of  parallel  glass  as  nearly  as  possible  of  equal  thickna 
(about  1  cm.)  are  silvered  on  their  backs  and  supported  (on  a; 
optical  bench  or  otherwise)  so  that  the  distance  between  them  can  b 
altered  at  will.  Their  plane  faces  can  be  placed  in  the  vertical,  whid 
is  supposed  perpendicular  to  the  plane  of  the  paper  in  Pig.  103. 

The  first  plate  A£  is  fixed,  and  the  light  of  the  sun  or  any  othf 
source  falls  upon  it.  After  reflection  it  is  received  on  the  secoa 
plate  CD,  which  can  be  turned  round  a  horizontal  axis  by  means  6 
a  screw  situated  at  its  back,  and  round  a  vertical  axis  by  means  d 
the  screw  Q.  The  displacement  of  this  plate  round  the  vertical  > 
measured  by  the  movement  of  an  arm  on  a  graduated  arc  at  V.  Ptf^ 
of  the  light  incident  on  the  first  face  AB  is  reflected  there,  tf' 
after  penetrating  the  second  plate  is  reflected  at  its  second  surftff 

*  Jamin,  Ann,  de  Chim.  et  de  Phy$.  third  series,  torn.  lii.  p.  163,  1858. 
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and  emerges  from  the  plate.  A  second  part  of  the  light  penetrates 
the  first  plate,  and  after  reflection  at  ita  secMjnd  surface  it  is  reflected 
from  the  first  surface  of  the  second  plate.  Thus  of  the  two  beams 
one  is  reflected  at  the  front  of  the  first  plate  and  the  back  of  the 
second,  while  the  other  is  reflected  at  the  back  of  the  first  plate  and 
the  front  of  the  second.^  Hence  if  the  plates  be  parallel,  the  two 
pencils  will  traverse  equal  and  similar  paths,  and  they  will  therefore 
be  in  the  saine  phase  on  leaving  the  second  plat« ;  but  if  the  second 
plate  be  turned  through  a  small  angle  the  ray  which  is  refracted  in  it 
-will  pursue  a  path  slightly  difierent  from  that  traversed  by  the  ray 
refracted  in  the  first  plate ;   there  will  therefore  be  a  difference  of 


phase  between  the  beams  as  they  leave  the  second  plate,  and  the 
phenomena  of  interference  will  be  presented. 

If  we  start  with  the  two  plates  parallel  and  the  plane  of  incidence 
horizontal,  then  by  turning  the  screw  at  the  back  of  CD  the  plates 
■will  become  inclined  to  each  other  and  their  line  of  intersection  will 
be  horizontal  A  system  of  horizontal  fringes  will  consequently 
appear  in  the  field,  increasing  in  width  as  the  inclination  of  the 
plates  is   diminished.     When  the  plates  are  rigorously  parallel  the 

'  There  U  of  course  a  wliole  system  of  images  fanned  by  SQccesaive  redectious 
within  the  ptatei  and  at  their  bounding  surfares.  Thus  an  image  is  formed  by  light 
reflected  directly  trom  the  face  AB  and  then  from  CD.  Behind  this  there  ia  the 
image  considered  in  the  text  and  which  is  crossed  by  bands  because  it  consists  of  two 
nearly  coincident  images— namely,  that  formed  by  reflection  from  AB  and  CD' 
romliined  with  that  formed  by  reflection  froiii  A'B'  and  CD.  The  next  image  ia 
bright  and  may  be. considered  the  iirincipal  image  of  the  system,  aiid  is  formed  by 
the  light  reflected  from  the  metallic  surfaces  A'B'  and  CD'.  This  is  followed  by 
other  fainter  images  produced  b;  light  that  has  suffered  two  or  more  internal 
reflections  within  the  plates.  Thwe  are  also  crossed  by  interference  bands,  and  the 
\rhole  system  is  situated  amdblj  on  the  perpendicular  to  the  plates  drawn  through 
the  source. 
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bands  should  disappear  entirely  and  give  place  to  a  uniform  illomina- 
tion.  As  this  stage  is  approached,  however,  the  bands  generallv 
become  deformed  and  form  undulating  curves  indicating  want  of 
homogeneity  in  the  glass  or  imperfections  in  the  planeness  of  the 
surfaces. 

The  central  fringe  corresponds  to  zero  retardation  and,  as  in 
Brewster's  experiment,  is  formed  by  those  rays  of  the  interfering 
pencils  which  make  the  same  angle  with  the  two  plates.  These  rays 
are  consequently  parallel  to  the  plane  bisecting  the  obtuse  angle 
between  the  plates.  The  effect  of  moving  the  screw  Q  is  to  displace 
the  central  band  vertically  and  raise  or  lower  the  whole  fringe  system 
in  the  field  of  view. 

Wlien  a  slender  pencil  of  light  (from  a  slit)  is  used,  tubes  con- 
taining gases  or  thin  plates  of  different  substances  may  be  placed  in 
the  paths  of  the  pencils  between  the  plates,  and  the  relative  speeds  of 
light  in  these  substances  determined  by  the  corresponding  displacement 
of  the  fringes.     The  apparatus  may  thus  be  used  as  a  refractometer. 

The  retardation  produced  by  the  passage  of  one  of  the  pencils 
through  a  thin  plate  of  any  substance,  or  through  a  tube  of  gas,  of 
which  it  is  desired  to  measure  the  refractive  index,  is  determined  br 
means  of  a  cm^pensahr  K.  Thus  if  a  tube  of  gas  or  a  thin  plate  be  in 
the  path  of  one  pencil,  a  thin  plate  of  parallel  glass  may  be  intro- 
duced across  the  path  of  the  other,  and  if  this  latter  be  of  the  proper 
thickness,  there  will  be  no  resultant  displacement  of  the  fringes.  The 
one  will  compensate  the  other.  The  proper  thickness  of  the  parallel 
glass  plate  may  be  adjusted  by  constructing  it  of  two  slender  prisms 
of  equal  angle,  placed  on  each  other  with  their  edges  in  opposite 
directions.  Placed  thus  they  form  a  parallel  plate,  the  thickness  of 
which  may  be  varied  at  will  by  sliding  one  prism  upon  the  other.  Thi? 
may  be  done  conveniently  by  keeping  one  fixed,  and  displacing  the 
other  by  means  of  a  screw.  When  the  instrument  is  once  standard- 
ised we  know  immediately  the  retardation  produced  by  the  substance 
in  the  path  of  the  first  pencil. 

The  compensator  used  by  M.  Jamin  consisted  of  two  glass  plates 
(shown  Fig.  104),  fixed  to  a  common  axis,  and  inclined  to  each  other 
at  a  small  constant  angle.  One  pencil  passes  through  one  plate,  vA 
the  other  through  the  other  plate.  The  retardation  produced  bji 
plate  depends  on  the  angle  of  incidence,  and  is  least  when  the  nj 
passes  through  it  normally.  \Mien  the  rays  fall  on  the  j^t^ 
perpendicularly  to  the  plane  bisecting  the  angle  between  them,  thej 
introduce  equal  retardations,  and  therefore  no  displacement  of  tk 
fringes.     In  any  other  position  the  plates  displace  the  fringes  bj  tf 
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amount  depending  on  their  thickness  and  the  angles  of  incidence  ;  so 
that,  by  rotating  the  axis  to  which  they  are  fixed,  any  desired 
displacement  of  the  fringes  can  be  produced,  and  any  prei'ious 
displacement  compensated.  The  sensi- 
tiveness of  this  compensator  can  be 
varied  at  will  by  altering  the  angle 
between  the  plates,  and  the  retardation 
introduced  by  it  may  be  easily  calculated, 
but  it  is  best  to  graduate  it  by  experi- 
ment, which  shows  that  the  relative 
retardation  is  very  nearly  proportioniil 
to  the  angle  through  which  it  ia  turned 
from  the  position  of  zero  displacement. 
M.  Jamin  by  this  method  has  determined 
the  index  of  refraction  of  several  gases,  **'      •  '    "   "'"i" ""'  '"'■ 

an*!  compared  that  of  dry  and  moist  air.  By  the  same  process  he  also 
investigated  the  effect  of  compression  and  change  of  temperature  on 
the  refractive  index  of  water.' 

123.  HlchelsoR  and  Horiey'a  Reft>&ctometer. — An  interference 
refractometer  has  been  described  by  Professors  Michelson  and  Morley  - 
which  readily  permits  of  the  introduction  of  any  relative  retardation 
between  the  interfering  pencils,  and  conaeqnejitly  allows  of  the 
observation  of  interference  bands  corresponding  to  a  large  difference 
of  path.  This  apparatus  is  the  same  as  that  employed  in  their  ex- 
periments on  the  relative  motion  of  the  earth  and  the  ether  (Art.  315). 

Light  from  a  source  of  light  (a  sodium  flame)  S  (Fig.  105)  falls 
upon  a  plane  glass  plate  A  inclined  to  it  at  any  angle  (usually  45'). 
Part  of  this  light  is  transmitted  in  the  direction  AB  and  part  is 
reflected  in  the  direction  AD.  "  Etoth  of  these  beams  are  received 
perpendicularly  on  plane  mirrors  C  and  I),  so  that  they  return  to  the 
plate  A  along  their  original  paths  and  puss  in  part  into  the  observing 
telescope  T.  Now  the  pencil  reflected  from  D  traverses  the  plate  A 
three  times  before  it  reaches  T,  and  in  order  to  compensate  for  this  a 
similar  plate  of  glass  B  is  introduced  into  the  path  of  the  pencil 
reflected  from  C.  Hence  if  AC  =  AD,  and  if  the  plates  are  parallel, 
the  two  pencils  will  have  traversed  paths  of  ei|ual  length,  but  it  is  to 
be  observed  that  they  have  both  suffered  reflection  at  the  same  face  of 
A,  one  internally  and  the  other  externally,  and  consequently  when 


1 


'  Jatnin,  ^nii.  de  Chi 
Ixi.  p.  3S5.  1S61. 

'  Profiwaora  A,  A.  Michelsoii  and 

i'nyiiwerinj  SaeUtia,  Miy  1888. 


!■/  rfc  Phys.  tbinl  wriea,  torn.  lii.  p.  163,  1858  ;  and  torn. 
W.   Morlpj-,  Joai-nal  of  the  Associalian  of 
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the  adjiiBtmeiit  of  the  mirrors 
In  this  cose  the  image  of  the  mi 
the  adjustment  is  altered  there 


8  exact  the  whole  field  will  be  Aak. 
Tor  C  in  A  coincides  with  D.  Wba 
r'ill  be  a  path  relArdation  between  (lie 


pencils  equivalent  to  that  of  an  air  film  of  thickness  AC  —  AD,  ui 
whose  angle  is  equal  to  that  between  U  and  the  image  of  C  in  A. 

One  of  the  mirrors  is  furnished  with  a  micrometer  screw  by  niuth 
it  can  be  moved  parallel  to  itself  so  as  to  introduce  any  difTerence  cd 
path  desired. 

124.  Newton's  DifTuslon  Rings, — The  preceding  casae  of  bita- 
terence  may  lie  produced  with  tolerably  thick  plat«s  and  are  known  m 
the  interference  coloius  of  thick  platcB.  The  coloured  ringa  ot  thid^ 
plates  are  phenomena  of  a  distinct  kind,  These  were  diecovored  tai 
described  by  Newton.' 

He  allowed  a  pencil  of  sunlight  to  fall  perpendiciilaj-ly  upon  a  gb* 
mirror,  ground  concave  on  one  side  and  convex  uti  th«  other,  lo  * 
sphere  of  nearly  aix  feet  radius,  and  silvered  on  the  convox  corbtt 
Holding  at  the  centre  of  the  sphere  a  screen  of  white  |«per,  wit!  i 
small  hole  at  its  centre  to  allow  the  beam  of  light  t«  pass  and  m«M, 
he  observed  four  or  five  rainbow-coloured  rings  on  the  paper,  endrclng 
the  aperture  through  which  the  light  poured.  These  were  sintiUr  1" 
the  transmilUil  rings  of  thin  plates,  the  squares  of  the  mdii  of  li> 
bright  rings  being  projiortional  to  the  even  numbei's,  while  thwe  <i 
the  dark  rings  were  in  the  ratios  of  the  odd  numbers. 

When  the  mirror  is  inclined  a  little  bo  as  to  throw  the  rvHerW^ 
image  slightly  to  one  side  of  the  aperture  the  ritigs  are  fonneil  n 
'  centre  is  at  the  middle  point  of  the  lino  jcniiii 
'  Ni?ivt"ii,  "iilirlt,  Umk  ii.  |Bi-t  iv. 
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aperture  and  its  image.  This  central  spot  changes  its  appearance  in  a 
remarkable  manner  as  the  image  recedes  from  the  aperture,  being 
alternately  bright  and  dark  when  homogeneous  Hght  ia  used,  but  with 
white  light  it  assumes  every  gradation  of  colour. 

Newton  endeavoured  to  account  for  these  rings,  like  those  of  thin 
plates,  by  the  emission  theory ;  but  it  is  to  Young  we  owe  the 
application  of  the  wave  theory  to  their  explanation.  His  work  was 
afterwards  completed  by  Herschol,  Stokes,  and  SchiiHi.' 

The  rings  are  much  better  marked  when  the  surface  of  the  mirror 
is  slightly  dimmed,  as,  for  example,  by  coating  it  over  with  a  weak 
mixture  of  milk  and  water.  This  suggests  that  the  phenomena  are 
due  in  some  way  to  the  light  which  is  Milleretl  at  the  surface  of  the 
mirror,  for  we  know  that  the  eft'ect  of  dimmin;;  the  siiifme  U  to 
increase  the  quantity  of  light  scattered  i 
or  irregularly  reflected  at  it.  \Vc  v 
therefore  attempt  on  this  supjiositiun 
to  explain  the  phenomena  in  the  more 
general  case  when  the  light  comes  I 
from  a  point  L  (Fig.  106)  of  the 
screen  not  far  from  the  axis  of  the 
mirror,  the  plane  of  the  screen  passinf;  I 
through  the  centre  0  of  the  mirroi-  [ 
and  Ijeing  perpendicular  to  its  axis  <■'"!■  "*■■ 

ON.  Denote  the  distance  LO  by  u,  the  radius  OA  of  the  first  surface 
of  the  mirror  by  i;  the  radius  ON  of  the  second  by  r  +  '^  where  e  is  the 
thickness  of  the  mirror.  Consider  the  illumination  at  any  point  Q 
(not  in  the  plane  of  the  pa()er)  on  the  screen. 

A  ray  of  light  LM,  after  incidence  at  M,  will  be  refracted  in  part 
along  MN,  and  after  suffering  reflection  at  N  it  will  arrive  at  P,  where 
;i  portion  will  be  regularly  refracted  and  some  of  it  will  be  scattered. 
Let  PQ  be  the  scattered  ray  which  reaches  Q.  Now  another  stream 
of  light  will  also  reach  (J.  For  consider  the  ray  incident  at  P,  part  of 
it  will  be  scattered  on  entering  the  plate,  and  some  one  PR  of  these 
irregular  rays  will  after  regular  reflection  and  refraction  at  R  and  S 
respectively  reach  Q  along  SQ.  It  will  thus  have  traversed  a  path 
LPRSQ  differing  little  from  that  travei-sed  by  LMNPQ.  The  two 
pencils  will  therefore  be  in  a  condition  to  produce  interference  efTects. 

'  These  rings  are  iliie  lo  the  interference  of  the  light  acstlered  or  diflracted  by 
the  taint  particla  of  JuBl.  It  hjw  been  ihown  by  Stoke»  that  no  regular  interference 
is  tu  be  ex|>e(*t«d  betireen  portinni  of  ]i(;ht  (liffracted  bj  different  purticlea  ordiut, 

the  (litTiuioQ  U  ac(<ompanied  b;  a  difference  of  jiatb  which  varies  from  point  to 
{Camt.  Tra>u.  \i.  j..  147.  1851).    In  this  nienmir  there  ia  s  conipk-te  disoussiou 


^^^  t 

^ 
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Jt  may  be  obeerved  that  both  the  rays  have  suffered  the  scattering  at 
the  same  point  P  of  the  surface,  the  first  at  emergence  and  the  second 
at  incidence.  The  two  have  therefore  passed  over  similar  paths  and 
suffered  similar  transformations.  They  are  consequently  beams  of  the 
same  nature,  and  may  interfere. 

It  only  remains  now  to  calculate  the  difference  of  the  paths  tra- 
versed by  the  rays.     We  have 


LM  =  V^  +  i**=r(l  +  ^)*=r+^       (approx.) 


since  u  is  very  small  compared  with  r.  Again,  if  i  be  the  angle  of 
incidence  (LMO)  of  the  ray  LM,  its  sine  is  approximately  equal  to  its 
tangent  or  circular  measure,  and  consequently 


.    .    OL    M 
r 

and  therefore 


^"^*=OM  =  r' 


sin  I     u 
sin  r= 


M       Mr 

But  r=MNA,  therefore 


smce 


MN=(e»  +  MA»)*=«(l  +  MA»J=.(l  +  2-^). 


MA  .        --^y  .  u 

=8in  MNA=8inr= — • 


Similarly 

NP  =  MNandPQ=r+^. 

But  path  MN  +  NP  is  traversed  in  glass,  so  that  the  equivalent  path 
in  air  will  be  /a  times  as  great ;  the  whole  equivalent  air  path  is  then 

LM+m(MN  +  NP)  +  PQ, 
or 


11.2  /  U^     \  «* 


From  this  the  value  of  the  path  LPESQ  may  be  written  down  at  once 
by  observing  that  the  first  ray  travels  regularly  till  it  emerges  at  Ft 
where  it  is  scattered.  But  if  the  second  path  be  traTersed  in  the 
reverse  direction  we  see  that,  setting  out  from  Q  along  QS^  refractioo 
and  reflection  take  place  regularly  at  S  and  K  till  emergence  at  P» 
where  scattering  takes  place.  Traversing  the  second  path  in  the  diree^ 
tion  QSRPL  is  then  the  same  as  the  first  path  in  the  directum  LMNFQ 
with  this  difference,  that  the  point  Q  is  at  a  distance  v  from  O,  wheni* 
the  distance  of  L  from  it  is  u.     Consequently  the  seoond  path  may  ^ 
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written  down  from  the  first  by  interchanging  u  and  r.     It  is  therefore 

The  difference  of  the  path  is  consequently 

When  this  difference  is  an  even  number  of  half  wave  lengths  the  two 
beams  are  in  the  same  phase,  and  all  points  at  the  distance  v  from  O 
are  bright  If  the  difference  is  an  odd  number  of  half  waves  this 
circle  is  dark. 

There  is  therefore  a  series  of  alternately  bright  and  dark  rings 
encircling  the  point  0.  The  radii  of  the  rings  are  the  values  of  p, 
which  satisfy  the  equation 

the  bright  rings  corresponding  to  even  values  of  n  and  the  dark  rings 
to  the  odd  values. 

If  w  =  0,  we  have  then 

^-T-''2' 

a  formula  which  embraces  the  laws  laid  down  by  Newton  for  the  case 
in  which  the  origin  of  light  is  at  the  centre  of  the  mirror. 

Thus  the  diameter  of  any  ring  varies  inversely  as  the  square  root 
of  the  thickness  of  the  mirror,  while,  as  in  the  transmitted  rings  of 
thin  plates,  the  diameters  of  the  bright  rings  are  proportional  to  the 
square  roots  of  the  even  numbers,  and  the  diameters  of  the  dark  rings 
to  the  square  roots  of  the  odd  numbers.  Finally,  the  squares  of  the 
radii  vary  directly  as  the  wave  length,  so  that  with  white  light  the 
circles  are  rainbow-coloured  bands,  changing  from  violet  at  the  inner 
to  red  at  the  outer  edge. 

When  u=v  the  retardation  is  zero  for  all  wave  lengths,  conse- 
quently the  circle  with  centre  O,  and  passing  through  the  luminous 
point  L,  will  be  bright  for  all  colours,  and  will  therefore  be  white,  and 
(opposite  to  L)  at  the  other  extremity  of  the  diameter  of  this  circle 
there  will  be  an  image  of  the  point  L  formed  by  regular  reflection  at 
the  surface  of  the  mirror.^     This  white  circle  is  surrounded  by  another 

^  With  regard  to  these  Newton  observes:  **The  incident  and  reflected  beams 
of  light  always  fell  upon  the  opposite  parts  of  this  white  ring,  illuminating  its  peri- 
meter like  two  mock  suns  in  the  opposite  parts  of  an  iris  "  {OptiekSy  book  iL  part 
iv.  obs.  10). 
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system  of  coloured  rings.  The  difference  of  the  squares  of  the  radii 
of  any  two  consecutive  rings  is  constant,  and  the  area  of  the  annulos 
between  any  consecutive  pair  is  therefore  the  same  for  all  pairs  and 
is  equal  to 

/      'J  »\       ^/A»  A 

^iPi  -  P2')  =  —^  '  2* 

The  successive  circles  therefore  approach  each  other  more  and  more 
closely  the  farther  we  go  out  from  the  centre,  so  that  at  a  short  distance 
from  the  centre  the  appearances  become  so  confused  that  all  effect  is 
obliterated.  These  rings  may  be  also  observed  either  with  a  plane 
glass  mirror  or  with  a  convex  mirror,  but  they  are  more  faint.  With 
a  convex  mirror  it  is  necessary  to  use  a  convergent  pencil  of  light  in 
order  to  obtain  a  real  image  of  the  source. 

They  were  obtained  by  the  Due  de  Chaulnes^  with  a  concave 
metallic  reflector,  in  front  of  which  he  placed  a  very  thin  plate  of  glass 
or  mica  dimmed  with  a  solution  of  milk  and  water.  The  metallic 
reflecting  surface  plays  the  part  of  the  silvered  back  of  Newton's 
mirror,  while  the  plate  of  glass  or  mica  acts  as  its  first  face,  and  the 
air  space  between  the  plate  and  the  reflector  corresponds  to  the  glass 
of  the  mirror. 

The  rings  may  also  be  well  observed  without  a  screen,  as  suggested 
by  Stokes.^  All  that  is  required  is  to  place  a  small  flame  at  the 
centre  of  curvature  of  the  mirror,  so  that  it  coincides  with  its  image. 
The  rings  are  then  seen  siurounding  the  flame. 

Di'.  Whewell  ®  observed  a  similar  system  of  coloured  bands  formed 
when  the  image  of  a  candle,  held  near  the  eye,  is  viewed  by  reflection 
in  a  plane  glass  mirror  placed  at  a  distance  of  some  feet.  This 
observation  was  communicated  to  M.  Quetelet,^  by  whom  it  was 
published.  In  repeating  the  experiment  together  they  found  it 
essential  that  the  mirror  should  not  be  perfectly  bright^  and  to  ensure 
the  production  of  the  bands  it  was  sufficient  to  breathe  gently  on  the 
siirface  of  a  cool  mirror.  Instead  of  moisture,  which  quickly  evap<Nratea» 
M.  Quetelet  recommended  a  tarnish  of  grease. 

125.  The  Colours  of  Mixed  Plates. — When  the  space  between  tvo 
glass  plates  is  filled  with  a  mixture  of  two  substances  in  a  finely  divided 
state-such  as  water  and  air,  or  water  and  oil-light  wiU  in  general 
traverse  the  different  parts  of  the  mixture  in  different  times^  and  the 
interval  of  retardation  will  depend  upon  the  difference  of  the  velocities 

^  De  Chaulnes,  Mem,  tU  VAead,  des  Sc,  p.  186,  1765. 

^  Stokes,  Phil,  Mag.  p.  419,  1851. 

*  Stokes,  Camb.  Phil  Tram,  pp.  148,  149,  1861. 

*  Quetelet,  Corrtsp,  Phys.  ei  Math,  torn.  y.  p.  394, 1829. 
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of  light  in  the  two  media,  and  upon  the  varying  arrangement  of  the 
media  between  the  two  plates.  Portions  of  the  transmitted  light  will 
therefore  be  in  a  condition  to  interfere,  and  coloured  rings  are  seen 
when  a  luminous  object  is  viewed  through  the  glasses. 

The  colours  of  mixed  plates  were  first  observed  by  Dr.  Thomas 
Young  and  described  in  the  Philosophical  Transactions  for  1802.^  He 
produced  them  by  interposing  small  globules  of  water,  or  butter, 
between  two  glass  plates,  or  two  object-glasses,  pressed  together  so 
as  to  give  the  ordinary  colours  of  thin  plates.  In  this  way  little 
cavities  of  air  were  surrounded  with  water  or  butter,  and  on 
looking  through  the  combination  he  saw  fringes  or  coloured  rings 
several  times  larger  than  those  of  thin  plates  which  would  have  been 
produced  had  air  alone  been  contained  between  the  glasses.  The 
rings  were  seen  by  the  direct  light  of  a  candle,  and  began  from  a 
white  centre  like  those  produced  by  transmission  through  an  air 
film.  On  the  dark  space  next  the  edges  of  the  {)late  he  observed 
another  system  of  fringes  complementary  to  the  first  and  beginning 
from  a  dark  centre  like  those  produced  by  reflection.  This  latter 
system  was  always  brighter  than  the  former.  Brewster  ^  in  repeating 
the  experiments  "  tried  transparent  soap  and  whipped  cream,  which 
gave  tolerably  good  results ;  but  I  obtained  the  best  effect  by  using 
the  white  of  an  egg  beat  up  into  froth.  To  obtain  a  proper  film  of 
this  substance  I  place  a  small  quantity  between  the  two  glasses,  and 
having  pressed  it  out  into  a  film  I  separate  the  glasses,  and  by  holding 
them  near  the  fire  I  drive  off  a  little  of  the  superfluous  moisture.  The 
two  glasses  are  again  placed  in  contact,  and  pressed  together  so  as  to 
produce  the  coloured  fringes  or  rings,  they  are  then  kept  in  their 
place  either  by  screws  or  by  wax,  and  may  be  preserved  for  any 
length  of  time." 

If  a  dark  object  be  behind  the  glasses  and  if  the  incident  light  be 
somewhat  oblique,  the  rings  change  their  character  and  resemble  the 
ordinary  reflected  system  of  Newton.  One  of  the  portions  of  the 
interfering  light  in  this  case  suffers  reflection,  and  accordingly  half  a 
period  difference  of  phase  is  introduced.  These  rings  contract  as  the 
obliquity  of  the  light  is  increased.  The  opposite  occurs  in  the  case  of 
Newton's  rings. 

The  colours  of  mixed  plates  were  attributed  by  Young  to  interfer- 
ence, on  the  supposition  that  part  of  the  transmitted  light  passes 
through  one  of  the  constituents  of  the  mixture  and  part  through  the 

1  Also  republished  in  1807,  EUmerUa  of  Natural  Philoiophy,  vol.  i.  pp.  470,  787  ; 
vol.  ii.  pp.  635,  680. 

3  Sir  D.  Brewster,  **0n  the  Colours  of  Mixed  Plates,"  Phil,  Trans,  p.  73,  1888. 
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other,  and  the  explanation  from  this  point  of  view  has  been  followed 
up  by  Yerdet^  Thus  if  part  of  the  incident  light  be  refracted  throo^ 
the  plate  at  an  angle  r,,  and  another  part  at  an  angle  r^  then  by  Ex 
Art.  71  the  relative  retardation  between  these  parts  is 

8=e{fAi  cos  Ti-fif  C08  r^f 

and  when  this  is  an  even  or  an  odd  number  of  half  wave  lengths  there 
will  be  a  corresponding  increase  or  fdiminution  of  intensity.  For 
normal  incidence  8  =  e(fi^  -  /a^),  and  the  bright  and  dark  rings  wiD 
correspond  to 

according  as  n  is  even  or  odd. 

In  the  case  of  the  coloured  rings  of  thin  plates  seen  by  transmitted 
light  the  bright  and  dark  rings  correspond  to  thicknesses 

according  as  n  is  even  or  odd. 

Hence  the  thicknesses  e  and  e\  at  which  rings  of  the  same  order 
(n)  occur  in  the  two  experiments,  are  in  the  ratio 

Examples 

1.  If  the  constituents  of  the  mixed  plate  be  water  and  air,  we  have  approximately 
^  =  1  and  /U2=l,  therefore 

«'_1 


But  the  squares  of  the  diameters  of  the  rings  are  proportional  to  the 
consequently  the  diameters  of  corresponding  rings  of  the  two  aystema  an  in  tbr 
ratio  1 :  ^6. 

2.  The  expression  fii  cos  r^  -  /u,  cos  r2  increases  with  the  angle  of  incidenoe,  and 
the  rings  consequently  contract  in  diameter.     For 

dS = e(fjui  sin  r^r2  -  a4  sin  rjrfri) = «  sin  Hdr^  -  drj), 

but  dr2  is  greater  than  dri,  therefore  dd  is  positive  and  6  increases  with  i. 


Newton* 8  Observations  on  the  Diffusion  Rings  of  Tlnick  PkUes 

Opticks,  book  ii.  part  iv. :  *'  There  is  no  glass  or  specultim  how  weUaoever  poUiM 
but,  besides  the  light  which  it  refracts  or  reflects  regularly,  aoatten  evor  ««f 
irregularly  a  faint  light,  by  means  of  which  the  poliah'd  sur&oe^  when  illrnni"**^ 


^  Yerdet,  Optique  Phynque^  tom.  i  p.  155. 
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in  a  dark  room  by  a  beam  of  the  sun's  light,  may  be  easily  seen  in  all  positions  of  the 
eye.  There  are  certain  phenomena  of  this  scattered  light  which,  when  I  first  observed 
them,  seem'd  very  strange  and  surprising  to  me.     My  observations  were  as  follows. 

**  Obs,  1. — ^The  sun  shining  into  my  darken'd  chamber  through  a  hole  one- third 
of  an  inch  wide,  I  let  the  intromitt^  beam  of  light  fall  perpendicularly  upon  a 
glass  speculum  ground  concave  on  one  side  and  convex  on  the  other,  to  a  sphere  of 
five  feet  and  eleven  inches  radius,  and  quick-silvered  over  on  the  convex  side.  And 
holding  a  white  opake  chart,  or  a  quire  of  paper  at  the  centre  of  the  spheres  to  which 
the  speculum  was  ground — that  is,  at  a  distance  of  five  feet  and  eleven  inches  from 
the  speculum — in  such  a  manner,  that  the  beam  of  light  might  pass  through  a  little 
hole  in  the  middle  of  the  chart  to  the  speculum,  and  thence  be  reflected  back  to  the 
same  hole  :  I  observed  upon  the  chart  four  or  five  concentric  irises  or  rings  of  colours, 
like  rainbows,  encompassing  the  hole  much  after  the  manner  that  those  (which  in  the 
fourth  and  following  observations  of  the  first  part  of  this  third  book)  which  appeared 
between  the  object-glasses,  encompassed  the  black  spot,  but  yet  larger  and  fainter 
than  those.  .  .  .  When  the  sun  shone  very  clear  there  appeared  faint  lineaments  of  a 
sixth  and  seventh.  If  the  distance  of  the  chart  from  the  speculum  was  much  greater 
or  much  less  than  that  of  six  feet,  the  rings  became  dilute  and  vanished.  And  if 
the  distance  of  the  speculum  from  the  window  was  much  greater  than  that  of  six 
feet,  the  reflected  beam  of  light  would  be  so  broad  at  the  distance  of  six  feet  from 
the  speculum  where  the  rings  appeared,  as  to  obscure  one  or  two  of  the  innermost 
rings.  And  therefore  I  usually  placed  the  speculum  at  about  six  feet  from  the 
window  ;  so  that  its  focus  might  fall  in  with  the  centre  of  its  concavity  at  the  rings 
upon  the  chart." 

**  Obs,  3. — Measuring  the  diameters  of  these  rings  as  accurately  as  I  could,  I 
found  .  .  .  the  squares  of  the  diameters  of  the  (bright)  rings  in  the  progression,  0, 
1,  2,  3,  4,  etc.  I  measured  also  the  diameters  of  the  dark  circles  between  these 
luminous  ones,  and  found  their  squares  in  the  progression  of  the  numbers  ^,  1),  2^, 
3i,  etc"  (that  is  1,  3,  6,  7,  etc.) 

**  Ol>8.  5. —  .  .  .  If  the  speculum  was  illuminated  with  red  (light),  the  rings 
were  totally  red  with  dark  intervals,  if  with  blue  they  were  totally  blue,  and  so 
of  the  other  colours.  ...  In  the  red  they  were  largest,  and  the  indigo  and  violet 
least,  and  in  the  intermediate  colours,  yellow,  green,  and  blue,  they  were  of  several 
intermediate  bignesses." 

"  Obs.  7. — By  analogy  ...  it  seemed  to  me  that  these  colours  were  produced 
by  this  thick  plate  of  glass  much  after  the  manner  that  those  were  produced  by 
very  thin  plates.  For  upon  trial  I  found  that  if  the  quicksilver  were  rubbed  off 
the  backside  of  the  speculum,  the  glass  alone  would  cause  the  same  rings  of  colours, 
but  much  more  faint  than  before  ;  and  therefore  the  phenomenon  depends  not  upon 
the  quicksilver,  unless  so  far  as  the  quicksilver  by  increasing  the  reflexion  of  the 
backside  of  the  glass  increases  the  light  of  the  rings  of  colour.  I  found  also  that  a 
speculum  of  metal  without  glass  .  .  .  produced  none  of  these  rings,  and  thence  I 
understood  that  these  rings  arise  not  from  one  specular  surface  alone,  but  depend 
upon  the  two  surfaces  of  the  plate  of  glass  whereof  the  speculum  was  made,  and  upon 
the  thickness  of  the  glass  between  them." 

Experimenting  with  specula  of  different  thicknesses,  Newton  found  that  the 
squares  of  the  radii  of  the  rings  varied  inversely  as  the  thickness  of  the  glass  (see 
Observation  9). 

"  Obs,  12. — ^When  the  colours  of  the  prism  were  cast  successively  on  the  specu- 
lum, that  ring  which  in  the  two  last  observations  was  white,  was  of  the  same  big- 
ness in  all  the  colours,  but  the  rings  without  it  were  greater  in  the  green  than  in  the 
blue,  and  still  greater  in  the  yellow  and  greatest  in  the  red.  And,  on  the  contrary, 
the  rings  within  that  white  circle  were  less  in  the  green  than  in  the  blue  and  leas  in 
the  yellow  and  least  in  the  red." 


CHAPTER  IX 

DIFHIACTIOX 

Section  I. — The  Elementary  Theory 

126.  Difl^'action — Introduetory. — By  far  the  greatest  difficult j 
encountered  at  the  outset  of  the  wave  theory  was  the  explanation  of 
the  rectilinear  propagation  of  light.  This  difficulty  confronted  the 
early  founders  of  the  theory,  and  those  who  feared  to  encounter  it 
became  partisans  of  the  emission  theory  from  which  the  princif^ 
flowed  as  a  natural  consequence.  A  closer  examination  of  the  facts, 
ling,  however,  shows  that  light  suffers  some  deviation  from  the  rectilinear 
course  in  passing  by  the  edge  of  an  opaque  obstacle ;  that  it  does  bend 
round  comers  as  required  by  the  wave  theory,  but,  as  the  wave  length 
is  excessively  small,  the  intensity  {&\\&  off  rapidly  within  the  geometri- 
cal shadow,  and  the  amount  of  bending  observable  is  so  slight  that 
careful  examination  is  required  to  detect  it  When  light  puses 
through  a  very  small  aperture,  the  dimensions  of  which  are  companUe 
with  the  wave  length,  it  is  not  propagated  through  the  aperture  u « 
definite  ray  or  pencil,  but  diverges  in  all  directions  just  as  sound  do0 
when  passing  through  an  aperture  of  a  few  feet  in  diameter. 

On  the  other  hand,  well-marked  sound  shadows  are  formed  bj 
huge  obstacles,  such  as  mountains  or  large  buildings,  and  the  existenft 
of  these  may  l>e  often  noticed  by  the  most  casual  observers. 

The  phenomena  which  occur  when  light  passes  through  a  vor 
narrow  aperture  or  close  to  the  edge  of  an  opaque  obstacle,  and  which 
arise  from  the  light  deviating  from  the  rectilinear  path,  are  dassiM 
and  studied  under  the  title  of  Diffradion.  These  appearances  are  d^ 
picted  at  the  boundaries  of  the  geometrical  shadow,  and  while  all 
other  theories  have  failed  to  account  for  them,  the  wave  theory 
explains  and  even  predicts  the  phenomena  truly. 

The  first  observations  on  diffraction  were  made  by  Ghrimaldi,'  shoot 
1  Phytico-mathe^is  de  lumine,  colaribus  et  iride,  BonoiuUe,  1665. 
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the  middle  of  the  seventeenth  century.  Having  admitted  a  cone  of  Grimaldi. 
light  into  a  darkened  chamber  through  a  very  small  aperture,  he 
found  that  when  a  small  opaque  obstacle  was  placed  in  the  cone 
its  shadow  on  a  screen  was  much  larger  than  its  geometric  projection, 
so  that  the  light  suffered  some  deviation  from  the  rectilinear  course 
in  passing  the  edge  of  the  obstacle.  On  observing  the  shadows 
attentively  he  found  that  they  were  bordered  by  three  iris-coloured 
fnnges,  running  parallel  to  the  edge  of  the  shadow,  and  decreasing 
in  width  and  intensity  as  their  distance  from  it  increased.  Similar 
fringes  may  also  be  observed,  under  favourable  conditions,  within  the 
shadows  of  narrow  obstacles  such  as  a  fine  wire  or  hair. 

The  phenomena  of  diffraction  were  subsequently  examined  by 
Hooke^  and  Newton.^  The  experiment  of  Grimaldi  was  varied  Newton. 
by  Newton,  who  transmitted  light  through  a  very  narrow  aperture 
between  two  knife  edges  and  observed  the  image  it  cast  upon  a 
screen.  The  image  was  bordered  by  three  iris -coloured  bands,  in 
which  the  colours  succeeded  each  other  as  in  the  rings  of  thin 
plates — violet  nearest  the  shadow  and  red  farthest  removed  from 
it.  He  observed  the  same  appearances  in  the  exterior  of  the 
shadows  of  many  obstacles,  but  he  does  not  mention  the  brilliant 
fringes  which  occur  in  the  interior  of  the  shadows  of  narrow  obstacles, 
although  Grimaldi  had  observed  the  crested  fringes  at  the  angles  of 
shadows. 

The  first  application  of  the  wave  theory  to  the  explanation  of 
diffraction  phenomena  was  made  by  Dr.  Young,^  who  attributed  the  Young. 
fringes  to  the  interference  of  the  direct  light  which  passes  very  close 
to  the  edge  with  the  light  reflected  by  the  edge  at  grazing  incidence. 
^  That  the  effects  are  not  produced  by  the  interference  of  two  pencils  of 
'  light,  such  as  Young  imagined,  is  proved  by  the  fact  that  they  do  not 
depend  on  the  degree  of  polish  or  sharpness  of  the  edge.     Fresnel 
observed  that  whether  light  passed  over  the  back  or  edge  of  a  razor 
the  fringes  produced  were  the  same,  and  this  he  confirmed  by  exact 
experiments.'^      If   the  fringes  depended  in  any  way  on  the   light 
reflected  at  the  edge  of  the  obstacle,  they  should  vary  in  intensity  or 
position  when  the  degree  of  polish  or  the  material  of   the  edge  is 
altered. 

To  ascertain  whether  the  form  of   the  edge  had  any  effect  on 

^  Hooke,  PoBlhunuMS  Works^  p.  190,  London,  1705. 
*  Newton,  Opticks,  book  iii. 

3  Young,  **  On  the  Theoi-y  of  Light  and  Colours,"  PhiX,  Trans,  p.  12, 1802  ;  Lee- 
[ures  on  Xaiural  Philosophy,  pp.  342,  365,  1807. 
^  Fresnel,  (Euvres  compUtes,  torn.  i.  pp.  148,  280. 
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FreBnel.  the  fringes,  Fresnel  took  two  plates  of  steel,  the  odge  of  ^ 
being  rounded  off  in  one  half  of  its  length,  but  sharp  ia: 
remaining  half.  He  placed  the  rounded  portion  of  each  opfN 
the  sharp  part  of  the  other.  If  the  position  of  the  bi 
depended  on  the  sharpness  of  the  edge  the  effect  would  ] 
be  doubled,  and  the  fringes  would  appear  broken  in  the  m 
On  the  contrary,  they  were  found  perfectly  straight  through 
their  entire  length.  Young's  explanation  is  therefore  incorrect^ 
it  is  to  Fresnel  that  we  owe  the  true  solution  of  the  problem,  and 
deduction  of  general  expressions  for  the  effect  of  a  wave  at  any  pc 

According  to  Fresnel  the  phenomena  of  diffraction  are  tc 
attributed  to  the  mutual  interference  of  the  secondary  wavelets  w 
diverge  from  the  wave  front.  Each  element  of  the  primary  n 
when  it  reaches  the  obstacle,  is  considered  as  the  centre  of  a  dive^ 
wavelet,  and  the  resultant  of  all  the  secondary  waves  he  expresaec 
means  of  two  integrals  taken  within  limits  determined  by  the  | 
cular  nature  of  the  problem  imder  consideration.  The  problei 
diffraction  was  thus  solved  by  the  principle  of  Huygens  combined 
the  principle  of  interference.^ 

Diffraction  phenomena  are,  therefore,  due  to  the  mutual  inte 
ence  of  the  disturbances  propagated  from  the  various  elements 
single  wave,  just  as  the  interference  phenomena  described  in  the 
going  chapters  are  due  to  the  mutual  interference  of  two  train 
waves.  The  bright  focus  of  a  lens  exists  because  the  disturbi 
propagated  there  by  the  wave  passing  through  the  lens  agree  in  p 
and  produce  an  intense  effect.  At  other  points  destructive  interfei 
of  the  wavelets  occiu-s,  and  there  is  no  illumination. 

In  the  hands  of  Fresnel  the  theory  was  developed  to 
perfection  that  little  room  was  left  for  addition,  and  by  the  < 
agreement  of  the  results  of  careful  observation  with  the  anticipti 
of  analysis,  the  evidence  furnished  in  its  favour  is  so  oyerwheh 
that,  to  those  who  impartially  examine  it,  little  doubt  is  left  as  1 
truth. 

In  this  section  we  shall  confine  ourselves  to  a  general  explaa 
of  the  phenomena  by  elementary  methods,  so  that  we  may  bai 
acquainted  with  the  general  facts  of  some  important  cases  h 
entering  upon  the  more  intricate  investigations. 

^  Marian  (Mfin.  de  VAcad&inie  des  Scienices,  p.  53,  1738)  and  Datoar  M 
VAcacUmie  dea  Sciences^  torn.  v.  p.  365, 1768)  conceived  that  the  fringes  dspmd 
the  refraction  of  the  light  by  a  thin  layer  of  condensed  air  on  the  edge  of  ^  ell 
but  that  this  is  not  the  case  is  proved  by  the  fact  that  diibsRetiflii  tikM^ 
vacuum  exactly  as  in  air.  ^ 


P          127.  A  Straight  Edge.— The  firat  caae  of  diffraction  which  we 
shall  consider  is  that  presented  when  light,  diverging  from  a.  luminous 
point  (such  UB  the  image  of  the  sun  produced  by  a  tens  of  short  focal 
length),  passes  by  the  straight  edge  of  an   opaque  screen.     Let  0 
(Fig.    107)  be  a  luminous  point  emitting    spherical   waves,   AB  an 
-  .paque  obstacle  perpendiciiiar  to  the  plane  of  the  paper,  then  if  the 
light  be  propagate<l  accurately  in  right  lines    ^^^^■^^^^^^^■1 
from  0  there  should  ))e  uniform  illumina-    ^^^H^^^^Hfl 
lion  above   the   line   0AM,   and    complete   ||^^|E^S^^I 
darkness  below  it  on  a,  screen  FQ  placed  to   ^^^^^Bfl^S^HI 
receive  the  light  after  it   passes  over  the   ^^^HH  QHHDI 
uijt'UcIe  All.      It  is  observe^!,  however,  that   ^^^^DI||[^^HI 
the  illumination  does  not  become  zei-o  im-  ^^^^B^^^^HI 

^ 

mediately  below  M.  but  that  it  fades  away                  ^'^n-  '•^'- 
,;mliniimishj  and  rapidly,  and  there  is  complete  darkness  at  a  small 
distance   lielow   M.      Immediately  above  M,  on   the  other  hand,  the 

minima,  giving  rise  to  a  series  of  brilliant  fringes  parallel  to  the  edge 
of  the  obstacle  AB.     These  fringes  become  less  distinctly  marked  the 
f^irther  we  recede  from  M,  the  boundary  of  the  geometrical  shadow. 
lill  at  length  they  are  wholly  obliterated  and  merge  into  uniform 
illumination  ata  short  distance  from  M. 

The  shadow  xa  thus  not  distinctly  marked  by  the  line  0AM,  as 
1  he  geometrical  theory  of  optics  would  indicate,  but  the  light  fadea 
away  gradually  on  one  aide,  and  paases  through  many  alternate  sue- 
cessions  of  brightness  and   darkness,   forming  fringes,  on  the  other. 
The  appearance  of  these  fringes  is  independent  of  the  distances  of  the 
two  screens  from  the  luminous  point,  the  scale  merely  varying  accord- 
ing to  circumstances,  and  from  their  constant  character  they  may  be 
readily  recognised  in  experiments  in  which  they  occur  associated  with 
other  fringes. 

Let  us  now  consider  the  illumination  at  any  point  P  on  the  screen 

outside  the  geometrical  shadow.      We  have  already  found  (chap,  iii.) 

that  the  effect  of  the  wave  SA  at  P  is  confined  to  a  limited  number 

of  half-period  elements  around  the  pole  E.     If  therefore  P  is  so  far 

removed  from  M  that  none  of  the  effective  elements  of  the  wave  at  P 

are  intercepted  by  the  screen  AB,  then  the  illumination  at  P  will  be 

affected  in  no  way  by  the  obstacle  AB.     But  if  P  be  so  near  M  that 

the  arc  RA  contains  only  a  portion  of  the  effective  elements  of  the 

_  Jower  half  of  the  wave,   the   other  part  being  intercepted   by  the 

^^Iwtacle,  we  may  roughly  consider  the  illumination  at  F  as  consisting 

^Ktwo  portions,  one  the  entire  half  wave  ES  and  the  other  the  part 
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KA  consisting  of  a  few  half-period  elements.  Now  if  RA  contains  an 
inges  even  number  of  these  elements  they  will  mutually  interfere  in  pain 
^*^*^'  and  should  have  little  effect  at  P.  Whereas  if  RA  contains  an  odd 
number  the  effect  should  be  much  greater  at  P.  We  are  led  to  infer 
then  that  the  illumination  at  P  is  a  maximum  or  a  minimum  according 
as  the  arc  KA  contains  an  odd  or  an  even  number  of  half-period 
elements.     That  is,  if 

AP  -  RP = (2»  +  1)5  (maximum  brightDe«8; 


and  if 

AP_RP  =  9i^ 


AP  -  RP = 2H5  (minimum  briglitnew) 


the  difference  of  the  distances  AP  and  KP  remaining  constant,  th« 
point  P  will  move  along  a  hyperbola  having  A  and  O  for  foci,  for 

OP-AP=OR-(AP-RP), 

and  OR  is  constant,  therefore  the  difference  of  the  distances  of  P 
from  the  fixed  points  0  and  A  is  constant.  P  therefore  describes  a 
hyperbola,  but  its  curvature  is  so  small  that  it  almost  coincides  witb 
its  asymptotes. 

Denoting  OA  by  a  and  AM  by  h  we  can  easily  calculate  the  distance 
X  =  PM  of  any  bright  or  dark  band  from  M ;  for^ 


Therefore 


or 


0P="  +  *+2(^)'    »<1AP=>+^. 


^p-»p4(S-^)- 


2  6(,7T6)  =  4  ^**'  '  **'*«*'*  "'■  "^^  '^' 


Hence  for  maximum  brightness 


,=  ^/*M(2„  +  l)X. 


and  for  minimum  brightness 


\'        a 


1  Or  thus :  the  angle  PAM  is  very  small  and  equal  to  the  an^^e  ARD,  wbert  ^ 
is  the  foot  of  tlie  jierjieudiealar  from  R  on  AP,  therefore 

X    AV_        S        __S.    X  .i(a+b) 

6~AR~a.^AOB~aa+6'      °"^~      •      •*• 


■.  V2X 
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When  the  screen  PM  ia  niovefl  nearer  to  or  farther  from  the 
obstacle  AB.  the  distance  a  remains  constant  while  i  varies ;  the  corre- 
spoiiding  vahies  of  x  are  the  ordiiiates  of  the  hyperbola  mentioned 
above. 

To  determine  the  illumination  at  any  point  P  inside  the  geometrical 
shadow,  we  must  observe  that  the  part  of  the  wave  which  propagates 
light  to  P  ia  oidy  a  fraction  of  half  a  wave.  The  point  R  (Fig.  108) 
is  now  below  the  edge  of  the  obstacle,  an  that  some  of  the  powerfiU 
element*  are  intercepted  by  the  screen.  , 
The  light  from  the  point  A  is,  however  (of 
the  effective  part  of  the  wave),  that  which 
re(|uii'ea  least  time  to  resich  P.  If  there- 
fore we  divide  the  part  AS  of  the  wiivf 
iiito  half-period  elements  with  respect  to  1'  I 
beginning  at  A,  the  firet  element  AM;  will 
be  the  most  powerful,  and  the  others  will  lie 
smaller  and  become  rapidly  equal  to  one  ''^'      ' 

another,  so  as  to  destroy  each  other'a  effect  at  P.  The  reaultant  effect 
at  P  is  therefoi'e  confined  to  a  few  half  jwriods  near  the  edge  A  of  the 
ol>atacIe,  and  these  will  give  a  resultant  illumination  at  P.  However, 
•.IS  P  sinks  farther  into  the  shallow,  the  oblitiuity  of  the  line  PA  to 
the  wave  front  will  increase,  and  the  consecutive  half-period  elements 
ASIi,  Mj,  M^  etc.  with  respect  to  P  will  gradually  become  smaller  and 
more  nearly  equal  in  effect,  till  finally  when  P  ia  a  small  distance 
below  M,  the  whole  effective  portion  of  the  wave  is  cut  off  and  the 
resultant  at  P  is  zero. 

Consequently  we  conclude  that  the  light  falls  off  continuously  but  ^ 
ra|)idly  within  the  geometrical  shadow,  and  alternations  of  brightness  " 
iiiid  darkness  do  not  occur. 

It  is  not  dillicult  to  see  that  dlffi-action  fringes  can  be  exhibited 
only  when  the  angular  diameter  of  the  source  of  light  is  small.  For 
f  the  huutnous  origin  siditends  any  consiilerable  angle  at  the  eye,  each 
MRt  of  it  will  give  rise  to  a  corresponding  set  of  fringes,  and  the 
mltitude  of  sets  will  be  so  superposed  and  intermixed  as  to  obliterate 
pl  visible  effect. 

In  practice  a  strip  of  light  from  a  narrow  slit  is  used,  and  the  fringes 
i  viewed  through  an  eyepiece  mounted  on  an  optical  bench. 

128.  Harrow  Wire. — Let  ua  now  consider  the  case  of  a  very 
rrow  opaque  obstacle,  such  as  a  hair  or  a  tine  wire.  Let  the  opaiiuc 
I  AB  of  the  preceding  article  be  limited  on  the  lower  side,  so 
^t  it  becomes  a  narrow  strip  intercepting  the  light  from  0.  The 
kdow  on  the  screen  MK  (Fig.   109)  will  be  bounded  externally  on 


I 


r 


each  side  by  a  system  of  fringes  Bimilar  to  Uiose  just  described,  ud 
accordingly  atlributablo  to  the  same  cause.  The  system  on  cither  side 
is  produced  by  the  light  which  jiassed  that  side  of  the  obetAcle  ;ictiug 
IndGpendontly  of  that  which  passed  thi 
i>iher  Bide.  The  upjier  eysl^em  is  due  ic 
I  the  diffraction  of  the  light  from  O  over  th* 
upper  side  A  of  the  obstacle,  and  the  lowci 
system  is  produced  by  the  dilfraction  of 
the  light  at  the  lower  side  B. 

In  addition  to  these  two  systcma  of 
fringes,  however,  there  is  another  set  of 
brilliant  Imnds  situated  inside  the  geometrical  shadow  (MN)  of  tht 
obstacle  (if  it  be  sufficieiitly  narrow).  This  system  is  finer  than  tb 
others,  and,  unlike  them,  of  G(|ual  width  throughout.  It,  remaiu 
therefore  to  account  for  this  internal  system  by  the  theory,' 

In  the  preceding  article  wo  have  seen  that  the  effect  of  the  portim  I 
AS  of  the  wave  at  any  point  P  inside  the  geometrical  shadow  is  dw 
entirely  to  a  few  half-period  elements  at  A,  the  others  mutually  df 
stroying  each  other.  The  portion  AS  of  the  wave  may  therefore  bf  I 
replaced  by  a  small  luminous  source  near  A,  so  far  as  its  effect  it 
illuminating  P  is  concerned.  Similarly  the  lower  portion  BT  of  On 
wave,  in  illuminating  P,  is  equivalent  to  a  small  luminous  Bourcfl  n* 
B.  Thus  any  point  F  within  the  shadow  is  illuminated  by  both  tottitf 
at  the  same  time  ;  these  sources  will,  therefore,  like  two  email  W 
apertures,  produce  the  ))benomena  of  interference  inside  the  shado*- 
and  the  fringes  which  occur  there  are  accoixlingly  at'coonted  for. 

If  the  obstacle  AB  is  not  very  narrow,  then  thcro  will  be  no  intc» 
fringes,  but  a  gradual  fading  away  of  the  light  at  each  side  of  s 
geometrical  shadow  and  the  usual  system  of  external  diffraction  hiap* 
on  each  side.  When  the  olwtacle  is  narrow,  however,  the  illumioit'' 
inside  M  overlaps  that  inside  N,  and  interferes  with  iu  Or  we  might  J* 
it  thus:  with  the  straight  edge  any  point  inside  the  shadow  is  jUuduiuIb' 
by  a  small  source  at  A.  If  the  obstacle  be  narrow  this  jKiint  ii  t^ 
illuminated  by  a  small  source  at  B,  and  if  the  distance  AB  hetvM 
these  sources  is  small  enough,  they  will  interfere  and  produce 

'  CitTraction  fringes  mny  be  exhibil«d  on  a  iiijmite  scale  by  cttndla  Ij 
oth«r  •[iptrittua  tliAu  ■  small  Una  having  ■  liiie  win?  strvtubsd  acraaa  in 
its  flurfkve.     HulUing  the  other  surface  noxt  the  eye,  if  we  Imik  thimi^li  |] 
the  flsiue  of  &  candle  at  aonie  diatanee,  or,  what  ii  better  Btill,  at  it«  "  * 
'   tliRHigh  a  narrow  slit,  tht  wire  being  parallel  to  the  alit,  tht-  liark  ii 
kVill  be  seen  edgpd  by  the  eiit»mal  rringes,  and  the  shadow  marked  liy  t) 
Ifringen  in  •  remarkably  lieauUral  ftnd  distinct  manner  |«ep  It.    Powall,   J 
VndJnn.  Jamuuy  ]S3^]. 
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1  the  interior  of  the  geometrical  shadow.     It  is  clear  that  these  fringes 
re  given  .by  the  equfttions 


-where  n  is  even  for  the  bright  bands  and  o<ld  for  the  darh  ones. 

^-"^  That  the  internal  fringes  are  due  to  the  interference  of  the  two  , 
jwrtions  of  light  which  pass  over  the  edges  of  the  narrow  obstacle  wa4 
jiroved  conclusively  by  Dr.  Young.  He  showed  that  when  the  light 
fi-om  one  side  was  intercepted  by  an  opaque  screen  either  I>efore  or 
after  it  reached  the  obstacle,  the  whole  system  of  internal  fringes  dis- 
appeared, and  the  ordinary  external  diflraction  fringes  alone  remained 
on  that  aide  over  which  the  light  was  allowed  to  pass.  It  is  clear 
therefore  that  the  internal  fringes  are  due  to  the  joint  working  of 
the  light  which  passes  both  sides  of  the  obstacle,  whilst  the  external 
fringes  on  the  upper  and  lower  sides  of  the  shadow  ai'e  due  to  the  inde- 
pendent action  of  the  ]X>rtioii  of  the  light  which  passes  on  these  sides 
respectively. 

"^^  129.  Narrow  Rectangular  Aperture. — Let  us  now  turn  to  the 
quasi-complementary  ease, — that  in  which  the  light  from  a  source  0  is 


cctangular  aper- 


admitt«d  to  a  screen  through  a  very  narrow 

ture.'      First   consider  the  illumination   at  ■ 

any  point  P  (Fig.  110)  of  the  screen  outside 

the  boundary  of  the  geometrical  image  of  the 

aperture.     As  before,  we  divide  AB  into  a 

series  of  half-period  elements  with  respect  to  I 

P,  beginning  at  A,  as  the   light  reaches  P  I 

from  this  point  first.    Then  the  point  P  wiU  I 

be    the  centre    of    a    bright  or  dark   band 

according  as  the  difference  BP  -  AP  is  an  odd  or  an  even  number  of 

half-wave  lengths.      If  the  difference  is  equal  to   an  even  number  of 

half  waves  there  will  be  an  even  number  of  half-period  elements  in 

AB,  which  will  mutually  interfere  at  P,  and  the  effect  will  be  less  than 

'  Tlie  IVingss  of  au  ajierture  may  be  vrry  Jiatinptly  sstn  Iiy  merely  |>lacing  a 
iiiuTon-  slit  nesr  the  flatiii?  of  a  ciiii(lli>.  aud  viewing  it  througli  auothec  slit  held  t^luae 
t'>  t)ie  cy«  and  parallel  to  it  at  the  distance  of  b  few  feet. 

Diffraclion  apectra,  images,  or  patterns  may,  however,  be  obnerved  ivitlioiit  the 
lid  of  »nj  Btthsidiary  apiaratus,  by  partially  closing  omi's  ejea  so  as  to  virw  through 
r  he  eyeluhes  a  candle  Hame  or  any  ordinary  source  of  light.  The  liuhes  in  this  caee 
;  'l;iy  the  part  of  a  diirraction  gnting,  and  spectral  images  &re  produced  on  each  side 
..[  the  flame.  Similar  phenomena  may  be  observed  by  viewing  any  ordinary  source 
I  light,  such  at  a  lamp  flame  or  a  gas  .jet,  through  a.  poeket-hand)[(^rchi«r.  These 
~  e  best  marked  whan  the  edge  of  the  flame  is  presented  ti)  the  observer  b< 

lay  have  its  smallest  sngidar  subtense. 
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if  there  is  an  odd  ntiml>er  of  hiilf-[icrio(I  elementR  in  AB.  Than  «jl 
thiis  be  two  systems  of  fringes,  one  on  each  aide  of  tbe  geometric  ii 
of  the  aperture,  the  liright  and  dark  bands  of  which  correeptnd  to  M 
and  even  values  of  ft  rcsiwctivelj-.  This  is  just  the  re%'eree  of  ' 
takes  place  in  the  fringes  formed  in  the  int«rior  of  the  shadow  Dt  H 
opaque  obstacle.  The  position  of  these  fringes  is  given  lu  tw^  I; 
the  eijuatious 

Bl'-Ai'="; 


•A' 


■2' 


I 


where  n  is  even  for  the  daik  and  odd  for  the  bright  Iwinds. 

Now  if  the  screen  is  so  remote  from  the  aperture  that  A>I  -  BK»P 
less  than  half  a  wave,  then  the  first  band  will  lie  outside  the  edge  -4  I 
the  image,  and  the  systema  of  fringes  already  mentioned  w-ill  rupi 
the  complete  phenomena.  But  if  the  screen  b  so  near  the  j 
that  the  diflerence  of  the  distances  of  M  (or  N)  from  A  nnd 
nitml>er  of  half  waves,  fringes  are  visible  within  the  projectioii  t 
aperture  also.  Tbe  illumination  at  any  point  Q  of  this  image  i 
to  the  two  portions  into  which  OQ  divides  the  wave  AB,  Tbet 
tions  are  sensibly  different  in  magnitude  as  well  as  obliquity,  i 
joint  effect  at  Q  requires  a  more  complete  Investigation  (Art.  \QiA 
130.  Circular  Aperture. — Among  the  most  striking  of  the  | 
mena  of  diffraction  are  those  produced  when  light,  divergingl 
a  luminous  oiigin,  passes  through  a  small  circular  aperture  raci 
pinhole  in  a  sheet  of  lead,  fl'hen  the  aperture  is  n'ewed  thw 
lens  it  upjtears  as  a  brilliant  spot  siurounded  by  a  series  of  vivid  I 
and  as  the  distance  between  the  aperture  and  the  eye  la  altered  f 
rings  vary  in  the  most  beautiful  marmer.  The  central  white  s 
tracts  to  a  point  and  vanishes  as  the  eye  approaches  theaperturefl 
the   rings  close  in  upon    it  in  succession,  and   the   cenir«   i 

I  succession    through    n    series    ot    mi*W 
I  beautiful   hues   similar    to    those  i 
scnti'd  in  the  colours  of  thin  ttlaM 

The  points  of  maximum  audi 
mum  intensity  on  the  centml  lii^ 
easily  determined.     Thus  let  O  I 
Inmiiious  origin  {Fig.  111).  AB  I 
liuiL  of  the  aperture,  ami  OMP  a 
I'f  Hi,  through  its  centre  M.     Tho  ilium 

at  P  19  found  by  diviiling  the  wave   into  halt-period   ^m 
it  diverges  through  AR      Thus  let  M,,  Mj,  M,,  etc,   btt  a  3 
nf   points   on   the   wave   front   marking   the   half  ■  jwriod   «1h 
I.  Tig,  the  consecutive  zones  apj)ni3cimntftly  J  I 


Then,  ! 
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)  each  other,  and  if  the  aperture  transmits  an  even  number  of  them,  the 

^  illumination  at  P  will  be  very  feeble,  whereas  if  it  transmits  an  odd 

^  number  the  illumination  will  be  largely  increased.     Hence  as  P  travels 

p.  along  the  axis  of  the  aperture  the  intensity  of  the  illumination  at  it 

0  passes  through  a  succession  of  maxima  and  minima.     The  distance 

,  of  any  point  of  maximum  or  minimum  intensity  from  the  aperture  is 

easily  calculated     For  if  we  denote  OM  and  PM  by  a  and  b  respectively 

it  follows  at  once  from  the  expression  of  Art.  53  that  the  area  of  each 

half-period  element  is  very  approximately  equal  to 

irah\ 
a  +  b' 

.  Since  the  radius  of  the  apertiure  is  small  compared  with  either  a  or  b, 
«  Denoting  this  radius  by  ?*,  the  area  of  the  aperture  will  be  itr^,  and  if 
this  contains  n  half-period  elements  we  have  approximately 

o     TabnX 

TT^  ^ ;-• 

a  +  b 

The  positions  of  the  points  of  maximum  and  minimum  intensity 
along  the  axis  are  consequently  given  approximately  by  the  equation  ^ 

0  = 


where  r  is  the  radius  of  the  aperture.     The  dark  points  correspond  to 
the  even  values  of  n,  and  the  brightest  points  to  the  odd  values. 

Since  the  distance  of  any  bright  point  from  M  depends  on  A,  it 
follows  that  when  white  light  is  used  points  of  maximum  brightness  Dispersion 
for  the  different  colours  will  be  situated  at  different  distances  from  M,  °^  ro»x»ma- 
the  red  being  nearest  M  and  the  violet  farthest  away ;  there  will  not, 

*  This  result  may  be  easily  deduced  directly  by  expressing  the  ]»ath  retai-dation 
of  the  ray  PAO,  which  passes  the  edge  of  the  aperture,  relatively  to  the  ray  PMO 
'which  passes  through  the  centre.     Thus  since  r  is  small  we  have 

0A  =  «  +  £.    andPA=6  +  g. 

^   Consequently  the  retardation  is 

«=(0A  +  PA)-(a  +  6)=^(J  +  J-). 
'^  That  is 

^  a  +  6 

■(I  where  9=inX  when  the  aperture  contains  a  whole  number  of  half- period  elements. 

^This  expression  also  gives  ircU>\l(a  +  b)  as  the  approximate  area  of  each  half-period 

j^^ement. 
all 
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therefore,  be  any  points  of  complete  darkness,  but  the  centre  of  tlie 
image  will  pass  through  a  succession  of  richly  coloured  hues,  foUowing 
each  other  nearly  in  the  order  of  Newton's  scale. 

The  dark  points  correspond  to  the  even  values  of  n,  but  a  closer 
calculation  shows  that  in  this  case,  as  in  the  case  of  a  rectangakr 
aperture,  the  points  of  maximum  brightness  are  not  exactly  half-waj 
between  the  points  of  darkness.  Both  these  questions  will  therefore 
be  resumed  in  the  next  chapter,  and  be  more  fully  dealt  with. 

181.  Zone  Plates.  —  We  have  seen  that  the  consecutive  annul! 
into  which  the  circular  aperture  AB  is  divided  approximately  destroj 
each  other  in  pairs  at  P.     If  then  the  alternate  annuli,  e.g.  the  2n(i, 
4th,  6th,  etc.,  be  covered  with  some  opaque  substance,   the  others 
would  be  left  free  to  have  their  full  effect,  and  we  should  expect  F  to 
be  biightly  illuminated.     The  theory  here  is  in  complete  accordance 
with  the  results  of  observatioiL     Such  plates,  with  alternately  opaque 
and  transparent  annuli,  may  be  obtained  by  photography,  and  it  is 
found  that,  although  there  is  an  important  difference,  they  resemble 
a  lens  in  bnnging  light  from  any  origin  0  to  the  same  point  P  as  fom 
The  difference  is  that  the  light  which  passes  through  the  second  tnn- 
sparent  annulus  arrives  at  P  a  complete  period  later  than  the  light 
from  the  first     Similarly  the  path  of  the  light  from  the  third  is » 
wave  length  greater  than  the  path  of  the  light  from  the  second,  aod 
so  on.     Whereas  in  the  case  of  a  lens  the  characteristic  is  that  all  the 
light  which  reaches  the  focus  from  0  arrives  there  in  the  same  time. 
The  phases  of  all  the  waves  which  reach  the  focus  are  the  same,  vA 
the  times  occupied  by  them  in  travelling  there  from  O  are  also  tbi 
same  for  all.     A  zone  plate  has  therefore  the  property  of  a  cos- 
densing  lens.^ 

To  construct  a  zone  plate  it  is  only  necessary  to  describe  oo  > 
slip  of  white  paper  a  series  of  concentric  circles  of  radii  proportioDil  u 
the  square  roots  of  the  natural  numbers,  i.e.  1,  tj^^  fJZt  Ji»  ^ 
The  areas  of  these  circles  are  directly  as  the  natural  numbers,  and  the 
area  included  between  any  pair  of  consecutive  circles  is  coostut, 
hence  if  the  alternate  annuli  be  blackened  over,  the  others  remaioini 
white,  we  will  have  a  sketch  of  a  zone  plate,  but  on  much  too  lai^ge  > 
scale.  A  miniature  photograph  of  it  may  now  be  made  on  a  thin  pUte 
of  glass,  and  it  is  found  that  when  this  plate  is  interposed  in  the  ptth 
of  a  beam  of  light  it  produces  the  effect  described.'     The  ligkt  is 

^  A  fourfold  effect  would  be  obtained  if  it  were  possible  to  provide  that  the  Ii|^ 
stopped  by  the  alternate  zones  were  replaced  by  a  phase-revenal  without  ka  ^ 
amplitude. 

^  See  Glazebrook's  Physical  Optica,  p.  182. 
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brought  to  a  focus  at  a  point  P  such  that  the  rings  on  the  plate  are 
half-period  elements  with  respect  to  it.  The  focus  of  the  red  light  is 
of  course,  as  before,  nearer  the  plate  than  the  focus  of  the  violet  light. 
The  reverse  holds  in  the  case  of  a  lens,  for  the  violet,  being  most 
refrangible,  comes  to  a  focus  nearest  the  lens. 

182.  Opaque  Circular  Disc. — In  applying  the  theory  to  the  case 
of  diffraction  by  an  opaque  circular  disc,  Poisson  was  led  to  the 
startling  conclusion  that  the  illumination  at  the  centre  of  the  shadow 
should  be  the  same  as  when  the  disc  is  removed,  and  Arago  showed 
that  this  was  verified  by  experiment^  Without  entering  into  a  com- 
plete investigation  we  can  see  that  the  illumination  along  the  axis  of  Unifonn 
the  disc  should  be  uniform  and  approximately  the  same  as  when  the  ^  ^^ 
disc  is  removed.  For,  take  any  point  on  the  axis  of  the  disc,  and 
-divide  the  wave  into  half-period  elements  with  respect  to  it,  beginning 
at  the  edge  of  the  disc.  The  first  half-period  element,  which  immedi- 
ately surrounds  the  edge  of  the  disc,  is  the  most  powerful,  and  plays 
the  part  ordinarily  taken  by  the  centre  zone  of  the  wave.  As  in 
chap,  iii.,  it  follows  that  the  resultant  effect  is  approximately  equal  to 
half  that  of  the  first  existing  zone,  and  when  the  obliquity  is  very 
small  this  will  be  very  nearly  the  same  as  |m  (Art.  52),  which 
represents  the  effect  of  the  whole  wave.  The  illumination,  however, 
must  fall  off  gradually  as  the  point  under  consideration  approaches 
the  disc,  for  when  the  point  is  near  the  disc  the  obliquity  of  the  firot 
zone  passing  the  edge  is  greater  than  when  the  point  is  farther  away. 
In  other  words,  the  effective  portion  of  the  wave  is  to  some  extent 
cut  off  when  the  point  is  near  the  disc. 

This  result  is  easily  understood  by  remembering  the  bending,  or 
diffraction,  of  the  light  which  takes  place  into  the  geometrical  shadow. 

^^  When  the  obstacle  is  a  small  circular  disc  this  diffracted  light  overlaps 
from  all  sides  at  each  point  on  the  axis.     At  any  one  of  these  points 

i  all  the  diffracted  light  is  in  the  same  phase,  and  there  is  consequently 
no  destructive  interference  at  any  point  on  the  axis.  At  a  point  not  on 
the  axis  the  components  of  the  diffracted  light  differ  in  phase,  and 
there  is  interference,  so  that,  when  white  light  is  used,  what  is 
observed  is  a  system  of  rings  surrounding  a  white  centre,  the  intensity 

i'  ^  This  experiment  is  difficult  to  perform  satisfactorily,  since  even  when  the  disc 

I     is  cut  with  the  utmost  care,  each  of  the  minute  inequalities  in  its  edge  is  magnified 

,      and  accompanied  by  fringes  which  mix  and  cross  so  as  to  totally  confuse  the  whole 

appearance.     "  I  have  succeeded  by  taking  up  a  small  quantity  of  thick  ink  on  the 

point  of  a  pen,  and  dropping  it  on  a  clear  plate  of  glass,  by  which  means  a  suffi- 

'     ciently  even  circular  edge  is  produced,  the  disk  being  about  ^  of  an  inch  in  diameter  " 

'     (Rev.  B.  Powell,  PhU.  Mag,  and  Ann,  January  1882).    The  difficulty  may  often  arise 

from  the  faulty  nature  of  the  glass  to  which  the  disc  is  attached. 
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at    the    centre    being   practically   the   same    as    if    the    disc   wen 
removed. 

188.  Babinet*s  Principle. — When  light  is  transmitted  through  a 
very  small  aperture  we  have  seen  that  there  will  be  illumination  at 
points  considerably  outside  its  geometrical  image.  Biit  when  the 
aperture  is  of  sensible  magnitude,  an  image  of  it  is  depicted  on  the 
screen,  and  at  the  borders  of  this  image  the  illumination  falls  off 
gradually.  Now  at  any  point  outside  the  image  the  illumination 
is  zero,  consequently  the  effect  produced  at  it  by  any  part  or  parts  of 
the  aperture  must  be  exactly  equal  and  opposite  to  the  effect  of  the 
remainder  of  the  aperture.  Thus  if  S^  be  the  area  of  any  portion  or 
any  number  of  portions,  isolated  or  continuous,  of  the  aperture,  S^  the 
area  of  the  remainder,  and  S  the  whole  area,  we  have 

8=81+82, 

and  if  the  vibration  produced  by  S^  at  P,  a  point  outsuh  the  image,  be 
//j  =  a  sin  <^  then  the  vibration  produced  by  Sg  will  be  */*  =  -  cr  sin  ^  I 
for  the  resultant  is  zero.  Hence  it  follows  that  if  any  part  or  parts  S^ 
of  the  aperture  be  supposed  opaque,  the  remainder  Sj  being  left  trans- 
parent, so  that  diffraction  may  occur  when  light  is  transmitted  through 
the  transparent  parts,  the  vibration  and  illumination  at  P  will  be 
determined  by  the  equations 

i/i = a  sin  0,     and  Ii = a^, 

while  if  the  foregoing  opaque  portions  Sg  be  supposed  transparent,  and 
the  transparent  portions  8^  opaque,  the  illumination  at  P  when  tbr 
light  is  transmitted  through  So  will  be  determined  by 

?/a  =  -a  sin 0,     and  I, = a', 

that  is,  I^  =  I.^  =  a^t  or  the  illumination  is  vnaltered  when  we  suppose 
the  transparent  parts  of  the  aperture  to  become  opaque  and  the 
opaque  parts  transparent. 

This  principle  is  due  to  Babinet,^  and  applies  to  any  point  situated 
outside  the  image  of  the  aperture  where  the  illumination  due  to  the 
whole  aperture  is  zero. 

If  the  iK>int  P  be  situated  inside  the  image,  then  the  whole  aper- 
ture S  transmits  a  vibration  represented  by  the  equation 

2/  =  A  sin  ((1^  +  a), 

while  any  selected  portion  Sj  of  it  produces  the  vibration 

yj  =  rti8in(w/  +  Oj), 


^  Babinet,  Comptea  Rendus,  torn.  iv.  p.  638,  1837. 
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nd  the  remainder  of  the  aperture  produces 

1/2 =0^  sin  (w^  +  og). 

The  vibrations  due  to  the  portions  S^  and  Sg,  in  general,  will  differ 
II  phase  and  amplitude,  but  they  will  be  connected  with  the  vibration 
ue  to  the  complete  aperture  S  by  the  equation  (Art.  43) 

A^ = a  J*  +  02*  +  2«ia2  cos  (oj  -  Oj), 

r  denoting  the  corresponding  illuminations  by  I,  I^,  and  lo,  we  have 

I  =  Ii  + 12  +  2\/I^  COS  (oj  -  Oj). 

f  ttj  -  Oj  =  Jtt,  then  I  =  Ij  +  Ig.  It  should  be  remarked  therefore  that 
re  have  the  equation  Ij  +  Ig  =  I  only  in  the  special  case  when  the  vibra- 
lons  from  S^  and  So  differ  in  phase  by  a  quarter  period.  Attention  is 
irected  to  this  point,  for  it  is  not  unusual  to  find  it  assumed  that 
-  Ij  + 12  imiversally,  or  that  the  illumination  in  one  case  is  exactly 
omplementary  to  that  in  the  other. 

When  we  know  the  vibration  //  produced  by  the  whole  aperture, 
nd  the  vibration  y^  produced  by  any  part,  we  can  calculate  by  the 
hove  equations  the  vibration  y^  and  illumination  \^  produced  by  the 
emainder.  Thus  if  the  aperture  S  be  supposed  very  large,  so  that 
ractically  the  whole  wave  may  reach  any  point  P  on  the  screen,  then 
•  //  be  the  vibration  excited  at  P  by  the  complete  wave,  y^  that  when 
ny  area  S^  of  the  wave  is  stopped  by  an  opaque  obstacle,  y^  that  of 
le  remainder,  viz.  the  vibration  due  to  that  part  of  the  wave  which 
[isses  the  obstacle,  then  we  have 

he  vibration  y  will  be  practically  uniform  all  over  the  screen,  so  that 
e  have 

yi  +  !/2= constant, 

it  \  + 12  is  not  constant,  for  we  have  seen  that  I^  +  Ig  is  not  equal  to 
except  in  a  very  special  case.  If  y^  be  the  vibration  at  any  point 
hen  light  passes  through  a  narrow  rectangular  aperture,  and  y^  the 
[bration  at  the  same  point  when  the  aperture  is  replaced  by  a  wire  of 
le  same  width,  then  ^1  +  ^2  =  y»  which  is  constant  over  the  screen,  but 
e  cannot  say  that  the  illuminations  at  any  point  are  complementary 
I  the  two  cases.  The  same  remark  applies  to  the  case  of  a  circular 
perture  and  an  opaque  disc  of  the  same  dimensions. 

Such  screens  are  called  complementary  sa'eem,  but  the  term  must 
ot  be  understood  to  refer  to  any  complementary  relation  between  the 
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•com-  illuminations ;  it  merely  signifies  that  the  transparent  portions  of  OM 

^^^  screen  are  replaced  by  opaque  parts  in  the  other,  and  vic^  rend,  h 
the  case  of  an  opaque  disc  we  have  seen  that  the  illumination  ■ 
approximately  uniform  along  the  central  line,  while  in  the  case  of  tkt 
circular  aperture  it  passes  through  a  series  of  maxima  and  minima.  So 
again  it  is  the  outside  of  the  image  of  a  large  obstacle  that  is  bordered 
with  diffraction  fringes,  whereas  in  the  case  of  the  corresponding  aper- 
ture the  fringes  lie  within  the  geometrical  image  and  the  patterns  tfs 
not  complementary. 

184.  Coronas — Young's  Eriometer. — We  have  already  seen  that 
when  light,  diverging  from  a  luminous  point,  passes  by  the  edges  of 
an  opaque  obstacle,  systems  of  coloured  fringes  are  formed  pualld 
to  the  edges  of  the  shadow.  In  the  case  of  a  circular  disc,  or  i 
circular  aperture,  the  fringes  form  a  system  of  concentric  circular 
rings;  Instead  of  a  single  aperture  if  we  have  a  large  number  of 
;  irregularly  distributed  small  equal  apertiu'es  (or  of  a  large  number  of 
equal  circular  discs)  in  an  opaque  screen  it  may  be  shown  (see  Art.  158^  | 
that  the  diffraction  pattern  is  the  same  as  that  produced  by  a  single 
aperture  multiplied  in  intensity  by  the  number  of  apertures. 

Instead  of  opaque  discs  we  might  equally  have  snudl  reguhr 
globules  of  condensed  vapour,  as  in  a  cloud,  and  it  is  to  the  diffiractioo 
by  these  globules  that  the  coloured  rings  seen  around  the  sun  aDil 

ronas.  moon,  when  observed  through  a  thin  cloud,  are  due.  These  rings  ut 
observed  close  to  the  surface  of  the  sun  and  moon  in  hazy  weather. 

lalos.  and  must  not  be  confused  with  the  larger  rings  or  halos  formed  it 
some  distance  away.  The  halos  are  often  seen  in  northern  latit»iei> 
and  are  due  to  ice  crystals  floating  in  the  atmosphere,  the  angob 
radius  of  the  first  being  from  22""  to  23"". 

Newton  observed  coloured  rings  around  both  the  sun  and  mooi. 
and  he  was  the  first  to  attribute  them  to  the  action  of  water  ^obokf 
in  the  air.     He  describes  them  as  follows  {(^iiekSj  book  iL  part  iv.).— 

**  For  in  Juno  1692  I  saw  by  reflexion  in  a  vessel  of  stagnating  water  thne  laki 
crowns,  or  rings,  or  colours  about  the  sun,  like  three  little  rainbows,  ooncentrick  ^ 
his  body.     The  colours  of  the  first  or  innermost  crown  were  bine  next  the  son,  iti 
without,  and  white  in  the  middle  between  the  blue  and  red  .   .  .  theae  cro«B> 
enclosed  one  another  immediately,  so  that  their  colours  proceeded  in  this  contiBBi: 
order  from  the  sun  outward.  .   .   .   The  like  crowns  appear  sometimes  aboot  tbr 
moon,  for  in  the  beginning  of  the  year  1664,  February  19th,  at  night,  I  saw  twiv^ 
crowns  about  her.     The  diameter  of  the  first  or  inneimoet  was  about  thne  Stfft^ 
and  that  of  the  second  about  five  degrees  and  a  half.  ...  At  the  same  time  ihf^ 
appeared  a  halo  about  22 '  35'  distant  from  the  centre  of  the  moon.     It  was  eUiptieik 
and  its  long  diameter  was  peri)eudioular  to  the  horizon,  veiging  below  fiuthest  t* 
the  moon.     I  am  told  that  the  moon  has  sometimes  three  or  more  ooooentric  cro**' 
of  colours  encompassing  her  next  about  her  body.    The  more  equal  the  ^obnkf  ^ 
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ater  or  ice  are  to  one  another,  the  more  crowns  of  colours  will  appear,  and  the 
floors  will  be  the  more  lively.  The  halo  at  the  distance  of  22"^  from  the  moon  is 
'  another  sort.  By  its  being  oval  and  remoter  from  the  moon  below  than  above,  I 
mclude  that  it  was  made  by  refraction  in  some  sort  of  hail  or  snow  floating  in  the 
r  in  a  horizontal  posture,  the  refracting  angle  being  about  58**  or  60''." 

Fraunhofer  confirmed  Newton's  views  by  showing  that  these 
dloured  rings  may  be  produced  artificially  by  looking  at  a  source  of 
ght  through  a  plate  of  glass  covered  with  fine  globules  of  condensed 
apour  or  with  lycopodium  dust.  The  condition  necessary  for  the 
access  of  the  experiment  is  that  the  globules  should  be  of  sensibly 
niform  size.  He  also  obtained  them  with  a  large  number  of  small 
letallic  discs  of  equal  size  placed  between  two  plates  of  glass,  and  he 
)und  that  the  diameters  of  the  rings  varied  directly  as  the  wave 
mgth,  and  inversely  as  the  diameters  of  the  discs. 

M.  Verdet^  reproduced  the  same   phenomena   by  covering  the 

bject- glass  of  a  telescope  with  a  copper  plate  containing  a  large 

umber  of  small  circular  boles  distributed  irregularly.     On  observing 

distant  source  of  light,  he  saw  at  the  focus  of  the  telescope  a  system 

f  rings  similar  to  the  coronae. 

These  appearances  were  also  observed  by  Young,*  who  in  a  very 
igenious  manner  contrived  to  apply  them  to  the  measurement  of  the 
iameters  of  fine  fibres,  or  small  particles  of  any  kind. 

The  apparatus  invented  by  Young  consisted  of  a  metal  plate  per- 
orated with  a  small  hole  of  about  -^  inch  (*5  mm.)  in  diameter. 
Lround  this  aperture  was  a  circle  of  smaller  holes  nearly  half  an  inch 
1  radius.  The  flame  of  a  lamp  was  placed  immediately  behind  the 
perture,  and  the  plate  viewed  through  the  substance  under  examina- 
ion.  The  central  aperture  is  seen  surrounded  by  a  ring,  which  can 
e  brought  to  coincide  with  the  circle  of  small  holes  in  the  plate  by 
lOving  the  substance  backwards  or  forwards  along  a  graduated  scale. 
*he  distance  between  the  substance  and  aperture  is  read  off  on  the 
:»ale,  and  this  varies  inversely  as  the  diameter  of  the  ring,  but  theory 
bows  that  the  diameters  of  the  rings,  produced  by  different  sized 
articles,  vary  inversely  as  the  diameters  of  the  particles  (see  Art. 
6  3).  Consequently  it  follows  that  the  diameters  of  the  particles  are 
irectly  proportional  to  the  distances  between  the  substance  and  aper- 
jre  when  the  ring  appears  to  coincide  with  the  circle  of  small  holes 
erforated  in  the  plate.  An  experiment  is  therefore  made  with 
articles  of  a  known  diameter,  and  this  gives  the  constant  of  the 

1  Verdet,  (Euvrea,  tom.  v.  p.  314. 

2  For  an  account  of  Young's  Eriometer  see  Art.  **  Chromatics,"  vol.  iii.  of  Supple- 
lent  to  Ency.  BrU,  1817  ;  see  also  PkU,  Mag.  March  1881,  and  vol.  xx.  p.  354, 
885. 
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instrument  from  which  the  diameters  of  any  other  small  particles 
be  determined.     Thus  if  d  he  the  distance  between  the  plate 
substance  containing  particles  of  known  radius  r,  when  the  ring 
halo  appear  to  coincide,  and  if  8  and  p  be  the  corresponding  qoaMl 
for  any  other  substance,  then 

or  d 


Newton! s  Observations 

Opticks,  book  iii.  part  i.  fourth  edition,  1730. — '*Grinialdo  has  infonued  m 
if  a  beam  of  the  sun*8  light  be  let  iuto  a  dark  room  through  a  very  small  hok 
sliadows  of  things  in  this  light  will  be  larger  than  they  ought  to  be  if  the  imji 
on  by  the  bodies  in  strait  lines,  and  that  these  shadows  have  three  parallel  flft 
iMinds,  or  ranks  of  colored  light  adjacent  to  them.  But  if  the  hole  be  enlaigM 
fringes  grow  broad  and  run  into  one  another,  so  that  they  cannot  be  diatingiiH 
These  broad  shado>\'s  have  been  reckon'd  by  some  to  proceed  from  the  ordinar 
fraction  of  the  air,  but  without  due  examination  of  the  matter.  For  the  cw 
stances  of  the  phenomenon,  so  far  as  I  liave  o1»served  them,  are  as  follows. 

*'  Obs,  1. — I  made  in  a  piece  of  lead  a  small  hole  with  a  pin,  whose  breadtk 
the  42d  jMirt  of  an  inch.  For  21  of  those  pins  laid  together  took  up  the  bra 
of  half  an  inch.  Through  this  hole  1  let  into  my  darkened  chamber  a  beam  el 
sun's  light,  and  found  tliat  the  shadows  of  hairs,  thread,  pins,  straws,  and  such 
slender  substances  placed  in  this  beam  of  light  were  considerably  broader  than 
ought  to  be  if  the  rays  of  light  passed  on  by  these  bodies  in  right  lines  ...  a 
of  a  man's  head,  whose  breadth  was  but  the  280th  part  of  an  inch,  being  hd 
this  light,  at  the  distance  of  about  twelve  feet  from  the  hole,  did  cast  a  shadow  w. 
at  the  distance  of  four  inches  from  the  liair  was  the  sixtieth  part  of  an  inch  brai 
tliat  is,  above  four  times  bi'oader  than  the  hair,  and  at  a  distance  of  t«-o  feet  I 
tlie  hair  was  about  tlic  28th  part  of  an  inch  broad — that  is,  ten  times  broader  i 

the  hair,  and  at  the  distance  of  ten  feet  was  the  8th  |iart  of  an  iucli  broad Uu 

35  times  broader. 

**  Nor  is  it  material  whether  the  hair  be  encomiiassed  with  air  or  with  any  o 
]iellucid  substance.  For  I  wetted  a  polislied  plate  of  glass  and  laid  the  hair  ia 
water  upon  the  glass,  and  then  laying  another  |)olished  plate  of  glass  uiion  il 
that  the  water  niiglit  lill  up  the  space  between  the  glasses,  I  held  them  in  tlie  d 
said  beam  of  light,  so  that  the  light  might  pass  through  them  l^rpendicularly, 
the  shadow  of  the  hair  was  at  the  same  distances  as  big  as  before.  .  .  .  Theft 
the  great  breadth  of  these  shadows  proceeds  from  some  other  cause  than  the  id 
tion  of  the  air." 

He  further  observed  that  **The  sliadows  of  all  bodies  (metals,  stones,  A 
wood,  horn,  ice,  etc. )  in  this  light  were  border'd  with  three  parallel  fringes  or  Iw 
of  coloured  light  .  .  .  The  colours  proceeded  in  this  order  from  the  shadow  :  ris 
indig*),  pale  blue,  green,  yellow,  red ;  blue,  yellow,  red ;  pale  blue,  lale  jellt 
and  red." 

**0b8.  8. — I  caused  the  edges  of  two  knives  to  be  ground  truly  strait,  i 
pricking  their  jtoints  into  a  l)oanl  so  that  their  edges  might  look  tOH-anb  « 
another,  and  meeting  near  their  )>oints  contain  a  rectilinear  angle,  I  fasteued  tlk 
handles  together  with  pitch  to  make  this  angle  invariable.  The  distance  of  t 
edges  of  the  knives  from  one  another  at  the  distance  of  four  inches  from  the  angh 
l)oint,  where  the  edges  of  the  knives  met,  was  the  eighth  part  of  an  inch  *  and  tbtf 
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I  ■■  llie  SDgle  contained  by  th*  wigea  wag  nbont  one  (Jegree  54'.  Tlie  kiiives  tlilis  fixed 
[iliiced  in  a  beam  of  Uie  sun's  light,  let  iuto  my  darken 'd  chamber  through  a  hole 
■■  42d  part  of  an  inch  wide,  at  a  distance  of  10  or  15  Test  from  the  hole,  and  let 
'-  light  wliich  pasa«l  between  their  edges  fall  very  obliquely  utiou  a  smooth  n-hite 
It-r  at  a  distance  of  half  an  inch  or  an  ineh  from  the  knivoB,  and  there  saw  the 
iiyps  from  the  two  edgea  of  the  knives  run  along  the  edges  of  the  shadows  of  the 


knivea  in  linea  parallel  to  those  edges  withoat  growing  sensibly  broader,  tilt  they 
met  in  angles  equal  to  the  angle  contained  by  the  edges  of  the  knives,  and  where 
tliey  met  and  joined  the7  ended  without  crossing  one  another.  But  if  the  ruler  was 
held  at  a  much  greater  distance  from  the  knives,  the  fringes  where  the;  were  farther 
from  their  place  of  their  meeting  were  a  little  oarrower,  and  became  something 
broader  and  broader  as  they  approach'd  nearer  and  nearer  to  one  another,  and  after 
they  met  they  croaa'd  one  another,  and  then  became  much  broader  tluin  before. 

■'  Whence  I  gather  that  the  distances  at  which  the  fringes  ]iasa  by  the  knives  are 
not  increased  nor  alter'd  bj  the  approach  of  tlie  knives,  but  the  angles  in  which  the 
mys  ore  there  bent  are  much  increased  by  that  approach,  and  that  the  knife  vrhicli 
i:.  iicarist  any  ray  determines  which  way  the  ray  sliall  lie  bent,  and  the  other  knife 
iirL-reases  the  bent." 

■■  Obt.  10,  — When  the  fringes  of  the  shadows  of  the  knives  fell  (mipendicularly 
ii|H>n  a  pa[ier  at  a  great  distance  from  the  knives,  they  were  in  the  form  of  hyper- 
liulas.  ,  .  ,  Of  these  hyperbolas  one  uaymptotfl  is  the  line  DE,  snd  their  other 
Bsymptotes  are  parallel  to  the  lines  CA  and  CB." 

(In  Fig.  118  CA  and  CB  are  parallel  to  the  edges  of  the  knives,  and  DE  is  the 
biafCtoT  of  the  external  angle  between  them. ) 

Allowing  the  light  from  tlie  smalt  hoU  to  pass  through  a  prism  and  form  a 
9ncctrum  on  the  opposite  wall,  he  found  that  the  shadows  of  objects  ])laced  in  the 
Xigbt  between  the  prism  and  the  wall  were  bordered  with  fringes  of  the  colonr  of 
Uiat  light  in  which  they  were  held.  "  And  comparing  the  fringes  made  in  the 
-^erenl  cglour'd  lighta,  I  faittid  that  those  made  in  the  red  light  were  largest,  those 
•lisde  in  the  violet  light  were  least,  and  those  made  in  the  green  were  of  a  middle 
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Section  II. — Diffraction  Gratings 

1 35.  The  DifFraction  Grating. — We  now  proceed  to  the  eletn«nUn 

explanation  of  the  appearances  presented  when  a  distant  soutte  d 
light  is  viewed  through  a  system  of  very  narrow,  equal,  and  octaxli* 
tant,  rectangular  apertures.  Such  a  system  is  named  a  grnitiui  t  • 
diffraclioti  grutiiui.  I  Gratings  are  ordinarily  formed  by  tracing  a  nuioU* 


of  parallel  equidistant  lines  on  a  glass  plate  with  a  fine  dtMnaiid 
These  lines  act  like  a  system  of  Gne  opaque  wires,  in  that  the  li^ 
incident  on  them  is  reflected  back  in  all  directions  and  refiisod  in* 
mission,  while  it  passes  freely  through  the  transparent  sjiaces  bct>(« 
the  lines.     Such  gratings  frequently  contain  as  many  as    20.<"( 
even  40,000  lines  to  the  inch,  the  ruling  being  so  fine   that  liic 
are  invisible  except  under  a  powerful  microscope. 

When  a  luminous  origin  is  looked  at  through  a  grating  a  « 
nr  direct  image  is  seen,  and  on  either  side  of  it  there  )tre  M 
spectral  images  richly  coloured  with  all  the  tints  of  tho  nuobo* 
These  spectra  increase  in  breadth  and  diminish  in  brilliancy  u  iM 
recede  from  the  centre,  and  as  already  remarked,  thi^y  may  W  moi  Ij 
merely  viewing  an  ordinary  candle  flame  or  gas  jet  tiirough  lii(  fj* 
kshe«,  or  through  a  pocket-handkerchief,  or  through  a  pioct)  <A 
wire  gauze  {see  footnote,  p.  215). 

To  observe  the  spectra  to  advantage  a  (eloscojiu  should  bv  C* 
focused  on  the  luminous  origin.     The  grating  being  then  placed 
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^Bw  object-glass,  the  spectra  are  formed  in  its  focal  plane,  and  are 
viewed  with  all  the  advantages  of  amplification  and  distinctness 
through  the  eyepiece.  In  the  following  elementary  explanation  we 
shuli  therefore  suppose  the  light  after  passing  through  the  grating  BM 
(Fig.  113)  to  fall  upon  a  lena,  which  we  may  regard  us  the  object- 
*    glass  of  a  telescope. 

Let  MiNj,  M»Nj,  M^N^,  etc.  (Fig.  114),  be  the  apertures — that  is, 
tho  transparent  portions — of  the  grating,  supposed  perpendicular 
to  ibe  plane  of  tho  paper,  and  let  the  width  of  each  of  the 
-tpeitures  be  a  while  the  width  of  each  niling  is  b,  and  for  simplicity 
suppose  the  light  to  be  incident  perpendicularly  to  the  grating. 

Now  consider  the  light  which  falls  upon  the  lens  in  any  direction 

OP  (Fig.  113)  where  0   is   the  optic  centre  of  the  lens.     Streams  of 

light  fall  upon  the  lens  in  this  direction  from  the  apertures  and  are 

brought  to  a  focus  at  P,  consequently  the  disturbance  at  P  will  be  the 

resultant  of  all   the  disturbances  sent  to  it  by  the  various  streams 

from  the  apertures.      Draw  M,D,   (Fig.    114)  pei-pcndicular   tn    the 

diicction  OP.      Each  stream  is  propagated  from  | 

this  line  to  P  in  the  same  time.     But  the  light  is 

incident  in  the  same  phase  at  every  point  of  thi' 

grating,  since  we  have  supposed  the  incident  waie- 

front  parallel  to  it,  consequently  the  light  which 

reaches  P  from  the  second  apertiu'e  will  be  retarded  | 

on  that  which  reaches  it  from  the  first  and  inter- 

forence  will  occur.     Thus  the  difference  of  path  I 

r..rween   tho  first   element    of    the    first  aperture  I 

I  ill   the  first  element  of  the  second  is  equal  I 

>l  .Kj,  and  the  same  difference  exists  between  all  the  corresponding 

^jairs  of  elements  of  these  apertures,  while  the  same  remark  applies 

%o    every  other  consecutive  pair  of  apertures.       If,   therefore,  M,I>j 

£s     all    even    number    of    half- wave   lengths,    the   light  from  all    the 

^periureH  will  arrive  at  P  in  the  same  phase,   and   will    reinforce 

^Mtch    other,    and    the    illumination    at    P    will    be   very  great ;    but 

i£    M-jDa  is  an  odd  number  of  half-wave  lengths,  the  light  from  the 

6r«t  aperture  will  be  destroyed  by  that  from  the  second,  the  light 

from  the  thu-d  by  that  from  the  fourth,  and  so  on.     Hence  in  this  case 

i-\»e  illumination  at  P  will  be  zero. 

Now  M.fi,  =  {a  +  h)sind   if  the  direction  OP  makes  an  angle  0 
■*-ith  the  normal  to  the  grating;  hence  P  will  be  very  bright  if 


^nl  (lark  if 


(..  +  *)  8i 

(o+i)«n( 


\B^2»i\ 
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Let  us  now  suppose  6  to  increase  from  zero  while  n  takes  the  oonseco- 
tive  values,  0,  1,  2,  3,  etc.  The  value  ^  =  0  corresponds  to  fi=0,» 
that  there  is  no  retardation,  and  the  light  from  all  the  aperturei 
arrives  in  the  same  phase  at  M  on  the  central  line  OM  (Fig.  113)l 
This  then  is  a  bright  point  for  all  wave  lengths,  and  with  ordinary 
light  will  be  white.  An  interval  of  darkness  now  occurs  as  6  increase! 
from  zero  to  the  value  6^,  given  by  the  equation 

sindi  =  X/(a  +  d). 

If  OPj  be  drawn  in  this  direction,  meeting  the  focal  plane  at  Pj,  tbei 
Pj  is  a  very  bright  point.  Another  interval  of  darkness  occurs  till  " 
reaches  the  value  determined  by 

which  gives  another  bright  point  Pg,  and  so  on.  We  have  therefore 
a  succession  of  bright  places  Pj,  Pj,  Pg,  etc.,  with  dark  intemis 
between  them,  and  like  appearances  also  on  the  lower  side  of  tbr 
central  line  OM.  The  direction  from  0  to  the  «th  bright  point  b 
given  by  the  equation 

What  has  been  said  so  far  applies  to  light  of  a  definite  mire 
White  length.  When  white  light  is  used  a  brilliant  rainbow-coloured  bani 
light.  Qj.  spectrum  appears  at  each  of  the  points  Pj,  Po,  Pj,  etc.  For  tlK 
angle  6  corresponding  to  any  bright  point  increases  with  the  v;s^< 
length,  consequently  the  points  of  maximum  illumination  for  tk 
red  light  are  farther  removed  from  the  centre  than  the  correspondii^ 
points  for  the  violet  light.  What  were  bright  points  at  Pj,  Pf 
etc.,  with  monochromatic  light,  are  now  drawn  out  into  exquisite!- 
coloured  spectra,  violet  at  the  inner  and  red  at  the  outer  edge. 

Several  spectra  are  formed  on  each  side  of  the  central  image ;  *^ 
first  pair  being  separated  from  the  second  pair,  and  from  the  ceoii^ 
ver-  image,  by  completely  dark  bands.  Overlapping  of  the  spectn  irJ 
^*^'^"^'  occur  when  the  deviation  of  the  violet  of  any  order  is  less  than  i^ 
of  the  preceding  red.  This  will  take  place  between  the  spectn  i 
order  higher  than  the  second,  for  since  the  deviation  is  proportion^  ^ 
the  wave  length,  and  since  the  wave  length  of  the  red  is  a{^)n)£' 
mately  twice  that  of  the  violet,  it  follows  that  the  deviation  of  the  r^ 
of  the  second  spectrum  will  be  approximately  the  same  as  that  of  ^ 
violet  of  the  third  s()ectrum,  while  the  red  of  the  third  wiU  be  m^f 
deviated  than  the  \iolet  of  the  fourth,  and  so  on.  The  separation  ^ 
the  sui)erposed  parts  of  the  spectra  at  any  place  may  be  effected  If 
means  of  a  prism. 


'^ 
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136.  Uffht  Incident  obliquely — Minimum  Deviation. — If  the 
eident  light  he  not  perpendicular  to  the  plane  of  the  grating, 
,  falls  upon  it  at  an  angle  i  with  the  normal,  the  retardation 
Bgiven  hy  the  e<]UUtion 

S^{ti  +  i)(sttie+<ani). 

if  MD  and  MD'  (Fig.  115)  be  drawn  perpendicular  to  ihe  ind- 
ent and  transmitted  beams  respectively,  the  retardation  will  obviously 
B  ND  +  ND' ;  but  ND  =  (a  +  b)  sin  i  and  MD'  -  (.i  +  6)  sin  d.     Tbero- 
re,  etc 
The  position  of  the   wth  spectrum  in  tlii:^ 
a  ifl  determined  by  the  e^iuation 

The  angle  of  incidence  i  may  be  determined  I 
■  measuring  the  angle  2i  between  the  direct 
;ht  and  that  leflecled  regularly  from  the  face  I 
of  the  grating.  *''"■  "^' 

Difiraction  spectra,  like  refraction  spectra,  exhibit  a  minimum 
deviation.  The  deviation  suffered  hy  the  light  of  the  nth  spectrum  is 
given  by  the  equation 

D=  !  +  ('„. 

Btit 


hence  the  deviation  of  the  nth  spectrum  will  be  a 

(  =  0„ — that  is,  when  D  =  Si,  or  when  the  angle  of  incidence  is  equal 

to  the  angle  of  difTraction.      We  have  then 

In  the  position  of  minimum  deviation  the  definition  of  the  spectmm 
is  considerably  augmented.  It  has  consequently  been  used  by  M. 
Mascarl^  in  his  determinations  of  A. 

137.  Purity  of  the  Spectra. — We  have  explained  how  it  is  that 
when  .1  luminous  origin  is  iiewei:!  through  a  grating  a  aeries  of  spectra 


JD^di  +  ilD.^O, 
ad  from  (he  secojid  wjuation,  wheu  X  and  a  are  Kiven,  we  have 


irtefore  oos  i  — cos  9, — tliat  is,  i  =  S„  for  each  is  less  thau  90". 

*  Maicart,  Jna.  dr  [6cuh  norm.  torn,  i,  et  iv. ;  CuMptci  Jlradu),  U 
pi.  Iviii.  p.  nil. 
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are  seen  on  each  side  of  the  central  image.  We  shall  now  show  that 
there  is  no  overlapping  of  the  colours  in  these  spectra — that,  in  &ct, 
the  spectra  are  pure.  To  do  this  let  us  again  revert  to  the  case  of 
monochromatic  light  With  such  light  a  series  of  bright  images  are 
depicted  in  the  focal  plane.  If  the  origin  be  a  point,  we  have  a  series 
of  bright  points;  if  a  line  parallel  to  the  lines  of  the  grating — such  as 
a  narrow  slit — we  have  a  series  of  bright  lines,  images  of  the  slit 

Now  we  may  show  that  the  images  Pj,  Pg,  Pg,  etc,  are  really  of  very 
small  dimensions,  and  are  not  drawn  out  or  fuzzy,  but  are  clear  and 
well  defined.  For  let  P  be  a  point  of  maximum  brightness  and  consider 
light  incident  on  the  lens  in  a  direction  differing  very  little  from  OP. 
This  light  will  be  brought  to  a  focus  at  a  point  very  close  to  P,  and 
our  object  is  to  show  that  at  this  point  there  is  no  illumination.  Nov 
since  P  is  a  bright  point  the  retardation  MjD^  is  an  even  number  of 
half-wave  lengths,  consequently  the  retardation  M^D'^  for  the  new 
direction,  very  close  to  M^^  is  the  same  number  of  half  waves  plm 
or  minus  a  small  fraction  of  a  wave  length.  Let  us  suppose  thii 
fraction  very  small,  say  yi^tf  ^  which  will  correspond  to  a  point 
exceedingly  close  to  P.  The  light  from  the  first  aperture  is  in  ad^'aoce 
of  the  light  from  the  second  by  an  amount 

consequently  it  is  in  advance  of  the  light  from  the  501st  aperture  bj 
500  times  this  amount,  or  by 

(5007i+J)X, 

that  is,  by  an  odd  niunber  of  half  waves.  The  light  therefore  boB 
the  first  aperture  is  destroyed  by  the  light  from  the  501st^  the  ligb 
from  the  second  by  the  light  from  the  502nd,  and  so  on,  so  that  if  P 
be  a  bright  point  there  is  no  illumination  at  points  even  very  dose  to 
it.  If  a  narrow  slit  be  used  as  the  source  of  light,  and  if  the  lines  d 
the  grating  are  parallel  to  the  slit,  then  for  monochromatic  light  m 
will  have  bright  lines  at  P^,  Pj,  P^,  etc,  parallel  to  the  lines  of  tbe 
grating ;  but  if  white  light  be  used  each  particular  wave  length  gxrtf 
an  image  of  the  slit,  and  all  these  are  arranged  side  by  side  is  s 
continuous  spectrum  without  sensible  overlapping  or  blurring. 

188.  The  Dispersion  In  the  Speetrum. — The  directions  to  tiif 
red  and  violet  of  the  nth  spectrum  being  given  by  the  equations 

sin  dr=n\rl{a  +  b), 
8ind,=nXt/(a  +  6), 

it  follows  that  if  {a  +  b)  is  decreased  in  any  proportion,  then  sin  0r^ 
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sin  6j,  will  be  increased  in  the  same  proportion.  If  these  angles  are 
small  their  sines  are  approximately  equal  to  their  tangents,  so  that 
the  differenee  of  the  sines  will  be  equal  to  the  difference  of  the  tangents, 
which  will  ocmsequently  be  also  increased  in  the  same  ratio.  But  the 
difference  of  the  tangents  is  proportional  to  the  distance  between  the 
red  and  violet  of  the  spectrum,  and  this  distance  measures  the  amount 
of  dispersion  in  the  spectrum,  consequently  by  decreasing  (a  +  b)  in  any 
ratio  we  increase  the  dispersion  approximately  in  the  same  ratio.  If 
the  lines  of  the  grating  are  very  close  and  very  fine,  the  colours  of  the 
spectrum  will  be  widely  spread  out  or  the  spectrum  will  be  long.  By 
this  means  the  absence  of  any  particular  colour  or  wave  in  the  solar 
light  is  exhibited,  and  by  ruling  the  gratings  very  closely  spectra  have 
been  obtained  and  mapped  which  show  that  the  solar  spectrum  is  not  Solar 
continuous,  but  is  deficient  in  many  places,  being  crossed  by  numerous  sp«c*ru™- 
dark  lines,  indicating  that  the  corresponding  wave  either  was  not 
emitted  by  the  sun,  or  else  that  it  was  lost  by  absorption  or  otherwise 
before  it  reached  us. 

When  the  incident  light  makes  an  angle  i  with  the  normal  to  the 
grating,  and  the  diffracted  light  an  angle  6y  we  have  for  the  nth  spec- 
trum (a  +  6)(sin  i  +  sin  6)  =  nX.  Hence  if  the  angle  of  incidence  remains 
constant,  the  variation  dS  of  the  angle  of  diffraction  is  connected  with 
the  corresponding  variation  dX  of  the  wave  length  by  the  equation 

(a  +  b)coa$d$=ndK 

If  6  is  nearly  zero  the  factor  (a  +  b)  cos  6  remains  sensibly  constant 
from  one  end  of  the  spectrum  to  the  other,  and  the  variation  of  6  is 
therefore  proportional  to  the  variation  of  A  only  when  the  angle  of 
diffraction  be  smalL  In  this  case  the  separation,  or  dispersion,  of  the 
rays  corresponding  to  the  different  kinds  of  homogeneous  light  is 
directly  proportional  to  their  difference  of  wave  length. 

When  6  is  not  small  the  above  equation  shows  that  the  angular 
variation  dO  is  directly  proportional  to  the  order  n  of  the  spectrum, 
and  inversely  as  cos  6,  Consequently  the  higher  the  order  of  the 
spectrum  and  the  greater  the  angle  of  diffraction  the  wider  the  disper- 
sion. The  dispersion,  being  defined  as  the  ratio  of  the  angular  interval 
dO  to  the  corresponding  variation  dk  of  the  wave  length,  is  given  by 

d$_         n 

dX  ~  (a  +  6)  cos  0' 

Xlence  the  finer  the  ruling  of  the  grating  the  higher  the  dispersive 
power. 

139.  Normal  Speetrum. — We  have  seen  that  a  spectrum  formed 
\}y  a  grating  is  pure, — ^there  is  no  overlapping  or  mixture  of  colours 
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This  is  not  generally  the  case  with  the  spectra  formed  by  glass  prisms* 
but  with  proper  arrangements  they  also  may  be  made  to  give  pan 
spectra.  The  grating  spectra,  however,  have  a  great  advantage  over 
refraction  spectra  in  another  respect.  We  have  seen  that  the  disper- 
sion depends^  merely  on  the  wave  length  and  on  the  distance  (a-¥h) 
— that  is,  on  the  number  of  lines  to  the  inch  in  the  grating.  Henoe 
the  spectrum  formed  by  any  grating  is  exactly  similar  to  that  formed 
by  any  other,  one  being  an  exact  copy  of  the  other  on  a  larger  or 
smaller  scale, — the  ratio  of  their  lengths  being  a' -^b' :a  +  b,  for  the 
dispersion  is  inversely  as  a  +  &.  Consequently  the  ratio  of  the  widtlu 
occupied  in  the  spectrum  by  any  two  colours  is  invariable.  This  is 
not  generally  the  case  with  the  spectra  formed  by  different  prisms. 
The  relative  dispersion  of  any  two  colours,  the  orange  and  blue  say, 
may  be  very  different  with  prisms  made  of  different  glasses,  while  some 
substances  even  reverse  the  order  of  the  colours.  Thus  one  mar 
separate  the  blue  and  orange  very  much,  while  the  other  separates 
these  colours  very  little.  This  is  known  as  the  irrationality  of  disptr- 
sion,  and  on  account  of  it  we  are  unable  to  compare  refraction  spectn 
the  spectrum  obtained  with  one  prism  not  being  similar  to  that 
produced  by  another. 

On  the  other  hand,  all  spectra  produced  by  gratings  are  exactly 
similar,  and  the  observations  made  by  any  one  at  any  part  of 
the  earth  may  be  repeated  and  verified  at  any  other  station.  The 
diffi^ction  spectrum  is  therefore  taken  as  the  standard  or  funW 
spectrum. 

140.  Absent  Spectra.  —  The  general  conclusion  which  we  hav^ 
drawn  is  that  if  (a  +  b)  sin  6  or  MgD^  is  any  even  number  of  half-warr 
lengths — that  is,  any  whole  number  of  wave  lengths — ^then  the  illoDi 
nation  at  P  is  a  maximum,  and  a  spectrum  is  formed  there.  We  iHD 
now  show  that  it  may  happen  that  M^Dj  is  an  even  number  of  half 
wave  lengths  and  yet  there  is  no  illumination  at  P,  in  fact^  tk 
spectrum  is  wanting.  This  will  happen  when  the  direction  OP  i^ 
such  that  there  is  an  even  number  of  half-period  elements  in  eack 
aperture.  Each  aperture  will  then  produce  zero  effect  at  P,  and  thenr 
will  be  no  illumination  at  that  point.  Now  suppose  that  a  and  j8  ar? 
the  two  smallest  whole  numbers  which  measure  the  ratio  of  a  to  6,  thee 
a  =  ica  and  p  =  nb,  so  that  if  M2D2  =  (a  +  p)k  we  must  have  N^D,  =«X 
since  M^^ :  N^D^  =  a  +  &:a  =  a  +  j8:a.  Hence  there  is  an  even  nnmhtf 
of  half-wave  periods  in  the  aperture  M^N^  and  therefore  in  eveif 
aperture,  consequently  each  aperture  produces  no  effect  at  P,  and  tk 

^  Tliia  neglects  the  Tariation  of  cot  $, 
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result  U  darkness  at  that  poiat.       Hence  if  we  say  that  M.JJ^  =  »A 

.oiTesiioniis  to  the  nth  spectrum,  we  may  say  that  the 

[«  +  l9)th,  2(a  +  fl)th,  atP,,  n(o  +  3>tli 
si>ectra  are  wanting. 

141.  Refleetlon  Gratings. — Spectra  similar  to  the  preceding  may 
also  he  obtained  by  retiection,  and  firstrclass  gratings  may  be  formed  by 
i-uling  very  fine  parallel  grooves  on  a  polished  metallic  surface.  The 
sircama  of  light  regularly  reflected  from  the  polished  intervals  between 
the  rulings  proceed  from  a  virtual  image  of  the  source  as  if  they  came 
through  the  intervals  from  behind  the  siuiace.  If  the  surface  be 
jiliine  the  case  will  be  analogous  to  that  of  the  transparent  grating 
just  considered,  and  the  expression  for  the  retardation,  when 
the  light  is  incident  at  an  angle  i  and  diffracted  at  an  angle  8, 
IwL-oraes 

8  =  («  +  i)(amt±sin«). 

''^  Appearances  of  the  same  nature  and  attributable  to  the  same  cause 
are  often  observed  when  a  metallic  surface  has  been  polished  with 
a  rather  coarse  powder.  The  powder  leaves  minute  striee  which 
jiffcct  the  light  as  described  above.  A  simple  way  of  producing 
A  similar  result  is  by  passing  the  finger  over  the  surface  of  a 
]»iece  of  glass  moistened  with  the  breath.  The  exquisite  colour 
of  mother-of-pearl  and  other  striated  substances  (formed  of  a  vast 
number  of  very  thin  layers)  are  natural  instances  of  the  same 
]  )henomena. 

142.  Curved  Gratiners. — ^Let  the  surface  on  which  the  lines  are 
ruled  be  not  plane,  but  have  any  ciu-ved  section  AB  (Fig.  116)  per- 
pendicular to  the  lines  of  the  grating.  If  light  from  a  soiirce  S  fall 
upon  it  at  an  angle  i  with  the  normal,  and  !«  (liffracted  at  an  angle  tf, 
the  retardation  will  Ihj 

PQ[sini±8infl). 

Consequently  for  brightness  we   have 
before,  if  PQ=(<n-i), 

the  negative  sign  being  taken  in  i 

of    reflection,  if  S  and  S'  lie  on  opposite 

nicies  of  the  normal  (as  in  Fig.  116).  ^''«-  ''''■ 

To  obtain  the  image  S'  of  S,  virtual  or  real,  let  ua  consider  two 

ys  SPS'  and  SQS'  incident  at  angles  i  and  »  +  di,  and  diffracted  at  0 
+  48  respectively,  and  let  the  nonnalB  to  the  curve  at  P  and  Q 
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meet  at  C.     Denote  the  small  angles  at  S,  C,  and  S'  by  a,  )3,  and  y 
respectively.     Then  clearly  we  have 

a  +  i = /3  +  i + (it = supplement  of  angle  at  M, 
p-\-0=y-{'0-^d$=^  supplement  of  angle  at  N. 

Consequently  di  =  a-  p,  and  dO  =  p-y* 

But  if  S'  is  a  focus,  8  must  be  stationary,  and  this  condition  giv« 

sin  I  -  sin  ^= const, 
or 

cos«fi-cos6^=a 

Hence,  substituting  for  di  and  dOy  we  obtain 

(a  - /3)  cos  I -03 -7)  cos  ^=0  (1. 

Now  if  we  write 

PS=p,  PC=R,  PS'=p',  PQ=f, 

we  have 

pa=ecosr,  R^=e,  p'y=ecos6. 

Therefore  (1)  becomes 

./cost     1\         J\     coe^\    ^ 

from  which  we  find  at  once 

,_  R^cos'g 

^  "p(co8^  +  oo8i)-Rcos»i  ^  '" 

Here  we  may  regard  p  and  i  as  the  polar  co-ordinates  of  S,  and  f 
and  6  those  of  S' ;  hence  if  S  describes  any  curve,  S'  wiU  describe 
another,  the  focal  curve,  defined  by  the  above  equation. 
jid's  Coi\  1. — If  p  =  R  cos  t,  then  p  =  R  cos  ^ — that  is,  if  S  describes  > 

circle  on  R  as  diameter,  S'  will  move  on  the  same  circle.  Hence  if  tk 
grating  curve  be  a  circle  of  radius  R,  a  source  situated  on  a  dri 
described  on  R  as  diameter  will  give  spectra  situated  on  the  faM 
circle. 

This  important  deduction  has  been  utilised  in  a  masterly  manoff 
by  Professor  Rowland  in  the  construction  of  his  concave  gratinga 

Cor.  2.— When  i=  ±6,  if  p  =  R  cos  i  (as  in  Fig.  117)  we  h»T« 
p  =  p.  Hence  in  the  position  of  minimum  deviation,  as  for  prisms,  tk 
source  S  and  its  image  S'  are  equidistant  from  the  grating.  Cofr 
sequently  the  diffracted  rays  returning  to  S  form  an  imago  superposed 
on  the  source. 

CiH'.  3. — If  the  grating  be  plane  R  \&  infinite,  and 

p'=  -pco9^0lcot?i. 
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143.  Rowland's  Concave  Gratings. — Professor  Kowland  baa  suc- 
cessfully niled  fine  gratings  on  a  concave  epherieal  surface  of  polished 
s[>eculum  metal.  The  lines  are  the  iutergections  of  the  surface  with 
a  series  of  parallel  equidistant  planes,  one  of  which  (the  central  one) 
(Kisses  through  the  centre  of  the  sphere. 

Let  PM  (Fig.  117)  he  the  surface  of  the  grating,  C  its  centre,  and 
M  the  middle  point  of  the  niled  surface.  On  CM  as  diameter  describe 
u  circle.  Then,  as  shown  above  (Cor.  1), 
H  Bource  S  on  this  circle  will  give  an  , 
image  at  S'  on  the  same  circle,  defined  by  | 
the  equation 


n?,  =  («  +  ft)(aiD)-9iiifl), 

the  negative  sign  occurring  here  because  I 

we  have  taken  S  and  S'  on  oiiixwite  sv 

of  the  normal  MC.  "-   n" 

Real  diffi-action  spectra  will  consequently  be  formed  on  the  divuni- 
ference  of  the  circle  SCS',  having  their  lines  parallel  to  the  lines  of  the 
grating.  If  three  arms  of  equal  length  be  hinged  at  F,  the  principal 
focus  of  the  spherical  surface,  one  to  carry  the  grating  G,  another  the 
slit  or  luminous  origin  S,  and  the  third  an  observing  telescope  or  screen, 
by  rotating  this  latter  all  the  spectra  may  be  successively  observed. 
The  length  of  each  arm  is  half  the  radius  of  curvature  of  the  grating. 
In  the  third  arm,  instead  of  the  screen  or  photographic  camera,  a 
sensitive  radiometer  may  be  suljstituted,  and  the  heating  efTects  of  the 
various  parts  of  the  spectrum  studied,  as  haa  been  done  by  Professor 
S.  P.  Langley.' 

In  order  that  a  targe  part  of  the  field  of  view  may  be  in  focus  at 
once  Professor  Rowland  places  the  eyepiece  at  C,  so  that  d  =  0,  and 
the  value  of  i  for  the  nth  spectrum  is  then  given  by  {a  +  b)  sin  i  =  n\. 
This  arrangement  is  secured  mechanically  by  placing  the  slit  at  S 
(Fig.  1 1 8),  the  intersection  of  two  arms  SG  and  SC  set  at  right  angles. 
At  the  extremities  G  and  C  of  these  ai-ms  the  grating  G  and  the  camera 
or  eyepiece  C  are  placed.  This  arrangement  is  specially  advantageous 
for  photographing  the  spectrum.  Rails  are  placed  on  SG  and  SC  for 
the  locomotion  of  the  grating  and  camera  box. 

SG  and  SC  are  heavy  wooden  beams  of  which  SG  is  fixed,  while 

S>C  has  a  slight  freedom  of  rotation  about  S,  controlled  by  screws  at  C. 

The  rails  for  the  grating-holder  and  camera-lwx  are  of  iron  and  fast«ncd 
>  these  l>eama  by  screws  which  admit  of  adjustment,  so  that  the  rails 


^^  thei 


I,  P.  Langley,  WeY,  .IAi;/ 


,  May  1S86. 
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may  be  straightened  if  the  beams  warp.     GC  Js  a  tiibiUar 
iron  girder  pivoted  at  its  ends  directly  over  the  rails,    on'juro  niiB 
carriages.     Its  length  is  approiiraatoly  equal   to   the  radius  of  lfc« 
grating,  and  haa  a  range  of  lA- 
justment    of    about    six    inc&M 
The  carriages  have  wheels  rating 
the    iron   ways,    and    iktm 
I  enable    the    girder    to   be  tmaiy 
moved    from    one     podtion   t* 
another.      The  camera-box  sod 
I  grating  are  tbemselree  movaUt 
along  GC,  and  have   freedom  of 
I  motion,     but     can      l>e     finall* 
'  claniped  in  place. 
Fig.  lis.— conosvB  Orating.  -pj^^  ^^^   which    !£   geoerallT 

open  not  more  than  001  inch,  can  be  adjiieted  parallel  to  the  liti«s<i' 
the   grating.       This   adjustment  is  one   of  the    last    to    be    mi 
mounting  the  grating,  and  is  executed  by  turning  the  slit  unt3 
definition  is  the  best  possible,  a  condition  very  important 
graphing  the  spectrum.      If  the  slit  be  out  0'5  the  definition  is  spoiled 

Stops  can  be  placed  at  the  top  and  bottom  of  the  slit,  thus 
the  grating  to  be  illuminated  only  by  the  centre  of  the  solar  ii 
otherwise  the  definition  may  be  endangered  by  the  rotatioti  of 
sun.  The  image  of  the  sun  on  the  slit  should  consequently  be 
With  the  apparatus  in  the  Johns  Hopkins  University  it  is  I  '2  cm, 
this  is  reduced  one-half  by  the  stops.  For  solar  work  ihc  lifilrt  h 
thiowti  on  the  slit  by  means  of  a  condensing  lens  and  a  totally  rette* 
ing  prism.'  Between  the  lens  and  the  prism  absorbing  solutions 
be  placed.  For  ordinary  purposes  a  10,000  grating  is  sutliei«Bt.  lid 
for  photographing  in  the  ultra-violet  it  is  best  to  have  a  20,000  gnas 
with  a  rulcdspaceof  5^  inches  on  a  6-inch  polished  sui-face.  The 
of  curvature  is  genemlly  215  feet.  The  pholographic  plat«8  are  It 
inches  long,  2  inches  wide,  and  ^  inch  thick,  which  allows  them  tob 
bent  to  the  required  radius  without  breaking. 

144.  Spectrum  Photographs — Choice  ofa  Grating'. — Most  gnuaa 
give  a  brighter  spectrum  at  one  side  than  at  the  oth^r  -  and  no  \»tv 
placing  the  grating  in  the  holder  it  must  lie  examinee)  to  ftc  *^ 
side  should  be  used.  Every  grating  fans  spectra  of  dJOerent  bri^itaM 
on  the  two  sides ;  and  one  should  be  used  which  is  bright  in  ttie  Jf 

'  Id  Fig.  US  t!m  light  ia  thrown  ou  the  slit  by  meiuu  of  ■totally  roflvvIiBii  p^ 
This  of  course  is  neccswry  only  wlicn  tlic  asiivct  ia  such  that  the  light  o 
thrown  on  the  "lit  rtirei'tly. 
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ticular  spectrum  desired  for  observation.     The  red  of  one  spectrum  may 
be  bright  and  its  violet  faint     Further,  the  various  parts  of  the  grating, 
especially  if  it  be  concave,  may  give  spectra  of  varying  brightness. 
For  instance,  the  second  spectrum  may  be  uniformly  bright  for  all  parts 
of  the  grating,  while  one  end  of  the  grating  may  give  a  bright  third 
spectrum  and  the  other  a  faint  one.     Having  selected  the  grating 
which  we  wish  to  use,  it  is  mounted  in  its  plate-holder  and  the  colli- 
mating  eyepiece  is  put  in  place.     The  focus  is  then  carefully  adjusted 
by  altering  the  length  of  p  till  the  cross-hairs  are  exactly  at  the  centre 
of  curvature  of  the  grating.     On  moving  the  bar  the  whole  series  of 
spectra  are  seen  in  exact  focus.     The  rail  SC  on  which  the  carriage 
moves  is  graduated  to  equal  divisions  representing  wave  lengths,  since 
the  wave  length  is  proportioned  to  the  distance  SC.     The  instrument 
may  thus  be  set  to  any  particular  wave  length  we  desire  to  study,  or 
the  wave  length  may  be  obtained  by  a  simple  reading.     By  having  a 
variety  of  scales,  one  for  each  spectrum,  we  can  immediately  see  what 
lines  are  superimposed  on  each  other,  and  identify  them  when  we  are 
measuring  their  relative  wave  lengths.     Replacing  the  eyepiece  by  a 
camera,  the  spectrum  may  be  photographed  with  the  greatest  ease. 
"  We  put  in  the  sensitive  plate  either  wet  or  dry  and  move  to  the  part 
we  wish  to  photograph.     Having  exposed  that  part  we  move  to  another 
position  and  expose  once  more.     We  have  no  thought  for  the  focus, 
for  that  remains  perfect,  but  simply  refer  to  the  table  giving  the  proper 
exposure  for  that  portion  of  the  spectrum,  and  so  have  a  perfect  plate. 
Thus  we  can  photograph  the  whole  spectrum  on  one  plate  in  a  few 
minutes  from  the  F  line  to  the  extreme  violet,  in  several  strips  each 
20  inches  long,  and  we  may  photograph  to  the  red  rays  by  prolonged 
exposure.     Thus  the  work  of  days  with  any  other  apparatus  becomes 
the  work  of  hours  with  this.     Fiu'thermore,  each  plate  is  to  scale,  an 
inch  on  any  one  of  the  strips  representing  exactly  so  much  difference  of 
wave  length.     The  scales  of  the  different  orders  of  spectra  are  exactly 
proportional  to  the  order.     Of  course  the  superposition  of  the  spectra 
gives  the  relative  wave  lengths.     To  get  the  superposition,  of  course 
photography  is  the  best."  ^ 

Between  the  slit  and  the  camera-box  no  lens  is  interposed.  Besides 
the  saving  of  light  and  cost,  there  are  no  corrections  necessary  for 
spherical  aberration,  imperfections  of  lenses,  etc.  The  concave 
grating  is  astigmatic,  i,e.  a  point  of  light  as  the  source  is  brought  to 
focus  not  in  a  point  but  in  a  line.  By  the  astigmatism  a  small 
spark  of  light  at  the  slit  is  broadened  out  into  a  wide  spectrum, 
greater  accuracy  in  comparing  solar  and  metallic  lines  is  afforded, 
1  Professor  H.  A.  Rowland,  Phil,  Mag.  p.  197,  September  1888. 
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and   a    spectrum    is    obtained   which    is    broad   enough     to    sund 
enlarging. 

The  spectrum  is  normal  at  C.  Further,  in  this  case  nk  =  {a'{'h) 
sin  1.  But  SC  =  p  sin  i  oc  A,  thus  if  an  absolute  wave  length  be 
marked  on  SO  and  the  instrument  is  in  perfect  adjustment,  we  cib 
mark  on  the  arm  SC  a  scale  of  wave  lengths  for  each  spectrum,  and 
the  absolute  wave  length  of  any  one  line  is  known  at  once.  It  ii 
important  to  notice  that  this  scale  on  the  beam  is  identical  with  the 
scale  on  the  photographic  plate,  and  that  all  the  spectra  are  in  focoi 
at  C  at  the  same  time,  and  stay  in  focus;  however,  C  moves  along 
SC,  it  being  rigidly  attached  to  G.  The  concave  grating  besides 
is  the  only  spectroscope  suitable  for  the  ultra-violet  and  infra-red 
Much  longer  photographic  plates  can  be  used  than  with  any  other 
instrument,  since  they  can  be  easily  bent,  so  as  to  be  throughout 
in  focus. 

145.  Difficulties  of  Construction. — ^The  difficulties  attending  the 
construction  of  a  grating  are  described  by  Mr.  J.  S.  Ames:^  "  It  takes 
months  to  make  a  perfect  screw  for  the  ruling  engine,  but  a  year  maj 
easily  be  spent  in  search  of  a  suitable  diamond  point.  .  .  .  Most  poinUi 
make  more  than  one  *  furrow '  at  a  time,  thus  giving  a  great  deal  of 
diffused  light.     Moreover,  few  diamond  points  rule  with  equal  ease 
and  accuracy  up  hill  and  down.     This  defect  of  unequal   ruling  is 
especially  noticeable  in  small  gratings,  which  should  not  be  used  for 
accurate  work.     Again,  a   grating  never  gives  symmetrical  spectn; 
and  often  one  or  two  particular  spectra  take  all  the  light.      This  is  d 
course  desirable  if  these  bright  spectra  are  to  be  used.     Generallj  ii 
is  not  so.  .  .  .  It  is  not  easy  to  tell  when  a  good  ruling  point  if 
found ;  for  a  *  scratchy '  grating  is  often  a  good  one ;  and  a  bright 
ruling  point  always  gives  a  *  scratchy '  grating.     When  all  goes  well  it 
takes  five  days  and  nights  to  rule  a  6-inch  grating   having  20,000 
lines  to  the  inch.      Comparatively  no  difficulty  is  found  in  ruling 
14,000    lines    to    the    inch.     It   is    much    harder    to    rule    a   glus 
grating   than  a  metallic  one;   for  to  all  of   the  above  difficulties  is 
added  the  one  that  the  diamond  point  is  continually  breaking  down.'' 

146.  Measurement  of  Wave  Lengths. — By  far  the  most  accunte 
method  of  determining  the  absolute  wave  length  corresponding  to  snj 
part  of  the  spectrum  is  by  means  of  a  difiraction  grating.  This 
method  involves  the  accurate  measiu-ement  of  the  angle  of  devistioD 
of  the  ray  under  consideration,  and  also  the  measurement  of  the 
absolute  length  of  the  grating  or  grating  space.  The  latter  is  difficult 
to  determine  accurately.     Metallic  gratings  are  much  larger  than  d^ 

1  J.  S.  Ames,  Phil  Mag.  May  1889. 
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gratings,  and  consequently  an  error  in  measuring  them  is  of  less 
importance  in  the  result.  However,  it  requires  several  days  to  rule  a 
large  grating,  and  as  the  coefficient  of  expansion  of  speculum  metal  is 
more  than  twice  that  of  glass,  changes  of  temperatiu-e  give  rise  to 
greater  irregularities  in  ruling,  but  this  advantage  of  the  glass  grating 
is  more  than  counterbalanced  by  the  great  difficulty  in  ruling  one 
free  from  flaws  occasioned  by  the  breaking  down  of  the  diamond  point 
on  the  hard  material 

The  interference  methods  of  determining  X  usually  require  the 
exact  determination  of  some  very  small  length;  they  are  therefore 
'    much  inferior   to   the   diffi^action   method,  which   lends  itself   more 
readily  to  linear  measui'ement  besides  affording  very  pure  spectra. 

Transmission  gratings  may  be  used  in  two  ways:  (1)  with  the 
incident  light  perpendicular  to  the  plane  of  the  grating,  in  which  case 

nX=(a  + 6)  sin  $, 

"  and   (2)  in  the  position  of  minimum  deviation,  when  the  equation 
which  determines  X  is 

7iX=2{o+6)8iniD. 

The  former  method  was  used  by  Mr.  Louis  BelP  as  offering  fewer 
experimental  difficulties;  but  with  either  method  the  accuracy  with 
which  the  angular  deviation  can  be  determined  far  surpasses  that  of 
the  measurement  of  the  grating  space  (a  +  b). 

The  spectrometer  and  grating  being  placed  in  exact  adjustment, 
readings  may  be  taken  on  the  D^  line  in  the  spectra  on  both  sides  of 
the  slit,  and  the  angle  measiu'ed  five  or  six  times  in  succession. 

Mr.  Bell  worked  with  the  third  spectrum,  as  in  it  the  definition 
was  particularly  good,  and  being  of  the  highest  order  that  could  be 
conveniently  observed,  an  error  in  the  angle  could  produce  little  effect 
in  the  result  No  correction  was  considered  necessary  for  the  effect  of 
the  velocity  of  the  apparatus  through  space  (see  chap.  xix.). 

The  accurate  determination  of  wave  lengths  was  first  rendered 
possible  by  Fraunhofer's  researches  in  the  solar  spectrum.     The  dis- 
covery of  dark  lines  in  the  spectrum  gave  a  definite  standard  of  refer- 
ence, and  Fraunhofer*  himself,  with  a  wire  grating,  necessarily  very 
defective,  obtained  very  fair  determinations  of  the  wave  length  of  the 
X>  line. 

•  1  Louis  BeU,  Phil.  Mag,  p.  265,  March  1887. 
s  <<Neue  Modifikation  desLichtes  durch  gegenseitige  Einwirkung  und  Beugung 
Strahlen,  und  Gesetze  derselben,"  presented  to  the  Munich  Academy  in  1821. 
Bell,  "On  the  Absolute  Wave  Length  of  Light,"  Phil.  Ma^.  p.  246,  April 
1 888. 
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His  mean  result  was  'OOOdSSS  mm.,  which  is  remmrkably  aoeoiate, 
considering  his  gratings  and  the  fact  that  most  of  his  angles  of  deTa- 
tion  were  less  than  1^. 

These  determinations  were  not  improved  on  till  the  importance  of 
spectroscopic  work  was  established  by  the  great  researches  of  BunseB 
and  Kirchhoff,  and  the  art  of  ruling  gratings  was  much  improved  hf 
Nobert.  Mascart  employed  four  or  five  of  Nobert's  gratings,  andl 
worked  with  them  in  the  position  of  minimum  deviation — that  is,  so 
that  the  incident  and  diffracted  rays  made  equal  angles  with  the  plane 
of  the  grating.  This  method  avoids  the  necessity  of  placing  the 
grating  perpendicular  to  the  axis  of  either  telescope,  but  it  is  rather 
more  difficult  in  the  experimental  work,  and  is  perhaps  of  questionaUe 
utility.  However,  it  generally  improves  the  definition,  and  is  capable 
of  giving  very  accurate  results. 

In  the  same  year  (1868)  Angstrom's  researches  appeared,  and  for 
long  remained  the  standard  of  reference  in  all  questions  of  ware 
length.  He  used  Nobert's  gratings,  and  in  spite  of  the  fact  that  these 
were  small  and  inaccurately  ruled,  giving  imperfect  definition  and 
showing  numerous  "  ghosts,"  his  results  would  have  been  very  nearlj 
exact  if  his  standards  of  length  had  been  correct. 

In  all  the  earlier  determinations  of  the  wave  length  insufficient 
attention  was  paid  to  the  measurement  of  the  grating  spaces,  and  this 
of  course  requires  an  accurate  standard  of  length.  Thal^n,^  who 
assisted  Angstrom  in  his  work,  corrected  it  afterwards  for  the  error  in 
the  assumed  length  of  the  Upsala  metre. 

Ten  years  after  Angstrom's  research  Mr.  C.  S.  Peirce*  again 
attacked  the  problem  with  Kutherford  gratings  far  superior  to  any 
previously  used. 

The  grating  space  (a  +  b)  is  never  perfectly  uniform  throughoat 
the  whole  extent  of  the  ruled  siuiace.  Regular  or  periodic  variadoDS 
produce  "  ghosts  "  and  differences  in  focus  of  the  spectra  on  oppodu 
sides  of  the  centre.  There  are  other  variations  of  an  irr^ular 
character,  such  as  the  displacement  or  omission  of  one  or  more  lines, 
or,  what  is  far  worse,  the  more  or  less  sudden  change  in  the  grating 
space,  forming  a  part  having  a  grating  space  peculiar  to  itself.  This 
latter  is  by  far  the  most  formidable  type  of  error.  The  other  irreg 
ularities  are  harmless,  and  occur  in  most  gratings.  If  the  abnomul 
portion  of  the  grating  be  confined  to  a  few  hundred  lines,  they  will 
merely  diffuse  a  certain  amount  of  light  without  producing  false  lines 
or  sensibly  injuring  the  definition.     They  will,  however,  lead  to  an 

1  Thal^n,  Sur  le  Spectre  du  Ftr,  Upeala,  1886. 
'-'  Ain^ican  Journal  of  Science,  third  series,  xviiL  p.  61, 1879. 
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incorrect  result  if  we  determine  the  grating  space  by  measuring  the 
total  length  of  the  grating,  and  dividing  by  the  total  number  of  lines. 

Mr.  Bell  ^  describes  an  experiment  illustrating  the  effect  of  these 
errors  of  ruling :  "  Place  a  rather  bad  grating — unfortunately  only  too 
easily  obtained — on  the  spectrometer,  and,  setting  the  cross-hairs  care- 
fully on  a  prominent  line,  gradually  cover  the  grating  with  a  bit  of 
paper,  slowly  moving  it  along  from  one  end.  In  very  few  cases 
will  the  line  stay  upon  the  cross -hairs.  A  typical  succession  of 
changes  in  the  spectrum  is  as  follows : — Perhaps  no  change  is  observed 
until  two- thirds  of  the  grating  has  been  covered.  Then  a  faint 
shading  appears  on  one  side  of  the  line,  grows  stronger  as  more  and 
more  of  the  grating  is  covered,  and  finally  is  terminated  by  a  faint 
line.  Then  this  line  grows  stronger  till  the  original  line  appears 
double  and  finally  disappears,  leaving  the  displaced  line  due  to  the 
abnormal  grating  space.'' 

The  effect  of  an  abnormal  portion  of  the  grating  is,  therefore,  to 
cause  a  displacement  of  the  lines  of  the  spectrum  and  lead  to  error  in 
the  evaluation  of  the  deviation,  as  well  as  in  the  calculation  of  the 
grating  interval  The  abnormal  spacing  generally  occurs  at  the  end  of 
the  grating  where  the  ruling  was  begun,  for  the  engine  after  starting 
requires  some  little  time  to  settle  down  to  a  uniform  state. 

To  detect  and  evaluate  the  errors  of  irregular  spacing  Mr.  Bell  ^ 
proposes  the  mlihration  of  the  grating.  In  this  process  the  grating  is 
examined  under  a  microscope  from  end  to  end.  This  gives  the  varia- 
tions in  the  lengths  of  the  spaces  in  different  parts  of  the  grating. 
Bell's  mean  result  for  D^  with  four  corrected  gratings,  two  on  glass  and 
two  on  speculum  metal,  gave  at  20^  C.  and  760  mm.  pressure  in  air 

Xdi  =  5896-18  tenth  metres, 
or  in  vacuo 

Xd,  =  5897*90  teuth  metres, 

which,  as  far  as  errors  of  observation  go,  he  considers  should  be  cor- 
rect to  within  one  part  in  half  a  million.  The  wave  lengths  of  the 
other  lines  in  the  spectrum  derived  from  this  are  in  air  at  20"  and 
760  mm. 


A  (line  between  "head"  and  "tail" 
of  group)  .  .     7621-31 
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6884-11 
6663-07 
5896-18 
5890-22 


rEi  (line  between  "head"  and  "tail" 
\  of  group)  ....  5270-52 
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5269-84 
5183-82 
4861  -51 


^  BeU,  Phil,  Mag,  p.  362,  May  1888. 
3  LoniB  BeU,  PhU.  Mag.  p.  863,  May  1889. 
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Mr.  Bell  has  given  with  the  above  figures  the  chief  results  p^^ 
viously  obtained  for  Dj  as  follows  : — 

5894*3        lugstrom  corrected  by  Thalen  5895  Sd 

5898*6        Mullerand  Kempf .                   .  5%%*& 

5895*18      Mao^  de  L^pinay    .                   .  5896-04 

5897*4        Karlbaum       ....  5895*90 

5896*27       Bell 5896  IS 


Mascart . 

Van  der  Willigen 

Angstrom 

Ditscheiner 

Peirce     . 


Every  method  of  determining  wave  lengths  must  necessarily  involve 
the  uncertainties  of  the  standards  of  length  used.  The  experimental 
difficulties  involve  small  but  troublesome  corrections,  such  as  the  effect 
of  moisture  in  the  atmosphere,  changes  of  pressure,  uncertainty  as  to 
the  true  temperature  of  the  grating,  and  variations  of  the  grating 
space. 


GRAl'HIC  METHOD 


rioN  III. — Investigation  of  the  Istknsitv  in 

Diffraction  Pattebks 

147.  Application  of  the  Graphic  Method.  —  In  the  foregoing 
iCCtionB  we  have  considered  merely  the  general  character  of  the  effects 
)roduced  by  diffraction  when  light,  dii-ergiiig  from  a  lunjinoiis  point, 
alls  upon  a  narrow  aperture  or  passes  by  the  edge  of  an  opaque  obstacle, 
The  actual  calculation  of  the  intensity  of  the  illumination  at  any  point 
if  a  diffraction  pattern  (that  is,  the  fringe  system  produced  by  diffrav- 
ion)  is  generally  a  problem  of  some  diHiculty  when  attacked  directly 
>y  the  analytical  method,  but  in  many  cases  the  solution  may  be 
iffected  with  great  simplicity  by  means  of  the  elegant  graphic  mcthoil 
ntroduced  in  Art.  45.  We  shall  therefore  recapitiilate  briefly  this 
Dethod  of  representing  the  resultant  of  a  system  of  vibrations  of  the 
ame  period,  but  of  different  amplitudes  and  phases. 

Thus  it  has  been  shown  that  if  a  polygon  be  constructed  so  that 
.he  lengths  of  its  sides  (Fig.  1 1 9)  represent  the  araplimdes  «,,  n,, ,  ,  .  i>„ 
if  a  system  of  vibrations  siinultjineonsly  superposed  on  a  particle,  while 
he  angles  which  these  sides  make  with  , 
I  given  line  OX  represent  the  phas 
if  the  corresponding  vibi-ations  at  any  I 
Dstant,  then  the  closing  side  OP  of  I 
he  polygon  represents  the  amplitude, 
,nd  the  angle  XOP  which  it  makes 
nth  OX  represents  the  phase  of  the  I 
osultant  vibration.  In  this  figure  the  I 
ihases  of  the  successive  vibrations  arc 
nken  in  amending  order  of  magnitude, 
tid  iire  such  that  there  is  an  abrupt  fib-hp- 

bange  in  passing  from  each  to  those  adjacent  to  it.  if,  howevei",  the 
bangs  of  phase  l>e  not  abrupt,  but  varies  continuously  in  passing  from 
Etcb  to  the  next,  and  if  the  amplitudes  be  very  small,  then  the  sides 
(  the  polygon  will  be  very  short,  and  the  angles  which  they  make 
ith  each  other  will  be  very  small,  so  that  in  the  limit  the  figure 
ecomes  a  continuous  curve,  as  shown  in  Fig.  120.  This  is  what 
^ipeiis  when  we  attempt  to  represent  the  effect  of  a  complete  wave, 
'    i  *^y  V^  °^  ^'  ^^  '*"  external  point. 

3  shape  of  such  a  curve  depends  on  the  manner  in  which  the 


I 
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Jes  anil  phases  of  tbc  vibrationa  change  in  po^sint;  ( 

of  tlie  Bysteni,  the  i^iirvaturc  iit  any  jioint  lieitig  men 

by  the  rate  of  varintioii  of  phase  with  n 

tixlc.     Thus  if  the  element  uf  length  c 

curve  be  denoted  by  /k,  and   if   tb»  , 

Iietween   two   coiiaecutive   elements   be 

iheu    dil>    will    be    the    tliflerence     of    ] 

between  two  consecutive  vibrations,  ftnt 

I'ailiuB    of    curvature    at    the    correapui 

I  jioiiit     of     the    vibration 

fig.  ISO.  ilsltlip.     The  form  of  the  curve   rep| 

the  effect  of  any  part  of  a  wave  will  consequently  depem 

manner  in  which  the  wave  is  subdivided  into  elements  of  an 

In  the  particular  case  tn  which  the  vibrations  foi-m  a  aystp 
equjil  amplitude  and  uniformly  increasing  phase  the  curvature  if 
same  at  all  points,  and  the  vil)ration  curve  {«s  alrea^ly  noticed  in 
45)  is  a  circle.  This  is  the  case  discussed  in  Arts.  51  aud  52,  itt  v 
the  influence  of  obliquity  is  neglected,  and  whore  the  wave  froi 
divided  into  ring  elements  corresponding  to  equal  increments  of  pi 
The  areas  of  these  elements  are  not  equal,  but  vary  directly  as  i 
distances  from  the  point  O,  at  which  their  joint  effect  is  to  be  calculi 
and  it  follows  therefore  that  when  the  influence  of  difitaRce  on 
considered,  the  amplitudes  of  the  vibrations  produced  at  O  by 
i  various  rings  are  the  same.  When  the  influence  of  obliquity  is  U 
into  account,  on  the  other  hand,  the  amplituiles  form  a  diminid 
series,  and   therefore  in  the  vibralioti  curve  ih  cunlinually  dirainii 


rep^ 
arei^H 
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iiiivo  encircling  a  point  J  {Fig,  131)  wiib  convolutions  of  ever  dimin- 
ishing radius. 

This  method  of  dividing  the  wave  front  into  elenient§  of  equally 
iiicieasing  phase  is  iindaubtodly  the  moat  desii-able  when  it  can  ]>e 

>■    applied,  but  there  are  many  cases  in  which  it  ceases  to  be  convenient, 
and  other  methods  of  subdivision  have  to  l*e  adopted.     For  example, 

'     the  ring  method  ai>pliea  at  once  if  we  wish  to  calculate  the  intensity 
ni  any  point  on  the  axis  of  a  circular  aperture,  or  the  effect  of  any 
I'irciilur  or  annular  portion  of  a  wave  at  a  point  on  its  axis.     When 
I  III.'  aperture  is  rectangular,  or  when  the  light  is  diffracted  over  a  simple 
■iiraight  edge,  it  is  best  to  divide  the  wave  into  elementary  strips 
larallel  to  the  edge  of  the  obstacle.     We  shall  consequently  consider 
[his  method  of  strip  division  in  some  detiiil  before  applying  it  to  pur- 
riciilar   problems.      In  the  ring  method   the  surface  of  the  wave  is 
<Hvidcd  into  elements  of  area  by  means  of  a  syatfiui  of  spheres  hai-ing 
.»  common  centre,  while  in  the  strip  method  the  surface  is  intersected 
.iiiil  divided  into  strip  areas  by  means  of  a  aystem  of  planes  having  a 
...mraonedge. 

148.   The  Method  of  Strip  Division.— Let  two  |>aral]el  rittht  line* 
AB  and  CD  fFic.  122)  be  drawn 

1 

The  Nlrij. 
metliod. 

1 

in  the  front  of  a  plane  wave  so  as 
r.j  include  a  very  narrow  strip  of 
'!"■  wave,  and  let  it  lie  retiuired 
■    determine   the  effect    of   this 
•rrtp    at   any    external    point  0. 
T;  I  king    the    strip    to    bo    very 
n.-irrow  we  may  repi'esent  it  by 
the    right   line   AB   (Fig.    133), 
and    dii-ide    it    into   elements    of 
length,  PM„  MjMj^  eU:..  by  points 
tiikert  on  it  at  equally  increasing 

1 

1 

distances   from    0.      These   .-!t- 
raentii  are  such  that 

O.M,-OP=OMa-OM 

They  are  elements  of  uniformly  in. 
length.     To  exjiress  the  length  of 
we  have  by  similar  triangies 

(OX'-OX):X 

1  linoting  OX'  -  OX  by  S,  and  wrii 

creasing  phase,  but  are  not  of  equal 
any  one  of  them,  XX'  for  example, 

X;:l'X:OX-. 

ting  r  and  .-  for  OX"  and  PX'— that 

J 

<:RA1'QIC  method  nur.ii 

■  the  ilieiancea  of  the  element  from  0  and  V  reB|>ec:tivr!y — « 


Hence,  if  we  neglect  the  influence  of  obliquity,  the  amplitude  of  tke 
vibration  contributed  by  the  element  XX'  will  be  proportional  to 


!  conclude  therefore  that  when  the  atrip  is  divided  into  olementi 
responding    to    uniformly     incn<««is): 
I  phaecH    their    effects    dimiuieb    na    lhi7 
recede    from     the    pole    P,    tho    diminu- 
tion   of    effect    lieing    inversely    as   ihf 
distance  of  the  dement  from  the  pole  of 
ihu  strip.     When  the  influenou  of  tiUi- 
rjuity  is  taken  into  account  this  rat«  ^ 
decrease  in  the  effects  of  the  elemenu,  » 
tliey  recede  from  the  pole,  is   tnade  etill 
•re  ra|)id.      Hence  when  we    cfiiu[«n 
u  consecutive   half-period   ctement«  fi 
}  strip,  as  in  Art.   51,  it  follows  tM 
when  they  are  near  the  pole   they, 
when  they  are  far  away  from  the 
approximately  neutralise  each  other. 

Denoting  the  cfTects  of  the  consecutive  half-period  elements 
m.,,  wig,  etc,  and  taking  into  account  the  two  halves  of  the 
Singl*  jVP  and  BP,  the  whole  effect  of  the  strip  may  be  written  in  the 


considerably  in  e 


s=a(m 


^) 


In  this  aeries  the  terms  diminish  rapidly  at  first,  so  thai 
become   very   small,   and  ultimately   etpial  and   opjiosite.      WaJ 
therefore   conclude  that  when   the  wave   length  is   small   th« 
effective   portion   of  the  atrip  is  confined   to  a   small    rogion  f 
neighbourhood  of  the  pole.     In  the  same  way  every  other  strips 
lie  reduced  to  a  small  effective  portion  in  tho  neighbourhood  o 
pole  with  respect  to  O,  and  the  whole  wave  may  1»  replaced  bji 
narrow  equatorial  band  QQ  (Fig.  i  22)  passing  through  P  in  it  din 
iit  right  angles  to  the  strips. 

The  calcidaiion  of  the  efTect  of  the  whole  wave  at  O  is  J 
quently  reduced  to  that  of  the  equatorial  band,  QQ.      Nov  tloifl 

'  Thin  merely  tx|jreasia  that  rdr^xix. 
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i.<  i-iiL  into  elements  by  the  strips  ABC'D,  et«.,  which  corresijonti  to  f 
(■•(iiiil  increments  of  phftse,  and  as  the  effects  of  these  at  0  vary 
inversely  as  their  distances  from  P  (when  the  effect  of  obliquity  is 
tieiflected),  it  follows  that  the  successive  elements  produce  effects  at  0 
which  rapidly  diminish  as  they  recede  from  iho  pole.  This  diminution 
i^  rendered  still  more  rapid  by  the  influence  of  obliquity,  which  also 
i-.mses  a  falling  off  in  amplitude  as  wo  recede  from  the  pole.  The 
ic-iuit  ia  thjit  the  effective  portion  of  the  equatorial  band  is  confined 
Ilia  small  area  in  the  neighbourhood  of  P,  and,  as  before,  the  effect  of 
■  111'  whole  wave  may  lie  limited  to  a  small  urea  surrounding  the  pole. 

Xow  it  the  effect  of  a  single  strip,  such  as  AB  (Fig.  123),  be 
I  ^presented  graphically  in  the  manner  ali-eady  explained,  it  is  clear 
T  )i:it  (since  (he  amplitudes  of  the  vibrations  contributed  by  the  succes- 
-ive  elements  of  the  strip  rapidly  diminish  as  they  recede  from  the 
I" lb')  the  curvature  of  the  vibration  curve  will  increase  rapidly  at  first,  a 
;iTid  then  more  slowly,  so  that  the  curve  will  lie  a  spiral  similar  to  that  *' 
•'hr.wn  in  Fig.  120,  with  convolutions  of  ever  decreasing  i-adius 
.•Tioircling  a  point  .1.  This  spiral  represents  one  half  of  the  strip,  and 
[ije  other  half  ivill  bo  represented  by  the  same  spiral  repeutetl.  The 
effect  of  the  whole  strip  will  consequently  be  I'e presented  in 
•Amplitude  by  20.1,  and  in  phase  by  the 
angle  XOJ.  This  angle  measures  the 
difference  in  phase  between  the  resultant  | 
vibration  contributed  by  the  whole  stn[ 
and  that  contributed  by  the  central  point  I 
or  pole  of  the  strip. 

Having  determined   the  amplitude  n 
phase  of  the  vibration  contributed  by  each  I 
strip  —  that    is,    by    each     element    of    the 
equatorial  land  QQ — a  spiral  may  be  drawn  ' 
in  the  name  way  to  represent  the  effect  vf  ''' 

the  complete  wave.      Xow  since  the  phase  of  the  vibration  contributed 
I»y  the  whole  wave  differs  from  that  arriving  from  the  [wJe  by  90" 
(Art.  62),  it  follows  that  the  spiral  representing  the  equatorial  band 
nuist  encircle  a  point  J  on  the  axis  OY  (Fig.  124),  and  must  start  \ 
from  O,  not  as  a  tangent  to  OX,  Imt,  making  an  angle  with  it,  deter-  " 
nkiiied  by  phase  difference  lietween  the  resultant  vibration  of  a  whole 
-ri-i|i  and  that  contributed  by  its  pole.     This  spiral  represents  one  half 
.  f  the  efjuatorial  band,  and  the  other  half  is  represented  by  the  t 
-piral  repeated,  so  that  the  whole  amplitude  is  measured  by  20J. 

In  the  case  of  a  spherical  wave  the  surface  may  be  divided  into  a 
-I  lies  of  stri]ifl  by  a  system  of  planes  passing  through  a  iliameter  of 


I 
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Bplivri'^iti  the  splieie.     Thus  if  AFB(Fig.  125)  represents  the  front  of  ssj 
*"'^'        wave  diverging  from  C,  anil  if  it  is  required  to  calculate  the  HTect  ii 

0  of  the  whole,  or  some  portion  of  it.  iht 
Hiirface  of  iho  wave  may  be  divided  iiiK> 

1  nyi^tem  of  strip  nrens  \iy  a  syateu  of 
[jliines  glassing  through  a  diameter  AB 
of  the  wave  drawn  at  right  angles  to  OC' 
These  planes,  which  nmy  lie  fnlleil  mer 
i'lian  planes,  interRCct  the  surface  io  gresi 
(irfles,  and  divide  it  into  elementuj 
-trips,  which  are  luties  of  small  ara 
I'^ich  of  these  strips  may  l>e  reduced  in 
frt'ecl  to  a  small  ai-ea  in  the  neighhonr- 
Uood  of  iU  pole,  and  may  bo  reprcsenU^ 
unner  of  Fig.  120.      It  follows  theref<irT 

hat,  as  in  the  ease  of  a  plane  wave,  the  spherical  wave  may  le 
replaced  in  effect  by  an  equatorial  Imnd  lying  Along  the  great  eiirlr 
PMN,  which  cuts  the  meridian  planes  orthogonally.  This  Wiul  in 
turn  may  be  represented  gniphically  by  a  spiral  curve  after  the  manner 
of  Fig.  124,  and  its  etlective  jfortion  is  restricte*! 
the  iieighl)ourhood  of  P.  When  represented  in  this 
lude  of  the  resultunt  vibration  ia  20J  (Fig.  1 24 ), 
and  its  phase  is  90'  in  advance  of  that  of  the 
vibration  arriving  from  the  jwle  of  the  wave. 
The  only  other  form  of  wave  which  we 
ii  need  consider  ia  the  cylindrical  wave,  such  as 
diverges  from  a  long  narrow  slit.  In  this  case 
the  surface  of  tho  wave  may  be  divided  into  a 
B  of  rectilinear  strips  parallel  to  the  length 
of  the  cylinder  by  a.  eystem  of  planes  drawn 
through  its  axis,  as  shown  in  Fig.  126.  Each 
of  these  strips  may  l)e  reduced  to  a  small  effec- 
tive portion,  and  the  whole  wave  as  l>efore  may  lie  replaced  by  m 
equatorial  band  PMN.  This  in  turn  reduces  to  a  small  [xirtion  ntwim* 
P,  and  may  be  lejircsented  graphically,  as  in  the  case  of  n  pbno  imn 
14S.  First  Applications  of  the  Spiral.  ^  Before  malcing  inr 
calculation  of  the  actual  intensity  at  the  vaiioiw  points  of  m  dilfmcttm 
jiattern,  we  shall  consider  in  a  general  manner  the  fliictuatwiu  (^ 
intensity  in  some  of  the  elementary  ciiaes  nlrwuly  noticetl '  (See.  M 

'  Tliin  spiitiuatimi  ua*  |Ri1>lUlie'l  l>y  M.  Cuniii  «s  n  "Mi'tliod*  tiuUTrll*  (mi  1> 
n  dea  prohliiutui  do  ditlnictioii  d«n»  Ip  coh  il'iiiii'  omit-  r}?lindrii)iH  "  ( A">»^ 
ft-  Phijn^ie,  torn.  iif.  1H74). 
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FIRST  APPLICATIONS  OF  SPIRAL  a4» 

r  thin  purpose,  when  the  strip  method  of  diviaion  ia  employed,  each 
E  of  ihe  wave  gives  rise  to  a  spiral  curve,  and  these  spirals  are 
(-■al  in  shape  and  position.      Instead  of  superposing  them,  how- 
it  will  often  lie  foujid  convenient, 
p  the  purposes  of  representation,  to 
B  of  them  alKjve  the  line  OX, 
1  the  other  below  it,  as  shown  in 
Fijf,  127.     The  chord  joining  any  two 
1  Kjiiiis  on  the  upper  spiral  will  repre- 
^     -^iMil   the   resultant  effect  of  a   corre- 
p     sponding  portion  of  one   half  of   the 
^     wave,    and     the    chord    joining    two 
_     points  on  the  lowei-  spiral  will  repre- 
soiit  a  jwrtion  of  the  other  half  of  the 
^lave.     Thus  O.T  represents  the  whole 
t-fiect  of  the  upper  half  of  the  wave, 

:ind  OM  represents  the  effect  of  a  portion  of  the  lower,  whereas  .IM 
IS  the  resultant  of  these  two  (viz.  OJ  and  OM)  taken  together.  This 
.qijilies  to  the  case  of  light  dift'racted  over  a  straight  edge. 

Sliiiii/lit  Eil'/r. — It  has  lieen  already  indicated  that  when  light 
ji.isses  by  the  edge  of  an  opaque  screen  a  system  of  fringes  exists  just 
oiitsido  the  geometrical  shadow,  but  that  inside  the  shadow  the  light 
:  .lies  away  gradnully  without  passing  through  any  alternations  of 
'Tightness  itnd  darkness.  The  illumination  at  any  point  outside  the 
-li.idow  is  contributed  by  a  complete  half  wave  RS  (Fig.  107)  antl  by 
(i-nciioii  RA.  The  etiect  of  the  half  wave  will  be  represented  by  OJ 
and  the  fraction  by  OM  (Fig.  127),  where  M  is  some  point  on  the 
^^gter  half  of  the  spiral.  The  resultant  effect  will  therefore  be  i-epre- 
^^Bod  by  JM.  Hence  as  M  moves  along  the  spiral  JM  passes  through 
^^^BMm  of  maxima  and  minima.  There  is  consequently 
^^Hnmations  of  brightness  and  darkness  outside  the  geometrical  shadow 
For  as  the  point  on  the  screen  moves  outwards  from  the  shadow,  the 
point  M  moves  round  on  the  spiral  towards  J',  and  JM  passes  through 
A  maximum  and  a  minimum  every  convolution.  The  least  value  i» 
JO,  that  due  to  half  a  wave.  The  intensity  then  rises  and  fallx,  the 
values  of  the  maxima  being  greater  than  JJ',  that  due  to  the  complete 
ware,  and  the  values  of  the  minima  greater  than  JO,  that  due  to  half 
A  wave.  At  the  edge  of  the  geometrical  shadow  the  amplitude  is  OJ, 
nnd  the  intensity  is  conseipiently  one-fourth  of  that  produced  by  the 
whole  wave. 

For  the  illumination  at  any  point  within  the  geometrical  shadow 
we  have  only  to  deal  with  part  of  the  spiral  OJ  (Fig.  138),  i 
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ion  of  half  ii  wave  is  iiow  in  action.     As  P  recedes  n-ithin 

'  the  tracing  ]>oiiit   M  recedes  from   O  along  the  spiral  03, 

I  moi-ing  round  towards  the  point  J.     The  lin* 

I  JM,   which  represents  the  resultant  vibraticpii, 

continually  decreases  towards  zero,  without  p»» 

ing  through  any  maximum  or  minimum  Yalu« 

I   The  illumination  therefore  falls  off  gruduallr  M 

zero  within  the  shadow. 

Narrow  ApfrhiTf. — ^Let  uis  now  cotisidor  iW 
'-'-"^  illumination    produced    at    any    point    bj:   • 

very  narrow  rectiitignlar  slit.  Since  the  elemeul  of  arc  of  lli# 
spiral  measures  the  amplitude  of  vibration  of  a  corresponding 
element  of  the,  wave,  it  follows  that  the  length  of  the  complete  mt 
of  the  spiral  which  represents  the  wave  from  the  slit  is  eiu]|>ly  pro- 
portional to  the  width  of  the  slit;  consequently  the  amplitude  of  th* 
resultant  vibration  at  any  point  on  the  screen  will  be  measm-ed  by  tin 
right  line  joining  the  extremities  of  a  constant  length  of  the  cunv, 
viz,  an  arc  proportional  to  the  width  of  the  slit.  Inside  the  geomeinol 
])roJGction  the  arc  in  question  passes  thi'oiigh  0  and  l>elong3  partly  tn 
one  half  of  the  spiral  and  partly  to  the  other.  Outside  the  projectimi 
the  arc  is  situated  altogether  in  one  half  of  the  spiral.  In  all  rase*  i> 
is  clear  that  there  will  be  generally  Hnctuations  of  intensity  at  difforent 
points  of  the  screen. 

If  the  slit  be  very  narrow,  so  that  the  corresponding  an:  of  iV 
spiral  is  small,  then  inside  the  projection  the  intensity  will  r«niaiii 
constant  over  a  considerable  range,  and  be  \'ery  nearly  i)ro]>ortionnl  i" 
the  square  of  the  width  of  the  aperture, 
since  here  the  arc  will  nearly  agree 
with  its  chord. 

N'ln-ow  Wifr.— The  case  of  a  narrow 
wire  can  be  deduced  from  that  of  a 
narrow  rectangular  ajjerture  of  the 
same  dimensions.  Inside  the  shadow 
of  the  wire  the  effect  of  that  ]»rt  of 
the  wave  which  passes  one  side  of  the 
wire  is  represented  by  JM  (Fig.  129) 
where  M  is  some  point  on  the  spiral 
(]J,  and  the  effect  of  the  part  passing 
the  other  side  of  the  wire  is  represented  '  '"■  '""■ 

by  J'M'  where  M'  is  some  point  in  the  spiral  OJ',  and  the  arc  il) 
is  proportional  to  the  width  of  the  wire.  If  the  wire  nibufxi* 
considerable  number  of  half-period  elements  at  the  screen,  Ui«  «■ 
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[  and  OM'  will  contain  Beveml  convoluliona  of  the  spirala  iinti 
he  lines  JM  and  J'M'  will  be  nearly  equal,  bo  that  there  wUl 
e  destructive  interference  when  JM  and  J'M'  are  in  ojipoflite 
irectione,  and  tiiaximum  illuminations  when  they  are  in  the  same 
irection.  In  the  interior  of  ihe  shadow  we  hiivu  thus  a  system  of 
iterference  Ifands.  As  we  approach  the  boitlers  of  the  shadow,  the 
■oint  M,  suppose,  moves  towards  0  on  the  spiral  and  the  point  M' 
loves  towards  J',  since  the  arc  MM'  must  Iw  of  constant  length.  The 
ines  JM  and  J'M'  in  this  case  differ  considerably  in  magnitude,  so 
hat  when  they  are  parallel  and  in  opposite  directions  there  will  still 
<e  some  resultant  illumination  and  the  minima  will  not  be  places  of 
ompletc  darkness.  Outside  the  shadow  we  have  a  complete  half  wave 
nd  a  fraction  from  one  side  of  the  wire.  These  will  be  represented 
ly  OJ  and  OM'  respectively,  while  from  the  other  side  wc  hiive  a 
lortion  represented  by  J'M",  where  M" 
ome  point  on  the  spiral  near  J'.  The  ai 
J'M"  is  absent  and  of  a  constant  length  I 
iroportional  to  the  width  of  the  ivire. 
Thus  il  from  J'  we  draw  J'N  (Fig.  130)  | 
lunillet  and  equal  to  the  chord  of  the  i 
J'M",  then  since  JJ'  represents  the  off 
f  the  whole  wave,  and  since  J'JJ  represents  I 
he  effect  of  the  intercepted  ^Kirtion, 
ollows  that  JN  will  represent  the  trai 
oitted    portion.      JN  therefore    represents  *'''*'  "'^ 

t  at  a  point  outside  the  shadow,  and  as  J'N  revolves  roiind  J' 
£  is,  as  the  point  recedes  fi-om  the  edge  of  the  shadow — the  line 
»  through  a  series  of  maxima  and  minimii,  which  represent 
J  fringes. 

case  of  the  iiari-ow  apertnre  it  is  JN  that  is  intercepted  and 

mitted. 

0  Niirrou-  Hctijni/iilur  Jjiedures. — In  the  case  of  two  equal  nar- 

Kitlires  we  have  to  consider  the  resultant  of  two  arcs  of  the 

r  lengths  proportional  to  the  widths  of  the  apertures.     These 

I  separated  by  an  arc  of  constant  length,  projKirtional  to  the 

B  between  the  apertures.     The  resultant  is  therefore  the  vector 

[  the  chords  of   the  two   arcs — that   is,  the  diagonal  of  the 

Pelogram  having  its  adjacent  sides  parallel  and  equal  to  the  chortle. 

I  diagonal  will  jmss  through  a  maximum  or  minimum  value  accord- 

B  the  chords  of  the  arcs  are  parallel  and  in  the  same  or  opposite 

ns. 

J  narrow  wires  give  a  corresponding  system  of  fi'ingcs,  itnd  the 
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diffiiicLion  patterns  iiffoi-dcil  by  other  arrangements  may  be  inv«stigal«d 
in  II  similar  maimer. 


ViikuhifioK  of  III,-  Iiilensif;/  m  the  C<\ge  of  PcmilUl  Light 

160.  Karpow  Rectangular  Apenure. — It  is  very  easy  to 

by  the  graphic  method  the  ciise  in  which  the  incident  light  is  a  panllil] 
beam,  or  in  other  words,  &  plane  wave,  ^^'e  shall  first  take  the  om 
of  a  narrow  rectaugidar  apertm'e  of  width  a,  and  at  present  wo  ahill 
omit  all  consideration  of  the  length  of  the  aperture  and  inveeugiite  udIv 
those  phenomena  which  arise  from  the  nurrownesa  of  its  width. 

Let  AB  (Fig.  ]  .11)  lie  a  cross  section  of  the  ai>erture  by  a  ploM 
I  at  right  angles  to  its  length,   and    let  tb> 
I  incident  light  make  an  angle  90"  -  i  with  the  wijJll! 
is    retjuired    to  determine    tlie    intonatt} 
I  of  the  illumination  at  any  point  on  the  other  side 
I  of  the  aperture.'     For  this  purpose  let  its  take  Ha 
1  beiim  of  (liifracted  Hgbt  which  leaves   the  slit  in 
,ny  given  direction  AX,  making  •  an  angle  90  -  * 
vith  AB.     Then  it  fotlowi,  as  in  Art.   1 36,  th« 
ihe  relative  path  retardation  of  the  extreme  rati 
^'''-  '"'■  AX  and  BY  is 

8^,.(siiii+Biiie). 

and  their  difference  of  phase  is  found  by  multiplying  this  by  tnM 
Xow  let  the  aperture  Iw  divided  into  a  very  great  number  of  excMil-  I 
irigly  narrow  strips  of  eijiial  width,  the  lengths  of  the  strips  being  I 
parallel  to  the  length  of  the  aperture.     Thin  is  eiiuiviUeikt  to  di^ii 
AB  into  a  great  num1>or  of  small  elements  of  etptal  length,  and  i 
the  light  is  parallel  it  is  clear  that  each  of  these  elemenla  proi 
vibi-itiotis  of  equal  amplitude  and  correspond  to  equal  in 
phase.     The  problem  therefore  reduces  to  the  calculation  of  t 
sultant  of  a  number  of  vibrations  of  eijual  amplitudes  iintl  unifal 
increasing  phases.     Such  a  system,  we  have  already  seen  (^Vrt.  I 
gives  a  vibration  ctirve  of  uniform  curvature — that  is,  a  circle- 
the  resultant  is  conseipiently  represented  in  amplitude  and  pht 
the  length  and  direction  of  a  chord  OM  (Fig.  132)  of  a  circl& 

'  YoT  the  Hako  of  definiteiiem  let  us  snppow  thnt  s  tens  in  pltwiii]  Wore  |b*fl 
tiire,  as  in  Fig.  103,  so  that  ill  the  light  whicb  leaves  the  a|>erturs  f 
ffyen  direction  is  rocnaeil  st  a  single  [loiDt. 

'  The  Biigles  are  lalsen  this  way  in  order  to  embrace  the  oase  in  whicli  ihf  j 
of  inuidence  is  not   the  ssiiie  ss  the  iilani>   of  <li<frei;tion.     Hm:  f  aiul  t 
angles  which  the  rays  raaltB  with  a  plane  [Wfjiendicular  to  AB. 


(nose  pnenomena  wi 
Let  AB  (Fig.  i: 

m. 
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^^ttensity  of  the  diffracted  light  consequently  depends  on   the  fiiwl 
^^BotioQ  of  the  tracing  point  M — that  is,  iigioii  ihe  pLuse  diflerence  of 
^^■B   extreme   ravs   AX   and   BY.      For 

1 

^^Hfemple,   when   thie  phase  difference  is 

^^H  even    multiple  of  tt   the  intensity  is 

^^^■0,  for  then  the  tracing  point  coincides 

^^th  0,   and   OM  le  zeio.      Now  if  we 

denote  the  phase  difference'  of  the  ex- 

rreme  rays  by  2^  we  have  2-^  =  OC'M  = 

J!70,.'A,  and  therefore 

1 

■ 

Bat  we  also  have 
^                                             0M  =  2R  sia  iOCM  =2R  sii,  9. 

^nrhere  R  is  the  radius  of  the  circle.     Further,  if  s  be  the  length  of  the 
^Mp  OM,  then  by  the  manner  in  which  the  curve  is  plotted  .-i  must  be 
^^Kiportional  t«  the  width  of  the  aperture. 

^H^  So  that  if  we  take  the  constont  of  proportionality  to  be  unity  we 
^^Hgr  writ« 

^HEt  s  =  2Ri^,  therefore  SR  =  alttt,  and  the  expression  for  OM  becomes 
aJid  the  resultant  intensity  U  measured  by 

■                                                        1 

^K      Cor.  1.— Since  the  line  OM  makes  with  OX  an  angle  MOX  =  JMCoI 
^K  follows  that  the  phase  of  the  resultant  vibration  is  the  same  as  that 
^Hl  the  vibration    contributed  by  the   middle  ati-ip   of    the  aperture. 
^^Bnce  if  the  vibration  from  B  be  represented  by  n  =  sin  ud,  that  from 
^^Biril)  he  g  =  sin(ii»'  +  2<^),  and  the  equation  of  the  resultant  vibration 

J 

^Krt  It  is  to  be  renLeiiibi.red  tl.st  tlie  Iracing  point  mij  have  desKrilwd  tliB  oircli. 
^^bwl  tiroes.  «id  anally  setllci  in  the  po«it!o«  M.     The  angle  2^  is  tl.a  wl.olt 
^^^M«  tluDugh  which  the  ladins  CM  has  rcrolvud,  and  the  arc  i  referred  to  in  the 

^^Et  ia  •!«>  worthy  of  note  tliat  H  varies  from  point  to  iwint  of  tlie  scrwin.     It  is 

^^bnuunaare  not  determined  by  #  =  an  odd  multiple  of  ir/2,  as  shown  in  Art  IfiL 

J 
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Cor.  2. — If  the  light  be  incident  perpendicularly  on   llie 
the  intensity  ul.  any  point  of  the  diffriiction  pattern  is  pi-o[Kirtioii 


ISI.  Determinatlonof  the  maxima  and  Minima. — Thee: 

for  the  intensity  nt  any  ]ioint,  lieing  a  function  of  tbe  angle  ^  of  dif 
frai^tion,  wiil  vary  from  point  to  point  on  tbe  screen,  and  pajBS  thrnu^ 
a  aeries  of  maximum  and  minimum  values.  This  has  already  be«n  inll^ 
catod  by  the  elementury  examination  of  Art.  129,  but  we  are  now  m 
a  position  to  inquire  into  the  phenomena  more  accurately. 

For  bre\-ity  we  have  written  i^  =  y(sin  i  +  siutf),  and  wc  haw 
found  the  intensity  measured  byu'sin^^/^*,  hence  as  the  angle  tf  ^irin. 
the  intensity  passes  through  a  series  of  maximum  and  mintman  tbIoh 
as  follows. 

Minium. — 1  =  0  when  <t>  =  mr,  excluding  the  value  n  =  0,  wUct 
con'csjwnds  to  a  maximum.  Hence  at  points  in  the  direction  tf  Jt 
I  termined  by  the  equation         ^H 


ntf=rA/« 


complete  darkness  wium* 

nteger  other  tiian  wro. 

Mnriina. — Eipiattng  to  zerulfa' 

tirst  derived  of  sioif./^   wo  fird 

that  the  values  of  0  which  tnakel 

satisfy  the  equation 


is  equation  graphiailj. 
o  curves 


(1)!'  = 


and  (2)  y= 


The  tirst  represents  a  line  b 
the  angle  between  the  axes  of  <  wl  I 
;/(Fig.  133).     Theaocomlc 
of  an  infinite  number  of  bn&vto  1 
of  amplitude  -ir.     The  first  branch   AA'  passes  through   the  orijcJn  0 
and  touches  at  infinity  the  lines  i:=  i-.  Jn-,  which  are  it«  nnj-mpMi  J 
The  second  branch  BB'  cuts  the  axis  of  z  at  the  point  r  =  -w  aiid  b 
at  infinity  the  lines  x=  %Tr  and  x=  ^ir.     The  maximum  valttes  ^ 
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correspond  to  the  values  of  1/  which  satisfy  both  these  equationH,  since 
then  we  have  -r  =  taii  /.  The  imtxima  are  therefore  determined  by  the 
intersection  of  the  Hue  OC  with  the  curves  AA',  BB',  CC,  etc.  The 
ccjrrespondlHg  values  of  c^  are  less  than  the  odd  nniitiplea  of  iir,  but 
as  n  increases  the  value  of  1/.  approaches  more  and  more  nearly  to 
(2m  +  l)iff-  The  values  of  ^  corresponding  to  the  maximti  values  of 
the  illuminalion  have  been  given  hy  Scliwerd  as  follows : — 


#,  =  1  -laoa* 

♦„  =  3-470Sir 
0.  =  4-4774ir 
♦,  =  5-4818» 
«„  =  d-4844ir 

fl^  =  T'48e5» 


1„  =  I 


Thus  while  ^„  becomes  more  nearly  (3«+ 1)^:7  m 
corresponding  values  of  I  (the  maxima  illuminations)  decrease  rapidly. 
being  approximately  in  the  latioa  of  the  cjuantities  1,  (^'-)'  (r-)' 
etc,  which  correspond  to  <^  equal  to  odd  I 
multiples  of  r.  If  the  intensity  of  the  tirst  I 
maximum  be  taken  as  unity,  the  values  of  the 
second,  third,  and  fourth  will  be  approxi- 
mately jV>  A>  *nd  y^j-  respectively.  Fig. 
134  represents  the  variations  of  intensity,  its  I 
abscissae  being  the  angle  •(>  and  its  ordinates  I 
the  corresponding  intensities.  The  first  ma 
tniim  is  very  much  greater  than  the  othei's,  I 
and  these  again  diminish  very  rapidly.  With 
white  light  we  have  a  series  of  raiultow- 
colouretl  fringes,  violet  at  their  inner  and  red  | 
at  their  outer  edges.  The  spectra  formed 
by  a  single  narrow  apertiire  Fraunhofer  terms  gpedru  0/  th:  Jiid  cUn^. 

162.  Circular  Apertui^. — The  intensity  at  any  point  on  the  axis 
of  a  circular  aperture  may  l>e  easily  expressed  in  the  same  manner. 
Thus  we  have  already  seen  (Art.  53)  that  when  the  aperture  is  divided 
into  circuliir  annuli,  corresponding  to  equal  ditferences  of  phase,  the 
amplitudes  of  tie  vibrations  pi'oduced  by  ihosB  elements  are  etjual,  and 
therefore  (when  the  influence  of  obliquity  is  neglected)  the  vibration 
curve  is  a  cii-cle.  Hence,  as  in  Art.  150,  if  s  Ijo  the  length  of  the  arc 
of  the  circle  which  represents  the  resultjint  vibration,  we  have 


OM  =  2K8i 


anJ"  =  -iR*, 
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ThcrefoFG  the  inl^iisily  may  bo  expressed  in  the  form 

whi'ie  2<^  is  the  phaae  tliflereiice  o(  the  vibratioiiB  fi'oiu  I 
the  circumference  of  the  aperture. 

When  the  radiua  of  the  aperture  is  small  compured  with  I 
distances  involved  we  have  approximalely,  as  in  Art  130, 

where  r  is  the  radius  of  the  aperture,  a  its  distance  from  the  lDntin<w| 
ongiti,  and  b  its  distance  from  the  screen.     Now  by  Art,    52  ihc  a 
f  is  proportional  to  2irriS/((t  +  d),  and  this  by  the  foregoing  redueta  ttjj 
ffc*/fi.      Hence  the  expression  for  I  becomes 


I  this  ( 


I  uiay    bo  discussed  i 


The   maxima  an 
preceding  article, 

15S.  Two  Equal  Reotilinear  Apertures, — The 
method  m<iy  be  applied  with  facility  to  the  case  of  two  very  i 
apeitures,  each  of  width  «  BejwraMd  by  an  opaque  iiii«rYtU  of  y 
Let  the  apertures  be  OA  and  BC  (Fig.    1 3.5).     Then, 

I  the  ofTect  of  each  aperture  may   b«  i 
I  senti'd  by  an  arc  of  a  circle  of  magttiti 


i  ig.  I'/i/  fnii    iHj   Hen 
magnitude  2/3  gireD  I 


The  resuitaut  amplitude  due  to  each  will  be  measured  by   the  j 
OA  or  BC — that  is,  by  a  sin  a/o,  but  as  the  rusultant  vibrMioi 
to  OA  and  BC  differ  in  phaae  by   an   amonut   3(a  +  j3),  luindfl 
angular  dieiUtnce  between  their  middle  poinU,  it  follows  by  , 
that  the  resultant  intensity  is  iiii'JLSured  by 
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The  equation  of  the  resultant  vibration  is  therefore 


y  =  2a     —  co8(a  +  /3)8in(«e  +  2a  +  /3), 


ind  this  corresponds  in  phase  to  the  middle  strip  of  the  opaque  interval. 
Por  the  resultant  vibration  transmitted  by  OA  is 


yi  =  (i         8Jn(c««  +  a) 


.nd  tliat  transmitted  by  BC  is 


sin  ft  .    -  ^     _      ^^  _. 

y^=a sin  {(at  +  3a  +  2/8). 

ft 

5ut  y  =  y^  +  ^2,  therefore,  etc. 

The  intensity  depends  on  two  variable  factors,  one  sin  a/a,  which 
^ives  the  fringes  of  a  single  aperture,  and  the  other  cos  (a  +  jS),  which 
rives  a  system  of  fringes  corresponding  to  the  interference  of  the  lights 
rom  the  two  apertures.     This  factor  vanishes  when 

(a  +  i8)  =  (2H+l).', 

that  is,  when 

(a  +  &)(sin  i  +  sin  0)  =  {2n  + 1  )^» 

In  this  case  the  light  from  the  second  aperture  is  an  odd  number  of 
half-period  elements  behind  that  from  the  first,  and  the  two  destroy 
each  other  by  interference.     But  if 

ft  +  /8  =  nT, 

or 

(a  +  &)(8in  i  +  sin  $)  =  n\ 

bhen  the  two  are  concordant,  and  the  illumination  is  a  maximum. 
These  are  termed  maxima  and  minima  of  the  second  order,  or  spectra  of 
'Jie  second  class. 

We  may  therefore  consider  the  phenomena  observed  as  the  super- 
loflition  of  these  two  systems  of  fringes  ;  that  due  to  the  first  factor,  a 
lifiraction  system,  and  that  due  to  the  second  factor,  an  interference 
lystem.     The  intensity  is  zero  when  either  factor  vanishes. 

The  dispersion  of  the  second  system  being  inversely  as  a  +  Ms  less 
ban  that  of  the  first  system,  which  is  inversely  as  a,  it  follows  that 
irhen  the  apertures  are  not  very  close  the  second  system  is  nearly  all 
ontained  within  the  first  two  bands  of  the  first  system. 

s 
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The  points  of  maximum  intensity  consequently  do  not  in  genoil 
coincide  either  with  those  of  the  first  system  or  with  those  of  the  secooi 

154.  Small  Rectangular  Aperture. — In  the  calculation  of  Ait 
150  the  diffraction  pattern  is  considered  only  in  so  far  as  it  depends  on 
the  width  of  the  aperture.  In  the  case  of  a  long  narrow  slit  tlie 
pattern  consists  of  a  system  of  rectilinear  bands  parallel  to  the  lengtk 
of  the  slit,  and  these  bands  arise  from  the  narrowness  of  the  aperture 
The  length  of  the  slit,  in  fact,  is  so  great  that  all  difiraction  effects  is 
this  dimension  are  lost,  for  the  whole  effective  portion  of  a  strip  of  tht 
wave  taken  parallel  to  the  length  of  the  slit  is  transmitted  when  tht 
aperture  is  long. 

On  the  other  hand,  when  the  aperture  is  short  as  well  as  narrow, 
so  as  to  have  the  shape  of  a  small  rectangle  of  length  a  and  width  K 
then  the  limited  length  comes  into  operation  and  produces  diffractioa 
effects.  The  whole  effective  portion  of  a  wave  strip  taken  parallel 
to  the  length  is  not  transmitted,  but  partly  obstructed,  by  the 
aperture.  The  pattern  consists  in  fact  of  a  system  of  bands  paralkl 
to  the  length  of  the  aperture,  and  also  a  system  of  bands  parallel  U) 
the  width.  The  former  arise  from  the  limited  width  of  the  apertwre. 
and  the  latter  from  its  limited  length.  In  order  to  determine  the 
intensity  let  the  aperture  be  divided  into  a  great  number  of  verj'  small 
strips  parallel  to  its  length.  Each  of  these  strips  will  be  of  length  o, 
and  will  give  rise  to  a  Ndbration  at  any  point  under  consideration  oi 
amplitude  (Art.  150) 

.         sin  a        ,  ^*  /  •     •  .    •    ii\ 

A  =  a ,    where  a  =  -r-  (sin  t  +  sin  $), 

OL  A 

and  the  incident  light  makes  an  angle  90*^  -  i  with  the  length  of  the 
slit,  while  the  diffracted  light  makes  an  angle  90"^  -  ft  We  lumi  nov 
to  find  the  result  of  a  great  number  of  vibrations  of  aiqplitadr? 
A  =  a  sin  a/a  and  varying  in  phase  from  udto  od  +  2)8,  where 

90" -i'  and  90-6^'  being  the  angles  which  the  incident  and  dif- 
fracted light  make  with  the  direction  of  the  width  of  the  slit.  But 
as  before,  the  resultant  amplitude  of  these  will  be  Ab  sin  p/fi.  Hence 
the  intensity  of  illumination  will  be  measured  by 

The  illumination  at  any  point  therefore  depends  on  two  ^'ariaMt' 


ggiSi 
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iCtoK,  one  of  wbiuh  gives  rise  to  a  sories  of  bands  parallel  to  t.hc  side 
of  the  aperture,  while  the  other  gives  a  series  of  bands  [janillL'l  to  the 
tie    /'    of    the    aperture.      These    lines  ■ 
iiclose  a  system  of  rectangles  (Fig.  136) 
milar  to  the  aperture  turned  through 
0".     The  greater  the  length  of  a  sidi.' 
le  narrower  are  the  Iwinda  peri>endiculitf 
I   that  side.     It  is  thus  we  have  onl> 
le  system  of  parallel  fringes  with  a  long 
irrow  slit,  for  the  width  of  the  slit  i 
small  that  the  Imtida  parallel  to  the 
□gth  are  fairly  broad,  while  those  parallel  to  the  width  are  invisible 
I  account  of  the  length  of  the  slit. 

1 55.  Talbot's  Bands.  —  The  system  of  bands  which  are  soon 
ossing  a  tolei-.ilily  pure  apecti-um,  when  it  is  viewed  through  a  small 
(le  half  coverefl  with  a  thin  transparent  pliite,  has  iteen  mentioned 
ready  in  Art.  106.  We  are  now  in  a  position  to  easily  deduce  the 
^pression  for  the  illumination  at  any  point,  the  aperture  being  sup- 
wed  rectangular. 

Let  AB  (Fig.  137)  represent  the  plate  covering  half  the  apertiure 
.C.  The  effect  of  the  illumination  from  AB  will  be  represented  by 
a  are  0A  =  2u  (Fig.  138)  of  a  circle,  but  as  the  plate  produces  a 
itardation,  it  follows  that  the  ray  from  B  (Fig.  i;i7)  whiub  docs  not 


arerse  the  plate  will  be  accelerated  relatively  to  that  which  passes 
irough  the  plate  by  some  amount  2S.  Hence  the  effect  of  the  tree 
urt  BC  of  the  aperture  will  Ije  represented  by  the  arc  BC  =  '2n  (Fig. 
W)  of  the  circle,  where  AB  =  28,  the  retardation  in  the  plate.  It 
Ilows  easily  that  the  inclination  of  the  chords  OA  and  BC  is  3(«  —  S), 
i;q[uently  if  they  are  each  e*iual  to  p,  their  resultant  is 

2p  DOB  [■-«). 
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But   by   the   preceding  article  p  =  ub  sin  n  ain  ^jafi,   whei-e  nA  | 
urea  of  the  ajwrture,  consequently  the  resultant  illuminai 
portional  to 


which  ia  the  formula  deduced  analytically  by  Airy.'     A  table 
values  of    this    expression    for    various  values  of  u  iind  j3  w 
structed  by  Airy,  and  he  also  plotted  curves  showing  the  Suctuadon 
of  intensity. 

1 56.  The  Diffraction  Gratlne: — Any  Number  of  Parallel.  Equal 
and  Equidistant  Narrow  Rectangular  Apertures. — In  theiusenf* 
system  of  u  very  narrow  equal  apennn*- 
sijjmrated  by  equal  opiujue  intervals  of  wii^- 
'\  we  have  to  find  the  resultant  of  a  syswa 
of  iimpliiudes  represe tiled  by  the  chonb  J 
n  arcs  of  a  circle  each  of  magnitude 
separated  from  each  other  by  a: 
to  2fi  (Fig.  139). 

If  we  take  any  axes  of  reference  03 
OV,  and  if  any  one  of  the  chords  iDoke9»' 
iiiiglu  ij  with  OX,  the  consecutive  chord  rH 
maJce  an  angle  ij  +  2a  +  2^  =  ij  +  y  suppoM 
and  the  other  chorda  will  make  angles  ij  +  2y,  i;  +  3y,  .  .  .  ,| .«.  (n  .  1^ 
respectively  with  OX,  Hiince  if  X  denotes  the  sunt  of  the  projcctiM 
of  all  the  chords  on  the  axis  OX,  and  if  f>  be  the  length  of  each 
we  have 


X  =  p[o"i 


«(l  +  7)  + 


I  4(17 


-!»}]. 


In  the  case  of  a  long  narrow  aperture  (Ait.  150),  such  as  w«  i 
considering,  p  is  given  by  the  e<|Uation 


Similarly  if  Y  denotes  the  sum  of  the  projectiona  on  OY,  we  bai 

Y=p(mii7+siii(i,+7)+Biii(,+27)+  .  .  .  «ii  |i  +  («-l)Yn. 
riD|iH-tl»-lh}*ini»7 
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lence^ 

8iir  i7 

tut  X^  +  Y*  is  the  square  of  the  resultant  amplitude.     Consequently 
le  resultant  intensity  is  measured  by 

here  p^  is  the  intensity  produced  by  a  single  aperture  (Arts.  152-154). 
Cor. — The  phase  <^  of  the  resultant  vibration   is  given  by  the 

}uation 

Y 

tan^  =  ^  =  tan{i7  +  i(?i-l)7}, 

=  ton{i7  +  (n-l)(a  +  /8);, 

is  consequently  the  same  as  the  phase  of  the  vibration  from  the 
iddle  point  of  the  grating.  Hence  if  the  equation  of  the  vibration 
om  the  first  aperture  of  the  grating  be  y  =  p  sin  (o/,  the  equation  of 
le  resultant  vibration  will  be 

8inti(a  +  /3)   .    i   .  ,  /       ^w    .mi 

157.  Detepmination  of  the  Maxima  and  Minima  Intensities. — 
he  expression  for  the  intensity  of  the  illumination  produced  at  any 
oint  by  a  grating  is  the  product  of   two  variable  factors  ;  one  p* 


^  Otherwise  thus  denoting  \/  -  1  by  i,  we  have,  since  cos  0  -\-  i  sin  ^  =  c 

.im-  _iny 


i9 


imilarly 


1  -  r      ' 


[ultipljring  we  ^d 


(2-c^-c"^)  1-C0S7        '^    sin''47 

}  also  by  addition  we  find 

--       C08{»7  + 4(^-1  )7l  sin  i7»7 
'^  Sin  47 

id  by  subtraction 

^       sin  {rj  +  4(n  -  1  )7}  sin  4»7 

I  =P : — i . 

'^  Sin  47 
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coirespondB  to  the  diffraction  produced  by  a  single  aperture,  and  hi 
been  already  discussed.     The  other  factor, 


.'(»+i3)  ' 


also  produces  a  series  of  maxima  and  minima  correeponding  M  tlx 
interference  of  the  light  from  the  various  apertures.  For  brevity  In 
lis  write  x=a  +  j3,  then  the  bright  and  dark  bands  are  det«rtniDe<i  '"J 
equating  to  zero  the  first  derived  of  sin^fiz/sin*  z — that  is,  by 

which  is  satiBfied  by 

Minima. — In  the  first  case  if  sin  ni=0,  we  hjive  «j-  =  niir,  sod 
sin  tt(a  +  j8)/sin  (a  -t-  ;8)  =  0,  so  that  the  amplitude  vanishes  and  we  havr 
a  series  of  minima  of  zero  value. 

Prindpcd  Masima. — -If,  however,  x=mv,  both  the  numerator  sod 
denominator  of  the  expression  sin  na/sin  x  will  vanish.  Its  true  valw. 
however,  will  be  n,  bo  that  the  intensity  will  be  a  mnximum  and  pre 
portional  to  m*     This  corresponds  to 

a  +  i3=niir,     or(a+j3Xiiini+wn8)  =  w\. 

These  maxima  are  very  intense  and  are  termed  principal 

There  are  obviously  n  -  1  minima  between  two  principal '■ 

SKOtulary  Miunma. — The  roots  of  the  equation 


other  than  x=Rnr  (which  correspond  to  the  principal 
rise  to  another  set  of  maxima  termed  secondary  maxima, 
intense  than  the  principal  maxima.       From  tbe  equation  n 
tan  nr  we  find 


which  showB  that  the  ratio  of  these  secondary  maxima  to  tbe 
maxima  (n^)  is 


and  when  »  is  large  these  secondary  fringes  are  very  wetk  oi 
entirely  lost,  but  when  n  is  small  they  may  be  observed.     Fi^  U^ 


MAXIMA  AND  MINIMA  INTENSITIES 


with  four  secondary  maxima  t>etw(>en 
between  two  principal  maxima, 


mws   ihe  princijul  i 

ii  pair.     Since  we  have  n 
I  follows    that    we    have  | 

secondary 
p>ween  each  pair  of  prin- 
1  maxima.     The  figure  | 
istructed  to  represeiil 
case  1  =  6.    The  second- 
maxima   are    unequal,  fig- 1^"> 
e<|uidistant,   and   small   comiiared   with   the   [)rinci[>al   maxima, 
^«Bpecially  if  the  number  of  apertures  is  large. 

Hence  if  the  illumination  depended  only  on  the  factor  ain^  M/sin^  x 
vfe  should  be  presented  with  a  set  of  bright  bands  of  equal  intensity 
proportional  to  «*  where  ii  is  the  number  of  lines  in  the  grating. 
These  are  the  principal  maxima.  Between  each  pair  of  them  we 
ii.'ive  a  set  of  narrow  fringes  which  become  more  and  more  narrow  and 
iiidistinct  as  the  number  of  apertures  is  increased.  Consequently  with 
a  large  number  of  apertures,  as  in  the  diffraction  grating,  they  are  not 
liiscemible. 

The  secondary  maxima  may  be  determined  by  the  intersections  of 
ilie  cuvvea 

(\)y  =  ,iUlir, 

in  a  maimer  analogous  to   that 
.iliertiye  (Art.  151). 

Thif  tirst  equation  represents  : 


,n.l(2}if  =  ta 
mployed   i 


the  I 


I  of 


single 


B  asymptotic  t 


\mm 

n 

■ 

The  reaullant  illumination  at 
product  of  the  two  factors  ain* «/ 
must  multiply  the  ordinateR  of  the  ci 


the  line  r=  Jtt 
second    is    a 
similar  curve,  or  a  set  of 
similar  curves  asymptotic 
to     Tu-.^W.       Fig.     141 
represents    the    case    of 
(I  =  6.      The  symmetry  of 
.'  shows  that  the  effect  of 
this    factor    remains    un- 
altered if  the  opai]iie  por- 
tions be  made  transparent 
and  the  transparent  por- 
tions    opaque,     as     this 
merely  amoiuita  to  inter- 
changing ft  and  /i. 
ly  point  being  determined  by  the 
and  sin*n.T/sin^.c,  to  obtain  it  wo 
re  (Fig,  1 40)  by  the  correeponding 
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ordinates  of  the  curve  relative  to  a  single  aperture  (Fig.  134).  TW 
variations  of  the  latter  are  very  feeble  compared  with  the  principii 
maxima,  so  that  they  scarcely  affect  the  appearance. 

If  it  should  happen,  however,  that  a  zero  value  of  sin  a/a  shonU 
correspond  to  a  principal  maximum  of  the  other  curve,  then  this  maxi- 
mum will  be  absent.     This  will  happen  when 

a  =  wiX,     and  aluo  (a  +  ft)  =  m\ 

or 

a_      m 
b~ m'  -  w* 

where  m  and  rn  are  whole  numbers,  and  the  corresponding  princifal 
maxima,  or  spectra,  are  absent  (see  Art.  140). 

158.  Any  Number  of  Narrow  Rectangular  Apertures,  ParaUil 
and  Equal,  but  not  Equidistant. — The  foregoing  calculation  is  Uisd 
on  the  supposition  that  the  opaque  intervals  are  of  equal  width,  or,  ii 
other  words,  that  the  grating  has  been  ruled  uniformly ;  the  invesiF 
gation  may,  however,  be  applied  with  the  greatest  facility  to  the  ca« 
in  which  the  length  b  is  variable,  which  is  that  of  a  system  of  eijUA! 
apertures  placed  at  random  distances  apart. 

Each  aperture  will  be  represented  by  an  arc  2tt  of  a  circle,  and  thes* 
arcs  will  be  arranged  at  random  round  the  circumference  of  the  circle- 
that  is,  separated  by  variable  intervals.  Let  the  chords  of  the  arcs  :!•' 
make  angles  t/j,  r/g,  .  .  .  >;»  with  a  fixed  axis  OX,  and  let  each  choni 
be  p  as  before,  then  the  sum  of  the  projections  of  the  chords  on  OX  i^ 

and  the  sum  of  their  projections  on  the  perpendicular  axis  OY  is 

Hence  the  square  of  the  resultant  amplitude  is 

X-  +  Y2 = pa[«  +  22  coe  (iji  -  ij,)]. 

Now  the  sum  ^  cos  (r;^  -  t;.^)  embraces  all  combinations  of  the  angle? 
Vi»  ^z>  '  '  '  '/m  *"^  ^^®  values  of  its  constituents  vary  irregularly, 
taking  random  values  between  +  1  and  -  1.  Admitting  that  their 
siun  is  negligible  or  sensibly  zero  (see  note,  p.  48),  we  have 

or  the  intensity  \h  7i  times  that  produced  by  a  single  aperture.  Si:^>- 
stituting  for  p  from  Art.  154,  we  have 

-         0,5  sin' a     «iM'/9 
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159.  General  Investigation. — The  components  of  the  resultant 
vibration  at  any  point  and  the  intensity  of  the  illumination  may  be 
very  easily  expressed  by  means  of  the  vibration  spiral  Thus  if  x  and 
y  be  the  co-ordinates  of  any  point  on  the  spiral,  and  <^  the  inclination 
of  the  tangent  at  that  point  to  the  axis  of  x^  then  <^  is  the  phase  of 
the  vibration  from  the  corresponding  point  of  the  wave. 

Now  in  any  curve  we  have,  if  tU  be  the  element  of  arc, 

dx — cos  0(28,    and  dy = sin  <pds. 

Therefore 

X =/co8  00^,    and  y  =y8in  0<^, 

and  consequently  the  radius  vector  is  given  by  the  equation 

,J» = a:* + ya = [/"cos  0(fop  +  [/"sin  0(fo]2. 

But  the  resultant  amplitude  is  given  by  the  radius  vector  r  of  the 
spiral,  consequently  the  intensity  of  illumination  is  measured  by 

1  =  [/"cos  0cfop  +  [/"ain  ^rf^f. 

The  phase  ^^  of  the  resultant  \dbration  is  given  by  the  inclination 
of  r  to  the  axis  of  x,  and  we  have  consequently 


tan  00=  ■:  = 


ysin0rf« 


^      /cos  4>d$ 

the  integrals  being  taken  between  limits  which  are  determined  by  the 
problem  under  investigation. 

Now  the  element  of  arc  ds  of  the  spiral  is  taken  proportional  to 
the  amplitude  of  the  vibration  contributed  by  an  element  of  area  (^S 
of  the  wave  front,  and  this  amplitude  is  taken  proportional  to  the  area 
and  inversely  as  the  distance  (r)  of  the  element  from  the  point  under 
consideration.  Further,  the  amplitude  will  depend  on  the  inclination 
of  r  to  the  wave  normal — that  is,  on  the  obliquity,  as  well  as  on  the 
direction  of  the  vibration  in  the  wave  front.  The  full  expression  for 
ds  is  consequently  of  the  form 

r 

where  /  is  some  function  of  the  co-ordinates,  which  diminishes  as  the 
element  recedes  from  the  pole  of  the  wave. 

The  general  expressions  for  the  resultant  consequently  take  the 
form 

ar= //CO80— ,      f/=i/8in0--. 


266  GRAPHIC  METHOD  chaf.  a 

The  intensity  of  the  illumination  is  consequently 

while  the  phase  of  the  resultant  is 

In  the  foregoing  investigation  the  amplitude  of  the  vibration  coo- 
tributed  by  an  element  dS  of  the  wave  front,  situated  at  a  distance  r, 
has  been  represented  by  the  expression  fdS/r,  and  it  is  consequenth 
desirable  to  investigate  the  constitution  of  the  symbol  /.  Now  if  A 
be  taken  to  represent  the  amplitude  of  the  vibration  in  the  wave 
front,  then  the  amplitude  produced  by  an  element  ^S  at  a  distance 
r  may  be  written  in  the  form 

where  \p  is  some  function  of  the  angles  which  r  makes  with  the  wave 
normal  and  the  direction  of  vibration,  and  5  is  a  quantity  which  bs 
yet  to  be  determined.  Now  a  and  A  are  of  the  same  dimensions, 
being  both  amplitudes,  whereas  ^  is  a  function  of  angles  and  is  of  zero 
dimensions,  consequently  h  must  be  the  inverse  of  a  length.  But  tbt 
only  other  quantities  that  can  have  any  reference  to  a  are  v  and  A,  and 
of  these  v  is  eliminated  by  the  fact  that  it  is  a  function  of  the  time; 
hence  the  only  length  that  can  enter  into  the  quantity  b  is  the  vave 
length  A.  We  conclude,  therefore,  that  ft  is  of  the  form  k'lk  where t 
is  a  constant  of  zero  dimensions.  Using  this  notation  the  complete 
expression  for  the  amplitude  is  of  the  form 

Comparing  this  with  the  form  fd^/r,  we  find  that  /  is  of  the  form 

where  k  may  be  taken  as  unity.  We  have  thus  reached  the  important 
result  that  the  factor  /  contains  the  reciprocal  of  the  wave  length  as « 
constituent  as  well  as  depending  on  the  obliquity  and  the  amplitude  of 
vibration  in  the  original  wave  front. 


ABT.  159  EXAMPLES  267 


Examples 

1.  If  the  radius  vector  r,  from  an  external  point  0,  to  any  element  of  a  plane 
wave  makes  an  angle  $  with  the  wave  normal,  the  components  of  the  vibration  at  O 
arc 

x=k/'co8  {2wbitpi)  ,f.duy 
y  =  kf%m  {2ThufK) ./.  du^ 

where  k =8ec  ^  - 1,  and  A:  is  a  constant. 

[Divide  the  wave  up  into  circular  elements  around  the  pole  P  as  centre  (Fig.  24). 
Let  p  be  the  radius  of  one  of  these  elements  and  r  its  distance  from  0.  Then  if 
OP  =  6,  we  have  p=&  tan  ^  and  r=6  8ec^=&(l +w), 

,     2ir,       ..     2irb,      ^     _.     2wlm 

dS  =  2Tpdp  =  2r  68  tan  ^  sec*  BdO = 2wl^{  1  +  u)du. 

Therefore  d8/r=2wbdii,  etc.] 

2.   If /=  constant,  show  that  the  vibration  curve  is  a  circle. 
[Here  we  have 


= A;  /   cos  (2Tbul\)du = a  8in(2ir6w/\), 
y=kj   sin  {2Tbul\)dn  =  « { 1  -  cos(2ir6M/X)} 

•  o 


-where  a  is  a  constant 
Hence 

X'-\-{y-a)'  =  a\ 

which  shows  that  the  amplitude  curve  is  a  circle,  of  radius  a,  passing  through  the 
origin  and  having  its  centre  situated  on  the  axis  OY  (cf.  Art.  150).] 

3.  In  the  same  case  prove  that  the  vibration  excited  at  O  by  the  complete  wave 
is  in  phase  a  quarter  period  behind  that  which  reaches  it  from  the  pole  P. 

[For  the  complete  wave  we  have,  if  we  assume  tliat  cos  qo  =8in  qo  =0  ^?) 

•oo 


x=kl    cos  {2irbul\)du  =  0, 

TOO 

y  =  kl    sin  (2ir6u/X)rfit  =  k. 


Hence  if  0  l>e  the  phase  of  the  resultant  vibration,  we  have 

tan  0  =  ?//j;  =  oo, 
therefore 

4.  If  the  effective  portion  of  a  wave  be  confined  to  a  small  portion  around  the 
pole,  which  is  sensibly  plane,  and  for  which /is  constant,  the  amplitude  curve  vdW 
be  a  circle. 

[We  have 

dS  =  2t  pdp = Tdp^f 
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and 

Henoe 


_       Air        i#-  .  r        P 


I 

.1 


sin  Wfi=a(l  -  cos  5), 


rfS=6Xrf«, 
and  therefore,  since /is  supposed  constant, 

fi 
x=aj   cos  8dd  =  a  sin  df 

and 

a^  +  (2/-a)*  =  a^  etc.] 

5.  Determine  the  radius  of  curvature  of  the  amplitude  curve,  Ex.  1. 
[The  amplitude  of  the  vibration  excited  by  the  element  rfS  is  proportiou 

•^— =  2ir6/.rf«. 
r 

Hence  the  element  ds  of  the  amplitude  curve  is  proportional  to/dti,  and  if  4 
angle  the  tangent  to  it  makes  with  OX,  we  have  d4>=2irbdu/\.  Hence  til 
of  curvature  p  is  proportional  to 

ds  . 

Hence  if/=  constant  the  amplitude  curve  is  a  circle,  and  if/  diminishes  gi 
from  the  jwle  of  the  wave,  the  curve  is  a  spiral  of  ever  decreasing  radius  of  c« 
as  we  move  along  it,  setting  out  from  O.] 

6.  If 

/=l-fcos.  =  J;i^, 
we  have  for  a  plane  wave  (Ex.  1) 

x  =  ki  cos  (2t6u/\)  = rfw, 

y  =  k  I  sin  (2ir&M/X)  ;j du, 

160.  Second  Graphic  Method. — A  second  method  of  repres 
the  resultant  amplitude  of  a  system  of  superposed  vibrations  ha: 
given  in  Art.  45.  This  method  is  based  on  a  second  graphic  repn 
tion  of  the  resultant  of  a  system  of  forces,  and  it  follows  tha 
system  of  lines  OP^,  OPg,  etc.  (Fig.  1 2),  be  drawn  from  any  pc 
such  that  the  lengths  OP^,  OPj,  etc.,  represent  the  amplitudes  • 
vibrations,  and  the  angles  they  make  with  a  fixed  line  OX  their  j 
the  resultant  will  be  represented  by  n  times  the  line  OG,  joinin| 
the  centre  of  mean  position  (G)  of  the  points  Pj,  Pg,  etc. 

If  in  this  manner  we  plot  down  the  curve  for  a  complete 
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■■■;^iiiiiiiig  at  the  jjole  of  the  wave,  we  see  at  once  that  wc  have  a 
ipiral  curve  surrounding  0  with  many  convohitions  of  ever  decreasing 
sdiuB  (Fig.  142).  With  this  spiral  tho  resultant  effect  of  any  portion 
rf  the  wave  is  not  represented  by  the  chord  I 
joining  0  to  a  point  on  the  curve,  but  by 
3iat  joining  it  lo  the  centre  of  gi-avity  of 
lie  corresponding  arc  of  the  curve.  T! 
obviously  passes  through  fluctuations  as 
be  case  of  the  other  spinil. 

This  method  may  lie  applied  with  t 
jreateit  facility  to  the  calculation  of  the    | 
ntensity  of  the  illumination  at  any  point  '''•"■  i*-- 

i  a  diffraction  pattern  when  the  incident  light  is  {x-imllel.  In  this 
ase  the  curve  becomes  a  circle,  and  the  problem  is  reduced  at  once  to 
ho  finding  of  the  centre  of  gravity  of  an  arc  of  a  circle,  leading  to  all 
he  results  we  have  already  an'ived  at.  The  deduction  of  these  residts 
y  this  method  will  foi'm  a  simple  and  useful  exercise. 

The  equation  of  the  second  spiral  and  the  integrals  giving  the 
;eneral  expression  for  the  intensity  may  be  derived  very  simply.  For 
r  J-  and  1/  be  the  co-oi'dinates  of  the  centre  of  mean  position  of  the 
xtremities  of  the  radii  vcctorea  of  the  spiral,  we  have 

Now  any  radius  vector  p  of  the  spiral  represents  one  of  the 
onstiluent  vibrations  in  amplitude  and  phase.  The  length  of  /i  is  conae- 
uently  (as  in  Art.  159)  given  by  the  equation 


iut  if  J*  and  ;/  be  the  co-ordinates  of  the  extremity  of  p  we  have 

where  <^  is  the    phase  of    the  con'esponding  vibration.      ^leiice  the 
sxpression  for  the  intensity  of  the  illumination 


rivee  as  before 


[i>»-?]"-[i>-"?J- 
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161.  Presnel's  Integrals. — In  the  (oregoing  articles  it  Wtwi  I 
proved  that  the  intensity  of  the  illumination  at  any  point  of  a  liitfrv-  I 
tioii  pattern  may  be  expressed  in  general  as  the  sum  of  the  si]tULm  <i 
two  integrals  taken  between  limits  defined  by  the  tiattire  of  the  proUn  | 
By  making  certain  aBsumplions  and  approximations  Freanel  dd 
special  forms  of  these  integrals  which  we  shall  now  consider. 
take  the  case  of  a  cylindrical  wave  and  lot  it  be  dintied  into  o  S 
of  narrow  strips  by  lines  drawn  on  the  surface  of  the  wave  panUklRl 
the  axis  of  the  cylinder  as  indicated  in  Art.  148,  p.  24S.  Further.lK  | 
each  of  these  strips  be  replaced  by  its  central  effective  portion,  so  tl 


the  whole 
the  calculi 


nil 


ccjuatorial  liand.      By  this 

wave  is  reduced  to    finding 

a  circular    bond, 

know  that  of    th( 

biknd   it   is    only    a  ftaii 

portion  in  the  neighbour 

hood    of     the    pole    ihi 

u   effective.       The  whuli 

i/ffect  is  therefore  equnvi 

lent  to  thftt  of  A 

^*-  ^"*  uf    a    circlt). 

f  this  circle — that  is,  the  i-^diiis  of  the  cylindrical 

I  b    the  distance  of  the  point  0  (Fig.  1 43)  at  which 

ught,  f  Dm  the  pole  P  ot  the  wave.    Then  if  OM  =  r  and  it 


consequently  when  s  is  small  we  have  approximately 


That   is,  the   relative  path    retai-dation  of  the   vilinition    from  ] 
proportional  to  the  stpuire  of  the  arc  PM.     The  phitse  differenM  i 
consequently 


Hence  if  we  assume  that  the  amplitude  of  the  vibration  prodm 
O  by  an  element  its  of  the  circle  is  simply  proportional  to  the  I 
of  the  element,  the  quantity  /(/S/r  in  the  preceding  integrals  mnJ 
replaced  by  i/k,  and  the  expression  for  the  Intensity  becomes 


'•[/"•♦•"]"*[/""  •'•J' 
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:,  writing  4>  ^^  *^®  iorm  ^wi^  where  v^ss/2{a  +  b)/abk,  we  have ds 
roportional  to  dv,  and  therefore  I  may  be  expressed  in  the  form 


1  =  1   IcoBiwv^dv  I  +1   isiniirr^rfr  I  . 


his  is  the  formula  deduced  by  Fresnel,  and  the  two  integrals  which 
3pear  in  it  are  known  as  Fresnel's  integrals. 

It  should  not  be  lost  sight  of  that  in  expressing  I  in  this  form 
»rtain  assumptions  and  approximations  have  been  made,  and  that  it 
on  account  of  these  assumptions  and  approximations  that  integrals 
:  this  form  appear.  Thus  it  is  practically  assumed  that  the  effective 
3rtion  of  the  equatorial  belt  is  so  small  that  <f>  is  sensibly  propor- 
onal  to  s*,  and  that  r  is  approximately  constant  and  equal  to  h. 
urther,  the  amplitude  of  the  vibration  contributed  by  any  element  of 
-ea  is  taken  proportional  to  the  area,  and  this  amounts  to  assuming 
ther  that  f/r  is  constant,  or  that  the  function  /  is  constant  as  well  as  r. 

Now  in  examining  the  effect  of  a  plane  or  a  spherical  wave 
>  any  point  we  have  seen  (Arts.  52  and  53)  that  the  only 
,ctor  left  by  which  the  approximate  rectilinear  propagation  may 
3  explained  is  that  the  function  /  is  not  constant,  but  is  such 
lat  it  decreases  as  the  obliquity  increases — that  is,  as  r  increases, 
onsequently  it  is  not  legitimate  to  assume  either  that  /  is  constant 
r  that  f/r  is  constant,  for  it  is  on  the  vanations  of  /  and  r 
lowever  small)  that  the  whole  outstanding  effect  depends  in  the  case 
E  a  complete  wave. 

The  final  result  obtained  by  Fresnel  amounts  to  saying  at  once 
aat  the  effective  portion  of  the  wave  front  is  confined  to  a  small  arc 
rhich  is  so  short  that  throughout  it  <f>  may  be  taken  proportional  to 
\  and  this  is  what  stamps  Fresnel's  integrals  with  their  peculiar  form. 
Chis  assumption  confines  the  eflFective  portion  of  the  wave  to  a  small 
x)rtion  around  the  pole,  and  therefore  virtually  introduces  a  law  of 
iiminution  of  effect  with  obliquity ;  or,  in  other  words,  a  form  of  the 
iinction  /. 

To  determine  the  law  which  Fresnel  introduced  inadvertently  by  Fortuitous 
;hese  assumptions  let  us  suppose  that  the  wave  is  divided  into  ring  }?^  !f  ^^' 
dements,  as  in  Art.  53,  so  that  dS  is  proportional  to  rd<t>.     Then 
WS/r  =  kfd<f>  where  A;  is  a  constant,  and  /cos  <^S/r  =  kf  cos  <f)d<f).     Now 
n  order  that  this  may  take  the  form  cos  z^dz  it  is  only  necessary  to 
nippose  that 


V0     Vr  -  b 

rhus  the  law  inadvertently  introduced  is  that/  varies  inversely  as  the 


aqunre  i-oot  of  the  phase  retaitlation,  und  consequently  its  rate  of  d«r 
as  we  lecede  from  the  pole  is  very  rapid,  and  the  effect  of  a  small , 
surrounding  the  pole  must  be  Hpproximately  the  e&ate  aa  tiwl  of 
whole  wave.  We  ahould  therefore  expect  tliat  the  ^'alue  of  viSht 
Fiesnel's  integrals  when  taken  between  the  limits  o  and  v  shouU 
sensibly  the  same  whether  we  take  v  fairly  large  or  infitUtelT  gr 
In  fact,  as  v  increases  from  zero  thu  value  of  each  integral  flitctn 
and  passes  through  a  aeries  of  maxima  and  minima,  but  these  flnu 
tions  soon  become  less  and  less  pronounced,  the  majdma  deerw 
while  the  minima  increase  until  ibey  become  sensibly  eqtul,  and 
value  of  the  integral  remains  sensibly  constant  as  v  incra 
indefinitely. 

This  may  be  seen  geometrically  by  plotting  the  curre  y  =  ca*r 
which  the  value  of  the  ordinate  varies  periodically  between  the  lii 
±  1  as  J-  increases  (Fig.   144).    ' 
area  of  this  curve  la^/Sx  =yoos  j 
and   may   therefore    l>e    uikea 
rei>reseut  the  value  of  one  of  F 
lid's  integrals.      Xow  while  y  ra; 
I  between    cnustaiit     limit«     *  1, 
o  be  remarked  thiit  the  dista 
''''*^'''^-  between  two  consecutire  points 

intersection  of  the  curve  with  the  asis  of  /  continually  dimlnis 
as  X  increases.  In  fact,  if  x  anil  ,r  +  h  ha  the  abscissse  of  two  cont«cut 
points  of  intersection  of  the  curve  with  the  axis  of  x,  we  have 


D  that  by  subtmction  we  obtain 


+  A]"=:(2n^3).r/i, 


/.^  +  2j-/.  =  T, 


« 


lind,  therefore,  oa  a  increases  h  must  diminish.  The  total  area  of 
curve  is  thus  the  sum  of  a  system  of  loops  which  are  iill«rn*t 
positive  and  negative  and  which  decrease  indefinitely  in  ab«cii 
value.  Hence  the  integriil,  after  passing  through  a  serirs  of  maxi 
and  minima,  rapidly  attains  a  stationary  value,  as  shown  J 
following  table  after  Gilbert ; — 
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Table  of  Fresnel's  Integrals  (Gilbert)  ^ 


0-0 
01 
0-2 
0-3 
0*4 
0-5 
0-6 
0-7 
0-8 
0-9 
1-0 
1*1 
1-2 
1-3 
1-4 
1-6 
1-6 
1-7 
1-8 
1-9 
2-0 
2-1 
2-2 
2-3 
2-4 
2-5 


A 


0-0000 
0-0999 
0*1999 
•2994 
•8976 
•4928 
•6811 
•6697 
•7280 
•7648 
•7799 
•7688 
•7164 
•6886 
•6481 
0-4468 
0  8666 
0  8288 
0  8868 
0^8946 
0^4888 
0-6814 
0-6862 
0^6268 
0  6660 
0-4574 


0 

0" 

0- 

0 

0' 

0- 

0' 

0" 

0 

0' 

0 

0 


0-0000 
0-0006 
0-0042 
0*0141 
0^0334 
0-0647 
0-1105 
0^1721 
0  2493 
0  3398 
0*4383 
0*5365 
0*6234 
0*6863 
0*7135 
0-6975 
0-6383 
0^5492 
0-4509 
0-3734 
0-3434 
0-3743 
0-4566 
0-5525 
0-6197 
0-6192 


i 

V 

/  Hill  Jirt'^Wr 

2-6 

0*3389 

0-5600 

2-7 

0*3926 

0*4529 

2-8 

0*4675 

0-3915 

2-9 

0*5624 

0-4102 

3-0 

0*6067 

0-4963 

3-1 

0*5616 

0-6818 

3-2 

0*4663 

0-5933 

3-3 

0*4067 

0*5193 

3-4 

0*4385 

0-4297 

3-5 

0*5326 

0*4153 

3-6 

0-5880 

0-4923 

3-7 

0*5419 

0*6750 

3-8 

0*4481 

0*5656 

3-9 

0-4223 

0*4752 

4-0 

0*4984 

0^4205 

4  1 

0^5737 

0-4758 

4  2 

0^5417 

0-5632 

4  3 

0^4494 

0-5540 

4-4 

0-4383 

0-4623 

4*5 

0^6258 

0-4342 

4*6 

0-5672 

0-5162 

4*7 

0-4914 

0-5669 

4*8 

0-4338 

0-4968 

4*9 

0-5002 

0*4351 

6*0 

0-5636 

0*4992 

00 

0-5000 

0*5000 

When  the  values  of  the  integrals  expressing  the  intensity  are  known, 
len  if  one  of  them  be  denoted  by  x,  and  the  corresponding  value  of 
le  other  by  y,  it  is  clear  that  when  a  curve  is  constructed  with  x  and 
as  co-ordinates,  the  radius  vector  r  drawn  from  the  origin  to  any 
>int  on  the  curve  will  represent  the  resultant  vibration  arising  from 
le  corresponding  portion  of  the  wave.  For  we  have  r^  =  x^  +  y^,  and 
)iisequently  r^  represents  the  intensity  of  the  illumination,  or  r 
^presents  the  amplitude  of  the  residtant  vibration,  and  the  angle  it 
takes  with  the  axis  of  x  represents  its  phase.  The  curve  constructed 
I  this  manner  is,  in  fact,  the  vibration  spiral.  Using  the  values  of 
'resneFs  integrals  given  in  the  foregoing  table,  M.  Cornu  constructed 
he  spiral  shown  in  Fig.  145.  The  branch  OMjMgfJ  refers  to  one 
alf  of  the  wave,  and  the  branch  OJ'  to  the  other.  The  part  OM, 
^presents  the  first  half-period  element,  M^M,  the  Mcondi  M^M,  the 


^  Gilbert,  M^m.  eourmn4$  de  rAead,  de  Brum 

T 


r 
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third,   and    so    on,    the    succeaaive    convolutioiia 
increasing  curvature  round  a  central  point  J.      Thie 
on  the  line  biaecting  the  angle  between  the  axia,  for  ii 

consequently  at  J  and  J' we  haveK=!/ — that  la,  theae  points  li  _ 
line  bisecting  the  angle  XOY.  The  phase  of  the  resultant  wrmHl 
appear  to  he  only  45''   in  advance  of   that    which    arrives  froa 


central  element.  It  must  lie  remembered,  however,  that  in  evaJua 
I  by  this  method  the  wave  surface  has  been  reduced  by  the  i 
method  to  an  equatorinl  band,  so  that  each  element  of  this  buv 
the  resultant  of  a  strip.  The  phase  of  each  element  of  the  bum 
thereby  advanced  by  45°  relatively  to  that  of  the  vibration  from 
pole  of  the  strip.  The  whole  phase  of  the  resultant  is  conseqne 
90°  in  advance  of  that  arriving  from  the  pole  of  the  wave  suri 
This  rotates  the  apiiul  through  45^  and  throws  the  points  J  and  J 
the  axis  OY,  aa  in  Fig.  127. 

Methods  of  evaluating  Freanel's  integrals  have  been  giver 
Fresnel,  Gilbert,  Caiichy,  and  Knochenhuuer.  These  methods 
noticed  in  the  following  examples  and  will  be  found  at  len^ 
Verdet's  (Einrcjf,  torn.  v.  p.  328,  etc.  j  Optique  Physiqw,  torn.  L 
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Examples 

1.  Prove  that 

I      co6iinAii?=— .1  sin  Jir(i*  +  2iu)-8inlirt^  , 

I      8mjTuy»=— .1   -oo8jir(i'  +  2iit)  +  co8  Jirt'  I 

(Fresnel,  (Euvres,  torn.  i.  p.  319), 
where  ii  is  a  small  quantity  and  i  given. 
[Replacing  «  by  i+u  we  have 

COS  Jtd* = cos  4ir(i  +  m)' = cos  Jir(  i^  +  2m) 
neglecting  i^.    Hence 

cos  4in;*rf»  =  /  cos  Jir( i*  +  2iu)du 

=cofliiri'/  cos  Tf  i<(/i<  -  sin  ^iri^  /  ain  Tiudu, 

Jo  Jo 

whioli  i§  intsgnUe  at  once. 

Bj  tidl  method  Fresnel  calculated  the  values  of  the  integrals,  taking  tt  =  0 .  1  and 
i  snumiinly  aqnal  to  0,  0 .  1,  0 .  2,  0 .  3,  etc.] 

2.  Udbg  the  equations  of  Ex.  1,  show  that 


irni. 


'■    I  /       COS  ^wMv  I  + 1   /        sin  4*''''^^^  I  =  -«^  sin*  4"^* 

S.  Prore  that 

j^cos4^t;=cos4irt^(^-j^3^gH-^    3^^^-.  .  .) 

■*-«^°*'^(o- 1737677  ■"  17375^79^1 -•  •  •; 

(Knochenhauer.  I>U  UnduUUionstheoric  dcs  Lichts,  p.  36). 
[Integrating  by  parts,  we  have 

/  cos  ^TV^v = V  cos i^Tv^ + T  /  'iT*  siu  ^irMv, 
I  v^sin^irv^dv^  ^sin 4irtr*  *"  5  /  *^  ^^^  4*'*'^^» 

«*C08  JinAii;  =  —  cos  ^rv^  +  k  /  ^  ^"*  4'''»*rfv,  etc  ] 
4.   Writing  the  result  of  Ex.  3  in  the  form 

Tcoe  4in^t;=M  cos  4ir«*+N  sin  4»t^, 
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show  that 


Hence 


[/"'cosiirr^rft;!  +  f /"'sin  Jur^t;  j  =M«  +  N«, 


and 


rfM       -  XT         ^  If 

dv  dv 


6.  Prove  that 


/•*        lo,  ,j./l       1.3.5     1.3.5.7.9  \ 

.     o/l      1.3  .  1.8.5.7  \ 


-sin 


(Cauchy,  Comptes  lUiiduSj  torn.  xv.  pp.  534, 1 
[Integrating  by  parts,  we  have 

/     C08jirr^c?i;=j     — sin  Jin;*  +  f    — ^siniirr^rfi', 
f    ;^8"i4irr5Wt;= -I    ^cosiiri'3-3  P  ^cosiirrVr,  etc.] 
6.  Writing  the  equation  of  Ex.  5  in  the  fomi 

i-OO 

/      cos  irv^dv = P  cos  JirtJ^  -  Q  sin  Jirt;^, 

show  that 

/» 
sin  iwf^dv  =  P  sin  Jiru*  +  Q  cos  Jirc^^ 


and  also 


7.  Using  the  same  notation,  show  that 

/ '  cos  ^wMv  =  i  -  P  cos  Jirr*  +  Q  sin  im?^, 

psin  ^Tv^dv = i  -  P  sin  Jxt^  -  Q  cos  Jirt^. 
[We  have 

T'cos  iinMv=  r*  cos]4irf^t;  -  T"  cos  i7n^dv=i  -  P  cos  Jrr*  +  Q  sin  ^r 


by  Ex.  6.] 

8.  Prove  that 


/"'cos  Jirv^r = J  -  G  cos  imp  +  H  sin  iirr*, 
/  'sin  jTt;*(ir  s=  J  -  G  sin  Jjrr*  -  H  cos  4*^, 
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where 

(Gilbert,  M&m.  eouronnis  de  VAead,  de  Bntxelles,  torn.  xxxi.  p.  1). 
[If  M=4in^,  we  have  , 

V    IT  yJ2iru 

therefore 

/'cos  4irtJ*rft;=  -7=  r^cos  m  -;=. 
V2irjp  Vtt 

Bat  (Williamson's  Integral  Calcultis) 


I 


2 


Hence,  by  writing  s^=iux^  and  regarding  u  as  a  constant,  we  find 


1     r^g-*^^ 
and  we  obtain 


/•       ,     , ,         1     fucostidu  /•*  e-'wrfar 
cos  4irr^»=  — =.  /  ■p=r-  I     — 7=r-, 
0                      V2^j«     Vr    jp      Vx 

1     /■*  da;  /"u 
=  — =/     — ;=/  e-«* cos  wait. 

The  integration  with  respect  to  u  is  easily  effected  by  parts,  thus 

/•     „.  ,  X       c  -  ««(a:  cos  M  -  sin  u) 

ind  the  required  integral  takes  the  form 

/  cos  4*^^a«^=z~^    /      ; — -?  -  cos  tt  /        -:;-^—  +  sin  u  /        .-,-  .    ox    ' 
Jo  *^V2U«    1+a:^  J  9        1  +  a^  Jo   N/^(l+ar»)J 

The  value  of  the  first  integral  in  the  bracket  is  easily  found  to  be  ir/\/2|  by  sub- 
tituting  2*  for  z,  and  we  have  finally 

/ *cos  4irF*dt;=  J  -  O  cos  w  +  H  sin  u 

M  required.] 

Comparing  these  expressions  with  those  of  Cauchy  (Ex.  7)  we  have 

P=G,     Q  =  H. 
9.  If 

C=  jcoBixi^dv, 

jid  S=  I'sin  JirtJ^rft?, 
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prove  that 

G = i(co8 1«  +  sin  u)  -  C  cos  u  -  S  sin  u, 
H  =  i(cos  w  -  sin  m)  +  C  sin  ft  -  S  0O8  w 

where,  as  before,  u  =  Jirv'. 
[Solve  from  Ex.  8.] 

10.  Apply  Ex.  4  to  prove  that 

G  =  J(cos  w + sin  u)  -  M, 
H  =  4(cos  u  -  sin  u)  +  N. 

11.  If  u  =  0,  prove  that 

G  =  H  =  i. 

12.  If  axes  of  reference  be  taken  in  the  wave  front  at  P,  or  parallel  to  it  tl 
0,  we  have 

/)2=ar»  +  y2,     &nddS=dxdy. 

Hence  if /=  constant  and  r=&,  that  is,  if  the  effective  portion  is  limited  tos 
area  around  the  pole  P,  we  have  d  =  irp^lb\  (Ex.  4,  p.  268),  and  the  intensity 
illomination  is  proportional  to 

[/bos  iirc(ar»  +  'if)dxdyf  +  [/"sin  \rc{7?  +  y^)dxdyf, 

where  c  is  a  constant  {2/b\)  in  the  case  of  a  plane  wave,  and  it  represents  2(a4 
for  a  spherical  wave  of  radius  a. 

Denoting  these  integrals  by  M  and  N  respectively,  we  have  by  expansicMi 

M  =  /'co8  Jrco^flte/'cos  itrey^y  - /sin  JircaAto/sin  Jircy^y, 
N  =/sin  iwcMxf coa  ^xcyHy  + /cos  ^xcaNjcfsixL  ^rey^y. 

Replacing  cx^  or  ey^  by  t?^,  the  calculation  of  these  integrals  is  reduced  to  the  o 
tion  of  the  integrals  (Fresnel's) 

C  =  /*cos  \irMvy     S =/sin  Jirc^. 


Particular  Causes 
(a)  CoTnplete  Wave. — If  the  wave  is  unobstructed,  we  have 

cos  4irf^t;=  1,    S  =  /       sin  Jirtmt7=  1. 

-00  J     -00 


Hence 


Therefore 


and 


M  =  0,    andN  =  -. 

c 


M>+N2=^ 


tan0=N/M  =  oo,     .*.  ^=Jir. 
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iffht  Edge, — If  the  wave  paases  over  the  edge  of  an  opaque  obstacle,  we 
ith  respect  to  y  between  the  limits  +  oo  and  -  oo ,  so  that 

N =/co8  ^Ti^dv + /sin  ^m^dv, 
M«  +  N« = 2[/coe  iirv^vf  +  2[/'sin  ixv'dvf. 

de  the  shadow  the  integration  extends  over  one  half  of  the  wave  and  part  of 
:  half,  thus 

I     cos iwMv+  I  cos iin^dv=i+  I  cos in^dv. 
oatside 

I  =  [i  +  Tcos  i»i;\er  I  +14+  Tsin  Jinj*c?t>  | . 


^ 


inside  the  shadow  the  integration  extends  over  part  of  half  a  wave    from  r  to 
cod 

I      coaiirMv=  I     cosin^dv-  j  cos  Jirt;^t;=J-  /  cosJirt;*rfv. 
inside  the  shadow 

I  =  fi  -  r cos  4ir«»d»1  +  fi  -  /sin  Jirr^ejl  . 
cases  of  a  narrow  wire  and  narrow  slit  are  treated  in  the  same  munner. 

162.  On  the  Scattering  Action  of  very  Small  Particles,  and 
Coloor  of  Skylight  —  In  applying  the  wave  theory  to  deduce 
ordinary  laws  of  reflection  of  light  (chap,  iv.)  the  linear  dimensions 
the  obstacle  at  which  reflection  occurs  have  been  supposed  enor- 
dy  great  compared  with  the  length  of  the  reflected  waves.  For 
[flis  reason  the  ordinary  laws  of  reflection  involve  no  reference  to  the 
vave  length,  and  the  screening  action  of  the  obstacle  is  perfect  except 
for  a  narrow  hand  around  the  edge  of  the  geometrical  shadow.  The 
vidth  of  this  hand,  however,  and  the  intensity  at  any  point  of  it, 
depend  on  the  wave  length  (being  greater  for  the  longer  waves  than  for 
the  shorter),  and  consequently  a  small  obstacle  will  not  be  so  efiective 
is  a  screen  to  the  longer  waves  as  to  the  shorter. 

Thus  we  have  seen  (chap,  iii.)  that  an  obstacle  will  screen  a  point 
from  the  influence  of  a  wave  when  it  is  wide  enough  to  cover  a  large 
number  of  half-period  elements  of  the  wave  front,  but  the  width  of 
any  half-period  element  increases  with  the  wave  length,  and  conse- 
quently a  given  obstacle  will  act  most  efiectively  as  a  barrier  to  the 
waves  of  shortest  length.  We  are  consequently  prepared  to  admit 
that  when  ordinary  white  light  passes  through  a  medium  (such  as 
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the  atmosphere)  in  which  very  small  particles    are   suapendad, 
waves  of  greater  length  will  be  more  freely  transmitted  than 
of  higher  refrangibility.     After  passing  through  a  certain  thiekiNBJ 
of  such  a  medium  the  light  from  a  white  source  should  conseqi 
appear  yellowish  (like  the  snow  on  a  distant  mountain),  and  ai 
thickness  increases  the  tint  should  become  reddish. 

To  say  that  the  longer  waves  are  most  freely  transmitted 
equivalent  to  saying  that  the  shorter  are  most  copiously  refleete^- 
and  we  should  therefore  expect  the  light  reflected  (or  scattered)  i 
any  direction  by  such  particles  of  matter  to  be  rich  in  the  nj% 
higher  refrangibility.  Now  the  light  which  reaches  us  from  the  opa 
sky  is  that  part  of  the  light  of  the  sun  that  has  been  reflected,  (V 
scattered,  by  the  fine  particles  of  matter  suspended  in  the  atmospheit 
and  if  these  particles  are  small  compared  with  the  wave  length  d 
light,  the  tint  of  sky  should  belong  to  the  blue  end  of  the  spectnm 
rather  than  to  the  red. 

In  estimating  the  quality  of  this  light,  however,  it  must  be  ft 
membered  that  it  has  suffered  from  the  modifying  action  of  tra» 
mission  as  well  as  scattering.  For  it  is  clear  that  the  light  whick 
reaches  the  eye  after  scattering  in  a  certain  locality  is  merely  tk 
residuum  of  the  solar  light  which  has  survived  after  transmisaoi 
through  a  certain  thickness  of  the  air,  as  well  as  the  scattering 
action  of  the  particles.  Thus  the  light  first  passes  through  a  certaa 
thickness  of  air  and  is  modified  by  transmission.  This  modified 
light  is  then  reflected  or  scattered  by  certain  particles,  and  tlie 
scattered  light  is  subsequently  transmitted  through  some  thicknes 
of  air  to  the  eye .  of  the  observer.  Now  we  have  seen  that  transmit 
sion  is  detrimental  to  the  rays  of  higher  refrangibility,  while  tki 
scattering  cuts  off  those  of  lower  refrangibility,  and  the  light  w\aA 
siu^vives  and  reaches  the  eye  will  therefore  be  weak  in  both  ends  of 
the  spectrum.  In  other  words,  it  will  be  composed  chiefly  of  the 
waves  of  intermediate  length  from  the  region  of  the  blue  or  green. 
The  exact  coloiu*  of  course  will  depend  on  the  size  and  plenitude  d 
the  particles — for  example,  when  the  particles  are  relatively  large 
they  will  affect  all  wave  lengths  of  light  in  practically  the  same 
degree,  and  the  scattered  light  will  be  white. 

This  explanation  of  the  blue  coloiu*  of  the  sky  was  proposed  br 
Lord  Rayleigh^  in  1871,  and  the  hiw  according  to  which  the  scatter 
ing  takes  place  for  waves  of  different  lengths  may  be  easily  deduced 
from  elementary  considerations.  Thus  we  have  seen  (Art.  159)  th»t  if 
the  amplitude  of  the  vibration  contributed  by  an  element  of  a  va^ 
»  The  Hon.  J.  W.  Strutt,  Phil,  Mag.  vol.  xlL  pp.  107,  276. 
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surface  to  any  point  be  taken  to  vary  directly  as  the  element  of  area, 
and  inversely  as  the  distance,  then  the  complete  expression  for  the 
iplitude  must  contain  A~^,  so  that  the  intensity  must  vary  inversely 
the  square  of  the  wave  length.  In  the  same  way  if  we  consider 
the  light  scattered  in  any  portion  of  space  laden  with  very  small 
particles,  and  if  we  assume  that  the  amplitude  of  the  vibration  con- 
tributed by  any  element  of  volume  dV  of  this  space  is  proportional 
to  that  element  of  volume,  and  inversely  as  the  distance,  then  in  the 
expression  of  Art.  159,  dS  must  be  replaced  by  dV,  and  the  complete 
expression  for  the  amplitude  must  contain  X~^,  so  that  the  intensity  of 
the  scattered  light  will  vary  inversely  as  the  fourth  power  of  A — that 
i  is,  when  scattering  alone  is  considered, 

I.OC  L 


\*' 


Now  the  light  which  reaches  the  eye  is  scattered,  and  also  transmitted 
(both  before  and  after  scattering)  through  some  thickness  x  of  the 
mediuuL  Hence  its  composition  will  be  determined  by  finding  the 
effect  of  transmission  on  the  quantity  I^     This  problem  is  equivalent 

'  to  that  of  finding  the  intensity  of  a  pencil  of  light  after  transmission 
through  an  absorbing  medium  when  the  absorption  varies  inversely  as 

'  the  fourth  power  of  the  wave  length.      Hence,  as  in  Art.  282,  we 

'  have 

rfl _     kdx 

where  ^'  is  a  constant,  and  dl  the  change  of  intensity  in  passing  through 
a  layer  of  thickness  dx.     The  intensity  of  the  light  reaching  the  eye 
•  after  suffering  scattering  as  well  as  transmission  through  a  total  thick- 
ness X  of  the  medium  is  therefore 

and  substituting  for  I«  we  have  finally 

This  expression  exhibits  the  joint  effects  of  scattering  and  transmission, 
and  shows  how  I  diminishes  for  the  large  values  of  X  as  well  as  for 
the  small  The  maximum  value  of  I  corresponds  to  some  inteimediate 
wave  length  X^  given  by  the  equation 
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and  the  corresponding  maximum  value  of  I  is 


I«=A?^«-i=A/«te, 


while  the  intensity  I,  corresponding  to  any  wave  length  A,  is  rditel 
to  I,„  by  the  equation 


1;;=  x^"    ^* 


In  order  to  test  this  theory  Lord  Eayleigh  compared  the  bfaMl 
light  of  the  sky  taken  from  the  neighbourhood  of  the  zenith  vitkl 
sunlight  diffused  through  white  paper.  The  results  of  this  comparisoi 
are  contained  in  the  following  table  for  the  fixed  lines  C,  D,  h^Yd 
the  spectrum,  and,  considering  the  difficulties  and  uncertainties  d 
the  comparison,  the  observed  and  calculated  values  appear  to  agrei 
tolerably  well.  It  must  of  course  be  observed  that  the  comparison  v  I 
based  on  the  assumption  that  the  light  diffused  through  white  papers; 
similar  to  the  scattered  light  which  illuminates  the  sky. 


c. 

D. 

h. 

F. 

25 

40 

68 

80 

(calculated) 

25 

41 

70 

90 

(observed) 

It  appears  therefore  that  the  skylight,  when  compared  with  that 
diffused  through  white  paper,  was  bluer  than  that  required  by  tie 
theory ;  and  this.  Lord  Eayleigh  suggests,  may  arise  from  the  possiUe 
yellowness  of  the  paper,  or  from  the  yellowness  of  the  sunlight  whei 
it  reaches  us  compared  with  that  in  the  upper  regions  of  the  atnK^ 
sphere  where  it  is  diffused. 

168.  Difftection  in  Optical  Instruments — dreular  Aperture- 
In  many  optical  instnunents  the  aperture  through  which  the  ligbt 
enters  is  limited  by  a  circular  stop,  and  for  this  reason  the  study  d 
diffraction  in  the  case  of  a  circular  aperture  has  attracted  speciil 
attention. 

For  example — when  a  point  source  of  light,  such  as  a  distant  sttft 
is  viewed  through  a  telescope,  the  wave  falling  upon  the  object  gl»» 
is  limited  by  a  circular  aperture,  and  instead  of  having  a  point  inu^ 
of  the  source  (as  the  geometrical  theory  would  lead  us  to  expect  with 
an  aplanatic  lens)  in  the  focal  plane  of  the  telescope,  there  is  * 
diffraction  pattern  ^  which  consists  of  a  bright  central  spot  surrounded 
by  a  series  of  rings  alternately  bright  and  dark.  With  white  light  tbe 
central  spot  is  approximately  white  and  the  rings  are  coloured.    The 

1  Noticed  by  W.  Herachel  in  1782,  PhU,  Tran$,  Roy.  Soe.  p.  5%  1805. 
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lirilliaiiey  of  the  rings  diminishes  rapidly  from  the  centre  outwards. 
For  the  exhibition  of  several  rings  a  strong  source  of  light  is  required, 
and  with  a  faint  source  only  the  central  spot  can  be  observed.  The 
diameter  of  the  central  spot  in  all  cases  varies  inversely  as  the  diameter 
of  the  aperture. 

Let  the  incident  light  be  parallel  and  fall  normally  on  the  aperture, 
nn<I   let  the  diffracted  pencil  make  an 
MHgle  6  with  the  normal  to  its  plane. 
Let   C   be   the   central   jroint   of   th<^ 
aperture,  CN  a  normal  to  its  plane,  I 
and  CO  the  direction  of  the  diffracted 
beam,  then  OCN  =  6,  and  the  plane  of 
diffraction  at  C — -that  is,  the  plane  of 
CO  and  CN — meets  the  pkne  of  the 
aperture  in  a  line  AB.     Let  P  be  any 
point    of    the    aperture,    and    let    the 
radiuB  vector  CP(  =  p)  make  a 
of  area  at  P  is 

ilS^pdifiilp, 

and  th^  phase  retsrdation  S  of  the  ribi-ation  from  this  element,  relative 
to  that  from  A,  is  the  same  as  for  that  from  D,  where  PD  is  perpen- 
diculnr  to  AB,  and  therefore 


b  with  AC.     Then  the  element 


,afl)=ft(r- 


»>*}, 


where  A  -  y  sin  $,  and  r  is  the  radius  of  the  aperture.     Hi 
vibration  excited  by  the  element  tfS  at  P  is  proportional  to 

aia{i«t  +  h{r-pi!OB^j\fii/<tdp, 
and  the  resultant  Wbration  for  the  complete  aperture  will  be 


r^■ 


{ w(  + /ir  —  A  p  (.'Ofl  0  )rf(irfp 


iwain(u{+Ai-) 


i/r//' 


9  (Ap  coa^lrf^rfp  -  ooa[ut  +  hr) 


>i:j-r 


o9»rf*<ip. 


t  final  double  integral  in  this  expression  is  zero,  for  the  elements  of 
which  arise  from  any  two  points  situated  at  equal  distances  on 

opposite   sides  of  C  are  of  opposite  signs  and  destroy  each  other. 

Hence  the  resultant  vibration  ia 


in  Hi 


"/!/> 


a(Vcoa*W,6rfp, 
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and  the  intensity  in  the  direction  CO  is 

1  =  1    /       /  pQOB(hpCOB^)d^dp  I .  i 

4 
The  integration  with  respect  to  p  is  obtained  at  once  by  pi 

thus — 

fycoB{hpcos4>)dp^  {I)^«^"(*^^^)}  -S^/[«^(*^'«*^>* 

_  o  sin  {hr  cos  ^)     .  ,  8in*(^Arooe^) 
~        (^rcos^)       '       (iArcoe^)' 

Hence,  writing  2m  =  hr  =  -r—  sin  6,  we  have 

L    Jo      (2nico8  0)  Jo      (wcoe^)*       '^J 

The  further  integration,  with  respect  to  <^  may  be  obtained 
series,  for  we  have 

8inx_-     a^    ar*    x* 

~^~    r?"^!!'!!    '  * '  * 

8in2a;_l-cos2x_       ^    2^    2^ 
~^~"~2ar»    "~         11       I?   "  I? 

Therefore 

/T    ^P'/n     (2^^t  COS  0)a    (27>i  cos  ^)*  \ 

1  v2  Z'^'/ 1       2'("*  CO8  0)«      2»(mC08^)*  -k 

"^"^jo  \^ li         "^ j6  .  .  .  .    )«^ 

But  we  have 

r^»     2tt    J      1.8.  5...(2n-l)„. 

/     COS     xdx  =  — - — : — ^    ^    ^ ^2*", 

Jo  2 .  4  .  6 . .  .  2ii 

therefore  finally 

,T       ,/  ,    l/?/iV    l/wn*    l/w«\2    l/m*v*  ^ 

Vl=.^(  i--(-)  +-(^j  -^^)  +g(^)  .  .  .  I  . 

Or  denoting  the  series  within  the  bracket  by  S,  we  have 

which  is  the  result  obtained  by  Airy.^ 

The  series  S  is  convergent  for  all  values  of  m  and  passes  alteroatt 

1  G.  B.  Airy,  Camb.  PhU,  Trans,  p.  288,  1834. 
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n^  X^<^^^®  <^^d  negative  values  as  m  increases  from  zero.     The 
mity  consequently  presents  maximum  and  zero  values,  correspond- 


to  ^—  =  O,   and  S  =  0,  respectively ;  and  when  the  corresponding 


of  m  have  been  found,  the  deviation  0  is  given  by  the  equation 


sin^  .    .    mX 

wi= — r ,  or8in^= — . 


Hence  the  deviation  corresponding  to  any  bright  or  dark  ring, 
ing  small^  is  iN:t>portional  to  X  and  inversely  as  the  radius  of  the 


The  subjoined  table  taken  from  Verdet's  Optique  Physique  contains 

values  of  fn/ir  corresponding  to  the  first  few  maxima  and  minima. 

table  shows  the  rapidity  with  which  the  maxima  decrease,  and 

Ibo  that  the  difference  between  two  consecutive  values  of  m  tends  to 

Imome  constant  and  equal  to  ^ir. 


L                 1     «> 

IntenMity  8^. 

1 

m/w 

0*610 
1*116 
1*619 
2*120 
2*621 

InteuHity 

82. 

1      1ft  max.              0 
}       2iidmax.      '       0*819 
j;        Srdmax.       |       1*333 
I       4th  max.             1  847 
5th  max.             2*361 
1 

1 
0*01745 
0*00415 
0*00165 
0*00078 

1 

!       Ist  min. 

2nd  min. 

3rd  min. 
1  4th  min. 
!       5th  min. 

0 
0 
0 
0 
0 

In  the  foregoing  equation  0  is  obviously  the  angular  width  of  a 
:  ring  as  seen  from  the  optical  centre,  and  as  this  is  very  small  we  may 
•  write  6  for  sin  0,  Hence  the  angular  width  of  the  first  dark  ring  is 
given  by  the  equation 


^  =  0*61- 
r 


I 

IWhen  two  very  close  point-sources  of  light  are  viewed  through  a 
telescope  their  difiraction  patterns  will  overlap,  and  they  cannot  be 
distinguished  as  distinct  sources  if  the  overlapping  of  the  central  spots 
of  their  images  exceeds  a  certain  limit.  Now  the  intensity  falls  from 
unity  at  the  centre  of  the  spot  to  0*37  at  a  distance  from  the  centre 
eqoal  to  half  the  radius  of  the  first  dark  ring.  Consequently  if  the 
distance  between  the  centres  of  the  two  central  spots  is  equal  to  the 
radius  of  the  first  dark  ring  the  intensity  should  be  0*74  half-way 
between  the  two  centres  and  unity  at  each  centre.  This  variation  of 
intensity  should  be  observable,  and  a  double  star  should  therefore 
be  resolved  by  a  telescope  when  the  angular  separation  of  the  com- 
ponents is  0*61  X/r. 
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Examples 

1.  Taking  AB  (Fig.  146)  and  a  perpendicular  to  it  as  axes  of  x  and  y 
show  that  with  an  aperture  of  any  form,  the  intensity  at  O  in  the 
making  an  angle  6  with  the  wave  normal  is 

I  =  rpsin(y  ajsin^J^iarJ  +r|yco8(  y^^"*  ^^^T- 


i 


[Divide  the  aperture  into  narrow  strips  perpendicular  to  the  axis  of  iE. 
of  one  of  these  strips  is  ydx,  the  length  of  the  strip  being  y  and  its  width 
if  the  phase  of  the  vibration  from  the  origin  of  co-ordinates  be  tai,  the  phaso  a 

tion  of  the  vibration  from  the  element  ydx  will  be  — -  a;  sin  d,  and  hence  iki 

A 

represented  by 

y  sinf  ut -h  -T-- X  sin  6  jdx. 

The  resultant  of  the  whole  aperture  will  be 

j  y  ainl  tat +-r- X  Bind  jdx 

=  sin  (at  I  ycosl  —  a;  sin  ^  jdx  +  cos  w^  lysml—x  sin  $  jdx. 

Therefore,  etc.] 

2.  The  sine  of  the  deviation  (sin  d)  corresponding  to  a  maximiini  or  mini 
intensity  (Ex.  1)  is  proportional  to  the  wave  length  X.  Hence  the  linear  dimeo 
of  the  patterns  produced  by  differently  coloured  homogeneous  lights  are  propoit 
to  the  wave  lengths. 

3.  With  similar  apertures  the  sines  of  the  deviations  (sin  0)  corresponding 
maximum  or  minimum  intensity  of  a  given  order  are  inversely  as  the  linear  dii 
sions  of  the  apertures. 

[For  let  m  be  the  ratio  of  the  corresponding  lines  of  two  apertures,  thei 
the  expression  for  the  intensity  given  by  one  aperture  be  that  of  Ex.  1 ,  the  expra 
for  the  other  \vi\\  be  derived  by  substituting  mXy  and  my  for  x  and  y,  viz. 

I   /  my  sin  (  Y  mx  sin  $  jdx  I  + 1  /  ^y  cosf  —  mx  sin  0  jdx  I . 

Hence  if  ^i  makes  the  first  a  maximum  or  minimum,  the  second  will  be  mK 
maximum  or  minimum  by  ^2,  if  wisin  ^2=sin^i,  that  is,  if 


Hindi  _m 
sin  ^2 


__m  "I 


4.  The  intensities  transmitted  in  the  same  direction  by  two  similar  and  simil 
situated  apertures  are  in  a  constant  ratio. 

[This  follows  from  the  expression  of  Ex.  3,  the  constant  ratio  being  m\] 

5.  If  one  aperture  can  be  obtained  from  another  by  displacing  parallel  to  tJ 
selves  its  ordinates  (y)  without  altering  their  lengths,  the  intensities  in  the  pin 
are  the  same  for  the  same  directions. 

6.  The  intensity  at  any  point  due  to  a  system  of  equal,  similar,  and  simi 
situated  apertures  is  equal  to  the  intensity  produced  by  a  single  aperture  m 
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plied  by  that  prodaced  by  a  Bystem  of  points  similarly  situated  on  the  aperture,  one 
on  each. 

[Consider  a  point  situated  on  one  of  the  apertures  and  take  a  point  situated  simi- 
larly on  each  of  the  other  apertures.  The  vibration  produced  by  this  system  of 
points  will  be  of  the  form  Aon  (tat  +  d).  As  the  chosen  point  moves  over  the  first 
apertore,  the  corresponding  points  will  move  over  the  other  apertures  and  obviously 
A  will  remain  constant. 

Hence  if  the  intensity  produced  by  a  single  aperture,  or  by  a  system  of  similarly 
sitaated  points  on  the  system  of  apertures,  be  zero,  the  intensity  produced  by  the 
whole  system  will  be  zero.  In  this  case  then  there  will  be  in  general  two  series 
of  minima.] 

7.  Show  that  the  pattern  produced  by  difiraction  through  an  elliptic  aperture 
niay  be  determined  by  reduction  to  the  case  of  a  circular  aperture. 

8.  Determine  the  character  of  the  diffraction  pattern  produced  by  a  square 
aperture. 

9.  Determine  the  character  of  the  pattern  produced  by  diffraction  through  a 
triangular  aperture. 


CHAPTER    X 

ON   THE   POLARISATION   OF   LIGHT  BY   REFLECTION   AND  DOUBLE 

REFRACTION 

164.  Transverse  Vibrations — Plane  Polarisation. — In  the 

of  the  phenomena  with  which  we  have  been  hitherto  engaged,  we 
deduced  no  evidence  whatsoever  as  to  the  nature  of  the  vibrations  i 
the  luminous  waves.  Throughout  our  investigations  of  the  phenoi 
of  interference  wo  have  only  supposed  the  vibrations  of  the  int«rferii(| 
rays  to  be  similar  to  each  other,  but  as  to  how  they  are  directed  i 
space,  or  as  to  the  relation  of  this  direction  to  the  direction  of  pi 
gation  of  the  ray,  we  have  made  no  assumption,  nor  yet  dealt  viil 
any  phenomena  calculated  to  attract  our  attention  to  it.  From  iM 
to  time  our  knowledge  of  the  theory  of  sound  has  proved  of  conskb 
able  assistance  in  the  study  of  analogous  phenomena  in  the  theorr'j 
light,  but  we  now  approach  a  class  of  optical  phenomena  which  hav 
no  analogue  in  the  theory  of  sound.  These  have  consequently 
supposed  to  arise  from  the  difference  in  the  nature  of  the  vibrataoitfi 
the  ether  which  constitute  light  and  those  of  the  atqiosphere  nM 
produce  sound. 

In  the  case  of  sound  we  know  that  the  vibrations  of  the  atmoq)h>f  I 
are  longitudinal — that  is,  in  the  direction  in  which  the  sound  is  bcvfj 
propagated ;  the  same  is  the  case  when  rods  and  strings  vibrate  Ic 
tudinally,  or  in  the  direction  of  their  length.  -  However,  in  the  casev] 
a  sounding  fiddle-string  (or  the  cord  of  Art.  34)  the  vibrations  of 
string  are  perpendicular  to  its  length,  or  transverse.  A  cord  or  ni'| 
is  thus  capable  of  two  distinct  kinds  of  vibrations,  longitudinal  tf^l 
transverse,  and  these  are  propagated  along  the  cord  with  diflferei^| 
velocities.  So,  in  general,  if  a  disturbance  is  being  propagated  hjf  tki| 
vibration  of  an  elastic  medium  in  any  direction,  we  may  resolre  till 
vibration  into  two  others,  one  longitudinal,  and  the  other  transveneti 
that  direction,  and  if  this  applies  to  the  ether,  we  should  have  the  t«* 
species  of  waves  in  it. 


i 
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The  question  now  at  issue  is  whether  the  luminiferous  vibrations 
ipposing  them  to  be  periodic  displacements)  are  longitudinal  or 
msverse,  or  if  both  species  exist  in  the  ether  and  affect  our  sense  of 
;ht.  This  question  can  only  be  answered  by  experiment,  but  before 
ducing  any  evidence  on  the  point,  it  will  be  well  to  return  to  the 
Qsideration  of  a  vibrating  cord  (Art.  34). 

Let  AB  (Fig.  6)  represent  a  stretched  cord,  such  as  a  fiddle-string, 
this  cord  be  rubbed  in  the  direction  of  its  length,  it  will  start  to 
irate  in  that  direction,  i.e.  longitudinally,  and  emit  a  piercing  note, 
it  if  a  bow  be  drawn  across  it  at  right  angles  to  its  length,  it  will 
dilate  transversely  and  emit  quite  a  different  note.  In  the  former 
^e  the  appearance  of  the  string  is  the  same  on  all  sides,  or  in  all 
kues  drawn  through  its  length,  but  in  the  latter  case  the  string 
urates  in  a  definite  plane,  and  its  appearance  is  not  the  same  in  all 
^nes  drawn  through  its  length.  It  has  definite  sides  on  it  with 
;ard  to  the  space  around  it.  It  looks  flat,  like  a  ribbon;  when 
crating  it  has  acquired  skies  and  may  be  said  to  be  polarised. 

Now  suppose  the  string  AB  to  pass  freely  through  a  narrow  fect- 
;ular  slit  a  little  wider  than  the  diameter  of  the  cord.  It  is  clear 
it  the  longitudinal  vibrations  will  not  be  interfered  with,  but  will 
itinue  unmodified,  no  matter  how  the  slit  is  turned  round  the 
irating  string.  The  case  is  quite  different  when  AB  is  vibrating 
nsversely,  for  when  the  length  of  the  slit  is  in  the  direction  of  the 
•ration  of  the  string — that  is,  parallel  to  the  plane  of  vibration — the 
Lng  is  free  to  oscillate,  and  its  vibrations  will  not  be  disturbed. 
^wever,  as  the  slit  is  turned  round  the  cord  so  as  to  be  at  right 
^les  to  the  plane  of  vibration,  the  cord  is  no  longer  free  to  oscillate, 
L  its  motion  is  interrupted  by  the  sides  of  the  slit.  Thus,  by 
xiing  the  slit  round  the  cord,  we  detect  the  transverse  vibrations 
ich  give  a  two-sidedness  or  polarity  to  the  vibrating  string,  and  even 
»xigh  it  were  invisible  we  should  learn  that  it  does  not  present  the 
xe  aspect  on  all  sides.^ 

It  occurs  to  us  now  to  endeavour  to  determine  by  some  analogous 
tbod  the  nature  of  the  luminiferous  vibrations,  and  for  this  purpose 
'  may,  with  profit^  first  operate  with  a  plate  of  tourmaline  cut 
rallel  to  the  axis  of  the  crystal.  When  a  beam  of  light  is  allowed 
fall  perpendicularly  upon  such  a  plate  part  of  it  is  transmitted,  and 
)  shall  see  now  that  this  transmitted  portion  has  the  peculiar  two- 
led  property  of  the  transversely  vibrating  string.  To  the  eye  the 
losmitted  light  appears  to  have  suffered  only  a  slight  colouring  due 

1  This  might  also  be  detected  by  placing  a  smooth  plane  surface  against  ^^ 
ing. 
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to  the  natural  tint  of  the  crystal     But  if  we  allow  the  light 
passes  through  the  plate  to  fall  upon  another  similar  pkte,  w« 
that  the  light  from  the  first  passes  freely  through  the  secoDd 
the  two  are  parallel — that  is,  similarly  placed  with  respect  to  tki 
as  A  and  B  (Fig.  147).     As  the  second  plate  is  rotated  (A'F) 
the  beam  as  axis,  its  plane  being  always  perpendicular  to  the  nf,< 

light   transmitted  by  ii 
JB'  ^         observed  to  fade 

and  when  it  has  been 
through  a  right  angle  (Al 
the  light  is  completdj 
tinguished.    It  is  ii 
which  plate  is  turned, 
the  bodily  turning  of  both  at  the  same  time  is  without  effect    Ifi 
rotation  be  continued  beyond  a  right  angle,  the  light  reappears 
increases  in  intensity  till  a  second  right  angle  has  been  com] 
when  it  is  as  bright  as  at  the  outset     When  the  plates  are  it 
angles  to  each  other,  i,e,  crossed,  the  light  from  the  first  ia 
transmission  through  the  second,  just  as  the  transverse  vibratiooii 
the  string  were  stopped  by  turning  the  slit 

Now  the  beam  transmitted  through  a  single  plate  of  toi 
remains  unaltered  in  intensity  as  the  plate  is  rotated,  we  the 
detect  nq  ttvo-sidedness  in  ordinary  or  natural  light;   but  it  is 
otherwise  with  the  transmitted  beam,  for  we  see  that  the  amooitt 
it  which  the  second  plate  allows  to  pass  depends  on  the  orientatuii 
that  plate  with  respect  to  the  firsts  and  in  one  position  it  ent 
refuses  a  passage  to  the  light.     This  beam,  then,  which  has 
through  the  plate  of  tourmaline  has  acquired  a  twhsidedneis.     It  iii 
this  reason  said  to  be  j)lane-polurised,  and  for  this  reason  it  has 
supposed  that  its  vibrations  are  transverse,  and  all  in  one  plane, 
the  vibrations  of  a  string  plucked  aside. 

It  is  very  important  to  remark  that  there  is  one  position  of 
second  plate  which  entirely  cuts  off  the  beam  transmitted  througb 
first,  and  this  has  been  taken  to  show  that  the  light  vibrations 
be  longitudinal,  for  if  they  were,  the  orientation  of  the  second 
would  not  be  expected  to  affect  them,  just  as  the  turning  round  d 
slit  did  not  affect  the  string  vibrating  longitudinally.     The  fact 
^^^       no  light  gets  through  the  second  plate  in  one  position  appetfs 
show  that  the  longitudinal  vibrations,  if  they  exist  in  the  ether,' 
not  propagated  as  light  by  themselves,  but  it  does  not  prove  t]tfi'| 
longitudinal  component  does  not  exist  in  the  vibration  as  a  m 
part,  for  the  extinction  of   the  transverse  constituent  might  eo^v 
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^^^  i>(  the  longiludinal  as  well.  In  fact,  it  is  not  easy  to  see  bow 
Hteves  of  transverse  vibration  can  be  projmgated  in  a  mediuin  euch 
sAs  an  elastiu  solid  without  being  '.attended  by  more  or  less  of  the 
longitudinal  element.  Further  evidence  on  this  point  will  appear  in 
■what  follows. 

185.  Polarisation  by  Reflection — Biot's  Polarlscope. — The  polari- 
sation of  light  was  first  noticed  by  Huygens  wlien  studying  the  refraction 
of  light  through  a  crj'stul  of  Iceland  spar,  but  it  remained  an  isolated 
fact  in  science  for  more  than  a  century  afterwards.  About  1 808  Malus 
cliscovered,  accidentally,  that  light  when  reflected  from  the  surface  of 
glass  acquires  properties  similar  to  those  possessed  by  the  light  trans- 
znitted  through  a  plate  of  tourmaline— that,  in  fact,  light  may  be 
polarised  by  reflection, — and  pursuing  the  inquiry  further,  he  found 
tbat  the  same  occurs  when  light  is  reflected  from  water  and  other 
transparent  substances.  Hence  the  two-aidedness  of  the  light  which 
.  has  passed  through  a  tourmaline  plate  may  be  detected  by  allowing  it 
I  to  fall  upon  a  plane  glass  plate.  By  turning  the  plate  round  the 
[  beam  the  rejected  light  is  seen  to  vary  in  intensity,  and  in  one 
„  position   of  the    plate    the   reflected    light    vanishes    altogether.     By 

keeping  the  glass  plato  stationary  and    rotating   the   tourmaline  we 

may  obtain  the  same  results. 

Similarly  the  beam  may  fall  first  upon  the  glass  and  afterwards 

:»'  transmitted  through  the  tourmaline  with  the  same  effect.     In  one 
i-i-  we  /vlntiss  the  light  by  transmission  through  the  tourmaline  and 

■  '"••i'lse  it  (that  is,  detect  its  polarisation)  by  reflection  from  th 

and  in  the  other  case  it  is  [lolarieed  by  reflection 

from   the  mirror  and  analysed  by  transmission 

through  the  tourmaline.     It  is  clear,  therefore, 

that     the    tourmaline    may    be    dispensed    with 

altogether  and  replaced  by  a  plane  gloss  mirror, 

since  the  mirror  can  act   the   part  either  of   it 

polariser    or   an    analyser.       On    this    priucipio 

instruments  termed  jidariscopes  have  been   con- 
structed.    One  of  the  first  of  these  was  designed 

by  Biot,^  but  it  has  long  since  been  superseded 

by  more  commodious  forms.     It  is  represented 

in  Fig.  148.  At  each  end  of  a  tube  T  plane 
anirrors  of  poiisbed  black  glass  are  placed.  Each 
"»niiTor  is  capable  of  two  motions — one  round  a 
^iiameter  of  the   tube — that  is,  round  an   axis  *''"  ^*^' 

;()erpendicular  to  the  axis  of  the  tube.     The  amount  of  this  rotation 
>  BioC,  Traill  dt  Physique,  torn,  ir,  livre  sixi^mr,  chap,  i,  p.  2S6. 
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measured  by  the  graduated  circles  M  and  N.     The  second 
round  the  axis  of  the  tube.     This  is  obtuned  by  the  mimxi 
attached  to  rings  6,  H,  which  are  graduated  and  movable  on  tlie 
The  mirrors  can  thus  be  inclined  at  any  angle  to  the  incident  1 
and  to  each  other. 

166.  Angle  of  Polarisation. — When  the  planes  of  the  two 
are  placed  parallel,  the  light  which  is  reflected  from  the  first  and 
upon  the  second  is,  for  a  certain  incidence,  entirely  reflected  th< 
rotating  either  mirror  round  the  axis  of  the  tube,  the  amount  of; 
light  will  diminish  and  become  a  minimum  when  the  mirror  hai 
rotated  through  90"",  so  that  the  mirrors  are  crossed.     The 
light  reflected  in  this  position  will  depend  upon  the  angle  of  h 
and  for  one  particular  value  of  this  angle  the  reflected  light  will 
entirely. 

We  consequently  infer  that  there  is  one  particular  angle  of  ii 
ence  at  which  light  is  completely  polarised  by  reflection  from  gUtn^i 
this  is  termed  the  angle  of  polarisation,  or  the  polarising  angle. 

When  light  is  reflected  from  glass,  the  reflected  beam  in  geoi 
lial.       only  partially  polarised.     It  cannot  be  completely  extinguished 
tourmaline  plate  or  by  reflection  from  another  mirror  at  any  intk 
The  amount  of  polarisation  depends  upon  the  angle  of  incidence^ 
at  one  particular  angle  the  polarisation  becomes  complete. 

We  must  not  hastily  infer  that  for  every  substance  there  is  an 
of  complete  polarisation.  In  fact,  it  is  proved  by  experiment  thati 
the  angle  of  incidence  increases,  the  polarisation  in  general  M 
increases  to  a  maximum,  and  then  decreases  after  passing  through  A| 
angle  of  maximum  polarisation.  For  each  substance  there  is  an  ai^ 
of  incidence  which  gives  a  maximum  of  polarisation,  and  XMb  angbi 
termed  the  polarising  angle  of  the  substance. 

M.  Jamin,  who  investigated  this  subject,  found  that  only  a  fai 
substances,  of  refractive  index  about  1*46,  polarise  light  complete^ 
by  reflection.  For  all  other  substances  the  polarising  angle  is  nMn^ 
the  angle  of  maximum  polarisation.  For  glass  the  polarising  an^i 
about  57°,  and  for  pure  water  53°  11'. 

1 67.  Plane  of  Polarisation. — When  plane-polarised  light  &lli  i 
the  polarising  angle  upon  a  glass  mirror,  the  intensity  of  the  refleeU 
light  depends  upon  the  position  of  the  plane  of  incidence  with  regai 
to  the  ray.  Thus  as  the  mirror  is  rotated  round  the  ray,  keepii 
the  angle  of  incidence  constant  the  intensity  of  the  reflected  peiK 
varies,  and  that  particular  plane  of  incidence  in  which  the  light 
most  copiously  reflected  is  called  the  plane  of  polarisaHon.  When  t 
polarised  light  has  been  obtained  by  reflection,  it  is  obvious  that  t 
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B  plane  of  polarisation,  as  defined  above,  is  the  plane  of  reflection  of  the 
:  light,  for  this  beam  would  be  most  copiously  reflected  by  a  second 
-  surface  when  it  is  parallel  to  the  polarising  surface. 

According  to  the  theory  of  Fresnel,  the  vibrations  of  plane- 
polansed  light  are  perpendicular  to  the  plane  of  polarisation.  Thus 
the  direction  of  vibration  in  light,  polarised  by  reflection,  is  perpen-  Directic 
dicular  to  the  plane  of  reflection — that  is,  parallel  to  the  reflecting  J^j^^  " 
surface.  The  relation  of  the  direction  of  vibration  to  the  plane  of 
polarisation  has  been  a  subject  of  much  dispute,  and  we  postpone  its 
consideration  for  the  present  It  will  be  well  to  bear  in  mind,  how- 
ever, that  something  may  be  going  on  both  in  and  perpendicular  to  the 
plane  of  polarisation,  and  that  the  vibration  may  not  be  a  simple 
displacement  in  the  wave  front  (chap.  xxi.). 

1 68.  Double  Ref^*action. — Hitherto  we  have  assumed  that  when 
light  is  incident  on  the  surface  of  a  transparent  medium,  the  refracted 
portion  pursues  in  all  cases  a  single  definite  direction.  That  this  is 
not  always  the  case  was  discovered  by  Erasmus  Bartholinus,  a  Danish 
philosopher,  about  the  year  1669.  Experimenting  with  a  crystal  of 
Iceland  spar  (carbonate  of  calcium),  he  found  that  a  beam  of  light  on 
refraction  at  its  surface  travels  through  the  crystal  in  two  determinate 
pencils,  one  of  which  traverses  it  according  to  the  known  laws  of 
refraction,  while  the  other  is  bent  according  to  a  new  and  extraordinary 
law  not  hitherto  noticed.^ 

A  few  years  after  the  discovery  of  double  refraction,  Huygens  ^ 

,  gave  a  satisfactory  explanation  of  it  in  uniaxal  crystals  on  the  principles 

.  of  the  wave  theory,  and  whilst  repeating  the  ob8er\'ations  of  Bartho- 

,  linus,  he  was  led  to  the  discovery  of  the  **  wonderful  phenomenon  "  of 

the  polarisation  of  light 

The  property  of  producing  two  refracted  beams  is  called  double 
refraction^  and  is  possessed  by  all  crystallised  minerals  except  those 
whose  fundamental  form  is  the  cube.  It  belongs  also  to  animal  and 
vegetable  substances  possessing  a  regular  arrangement  of  pai*ts,  and  to 
all  bodies  whose  parts  are  in  a  state  of  unequal  compression  or  dilata- 
tion. 

The  angular  separation  of  the  two  refracted  pencils  varies  with  the 
direction  of  the  incident  ray  with  reference  to  the  natural  figure  of  the 
cryBtal.     In  every  doubly  refracting  crystal  there  is  at  least  one  direc-  Optic  n 
tion,  and  in  many  two,  in  which  no  such  separation  occurs.      These 

^  An  account  of  these  experiments  was  pablished  at  Copenhagen  in  1669  under 
the  title  Experimenta  Crystalli  lalandici  dis-diaclasUci^  quihus  mira  et  insolUa  rtf  radio 
deleffitur,  A  full  account  of  them  is  given  in  the  Edinburgh  Philosophical  Jowmal, 
ToL  L  p.  271. 

*  Huygens,  Traitd  de  la  Lumikre^  **  De  I'estrange  refraction  du  Gristald'Isltiido.'' 
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directions  are  called  the  oplic  axes  of  the  crystal.  The  refracted 
are  most  widely  separated  when  the  incident  beam  is  perpendii 
the  optic  axis. 

In  Iceland  spar,  the  substance  in  which  it  was  first  obsern 
phenomenon  of  double  refraction  is  very  strikingly  exhibited.    ' 
mineral  crystallises  in  many  forms,  all  of  which  may  be  redne 
cleavage  t«the  rhombohedron,  which  is  accordingly  the  fundamenulft 
It  is  also  found  in  considerable  masses  of  great  purity  and  transput 
The  rhombohedron  is  bounded  liy  six  parallelograms,  the  angla     ( 
which  are  101"  55'  and  78"  5'  respectively.     Two  of  the  solid  k 

.  and  h  (Fig.  149),  diametrically  oppodUv 

contained    by   three    obtuse    angle*,  il 

!ich  of  the  remaining  four  is  boimded 

ne    obtuse    and   two  acute    angles. 

direction    making    equal    angles    witb 

faces  at  the  summits  of  the  obtnM  > 

angles  is  called  the  axis  of  tJi^  eryiioL 

if  the  edges  of  the  rhomb  be  equal  to  ri 

other,  the  line  ah  adjoining  the  obtuse  solid  angles,  or  any  [ 

line,  is  the  cryetallographic  axis.     The  angles  at  which  the  facts  tlx 

selves  are  inclined  are  105^  5'  and  74"  Sri'. 

When  a  transparent  crysttd  of  Iceland  spar  is  placed  over  s 
black  dot  on  a  sheet  of  white  paper,  two  images  of  the  dot  are  sc 
looking  through  the  crystal,  and  if  the  eye  be  held  perpendicuM 
over  the  face  of  the  crystal  while  it  is  rotated  over  the  dot,  one  old 
images  remains  stationary,  while  the  other  rotates  round  it 
fixed  image  appears  a  little  nearer  than  the  movable  one,  and  the  li 
joining  them  is  parallel  to  the  shorter  diagonal  of  the  rhombic  & 
through  which  tiiey  are  observed. 

169.  Polarisation  by  Double  Refraction. — The  properties  of  lim 
which  has  suffered  double  refraction,  may  be  best  examined  by  ilkiM 
ing  a  pencil  from  a  small  aperture  to  pass  through  a  large  crystal  N; 
as  to  receive  the  two  emerging  beams  on  a  screen. 

Of  the  two  portions  into  which  the  refracted  light  is  divided  by* 
uniaxal  crystal,  that  which  obeys  the  ordinary  laws  of  refraction  ii 
called  the  (/nUniiry  ray,  and  this  gives  an  image  on  the  screen  cailtd 
the  ordinary  iraaga  The  other  refracted  ray  does  not  obey  th 
ordinary  laws  of  refraction.  It  is  called  the  e-xlrawdituiry  rav  and 
gives  an  extraordinary  image.  These  rays  and  images  may  be  denoiec 
by  the  letters  0  and  E.  By  placing  a  plate  of  tourmaline  in  tb 
path  of  either  of  the  rays  produced  by  double  refraction,  it  is  fonn 
ou  rotating  the  tourmaline  that  in  one  position  it  refuses  to  tranimi 
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Jie  ray,  while  in  other  positions  the  ray  is  transmitted  with  more  or 
.688  freedom.     Both  the  rays  then  are  two-sided  or  plane-polarised. 

This  may  also  be  shown  by  allowing  the  pencils  to  pass  through  a 
leoond  crystal  of  calcspar.  When  the  second  crystal  is  parallel  to  the 
3r8t^  the  two  behave  just  like  one  of  their  joint  thickness.  In  this 
position  the  ordinary  and  extraordinary  rays  of  the  first  crystal 
traverse  the  second  as  ordinary  and  extraordinary  rays,  but  when  the 
second  is  rotated  through  an  angle,  each  of  the  rays  O  and  E  is 
loubly  refracted  in  it^  so  that  four  rays  emerge  from  the  second  crystal 
and  four  images  are  depicted  on  the  screen.  The  ordinary  ray  of  the 
5r8t  crystal  gives  rise  to  an  ordinary  Oo  and  an  extraordinary  0«, 
srhile  the  extraordinary  gives  rise  to  an  ordinary  £<>  and  an  extra- 
>rdinary  E^  As  the  rhomb  is  turned,  the  pair  0^  and  E^,  which  are 
UBkint  at  firsts  gradually  increase  in  brightness,  while  the  other  pair  Oo 
and  "Eg  diminish  in  intensity  and  finally  vanish  when  the  crystal  has 
been  rotated  through  90°.  We  have  now  again  only  two  images,  viz. 
0«  and  Eo*  On  rotating  the  rhomb  farther,  these  images  grow  fainter, 
iprhile  the  other  pair  Oo  and  E^  reappear  and  increase  in  intensity  till 
the  rhomb  is  rotated  through  180''  from  its  first  position.  Here  we 
liave  only  two  images  Oo  and  E^  as  at  starting.  Thus  in  one  position 
the  second  rhomb  allows  the  pencils  to  pass  freely  through — the 
ordinary  as  ordinary,  and  the  extraordinary  as  extraordinary, — while 
in  a  position  at  right  angles  to  this  it  refracts  the  ordinary  ray  entirely 
'  as  an  extraordinary,  and  the  extraordinary  entirely  as  an  ordinary 
'  and  in  any  intermediate  position  it  refracts  both  doubly. 

By  utilising  the  persistence  of  visual  impressions,  this  form  of  the 
experiment  is  susceptible  of  a  very  elegant  modification.  Let  one  of 
the  pencils  emerging  from  the  first  crystal  fall  upon  the  second.  This 
beam  will  in  general  be  divided  into  two  others  by  the  second,  and  the 
refracted  pencils  will  depict  two  spots  on  a  screen  placed  to  receive  them. 
By  placing  the  screen  at  a  proper  distance  the  spots  may  be  made  to 
partly  overlap.  Now  let  the  second  crystal  be  rotated  rapidly  around 
the  direction  of  the  incident  pencil  of  light.  The  spots  on  the  screen 
will  describe  circular  luminous  bands  on  the  screen  which  partly  over- 
lap. Three  concentric  rings  are  consequently  presented.  The  middle 
ring  is  due  to  the  overlapping  of  the  two  images,  and  is  uniformly 
bright  all  round,  for  the  overlapping  images  are  complementary  in  all 
positions.  This  central  ring  is  bordered  on  either  side  by  other  rings, 
one  due  to  the  ordinary  image  and  the  other  to  the  extraordinary. 
These  do  not  appear  uniformly  bright.  The  former  will  be  brightest 
in  the  plane  of  polarisation,  and  darkest  in  the  perpendicular  plane. 
The  reverse  is  the  case  in  the  extraordinary  ring. 
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The  ordinary  and  extraordinary  rays  emerging  from  a  Tbomb 
Iceland  spar  or  any  other  doubly  refracting  crystal  are 
in  a  condition  singularly  different  from  that  of  common  lights  fat 
a  beam  of  natural  light  is  always  divided  into  two  of  equal  inl 
on  entering  the  crystal  (except  when  it  passes  in  one  particular 
tion  called  the  optic  axis),  the  subdivision  of  the  ordinary  or  e: 
ordinary  ray  by  a  second  rhomb  depends  on  the  orientation  of 
second  crystal  with  respect  to  the  first 

It  was  in  this  form  that  the  polarisation  of  light  was  first 
by  Huygens.  On  analysing  his  observations,  he  determined  thit 
beam  of  solar  light  is  always  divided  into  two  (except  when  it  tn 
the  crystal  in  a  direction  called  the  optic  axis),  and  that  each  of 
resulting  beams  will  be  singly  or  doubly  refracted  by  a  second  cmii| 
of  spar  according  to  the  relative  position  of  the  principal  sections ;  tl 
are  planes  drawn  through  the  optic  axes  of  the  crystals  and 
pendicular  to  the  refracting  faces.  If  the  principal  planes  of 
crystals  be  either  parallel  or  at  right  angles  to  each  other,  then  M 
rays  which  emerge  from  the  first  are  not  doubly  refracted  by  tntf' 
mission  through  the  second.  If  the  principal  planes  are  paralkl 
the  ordinary  ray  from  the  first  traverses  the  second  as  an  ordinny 
ray,  and  the  extraordinary  as  extraordinary;  but  if  these  sectiott 
are  at  right  angles,  the  ordinary  ray  from  the  first  is  refracted  as  m 
extraordinary  ray  in  the  second,  and  the  extraordinary  ray  as  fl 
ordinary. 

The  ordinary  wave  is  found  to  be  polarised  in  the  principal  pU^ 
and  the  extraordinary  wave  is  polarised  perpendicularly  to  the  principii 
plane,  the  plane  of  polarisation  being  defined  as  in  Art.  167. 

A  beam  of  plane-polarised  light  possesses  the  following  characur 
istics : — 

I.  It  is  not  divided  into  two  others  by  a  doubly  refracting  oysttl 
in  two  positions  of  the  principal  section  with  respect  to  the  ray,  wiiib 
in  other  positions  it  is  divided  into  two  pencils  which  vary  in  intenatji 
and  are  complementary  as  the  crystal  is  rotated. 

II.  It  is  not  reflected  at  the  surface  of  a  transparent  subsUooi 
when  the  plane  of  incidence  is  perpendicular  to  the  plane  of  pobiifl' 
tion,  and  when  the  angle  of  incidence  has  a  certain  value  depending  oi 
the  nature  of  the  substance. 

1 70.  Property  of  Tourmaline. — In  our  preliminary  experiment  «c 
obtained  polarised  light  by  transmitting  a  pencil  of  ordinary  lig^ 
through  a  plate  of  tourmaline.  Now  tourmaline  is  really  a  doub|r 
refracting  crystal  and  divides  the  intromitted  beam  into  two  parti,  tf 
ordinary  and  an  extraordinary,  yet  it  is  only  the  extraordinary  betf 
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.  that  emerges  from  the  plate,  for  the  ordinary  pencil  is  rapidly  absorbed 

,  by  the  crystal,  so  that  a  plate  of  small  thickness  (1  or  2  mm.)  is  almost 

impervious  to  it.     It  is  this  property  that  renders  tourmaline  plates  so 

readily  adapted  to  the  operations  of  either  producing  polarised  light  or 

of  analysing  it  when  already  obtained. 

The  wave  velocity  is  then  not  the  only  property  affected  by  crystal- 
line structure.     In  many  crystals  the  two  polarised  rays  suffer  different  Double 
zates  of  absorption,  and  it  is  this  property  that  qualifies  a  single  plate  ^^^^^ 
of  tourmaline  to  act  the  part  either  of  a  polariser  or  an  analyser.     The 
property  of  double  absorption  is  without  doubt  intimately  related  to 
t>hat  of  double  refraction. 

Tourmaline,  however,  is  not  a  very  transparent  mineral,  and  strong 
1>eam8  of  polarised  light  cannot  well  be  obtained  with  it  Hence  it  is 
<}uite  unfitted  for  work  when  the  illumination  is  faint,  consequently 
other  forms  of  polarisers  and  analysers — that  is,  apparatus  for  pro- 
ducing and  studying  polarised  light — have  been  invented.  The 
most  important  of  these  are  Nicol's  and  Foucault's  prisms  (see  Arts. 
182,  183). 

171.  Brewster's  Law. — About  the  year  1811  Sir  David  Brewster 
eommenced  an  extensive  series  of  experiments  with  the  object  of  deter- 
mining the  polarising  angles  of  different  media,  and  of  connecting 
^  them  by  a  law.     The  outcome  of  his  investigations  was  the  simple  and 
'.  remarkable  law,  "  The  index  of  refraction  of  th^  substance  is  the  tangent  of 
the  polarising  angle"     This  law,  which  is  expressed  by  the  formula 

tan  i=M, 

informs  us  that  the  polarising  angle  ranges  in  different  substances 
from  45"^  upwards,  and,  when  the  refractive  index  is  known,  the  angle 
of  polarisation  is  inferred.   . 

Since  the  refractive  index  is  different  for  differently  coloured  lights, 
it  follows  that  the  angle  of  maximum  polarisation  is  different  for  the 
different  rays  of  the  spectrum,  and  consequently  if  a  beam  of  solar 
light  be  reflected  successively  from  two  glass  plates  whose  planes  of  Colour 
reflection  are  at  right  angles,  the  reflected  \)eam  will  never  be  wholly  ™^* 
extinguished,  but  will  be  reduced  to  a  residuum  coloured  with  a  red 
or  blue  tinge,  according  as  the  angle  of  incidence  is  the  polarising 
angle  of  the  more  or  less  refrangible  rays.  When  the  angle  of  incidence 
IB  that  of  polarisation  of  the  most  luminous  part  of  the  spectrum,  the 
reflected  light  is  of  a  purplish  tint,  formed  by  the  mixture  of  the 
remaining  rays  in  different  proportions.  These  effects  are  best  marked 
in  highly  dispersive  substances. 

The  geometrical  interpretation  of  Brewster's  law  is  that  when  a 
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peDcil  of  light  falls  upon  a  transparent  substance  at  the 
angle,  the  reflected  and  refracted  rays  are  at  right  angles.      For  if 

tan  1=^1,    then .=-, — , 

cos  I    an  r 

or 

cos  i = sin  r    and  i  +  r  =  90*, 

therefore  i  and  r  are  complementary,  or  the  reflected  and  refndii 
rays  are  at  right  angles. 

172.  Pile  of  Plates. — The  law  of  Brewster  applies  to  light 
from  the  surface  of  the  rarer  as  well  as  from  the  surface  of  the  den* 
medium,  and  since  the  refractive  index  in  the  former  case  is  tk 
reciprocal  of  that  in  the  latter,  it  follows  that  the  angles  of  polarisatki 
in  the  two  cases  are  complementary.  From  this  it  follows  that  wbs 
a  beam  of  ordinary  light  falls  upon  a  parallel  plate  of  any  transpired 
substance  at  the  polarising  angle,  the  refracted  portion  will  meet  tk 
second  surface  at  the  polarising  angle,  and  if  it  still  contains  an » 
polarised  part  this  will  be  wholly  or  partially  polarised  by  reflectifli 
there.  Hence  if  several  plates  of  glass  be  arranged  parallel  to  oh 
another,  a  pencil  of  light  incident  on  the  first  at  the  polarising  ao^ 
will,  after  refraction,  meet  all  the  succeeding  surfaces  at  their  polaiising 
angles  also.  So  that  all  the  light  reflected  from  these  surfaces  will  k 
plane-polarised.  Such  an  arrangement  is  termed  a  pde  of  plaUs,  ui 
is  very  useful  as  a  polariser  when  the  light  is  not  incident  in  i 
parallel  beam  as  in  the  case  of  skylight^  for  the  reflected  beam  is  mvk 
more  intense  than  that  obtained  from  a  single  plate. 

1 78.  Polarisation  of  the  Reflraeted  Light. — So  far  we  have  od|r 
considered  the  modification  which  the  reflected  pencil  has  suflerei 
However,  when  the  refracted  pencil  is  examined,  it  is  found  to  eontiii 
a  quantity  of  polarised  light  The  relation  between  this  pohune' 
light  and  that  of  the  reflected  beam  is  very  intimate.  It  was  discoverei 
by  Arago  and  stated  thus  :  "  JFlim  an  unpolarised  ray  is  partly  re/iedd 
at,  and  partly  transmitted  through,  a  transparent  surface^  the  reflect^  ad 
transmitted  portions  contain  equal  quantities  <f  polarised  lights  and  Aef 
planes  of  polarisation  are  at  right  angles  to  each  other" 

The  operation  of  the  plate  is  purely  selective,  for  the  polaziael 
component^  which  is  missing  in  the  reflected  lights  is  represented  it 
the  transmitted  light 

If  the  transmitted  light  be  received  upon  a  second  parallel  pUt^ 
the  portion  of  common  light  which  it  contains  undergoes  a  fnrtlMr 
subdivision,  and  so  on  for  any  number  of  plates.  Hence,  when  tki 
number  of  plates  is  sufiiciently  great,  the  transmitted  light  will  be 
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^etely  polarised,  and  consequently  if  a  beam  of  light  be  incident  on  a 
p^pile  of  plates  the  transmitted  light,  after  traversing  a  certain  number 
of  the  plates,  will  suflfer  no  further  diminution  in  intensity  except 
by  actual  absorption  in  the  plates.  For  the  refracted  light  will  become 
'^rholly  polarised  in  a  plane  perpendicular  to  the  plane  of  incidence, 
and  no  portion  of  it  will  be  reflected  by  the  succeeding  plates. 

174.  Law  of  Malus. — These  results  were  established  by  Malus, 
^vrho  also  conjecturally  assumed  that  when  a  pencil,  polarised  by  reflec- 
tion at  one  plane  surface,  is  allowed  to  fall  upon  a  second  at  the  polar- 
ising angle,  the  intensity  of  the  tivice-reflected  beam  varies  as  the  square  of 
the  cosine  of  the  angle  betioeen  the  ttco  planes  of  reflection.  The  truth  of 
tiiis  law  was  afterwards  established  by  the  experiments  of  Arago. 

Thus  if  we  assume  with  Fresnel  that  the  direction  of  vibration  is 
perpendicular  to  the  plane  of  polarisation,  then  if  the  incident  light  be 
polarised  in  a  plane  making  an  angle  6  with  the  plane  of  incidence, 
"the  incident  vibration,  of  amplitude  a,  may  be  resolved  into  two  com- 
ponents, one  acos^  perpendicular  to  the  plane  of  incidence  and  the 
other  a  sin  0  parallel  to  it     The  former  is  polarised  in  the  plane  of 
incidence,  and  is  reflected ;  the  latter  is  polarised  at  right  angles  to 
^the  plane  of  incidence,  and  is  transmitted.     The  reflected  light  is  thus 
^in  all  cases  polarised  in  the  plane  of  reflection,  and  its  intensity  is 
^^proportional  to  cos^  6.     The  law  of  Malus  is  thus  simply  accounted  for 
by  the  principle  of  resolution  of  vibrations. 

Ordinary  light,  we  know,  is  broken  up  by  a  crystal  into  two  parts 

^  polarised  at  right  angles  to  each  other,  and  conversely,  the  preceding 

^  law  of  Malus  enables  us  to  regard  ordinary  light  as  consisting  of  two 

_  equal  plane-polarised  rays  polarised  in  planes  at  right  angles.     For 

"_  consider  two  such  rays,  and  let  a  and  90''  -  a  denote  the  angles  which 

their  planes  of  polarisation  make  with  the  plane  of  reflection ;  then  if 

I  denotes  the  intensity  of  each  of  the  rays,  the  intensities  of  the 

reflected  rays  are  I  cos^  a  and  I  sin^  a  respectively,  and  the  sum  of  these, 

I  cos-  a  + 1  sin-  a  =  I, 

IB  the  resultant  intensity  of  the  reflected.  It  is  therefore  constant  and 
independent  of  the  position  of  the  plane  of  reflection  with  respect  to 
the  ray ;  but  this  is  the  distinctive  characteristic  of  ordinary  unpolar- 
ised  light 

Hence  in  ordinary  light  the  direction  of  vibration  is  supposed  to 
he  quite  irregular,  but  when  it  falls  upon  a  doubly  refracting  medium 
the  vibrations  seem  to  be  resolved  in  two  definite  directions,  constitut- 
ing two  equally  intense  rays  polarised  in  perpendicular  planes  and 
differently  refracted  by  the  medium. 


1 
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The  foregoing  law  of  Malus  is  equivalent  to  stating  that  if  a] 
polarised  ray  be  reflected  at  a  surface,  it  is  only  the  componenAi 
vibration  parallel  to  the  surface  that  is  reflected.  The  ca^| 
parallel  to  the  plane  of  incidence  cuts  down  into  the  surfaoi^ 
were,  and  is  refracted. 

If  a  pencil  of  light  of  intensity  I  falls  upon  a  crystal  of  o4 
it  is  divided  into  ordinary  and  extraordinary  rays,  each  of  inteari 
and  if  these  fall  upon  a  second  crystal,  they  will  be  again  subfl 
according  to  the  law  of  Malus  as  indicated  in  the  following  tabb 


Incident  light. 


In  first  crystal. 


In  second  crystal. 


I 
{ 


0»  =  il  cos*  a 
0#  =  il8in'a 
E,  =  ilsin'a 
E,  =  iIco8'a 


Plane  of 
polariaatioD. 


176.  Partially  Polarised  Light.— When  light  is 
reflecting  surface  at  an  angle  either  greater  or  less  than  the 
angle,  it  was  observed  by  Malus  that  the  reflected  light 
in  part  the  properties  of  polarised  light.  Neither  of  the 
into  which  it  is  divided  by  a  rhomb  of  Iceland  spar  ever 
vanishes,  but  each  varies  in  intensity  as  the  rhomb  is  it>l 
consequently  concluded  that  the  reflected  light  consisted  of  two 
one  perfectly  polarised,  while  the  residue  remains  in  the  sti 
ordinary  light.  Partially  polarised  light  is  then,  according  to  1 
a  mixture  of  ordinary  light  with  a  part  wholly  polarised,  and  i 
hypothesis  he  has  been  followed  by  most  subsequent  philoso 
for  the  light  possesses  all  the  properties  of  such  a  mixture. 

If  this  partially  polarised  light  be  reflected  from  a  second  • 
at  the  same  angle,  the  reflected  pencil  is  found  to  contain  an  ioa 
quantity  of  polarised  light,  and  by  augmenting  the  number  of 
tions  the  light  may  be  almost  wholly  polarised.  This  wai 
noticed  by  Sir  David  Brewster,  and  he  found  that  light  mi 
polarised  at  any  incidence  by  a  sufficient  number  of  reflecticMi 
number  of  reflections  required  increasing  as  the  angle  of  incide 
more  removed  from  the  polarising  angle.  Hence  the  utility  of 
of  plates. 

176.  Interference  of  Polarised  Light. — We  have  seen  that 
suffers  an  important  modification  by  transmission  through  d 
refracting  crystals  and  also  by  reflection,  and  it  has  also  been  i 
that  this  modified  or  polarised  light,  as  it  has  been  called,  obq 
ordinary  laws  of  reflection,  refraction  and  dispersion.     It  is  imfi 
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ireiore  to  iletermine  if  the  phenomena  of  interference  are  produced 
it  under  the  same  circumstances  as  by  ordinaiy  light.  For  this 
rpose  the  refracto meter  of  M.  Billet,  already  described  (Art  103), 
II  be  found  convenient.  A  beam  of  plane-polarised  light  produced 
a  tourmaline  T,  or  otherwise,  falls  ujxm  a  narrow  slit  S  (Fig.  150). 
.e  light  divei^ing  from  the  sUt  falls  upon  the  segments  L  and  I.'  of 
divided  lens,  which  bring  the  rays  to  foci  A  and  B.  At  these 
ints  thin  plat«3  of  Iceland  spar,  or  tourmaline,  or  other  doubly 
racting  crystals  may  be  placud.  If  tourmalines  be  at  A  and  B  there 
h  single  i>olarised  beam  from  each,  and  it  is  found  that  when  their 
mcipal  planes  are  parallel  we  have  interference  fringes  on  the  screen, 
in  the  case  of  ordinary  light,  but  when  one  of  them  is  rotated  so 
it  they  are  crossed  the  fringes  disappear  entirely.  This  is  what  we 
3uld  have  expected,  for  we  have  already  learned  (Art.  47)  that  two 
^tangular  vibrations  differing  in  phase  in  general  compound  into  an 
iptic  vibration. 


If  thin  ]}lates  of  Iceland  spar  be  placed  at  A  and  B  with  their 
incipal  sections  parallel,  and  if  the  incident  light  be  polarised  in  or 
irpendicular  to  their  principal  sections,  it  will  traverse  the  crystals 
,thout  double  refraction,  either  as  ordinary  or  as  extraonlinary  rays, 
le  planes  of  [tolarisation  of  the  emerging  beams  will  be  parallel  and 
terference  fringes  will  be  formed  on  the  screen.  If  however  the 
;ident  light  is  polarised  in  any  other  plane,  double  refraction  will 
cur  in  the  plates  at  A  and  B,  each  giving  rise  to  an  ordinary  and 
an  extraordinary  pencil.  The  two  ordinary  beams  interfere  and 
oduce  a  system  of  fringes.  Superposed  on  these  fringes  we  have 
other  system  produced  by  the  extraordinary  beams,  but  no  de- 
Tictive  interference  occurs  between  the  ordinary  and  extraordinary 


If  now  one  of  the  plates  A  and  B  be  turned  through  90°,  so  that 
sy  are  crossed,  Uie  ordinary  ray  from  A  will  be  polarised  parallel  to 
S  extraordinary  ray  from  B,  and  these  will  interfere  and  produce 
ifst«m  of  fringes.  The  centre  of  the  system  will  however  be  dis- 
iced  towards  A,  for  the  ordinary  ray  travels  more  slowly  in  the 
^8tal  than  the  extraordinary,  as  we  shall  see  immediately.    Similarly 
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the  extraordinary  ray  from  A  will  interfere  with  the  ordinaij 

and  produce  a  system  displaced  towards  R 
Conditions         Fresnel  and  Arago,  who  investigated  directly  the  interfenv 
for  inter-    pQiarised  light,  summarised  their  conclusions  as  follows.^ 

(1)  Two  rays  of  light  polarised  at  right  angles  do  not  iiii 
destructively  under  the  same  circumstances  as  two  rays  of  oni 
light. 

(2)  Two  rays  of  light  polarised  in  the  same  plane  interfere  fill 
rays  of  ordinary  light 

(3)  Two  rays  polarised  at  right  angles  may  be  brought  to  Umi 
plane  of  polarisation  without  thereby  acquiring  the  quality  d  I 
able  to  interfere  with  each  other. 

(4)  Two  rays  polarised  at  right  angles,  and  afterwards  broa|^ 
the  same  plane  of  polarisation,  interfere  like  ordinary  light  if 
originally  belonged  to  the  same  beam  of  polarised  light. 

The  fact  that  rays  polarised  in  perpendicular  planes  cannot  i 
fere  destructively  is  in  itself  an  indication  that  the  direction  of  vili 
is  transverse  to  the  direction  of  propagation. 

'  Fresnel,  (Euvres,  torn.  i.  p.  521. 


CHAPTER   XI 

DOUBLE  REFRACTION    IN    UNIAXAL  CRYSTALS 

177.  Wave  Surface  in  Unlaxal  Crystals. — Before  proceeding  to 
the  general  theory  of  double  refraction  and  the  more  complicated 
phenomena  arising  from  refraction  in  biaxal  crystals,  it  will  be  well  to 
first  give  a  general  statement  of  the  phenomena  and  laws  of  refraction 
in  uniazal  crystals,  and  it  will  be  interesting  afterwards  to  see  how 
these  may  be  deduced  as  particular  cases  of  the  general  theory  when 
we  suppose  the  two  optic  axes  of  a  biaxal  crystal  to  coincide. 

It  has  been  already  stated  that  double  refraction  was  discovered 
in  Iceland  spar  by  Erasmus  Bartholinus.  Soon  after  its  discovery 
Huygens,^  who  had  already  unfolded  the  wave  theory  of  light  and 
accounted  for  ordinary  refraction  and  reflection,  was  naturally  anxious 
to  reconcile  the  new  properties  of  light  discovered  by  Bartholinus  with 
the  same  theory,  and  in  his  desire  to  assimilate  the  two  classes  of 
refraction  he  was  happily  led  to  assign  the  true  law  of  exiraoidimiry 
refraction  in  uniaxal  crystals.  He  had  already  shown  that  the  form  of 
the  wave  of  light  propagated  in  glass  and  isotropic  substances  was  a 
sphere,  and  as  one  of  the  rays  in  Iceland  spar  was  found  to  obey  the 
ordinary  laws  of  refraction  he  assumed  that  the  corresponding  wave 
was  also  a  sphere.  The  law  which  governed  the  other  ray,  though  not 
so  simple,  he  imagined  to  be  next  in  order  of  simplicity,  and  he 
assumed  the  extraordinary  wave  to  be  a  spheroid — that  is,  an  ellipsoid 
of  revolution. 

The  velocity  of  the  extraordinary  ray  in  any  direction  is  conse- 
quently given  by  the  following  construction: — "Let  an  ellipsoid  of 
revolution  be  described  round  the  optic  axis  having  its  centre  at  the 
point  of  incidence ;  and  let  the  greater  axis  of  the  generating  ellipse 
be  to  the  lesser  in  the  ratio  of  the  greatest  to  the  least  index  of  refrac- 
tion :  then  the  velocity  of  any  ray  will  be  represented  by  the  radius 
vector  of  the  ellipsoid  which  coincides  with  it  in  direction.'' 

^  Huygeas,  TraiU  de  la  LumUre,  chap.  v. 


This  law  was  founil  lo  iipply  to  mtiny  crystalfi  besides  Iceluiiii|K 
but  ill  all  of  these  there  was  only  one  optic  axis,  of  one  direction  i^ 
which  u  ray  of  light  passed  without  ili\-i»ion.  The  resurd 
Brew8t«r,  however,  made  known  a  class  of  crystals  having  two  ■?= 
axes  or  two  directions  of  no  separation  of  the  ray,  Huygens's  U"  ■« 
then  found  not  to  be  general,  and  in  this  state  the  problem  wu  uU 
up  by  Fresnel,  who  proposed  a  theory  which  met  not  only  nil  i^ 
re(]uirements  of  the  ascertained  facte  of  the  refraction  id  hitn 
crystals  but  which  even  outran  the  existing  knowledge  and  predital 
results  of  the  highest  consequence,  afterwards  verified  by  dinct  oW 
vation. 

According  t^}  the  construction  of  Huygeus  the  wave  aurfoce  lit ' 

■  sheets,  unlaxal  crystal  consists  of  two  portions  or  sheets,  one  a  sphere  wiiil 

gives  rise  to  the  ordinary  ray,  and  the  other  a  spheroid  giving  rm* 


ISi.— PosiOn  CT7«t>ta. 


the  extraordinary  my.     These  two  surfaces,  the  sphere  and  apbmA 
touch  at  two  points  and  the  line  joining  these  poiute  u  th< 
axis. 

In  the  case  of  Iceland  spar  and  all  wgatiet  crystals  the  sphen 
entirety  within  the  spheroid,  and  in  the  case  of  quartz  and 
crystals  the  spheroid  is  within  the  sphere.     Thus  if  the  BphenMi< 
generated  by  the  revolution  of  the  ellipt 


',  and  the  sphere  by  the 


e  of  quartz  and  pt^ 
Thus  if  the  Bpho^J 

revolution  of  tba^^H 


round  the  same  axis,  any  section  of  the  wave  sur&ce  through  Ik 
optic  axis  (i>)  is  an  ellipse  (axes  a  and  h)  and  a  concentric  circle  (4 
radius  h  touching  it  at  the  extremities  of  the  axis  minor  (Fig.  l^U 
In  positive  crj'stals  the  wave  surface  is  generated  by  the  rovoJnliM 
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t  ihe  ellipae  round  its  axis  major  aad  a,  concentric  circle  of  raJiua  <i 
ouching  it  at  the  extremities  of  that  axis  (Fig.  152), 

A  section  of  the  complete  wave  surface  by  a  plane  perpendicular 

0  the  optic  axis  consists  of  tvro  circles,  one  of  radins  n  and  the  other 
i  radius  b. 

Huygens  verified  his  theory  by  we  11 -contrived  experiments,  but 
auch  more  accurate  measurements  were  necessary  to  prove  the  extras 
irdinary  wave  truly  an  ellipsoid  of  revolution.  These  measurements 
rere  made  in  1802  by  Wollaston,  and  afterwards  by  Stores,  Mascart, 
jid  Glaiebrook  with  the  most  perfect  optical  instruments,  resulting  in 
he  complete  verification  of  Huygens's  hypothesis. 

178.  Huy^ns's  ConstFuetion. — Let  ns  now  seek  the  directions  of 
he  two  refracted  mya  in  a  crystal  of  i 
alcspar  when  a  [ilane  wave  falls  I 
ipon  it  from  air.  Let  lA  (Fig.  153)  I 
le  the  direction  of  the  light  inci-  [ 
lent  on  the  face  of  the  crystal,  and  I 
Bt  AB  be  the  trace  on  the  plane 
he  iiajier  of  the  incident  wave  front,  I 
■tid  AA'  the  trace  of  the  face  of  the  I 
ryatal.  The  incident  wave  front  is 
.  plane  tlii-ough  AB  perpendicular  to  the  paper,  and  the  face  of  the 
ryatal  a  plane  through  AA',  also  perpendicular  to  the  plane  of  the 
taper. 

When  the  disturbance  reaches  A  this  point  becomes  the  centre  of 

1  spherical  wave  reflected  back  into  the  air,  and  also  the  centre  of  a 
louble  wave  propagated  in  the  crystal.  The  plane  of  the  paper  will 
cut  this  wave  in  two  curves,  the  sphere  in  a  circle  and  the  spheroid 
generally  in  an  ellipse.  The  diagram  represents  the  particular  case 
in  which  the  optic  axis  liea  in  the  plane  of  the  paper,  and  consequently 
she  circle  and  ellipse  touch  each  other.  If  the  disturbance  from  B 
reaches  A'  at  the  instant  the  wave  in  the  crystal  is  just  developed  to 
;he  extent  represented  in  Fig.  153,  then  through  a  perpendicular 
Irawn  at  A'  to  the  plane  of  the  paper — that  is,  through  the  line  in 
vhich  the  incident  wave  meets  the  surface — draw  a  tangent  plane  to 
ihe  sphere.  This  plane  will  be  the  ordinary  wave  front.  It  will 
ouch  the  sphere  at  C  in  the  plane  of  the  paper,  and  AC  will  be  the 

I  ilinary  refracted  ray.     Through  the  same  line  draw  a  tangent  plane 

rlie  spheroid.     This  plane  will  he  the  front  of  the  extraordinary 

1  ■■  e,  for  all  the  wave  surfaces  diverging  from  the  various  points  of 

■\A'  at  the  same  instant  will  touch  it.     If  this  plane  touches  the 

ipheroid  at  a  point  C,  then  C  will  not  in  general  lie  in  the  plane  of 
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tke  paper,  unless  the  optic  &xia  liea  in  (or  is  perpendicular  i«|i 
pluie ;  AC  will  be  the  extraonUnar;  ny,  uid  iti  general  it  wiU 
be  in  the  plane  of  incidence  or  obey  the  ordioiuy  lawa  of 
If  the  optic  axis  lies  in  the  plane  <^  the  p^wr — that  is,  the  piinsi 
incidence,  as  in  the  diagram — the  point  C  will  al&o  lie  in  that  plaa^i 
diat  the  extraordinary  ray  AC  will  lie  in  (be  plane  of  incidence 
will  thus  obey  one  of  the  laws  of  refraction. 

There  is  one  case,  however,  in  which  the  extraordinary  lay  tb 
obey  both  laws  of  refraction,  riz.  when  the  optic  axis  is  perpendicd 
to  the  plane  of  incidence.  In  this  case  the  section  of  the  spheroid  t 
the  plane  of  incidence  is  equatorial,  and  is  therefore  a  circle,  so  A 
the  extraordinary  ray  AC  is  not  only  in  the  plane  of  the  paper,  h 
the  sine  of  the  angle  of  incidence  bears  a  constant  ratio  to  the  floti 
the  angle  of  refraction.  This  ratio  is  called  the  eTlraoiJiif^ru  iJ 
of  refraction.  If  the  velocity  in  air  be  denoted  by  tuiity,  and  •! 
velocities  of  the  ordinary  and  extraordinary  rays  by  b  and  n,  the  ai 
of  these  circles,  tlien 

^=l/(i=ordiiuiry  index, 

M,  =  l/o  =  extraordinuj  index. 

The  extraordinary  index  of  refraction  is  thus  the  least  value  ofdi 
index  of  refraction  of  the  extraordinary  ray  in  negative  crj-stals. 

179.  Verification  of  Huygens's  Constmetlon. — The  simpleit: 
most  exact  method  of  showing  that  one  of  the  rays  in  Iceland  i 
obeys  the  ordinary  laws  of  refraction,  no  matter  in  what  directioa  ) 
traverses  the  crystal,  and  consequently  that  its  wave  is  spherical,  it  > 
cut  several  slices  in  different  directions  from  a  rhomb  of  spar  and 
cement  them  together  and  then  to  cut  the  whole  into  a  prism,  haril 
I  its  edges  perpendicular  to  the  planes  of  junction  (Fj; 
]  154).     Examining  through  this  prism   the  light  fn> 
the  slit  of  a  spectroscope,  the  extraordinary 
furnished  by  the  different  slicet  are   observed 
differently  deviated,  but  there  is  ooly   one 
spectnim,  or  the  ordinary  spectra   furniabed 
'  <liffereut  slices  all    coincide — that   is,    the 
riK-  isi.        index    of    the   ordinary   ray   is   independa 
direction  in  which  it  traverses  the  crj-staL     Its  wave  surface  ii' 
fore  spherical ;  and  its  refractive  index  /x^  is  measured  in  th*. 
manner  as  that  of  any  uncry stall ised  substance. 

To  verify  the  construction  for  the  extraordinary  wave,  we 
the  following  cases. 

(1)  Fu-f fading  face  parallel  to  Vie  ojitic  axii,  and  the  plaiu  <^  iViif»" 
jierpemlirular  to  Ike  iixit. — Let  the   face  of  the  crystal  be    a  tiiv 
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L 

Hgh  AA'  (Fig.  1 55 )  {iciqwadicala-  «•  uk  ptwf  of  tbc  fayer  (wUck 
IppcMed  to  be  the  plsBe  <rf  nddcnee^  Th^  ■■  ikv  cmb  Ae  aptx 
B  »t    A    is  a  lin«  thrao^  A  pwpfJKwiT  »  the  pina  «<  tfe 

£Tam.  The  section  of  the  ij 
circle  of  ndins  1^  xad 
=t«>n  of  the  spheroid,  bdii 
oatorial  section,  is  ■  eirele  ef  | 
Uus  11.  The  tAiigeat  plauH  £ 
line  through  A'  perpeDdkahi 
W  piano  of  the  papeTt  to  the  I 
^'htre  an>l  spheroid,  toac^  then  at  | 

I  C  in  the  plane  of  i 
^  bug  the  velocitj-  of  li^  in  air  ra  ist 

itv,  the  velocitj  ot  the  scdbBir  nr  will  he  ii,  the  niooiT  of  (^ 
*Rnoniinary  in  this  caae  viB  be  a,  aad  the  nbicim  index  for  the 
"iTiordinary  ray  is 


therefore  ob^s  both  lawa  nt  i^ncOfm. 

s  prism   of  Icelaod  i^ar  with  iia  f 

optic   axis,   two   speetia  an  ahCnaed;    dK   S^^  of  «■•   ii 

in    the   principal  pbite  and  the  other  is  the  ftrfm^e^m 

By  interpoaiitg  a  plaSe  of  lammiSmm  m  ihe  pirih  gt  mAer 

be  cot  <^  and  Ae  o(h«r  caaviMd.     1W  ■few  ii.  Md  ^ 

t)e   calculated  for  the  Mvnd  n^  «<  th*   ipi  iIiiib       The 

experiment  are  in   ccwfiefa   aeeevdiase  with  the  tongtkt^ 

id  the  section  of  the  i  iliaiiidlBaij  wmn  |m fp»i»dii ■!■■  lo  the 

is  tiierefore  a  circle  «€  ehBh  •=  1,^^ 

then  a  ciiiface  of  n  i  iihfida  taami  the  oftk  axk 
To  detcrant  the  fora  W  the  pmtt- 
atiag<am,w*  ihaD  M«df  the  ntec- 
lioa  ■  a  pfane  f'^'K  'fci"tfc  the 
opOc  axis. 

(5,  tyk  «B.  ^eraflrf  to  a« /««  < 

Vfita,  the  nAMli^  nrfM*  eoirtabs 
the  axis  «r  the  cr7«al  Md  the  F<Me  of 
iacidwc*  p— ea  ttwii^h  that  ant,  the 
».^  i>.  ...^I^  ^  ^  ^hOTvM  fef  the  pbM  of 

ill  be  an  ellipM  whoae  laaacr  «nt  (the  ofbc  asii;  Kn  to 
<r>g.  15CX     The  aeiaiM  of  the  irhen  «tB  be  a  mh 
ig   the  ellipee  at  the  nljiwitiiii   «f  the   mmt  axia.      TV 
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tangent  plaDes  from  A',  as  before,  will  touch  the  sphere  and  spbenii 
in  C  and  C  respectively  in  the  plane  of  incidence,  and  maee  A 
is  on  the  axis  minor  it  follows  that  the  line  CC'  will  meet  AA'  K 
right  angles.  For  the  polar  of  any  point  on  the  chord  of  contact  <'i 
circic  and  ellipse  having  double  contact  is  the  Banie  with  t«g>nl<* 
both  curves.  Hence  CC  must  be  the  irolar  of  A'  with  regard  to  hA 
the  circle  and  elliiiae,  and  is  conaeijuently  perpendicular  to  AA'.  Wt 
have  therefore 


Tbia  ramarkable  relation  has  been  verified  by  Mains  '  as  follom: — Tw» 
scales  AC  and  BC  (Fig.  IS")  engraved  on  a  plate  of  |x^i&h«l  sai 
are  inclined  to  each  other  at  a  smail  angle  and   divided 


equal  jiarts.  A  thick  plate  of  the  crystal  having  its  faces  i 
the  optic  axis  ia  laid  on  the  scale  and  viewed  through  a  1 
131  mounted  on  a  graduated  vertical  circle.  The  scale  i 
are  supported  on  a  horizontal  circle,  and  the  horizoniality  i 
Tipper  face  of  the  crystal  is  ensured  by  turning  the  platform  roui 
observing  that  the  image,  by  reflection  from  it,  of  a  distant  i 
not  displaced. 

Two  images  of  each  scale  aru  seen,  and  if  thece  be  d 
(t'e',  be,  b'r',  there  will  in  general  be  some  point  of  .ic  o 
some  point  of  a'c'.  Let  this  point  be  k.  Then  h  is  Uie  image  ofa 
point  D  of  the  scale  AC,  and  also  of  some  jwint  E  of  the  scale  I 
the  axis  of  the  telescope  is  directed  to  view  this  point,  it  will  e 
surface  of  the  crystal  at  H  and  the  poaition  of  H  can  be  dot* 
with  reference  to  the  scales.  The  divisioua  at  £  and  Ti  which  a 
to  coincide  can  be  read  off  and  the  distance  ED  determined  Xi 
measurenienL 

de  k  double  ri'^friclion  "  {Mdiunm  fim  Siiranfi  itrani/rr*.  tctn.  IL  n 
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c  be  the  tliickiieBS  of  the  crystal  HP  we  buve 


I 

^^^■t  tun  T  is  knou'D,  for  the  angle  of  incidence  is  equiil  to  the  incUna- 
^^^■1  of  HM  lo  the  vertical,  and  is  conseijuently  equal  to  the  angle  made 
^^Kli  the  vertical  by  the  axis  of  the  telescope,  and  sin  i  =  fi«Bin  r.- 
^^Borefore  r  is  known  and  r'  may  be  determined  by  the  above  formula. 
If  this  value  of  t'  agrees  with  its  value  as  determined  by  the  formula, 


ED=Er- 


the  exjieriment  will  have  proved  that  the  section  of  the  extraoi-dinary 
wave  by  a  piano  through  the  optic  axis  is  an  ellipse,  and  consequently, 
since  the  wave  front  is  a  surface  of  revolution,  it  must  be  a  spheroid 
of  ftxes  (I.  and  h.  The  experimental  results  are  here  in  exact  accord 
anoe  with  Lhe  theory. 

(3)  OptUa-rii  iirrpeiulicukir  to  ilic  refftrUinj  surfai-e. — WTieu  the  optic 
ajcifl  is  perpendicular  to  the  face  of  the  crystal  it  must  bo  parallel  to 
the  plane  of  incidence,  and  the 
section  of  the  wave  surface  Bhould  | 
he  a  circle  of  radius  5  and  an  ellipsi 
of  axes  ft  and  b,  as  in  Fig.  158,  If  I 
a  circle  of  radius  a  be  descril^ied  | 
with  centre  A  it  will  touch  the 
ellipse  at  the  extremities  I'Q  <•{  it« 
iixia,     A  tangent  from  A'  to  this  ••■-•■•• 

fircle  will  touch  it  at  C",  and  if  tho  tangent  to  the  ellipse  touch  it  at 
(_"  then  C'C"  will  he  perpendicular  to  the  axis  PQ  of  the  ellipse.  Con- 
sequently if  the  angle  OAC"  (  =  AA'C')  be  denoted  by  p,  we  have 


'ftVl  - 


«.V;?: 


This  relation,  like  the  preceding,  has  been  verified  by  Mains,  and 
it  therefore  affords  additional  evidence  that  the  surface  of  the  extra- 
ordinary wave  is  an  ellipsoid  of  revolution. 

180.  Negative  and  Positive  Crystals.— All  uniaxal  crysuls  may 
be  divided  into  two  classes,  In  the  first  class,  to  which  Iceland  spar 
t>elong3,  the  wave  surface  consists  of  a  sphei'oid  with  a  sphere  interior 
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to  it  touching  it  at  the  extremities  of  the  axis  minor.  The  ndius  d 
the  sphere  is  consequently  always  less  than  the  corresponding  ndiii 
of  the  spheroid,  and  the  ordinary  velocity  is  less  than  the  extnor- 
dinary.  The  ordinary  index  is  consequently  greater  than  the  extn- 
ordinary  and  the  latter  ray  is  less  bent  towards  the  normal  thin  the 
former.  For  this  reason  such  crystals  are  called  negative  vr  rtimhk» 
crystals. 

In  the  second  class,  to  which  quartz  belongs,  the  reverse  is  the 
case,  the  spheroid  is  inside  the  sphere  and  the  ordinary  velocity  is 
therefore  greater  than  the  extraordinary.  The  index  of  refractiot 
of  the  extraordinary  ray  is  consequently  greater  than  that  of  thf 
ordinary  ray.  The  former  ray  is  more  bent  towards  the  nonnil 
than  the  latter.  These  are  therefore  called  jwsitire  or  atirtidiv 
crystals. 

Since  the  sine  of  the  angle  of  incidence  at  total  reflection  is  the 

itical  reciprocal  of  the  refractive  index,  it  follows  that  the  critical  angle  u 

'^       always  less  for  the  ordinary  than  for  the  extraordinary  ray  in  negatiw 

crystals,  while  the  reverse  is  the  case  in  positive  crystals. 

The  following  tables  contain  the  values  of  the  ordinary  and 
extraordinary  indices  for  a  few  crystals  : — 

Positive  Crystals 


Quartz 

Sulphate  of  Potash 
;  Diopta8€ 
Ice       . 
Zircon 


1-644 
1*493 
1-667 
1-306 
l-92tol-»6 


1-553 
1-502 
1-723 
1-307 
1-97  to  2-1 


Negative  Crystals 


Iceland  S|>ar 
Tourmaline   . 
l^eryi    . 
Aitatite 
Nitrate  of  Soda 


'»o 


1-658 

1  '637  to  1  -644 

1  -684  to  1  -577 

1-646 

1  -5854 


|._. 


M^ 


1-486 

1-619  to  1-622 

1-578  to  1-572 

1-642 

1-3369 


181.  Wave  Velocity  and  Ray  Velocity. — In  the  case  of  ordinarv 
refraction,  such  as  occurs  in  isotropic  media,  the  wave  diverging  from 
any  point  is  a  sphere,  and,  as  shown  in  Art  65,  the  refracted  ny  ^^ 
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perpendicular  to  the  front  of  the  refracted  wave.  For  this  reason  the 
direction  of  the  ray  is  the  same  as  the  direction  of  propagation  of  the 
wave,  and  the  ray  velocity  is  the  same  as  the  wave  velocity. 

The  direction  of  the  ray  in  all  cases  is  found  by  joining  the  centre 
of  disturbance  A  (Fig.  46)  to  the  point  C,  in  which  the  secondai-y  The  ray 
wave  diverging  from  A  touches  the  wave  envelope  A'C.  When 
the  secondary  wave  is  spherical  the  ray  is  perpendicular  to  the  wave 
envelope,  but  when  the  secondary  wave  has  any  other  shape  the  ray 
in  general  will  not  be  normal  to  the  wave  envelope,  and  the  direction 
of  the  ray  will  not  be  the  same  as  the  direction  of  propagation  of  the 
wave.  Thus  in  Fig.  153  A'C  is  the  front  of  the  ordinary  wave,  and 
AC  is  the  ordinary  ray  emanating  from  A.  So  also  A'C  is  the  front 
of  the  extraordinary  wave — that  is,  the  extraordinary  wave  envelope, 
and  AC  is  the  extraordinary  ray  from  A.  The  extraordinary  ray  is 
therefore  in  general  not  at  right  angles  to  the  front  of  the  extraordinary 
wave. 

Now  as  the  secondary  wave  (that  is,  the  sphere  and  spheroid) 
diverges  from  A  the  points  C  and  C  move  along  the  lines  AC  and 
AC  with  certain  definite  velocities,  termed  the  ray  velocities ;  and  it 
is  clear  that  the  ray  velocities  are  proportional  to  the  radii  AC  and 
AC  respectively.  At  the  same  time  the  planes  A'C  and  A'C  (that 
is,  the  wave  fronts)  move  forward  with  certain  definite  velocities, 
termed  the  wave  velocities.  The  direction  of  wave  propagation  is  normal 
to  the  wave  front,  thus  the  ordinary  wave  front  moves  in  the  direction 
of  the  normal  to  AC,  while  the  extraordinary  wave  moves  in  a  direction 
perpendicular  to  A'C.  It  is  clear,  therefore,  that  the  direction  of 
propagation  and  velocity  of  the  extraordinary  wave  are  in  general  not 
the  same  as  that  of  the  extraordinary  ray,  for  while  the  ray  velocity  is 
proportional  to  the  radius  vector  AC  the  wave  velocity  is  proportional 
to  the  perpendicular  from  A  on  A'C.  The  relations  connecting  the 
wave  velocities  and  the  ray  velocities  may  be  very  easily  found  as 
follows : — 

Belation  between  the  ordinary  and  extraordinary  wave  velocities, — Since 
the  wave  is  propagated  in  the  direction  of  the  normal,  it  is  clear 
that  the  ordinary  wave  velocity  is  measured  by  AC,  the  perpendicular 
from  A  on  A'C,  while  the  velocity  of  the  extraordinary  wave  is 
measured  by  the  perpendicular  p  from  A  on  A'C.  Now  since  A'C  is 
a  tangent  to  the  ellipse  x^/a^  +  i/Jb^^l,  it  follows  that  the  perpen- 
dicular p  from  A  on  A'C  is  given  by  the  equation 

where  a  is  the  angle  which  p  makes  with  the  axis  minor  of  the  ellipse 
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— that  is,  the  angle  between  the  wave  normal  and  the  optk  am 
From  this  equation  we  obtain  at  once  the  relation 

Now  b  is  the  velocity  of  the  ordinary  wave,  and  this  equation  prom 
that  the  difference  of  the  squares  of  the  two  wave  velocities  is  prqwi- 
tional  to  the  square  of  the  sine  of  the  angle  between  the  optic  an 
and  the  direction  of  wave  propagation,  or  normal  to  the  front  ol 
the  extraordinary  wave. 

Relation  beitoeen  the  ordhmry  and  exti-aordinary  ray  velocUies, — Since 
the  ray  velocities  are  measured  by  the  radii  AC  and  AC,  then  if  m 
denote  AC  by  r  and  the  angle  which  it  makes  with  the  optic  axx 
by  6y  we  have  at  once  from  the  equation  of  the  ellipse 

1        Siu^g      008=^ 

which  gives  at  once  the  relation 

1     1     /I     1 \  .  -^ 

Hence  the  difference  between  the  squares  of  the  reciprocals  of  ti» 
ordinary  and  extraordinary  ray  velocities  bears  a  constant  ratio  to  tbt 
square  of  the  sine  of  the  angle  between  the  extraordinaiy  ray  and  tb« 
optic  axis. 

This  proposition  is  due  to  Biot,  and  similar  relations  of  a  mort 
general  nature  will  be  found  to  hold  for  biazal  crystals  (see  Arts.  20J. 
206). 

182.  Nicors  Prism. — The  most  effective  and  convenient  method 
of  procuring  a  strong  beam  of  plane -polarised  light  is  by  doable 
refraction.  When  ordinary  light  is  transmitted  through  a  crystal  d 
Iceland  spar  two  refracted  beams  arise,  and  these  we  have  seen  are 
both  plane-polarised  and  their  planes  of  polarisation  are  at  right  ang^ 
Hence  if  one  of  the  beams  is  intercepted  by  any  means  the  other  will 
furnish  a  pencil  of  plane -polarised  light  An  attempt  might  be 
made  to  stop  one  of  the  two  refracted  beams  by  placing  an  opaque 
diaphragm  on  the  second  face  of  the  crystal,  but  it  may  be  ea&ilj 
seen  that  this  method  would  present  difficulties,  for  unless  the  source 
of  light  is  very  small  or  the  rhomb  very  long  the  refracted  beams 
will  overlap. 

The  former  condition  entails  a  great  reduction  of  the  illuminatioD, 
and  the  latter  requires  large  specimens  of  Iceland  spar  of  sufficient 
purity,  which  are  costly.  The  difficulty  might,  however,  be  evaded 
by  receiving  the  light  on  a  lens  placed  in  contact  with  the  first  hce  of 
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the  crystal.  After  trans  mission  through  the  lens  and  crystal  the  light 
will  converge  to  two  foci — the  ordinary  rays  to  one  and  the  estra- 
ordinary  to  the  other.  One  of  these  foci  may  now  be  covered  by  an 
opnque  diaphragm,  and  the  rays  diverging  from  the  other  received  by 

<»  second  lens  und  reduced  to  parallelism  if  necessary.     The  first  leus 

■  may  be  plano-convex  and  may  be  cemented  to  the  face  of  the  crystal 

i  with  Canada  balsam. 

II         The  most  convenient  method,  however,  ia  to  stop  one  of  the  pencils 

by  total  reflection  inside  the  crystal.     This  is  the  method  adopted  in 

lit  Nicol's  prism.     A  long  lozenge-shaped  rhomb  of  calcspar  is  formed  by 

y.  cleavage  from  a  crj-stal,  so  that  its  length  AC  (Fig.  159)  is  about 

three  times  its  width  AD.     This  rhomb  is  cut  in  two '  by  a  plane 

passing  through  the  obtuse  angles  A  and  A'  an.l  parallel  to  th.'  longer 


diagonal  BD  of  the  end — that  is,  perpendicular  to  the  princi|ial  plane. 
The  cut  faces  are  then  polished  and  cemented  together  in  their  original 
position  by  a  thin  film  of  Canada  balsam.'  The  refractive  index  of  the 
tmlsam  is  greater  than  that  of  the  extraordinary  ray  in  the  spar  and 
less  than  that  of  the  ordinary.  Now  total  reflection  occurs  only  in 
passing  from  a  more  to  a  less  refracting  medium.  It  follows,  therefore, 
that  the  extraordinary  ray  falling  on  the  balsam  will  be  always  trans- 
mitted, but  if  the  incidence  l>e  sufficiently  oblitjue  the  ordinary  ray  will 
be  totally  reflected  at  the  surface  of  the  balsam  and  refused  transmission 
through  the  crystal  (Fig,  160).  The  extraordinary  ray  alone  is  there- 
fore transmitted,  and  the  light  emerging  from  the  prism  is  piaiie- 
|ioLiriged  at  right  angles  to  the  principal  plane. 

The  plane  of  division  of  the  crystal  must  be  drawn  so  that  the 

'  KfliLiid  i|rti-  i.i  ratUer  frialile,  mid  in  [iractipe  it  ib  found  raaipr  tn  grind  ai 
half  of  tliv  rhomb  instead  of  cutting  it  u  generally  descrilKHl.  Tli«  rpnisiiiing  la  ' 
of  t«a  rliooibs  thus  gionnd  u?  tlieii  ooiiisntnl  tugetlier. 
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light  incident  nearly  normally  on  the  end  of  the  rhomb  may  fall  opji 
the  Canada  balsam  at  an  angle  not  less  than  the  critical  angle  for  thi 
ordinary  ray.  This  angle  is  easily  calculated,  for  the  ordinary  index 
of  the  spar  is  about  1*65,  while  the  index  of  the  balsam  is  D€irij 
1*5 5.  Hence  the  index  of  refraction  of  the  ordinary  ray  from  thi 
crystal  to  the  balsam  is  1*55/1*G5  =  *939,  and  the  sine  of  the  angle  i 
incidence  for  total  reflection  must  have  this  number  for  its  minor  limiL 
Hence  if  the  angle  of  incidence  of  the  ordinary  ray  on  the  bakam  ii 
equal  to  or  greater  than  69°  30',  total  reflection  will  occur. 

183.  Foucault's  Prism. — The  Canada  balsam  in  NicoFs  priii 
might  be  replaced  by  any  substance  of  less  refractive  index  tha 
calcspar  for  either  ray,  or  both.  It  is  clear  that  the  less  the  index  c^ 
the  substance  between  the  two  segments  of  the  prism  .the  less  tke 
critical  angle,  and  the  less  the  critical  angle  the  shorter  the  rhoD^ 
required  to  construct  a  prism  of  given  width. 

For  this  reason  Foucault  dispensed  with  the  balsam,  or  cemciL 
altogether,  and  in  the  prism  which  bears  his  name  there  is  a  film  rf  I 
air  between  the  two  segments.  The  critical  angles  for  the  ordinal? 
and  extraordinary  rays  are  about  37°  14'  and  42**  23'.  Hence  if  tl» 
angle  of  incidence  on  the  film  of  air  is  intermediate  between  iht 
critical  angles  of  the  ordinary  and  extraordinary  rays,  the  former  wiE 
be  totally  reflected  and  the  latter  transmitted.  Although  the  use  (i 
the  air  film  permits  of  a  considerable  shortening  and  consequent  rediu- 
tion  in  price  of  the  rhomb,  yet  there  is  more  loss  of  illumination  bj 
reflection  from  the  film.  With  Nicol's  prism  the  index  of  the  baliOD 
is  so  near  that  of  the  extraordinary  ray  that  the  last-named  is  tnm^ 
mitted  almost  in  its  entirety. 

184.  Rochon's  Prism. — If  a  small  pencil  of  light  be  transmitted 
through  a  parallel  plate  of  a  doubly  refracting  substance  lK>th  the 
emergent  pencils  will  be  parallel  to  the  incident  beam  and  therefi^ 
parallel  to  each  other,  while  their  interval  of  separation  will  be  pr> 
portional  to  the  thickness  of  the  plate  for  a  given  angle  of  incidence. 
But  if  the  faces  of  the  plate  be  inclined  at  an  angle,  so  as  to  form 
a  pnsm,  the  emergent  beams  will  be  inclined  to  each  other  and  their 
separation  will  increase  as  they  recede  from  the  prism. 

Such  a  separation  of  the  rays  is  useful  in  many  investigations,  and 
in  order  to  render  the  divergence  as  wide  as  possible  the  prism  shonM 
be  cut  with  its  refracting  edge  parallel  to  the  optic  axis,  so  that  ibe 
incident  light  may  be  perpendicular  to  that  axis,  for  in  this  case  tk 
difference  of  the  ordinary  and  extraordinary  indices  is  greatest^  Sncb 
a  doubly  refracting  prism  may  be  achromatised  by  means  of  a  prism  »f 
glass  with  its  refracting  edge  turned  in  the  opposite  direction. 
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A  better  arrangement  however  \a  that  employed  by  Eochon.  Two 
risms  of  calcspar,  or  quartz,  of  the  same  angle  are  cut  so  tliat  the 
sfracting  edge  in  one  is  parallel  to  I 
le  optic  axis  and  in  the  other  per- 
endjcukr  to  it  (Fig.  ICl).  They  are 
len  cemented  together  with  their  edges  in 
ppoeite  directiona  so  as  to  form  a  jiarallelo- 
iped.     Thua  in  a  normal  cross  section  of  | 

le    united  prisms  the  section  ABD  of  one        ng.  im.— kix.>Ijoii  k  Pnsro. 
jntains  the  axis,  its  direction  being  perpendicular  to  the  face  AD, 
'bile  the  section  BCD  of  the  other  is  [lerpendiculur  to  the  axis. 

A  ray  incident  normally  on  the  face  AD  of  the  first  prism  travels 
hrougb  it  without  division,  as  its  direction  is  parallel  to  the  optic 
xU ;  on  arriving  at  the  interface  double  refraction  occurs,  but  the 
irdinajry  ray  proceeds  tmdeviated.  The  extraordinary,  however,  is 
leriated  towards  the  edge  or  towards  the  base  of  the  prism  ADB 
according  as  the  crystal  is  positive  or  negative.  In  the  first  prisra  the 
wo  rays  travel  with  a  common  velocity,  namely,  that  of  the  ordinary 
■ay,  and  in  negative  crystals  the  ordinary  velocity  is  least,  while 
n  positive  crystals  it  is  the  greatest.  If  A  denotes  the  angle  of  the 
>riBm  and  &  the  deviation,  then  since  the  angle  of  incidence  on  the 
e  is  A,  the  angle  of  refraction  is  A  +  3,  and 


^rfac 


in(A  +  i)_ 


r,  as  S  is  small,  we  have  approximately 


tota  which  we  find 


Lgain,  if  r  be  the  angle  of  emergence  from  the  other  face  of  the 
I,  then,  since  the  angle  of  incidence  there  is  £,  we  have 


t  take  the  velocity  in  air  as  unity.     Consequently  ' 
Ire,  by  the  previous  equation, 


'-ih 


a  gives  the  angular  separation  (r)  of  the  ordinary  and  e 
[JB,  since  the  ordinary  ray  travei-ses  the  system  norm. 
jvifttion, 


7  aiii  -■,  and 

:i'aordinary  ^^ 


DOUBLE  REFKACTION  IN  USIAXAL  CRYSf  AtS 

Koclion's  pri'm  is  ordinarily  constructed  of  quartz,  eo  (hit  Ik 
deviation  h  in  the  opposite  direction — that  ij>,  towards  the  buecfA 
second  prism,  since  in  quartz  /i^  is  leas  tlian  p^. 

185.  Rochon's  Double  Ima^e  Hicrometep. — If  a  Kochon's  i*v 
be  placed  in  nn  ordinary  telescope  (Fig.  162)  between  the  object^ 
and  its  principal  focus,  two  images,  an  ordinary  aDd  an  extnordiEiSj 
will  he  formed  there.  The  distance  between  the  images  will  it^ 
on  the  distance  of  the  prism  from  the  focus  ;  nccordiugly,  tiy  raofif 
the  prism  suitably,  the  images  may  be  brought  into  contnct.  Forliil 
purpose  the  prism  is  movable  within  the  telescope,  and  wbdi  ill 
images  appear  in  contact  the  distance  of  the  prism  from  the  focui* 
Ik  read  off  on  a  graduated  scale.  By  this  means  Arago  detcniii)^' 
the  apparent  diameters  of  the  planets  with  great  accuracy 

I^et  /■  be  the  focal  length  OF  of  the  object  glass  and  r  the  disW" 


Then,   if  a   be   the  !i[i|ujt« 


between  the  prism  and  the  focus  F. 
angular  diameter  of  the  star, 

FQ=/tttno=J-Un*, 

in  which,  if  ive  know  /,  x,  and  S  the  deviation,  we  can  determine  • 
For  a  given  instrument  the  quantities  /  and  S  will  bu  coD8USt,0' 
could  be  determined  by  direct  observation  on  on  object  of  kocMi 
diameter  placed  at  a  known  distance.  The  quantity  tan  ^i^'  i 
determined  may  be  regarded  as  tlie  constant  of  the  instnim«ntt| 
Again,  if  an  object  of  height  /i  be  at  a  distance  d,  we  bare  f 


1 


from  \vhich  wl<  find  either  A  or  (/  if  the  other  be  known. 

1 86.  Wollaston's  Prism. — This  prism  differs  from  tltal  of 
only  in  that  the  optic  axis  of  the  first  prism  ABD  (Fig.  163)  i«  fM^i 
to  the  face  AB,  so  that  it  is  merely  Rochon's  prism  turned  throat^ 
right  angle.  A  ray  incident  normally  on  the  face  AB  trnVrU  ^(^4 
the  normal  in  the  crystal  as  an  ordinary  ray  with  velocity  r.  an<l  ^ 
us  an  extraordinary  ray  with  velocity  c,.     On  reaching  the  inuriv*! 
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is  refracted  extraordinarily,  for  tlie  pri(ii:ii«il  planes  of 
i  prisms  are  at  right  angles,  hence  the  angle  of  emergence  of 
laiy  ray  ia,  as  in  Rochon's  priam,  given  by  the  equation, 


I  extraordiuary  ray  in  the  first  prisuj  ABD  trai-ei 

E  traverses  the  sticond  prism   I 
'  ordinary    ray    with    a    velocity 
i  exactly    as     before,    the     angle 

e  from  the  second  face  CD  i 
[by   the  above    equation.       The    two  I 
bg  rays  are  iherefore  equally  dc\iated  | 

iiiles  of  the  normal  and  iheir      I'lg- lua.-tt.jiiii-vjii^  r.w.n. 
^  eepanttion  is  doubled.     By  this  diipb'cation  the  feeble  double 
n  of  quartz  is  rendered  very  sensible. 

|.l»a  remarked,  however,  that  the  deviation  is  diflerent  for 

mra,  and  the  images  are   coloured.      In   Rochon'a 

'  image   has   suffered   no  deviation   and    is    there- 


CHAPTER   XII 


DOUBLE   REFRACTION    (FRESNEL'S   THEORY) 

187.  The  Wave  Surface  in  Crystalline  Media.  —  In  hos^^l 
geneous  isotropic  substances,  such  as  glass,  the  physical  qualities  0 
the  same  in  all  directions  around  any  point,  and  if  any  element  k 
displaced  the  forces  of  restitution  called  into  play  will  be  opposite  loi 
parallel  to  the  displacement.  The  disturbance  will  travel  with  tk 
same  velocity  in  all  directions,  and  the  wave  surface  will  be  sphenall 
The  optical  properties  of  such  substances  are  also  alike  in  all  directiooi 
and  the  elementary  ether  waves  are  spherical. 

It  is  otherwise  in  the  case  of  crystalline  substances.  Here  tk 
physical  properties,  such  as  hardness,  elasticity,  compressibility,  aai 
conductiWty  for  heat  and  electricity  are  different  in  different  directiooi 
around  any  point.  If  any  element  of  such  a  medium  be  displaced  tk 
forces  of  restitution  will  not  in  general  be  parallel  to  the  displacement 
but  may  be  inclined  to  it,  and  will  not  in  general  tend  to  pull  tk 
element  directly  back  into  its  original  position.  A  disturbaiice  vii 
not  travel  with  the  same  velocity  in  all  directions,  and  the  wave  sir 
face  will  not  be  spherical. 

It  is  consequently  to  be  expected  that  the  optical  character  of  > 
crystalline  substance  will  also  depend  upon  its  structure,  and  that  tk 
velocity  of  propagation  of  the  ether  waves  will  be  different  in  diffenst 
directions,  so  that  the  wave  diverging  from  any  point  will  not  be » 
sphere,  but  a  surface  of  some  shape  determined  by  the  state  of  the 
ether  within  the  crystal  and  its  relation  to  the  molecules  of  the  ciystaL 
In  the  case  of  a  uniaxal  crystal  we  have  already  seen  that  the  wave 
surface  consists  of  two  sheets,  one  a  sphere  and  the  other  a  spheroid. 

Thus  if  we  assume  that  the  ether  within  a  crystal  possesses  tbe 
properties  of  a  homogeneous  elastic  solid,  the  solution  of  the  problem 
of  double  refraction  is  afforded  by  the  theory  of  elasticity,  and  as  such 
it  has  been  developed  by  Green,  MacCullagh,  Neumann,  and  Caachj. 
This  is  known  as  the  elastic  solid  theory,  and  is  based  on  the  supposf- 
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tioii  that  the  ether  consists  of  distinct  particles,  regarded  as  material 
points  (at  least  as  far  as  Fresnel  is  concerned),  which  exert  forces  on 
each  other  in  the  directions  of  the  lines  joining  them  and  varying  as 
some  function  of  the  distance.  In  crystalline  media  the  arrangement 
of  the  ether  particles  is  supposed  to  be  different  in  different  directions, 
but  symmetrical  with  respect  to  three  rectangular  planes.  The  ether 
IB  thus  modified  in  its  arrangement  or  properties  by  the  presence  of  the 
crystalline  matter.  According  to  Fresnel  the  density  is  modified, 
while  according  to  Neumann  and  MacCuUagb  it  is  the  elasticity  which 
undergoes  modification.  In  all  cases  the  ether  is  supposed  homo- 
geneous, and  its  axes  of  symmetry  are  parallel  to  those  of  the 
crystal. 

We  might,  however  (very  reasonably),  assume  the  ether  to  be 

I  isotropic  everywhere,  and  the  same  in  all  bodies  as  in  free  space, 

«and  then  proceed  to  explain  reflection,  refraction,  dispersion,  etc.,  as 

J  the  effects  of  the  momentum  communicated  to  the  matter  particles  by  Isotropic 

•  the  motion  of  the  ether.     When  light  traverses  a  transparent  substance  ®^  ^^' 

<  the  matter  particles  may  be  set  in  vibration,  thus  absorbing  some  of 

t  the  energy  of  ether  waves  and  impeding  their  progress ;  and  further, 

the  amount  of  this  may  depend  upon  the  direction  of  propagation  in 

'  crystalline  media,  but  it  will  be  the  same  in  all  directions  in  isotropic 

^  substances.     Within  a  crystal  the  velocity  of  propagation  and  the 

:  absorption  of  energy  in  any  direction  may  also  depend  upon  the  relation 

of  that  direction  to  the  direction  of  vibration.     It  is  on  this  basis  of 

the  interaction  of  the  ether  and  the  matter  particles  that  Boussinesq, 

Voigt,  Sellmeyer,  Helmholtz,  Lommel,  and  Thomson  have  built  their 

theories.^ 

188.  The  Wave  Surface  as  an  Envelope. — ^Whatever  be  the  nature 
of  the  assumed  dynamical  conditions,  ever}'thing  is  finally  reduced  to 
the  determination  of  the  velocity  of  propagation  of  a  plane  wave,  and 
the  mode  of  vibration  which  must  exist  in  such  a  wave  in  order  that 
it  may  be  propagated  with  a  determinate  velocity.  The  problem 
before  us  is  therefore  to  determine  the  law  according  to  which  a  plane 
wave  travels  in  any  assigned  direction  through  a  crystal.  When  this 
is  known  the  deduction  of  the  form  and  properties  of  the  wave  surface 
becomes  merely  a  matter  of  geometry. 

Fresnel  arrived  at  the  form  of  the  wave  surface  by  considering  it  as 
the  envelope  of  a  system  of  plane  waves.     Thus  if  a  system  of  plane 
waves  starts  from  any  point  in  various  directions  at  the  same  iiwtjLniL 
each  wave  travelling  in  the  direction  of  its  normal  with  a 
depending  on  its  direction  of  propagation,  then  after  any  give 
1  See  Glazebrook's  "Report  on  Optical  Theories,"  Brit.  Awoc  Ajml 
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all  these  plane  waves  wiU  touch  the  « 
touching  all  these  planes  will  be  the  li 
travelling  out  in  all  directions  from  this 
the  given  time.  The  construction  for  Um 
an  envelope  is  therefore  as  follows : — On 
point  measure  lengths  proportional  to  the 
tion  in  their  directions,  and  at  each  poi 
plane  perpendicular  to  the  correspondin 
these  planes  will  be  the  wave  surface. 

The  principle  involved  in  the  precedin 
moves  parallel  to  it«elf,  is  very  fundament 
not  only  its  direction  of  motion  but  also 
and,  for  ihe^  to  be  pre,<erved^  it  t.<  necessary  i 
play  by  the  displacement  should  be  parallel  to  * 

189.  Fresners  Hypotheses. — The  b 
founded  his  theory  may  be  summarised  as 

(1)  The   vibrations  of  polarised  ligh 
plane  of  polarisation. 

(2)  In  all  cases  the  elastic  forces  called 
of  a  train  of  plane  waves  (the  vibrations 
verse)  bear  a  constant  ratio  to  the  elastic  i 
placement  of  a  single  molecule,  the  others 

(3)  When  a  plane  wave  is  propagated  ii 
it  is  only  the  component  of  the  elastic  foro 
which  is  effective  in  the  propagation  of  the 

(4)  The  velocity  of  propagation  of  a  pla 
in  any  homogeneous  medium,  is  proportion 
effective  component  of  the  elastic  force  dev< 

Little  can  be  said  in  support  of  the  secc 
himself  was  conscious  of  its  weakness.     N« 
ment  of  experiment  with  the  results  of  Fn 
entitle  it  to  favourable  consideration.     The 
duced  on  account  of  a  vague  analogy  betwe^ 
of  the  ether  and  those  of  a  stretched  string 
third  is  removed  by  the  supposition  that  tl 
so  that  the  velocity  of  propagation  of  the 
infinite.      Although  dynamically  unsound 
refraction   will  ever  possess  a  high   histoi 
accordingly  detail  its  leading  features  and  d 
wave  surface  deduced  from  it. 

190.  The  Ellipsoid  of  Elasticity.— Fres 
consist  of  particles  mutually  attracting  eacl 
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rbed  from  their  positions  of  rest,  vibrate  under  the  influence  of 
or  mutual  attraction. 

Assuming  the  ether  to  be  molecular,  and  that  each  molecule  is  in 
MkUe  equilibrium  under  the  influence  of  the  others,  we  can  show  that 
^  potential  energy  of  displacement  of  a  single  molecule  is  a  quadratic 
Dction  of  the  three  components  of  the  displacement  parallel  to  any 
1^  of  mutually  rectangular  axes. 

Let  V  be  the  potential  of  the  whole  system  of  particles  at  any 
vint  2^  y,  z.  The  components  parallel  to  the  axes  of  reference,  of  the 
MTce  on  the  particle  at  this  point,  will  be  each  zero,  since  it  is  in  equi- 
urium  initially,  and  therefore  we  have 

rf^=^'     5^=''     rf^=^  ^'^' 

(ow  let  the  particle  at  x,  y^  zhe  displaced  to  a  near  point  x  +  (,  y  +  rj^ 
+  f,  while  the  others  remain  at  rest.  The  potential  at  this  point  will 
le  V  +  dV,  or,  since  f ,  ^,  ^  are  supposed  very  small, 

rhe  components  of  the  force  on  the  molecule  are  found  by  differentiating 
2)  with  respect  to  ^,  ^,  ^  respectively.  Hence,  remembering  the 
quations  (1),  we  have 

^^  d^'^'^dxdy'^^dxdz 
^=^d^^^^''^d^z\  (3), 


^-^d^'^'^dzdy'^^d:^ 


r,  writing 


^-A     ^^-n     ^-r     ^T-F     ^-p     ^L-n 

dx'"^'     dy-"    '     dz^~^'     dydz"^'     dzdx~^'     dxdy'^' 

re  have,  for  the  forces  parallel  to  the  axes  of  reference, 

X=A^  +  Hi7  +  Gf^ 
Z  =  G{+  f-n  +  Ci] 


(4). 


[ence  if  we  construct  the  quadric 

A?  +  Bi;»  +  Ci^+2Fi7f+2Gf;e  +  2H^iy  =  l  (6), 

re  have,  denoting  the  left-hand  member  of  this  equation  by  2S, 

„       </S        «      rfS         j_d^  ff^y. 

d^  dri  tff 
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Now  (^  fly  C^^^  propordonal  to  the  di 
displacement^  and  if  the  displacement  be  i 
numerically  equal  to  a,  /S,  y  reepeotiyely ; 
the  molecule  will  not  be  in  general  in  th 
placement,  for  the  direction  cosines  of  the 
tional  to  X,  Y,  Z,  and  these  by  (6)  are  p 
cosines  of  the  normal  to  the  quadric  (5} 
resultant  force  on  the  molecule  is  conse 
direction  of  displacement^  viz.  along  the  i 
along  the  normal  to  the  quadric 

There  are,  however,  three  directions  at 
molecule  be  displaced  the  resultant  force 
placement,  and  tend  to  restore  the  parti 
These  directions  are  the  axes  of  the  quad 
for  axes  of  co-ordinates  the  equation  of  thi 
the  form 

In  this  case  the  expression  (4)  for  the  con 
molecule  displaced  through  a  distance  p  = 

or  X  =  pa«a,  Y=f>6»A  Z=ri 

while  the  restoring  force  along  the  line  a,  fi 


or 


^=^ 


where  r  is  the  radius  vector  of  the  quadri 
tion  Oj  P,  y. 

Hence    if  we   consider  only   the   com 
equation  of  motion  of  the  particle  will  be 

and  the  time  of  vibration  will  consequently 

T  =  2irr 

But  the  velocity  of  propagation  is  connected 
periodic  time,  by  the  equation  A  =  vT,  there! 

X 

"=2^ 
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■r  the  velocity  of  propagation  of  a  plane  wave,  in  which  the  displacement 
if  the  molecules  is  parallel  to  a  given  direction,  is  inversely  propor- 
tional to  the  radius  vector  r  of  the  ellipsoid  of  elasticity  drawn  in  that 
Uvoction. 

In  arriving  at  this  result  it  will  be  seen  that  the  assumptions  used  Aaiump- 
ure,  that  the  force  on  any  particle  depends  on  the  absolute  displacement  ^^"^ 
bom  the  original  position,  and  is  the  same  as  if  the  other  particles 
remained  at  rest,  whereas  in  any  kind  of  wave  motion  the  true  force 
[fin  a  particle  should  depend  on  its  displacement  relatively  to  the  others. 
So  also  it  is  only  the  component  force  along  the  line  of  displacement 
Jthat  has  been  considered  effective  in  the  equation  of  motion  (10)  of  the 
JiMurticle. 

^  Cor. — If  V  be  the  velocity  of  propagation  of  a  plane  wave  whose 
[^vibrations  are  in  the  direction  a,  j8,  y,  then  by  (12),  since  V(x.  l/r,  we 
rtfnay  write  equation  (7)  in  the  form, 

i;«  =  a2a«  +  6='/9a  +  cV,  (18), 

or 

(u--aV+(«"-^)/9'  +  (t^-c^)y=0  (14), 

where  a,  6,  c  are  now  the  velocities  of  propagation  of  waves  vibrating 
parallel  to  the  axes  of  elasticity.  If  /t^,  /Xj,  /i,  be  the  principal  refractive 
indices  we  may  write 


and  (13)  takes  the  form 


^  =  a'    ^=6'    ^=c  ^^^>' 


^=4+/?!,')^^  (16). 


1 91.  Singular  Directions. — The  essential  condition,  for  the  pro- 
pagation of  a  plane  wave  without  alteration,  is  that  the  effective 
component  of  the  elastic  force  developed  by  the  displacement  should  be 
parallel  to  the  displacement.  This  condition  is  only  satisfied  for  two 
directions  in  any  plane,  viz.  the  axes  of  the  conic  in  which  that  plane 
cuts  the  preceding  quadric. 

When  the  elements  in  the  front  of  a  plane  wave  are  displaced 
parallel  to  a  given  direction  in  the  wave  front,  we  have  seen  that  die 
force  of  restitution  on  each  element  will  not  in  general  be  in  the 
direction  of  the  displacement,  nor  even  in  the  plane,  but  will  be  normal 
to  the  ellipsoid  of  elasticity — that  is,  perpendicular  to  the  central 
section  of  the  elli{>ftoid  which  is  conjugate  to  the  direction  of  displace- 
ment. Thus  if  AB  (Fig.  164)  >>e  the  section  of  the  elliijsoid  of 
elasticity  by  the  plane  of  the  wave  fronts  and  OA  the  direction  of 
displacement  of  the  elements  in  the  front  of  the  wave,  OB  the  radius 
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of  the  section  coujuj^le  to  OA,  sjid  OC 
conjugate  to  thft  section  Ab,  thoci  tli« 
parallel  to  ON  tlie  noitnal  to  the  pluie  D 
I  of  ON  01 
I  with  OA, 
must  he 
AOR 
j  OB,  theref 
If.  OA- 
!isos  of  a 

resultAnt    I 
I  be    resolri 


otlivr    perpendicular'    to    it.       If    the    dil 
of  the  axes  of  the  elliptic  scctiou  AOB, 
wave  front  will  also  be  along  that  dxia, 
directions  in  the  wave  front  poBSdBsing 
directions  are  termed  the  dnt/ulnr  liireetimi 

r  If  the  plane  be  parallel  to  either  of 

'  quadric,  every  direction  is  a  singular  direo 
direction  in  this  plane  will  be  propagEited  ' 
will  conaeipiently  be  no  double  refraction. 
ITius  when  a  displacement  occurs  in  ai 
wave  it  is  only  its  components  parallel  to 
are  propagated  as  permanent  waves,  and 
diHerent  velocities  (except  when  the  pbu 
section).      Consequently  the    bifurcstJOD 

,-  crystal  is  accounted  for,  as  is  also  the  polai 
the  fact  that  their  planes  of  polarisatioa  B 
We  have  now  arrived  at  the  fundammi 
In  one  mid  the  mme  iliirclion  two 
nm-mnlly,  having  their  vibrations  paraUd  to 
diips'nd  of  dasHeity  6y  a  diametral  plant  fir^ 
the  velocities  of  noJTiial  propagations  of  fhttt 
timial  to  tlie  Intglhs  of  tliese  axes. 

We  see  also  that  there  are  in  gensnl  I 
along  which  there  will  be  no  double  refi 
are  perpendicular  to  the  circular  secUonB 

,.  They  are  termed  the  axes  of  single  ware 
the  crystal.  For  waves  propagated  in  thi 
the  same  whatever  be  the  direction  of  i 
will  coincide,  but  there  may  be  a  sepatatit 


1 
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192.  Problem. — To  a  variable  plane  drawn  through  the  centre  of 
he  ellipsoid 

;r2    1/2    23 

1-  —  4-  —  =  1 

.  perpendicular  is  drawn  at  the  centre  of  the  section,  and  portions 
)Ni  and  ONj  (Fig.  164)  are  taken  on  it  which,  measured  from  the 
entre,  are  equal  to  the  axes  of  the  section,  to  find  the  locus  of  their 
xtremities. 

If  r  be  the  length  of  either  axis,  and  Z,  m,  n  the  direction  cosines 
f  the  normal  to  the  plane,  we  have  ^ 

(See  Salmon's  Geometry  of  Three  Dimensions^  Art  101.) 

In  this  equation  r  is   the  length  of  the  radius  vector  of  the 

equired  locus,  and  /,  w,  n  are  its  direction  cosines ;  the  equation  of 

he  surface  is  therefore 

ah?  .    V'li'   ,    c^  _, 

193.  The  Normal  Velocity  Surface. — Around  any  point  0  con- 
bruct  the  ellipsoid  of  elasticity,  and  consider  a  system  of  plane  waves 
assing  through  0  in  all  directions  at  the  same  instant.  Let  any  one 
f  the  planes  cut  the  ellipsoid  in  the  section  AOB  (Fig.  164)  of  which 
be  axes  are  OA  and  OB.  Draw  a  normal  at  0  to  the  plane  of  the 
Bction  and  measure  off  ONj  and  ONg  on  it  inversely  proportional  to 
he  axes  OA  and  OB,  then  if  planes  be  drawn  through  Nj  and  N, 
arallel  to  the  plane  of  the  section,  they  will  represent  simultaneous 

'  If //',  6'  be  the  axes  of  any  central  section,  /,  7n,  n  the  direction  cosines  of  the 
ornial  to  its  piano,  and  R  the  intercept  made  on  it  by  the  surface,  we  have 

lerefore 


lit 


1     _    /r    _  r'       m"^       w^ 


'hence  the  quadratic  for  r,  either  semi-axis,  is 

Jiich  may  be  written  in  the  form  above,  by  remembering^  that  l=P-¥m*-^n\ 
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positioiis  of  the  waves  which  will  be  prQ| 
normal  to  ON^N,,  the  one  having  its  yibnri 
the  other  parallel  to  OB,  for  we  hare  alreM 
of  propagation  of  these  waves  are  inversely 
OB  respectively.     These  planes  therefore  eai 

If  the  plane  AOB  be  supposed  to  torn  re 
N,  determined  as  above  will  each  trace  out  i 
the  locus  of  both  will  therefore  be  a  surfitce  i 
surface  of  normal  velocUies,  since  any  radius  yi 
two  normal  velocities  of  the  plane  waves  pro] 

The  equation  of  this  surface  is  easily  fou 
the  locus  of  points  on  the  normal  (at  the  cei 
section  of  the  quadric 

the  distances  from  the  centre  to  the  pointi 
tional  to  the  axes  of  the  section.     The  locQ 
the   equation   of  the  preceding   article,   by 
their  reciprocals,  and  we  thus  obtain 

a^         tr         ^      ^ 


Car,  1. — If  V  be  the  velocity  of  propagatio 
we  have  r  proportional  to  v  and  x^  y,  z  propoi 

Cor.  2. — The  direction  cosines  of  the  vil 
have  (Art.  190,  Cor.) 

and,  since  the  vibration  is  perpendicular  to  th 
also 

Combining  these  equations  with  that  of  C 

ir»-a2       1^-63       ^_c2 
— J — a = /9  = 7. 

194.  Equation  of  the  Wave  Surface.— 
wave  propagation  in  the  direction  Z,  ?n,  n,  1 
envelope  of  the  plane 
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lere  v  is  related  to  Ij  m,  nhy  the  equation 

iirr«+^rji+?r^=o  (2). 

d  in  addition  we  have  always 

P  +  m*+n»=l  (8). 

!fferentiating  (1),  (2),  (3),  regarding  ly  m,  n  as  variables,  we  obtain^ 

xdl+ydm+zdn-dv=0, 
Idl       mdm      ndn      /      P  tn^  n'     \^      ^ 

'om  which,  by  the  use  of  indeterminate  multipliers  A  and  B,  we  have 

aj=AZ  +BZ/(«»  -a«)  (4), 

y=Am+Bwi/(tJ»-6>)  (6), 

2=An+B»/(iJ»  -c*)  («), 

ultiplying  (4),  (5),  (6)  by  ^  fw,  n  respectively  and  adding  we  find 

t;=A  (8), 

lile  the  same  equations,  squared  and  added,  give,  with  the  aid  of  (7), 

ar»  +  y»  +  2»  =  A«  +  B/r, 

,  writing  r^  =  x^  +  y2  ^  ^2  ^j j  using  (8)  we  obtain 

B=tKr»-T»)  (9). 

ibstituting  these  values  of  A  and  B  in  (4)  we  have 


lerefore 


milarly 


x=lv  +  lv-^ — i-lV-i — i. 


»  =  3 — la  '  "  • 
r*-r    tr 


>  ArebtUld  Htnftb,  /%i/.  ifo^.  183S,  p.  885. 
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Hence  by  subBtitnting  these  values  of  I,  m,  i 

.r*-n»       .T*-V>      jt'-e'        . 


which  is  the  equation  of  the  wave  suriace. 

1 95.  Direction  of  Vibration  at  any  Pi 

— We  liave  saen  that  in  each  direction  in  th( 
general  bo  propagated  with  different  relocii 
pohiriged  in  planes  at  right  angles.  The  di 
in  these  waves  are  parallel  to  the  axes  of  I 
elasticity  ellipsoid.  We  shall  now  show  th« 
to  the  projection  of  the  mdius  vector  of  t 
tangent  plane  at  the  corresponding  point, 
we  have  /,  m,  w  related  to  n,  j8,  y  by  equatioi 

i__„        '"    _,fl        « 
«'-«'""■     Ba_ftj-'P'     r»-. 

Therefore  the  equations  (4),  (5),  (6)  of  the  pr 

x  =  Al  +  Bm,     y^Ani  +  BnA     :=. 

which  show  that  the  direction  of  vibration  > 
containing  the  radius  vector  to  x,  y,  z,  and  the 
the  corresponding  tangent  plane  to  the  wave 
tion  takes  place  in  the  wave  front,  and  is  thei 
joining  r,  y,  z  to  the  foot  of  the  perpendicul 
or  the  direction  of  vibration  in  any  ray  is  pan 
the  ray  on  the  corresponding  tangent  plane. 

196.  Relation  of  the  Planes  of  Polatisat 
—The  planes  oi 
rays  which  corro 
wave  front  are 
the  optic  axes. 
the  normal  to  ' 
OM  and  OM'  1 
the  planes  of  [ 
rays  are  the  pla 

I  ON,  and  the  az< 
section  in  which  t 
is  cut  by  the  plane  through  0  to  which  ON 
circular  sections  of  the  ellipsoid  are  pcrpendi 
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iitfaey  will  therefore  meet  the  elliptic  section  ARB  in  radii  which  are 
equal  to  each  other  and  perpendicular  to  the  planes  MON  and  M'ON 

1  respectively.  That  is,  the  radii  of  the  section  which  are  perpendicular 
to  the  radii  OR  and  OR'  are  equal,  OR  and  OR'  are  therefore  also 
equal,  and  they  are  consequently  equally  inclined  to  the  axes  OA  and 
OB  of  the  section,  and  hence  the  planes  containing  ON  and  these  axes 
will  bisect  the  angles  between  the  planes  MON  and  M'ON.     That  is, 

I  the  planes  of  polarisation  of  the  two  rays  bisect  the  angles  between  the 

,  planes  containing  the  wave  normal  and  the  optic  axes. 

197.  Equation  of  the  Wave  Surface  by  Means  of  the  Reeip- 

[  roeal  Ellipsoid. — We  have  already  deduced  the  wave  surface  as  the 
envelope  of  a  variable  plane.  It  occurred  to  MacCullagh  ^  that  the 
wave  surface  might  also  be  described  as  the  locus  of  a  point  by  using 
the  reciprocal  quadric 


d"     tr    (T 

If  any  plane  be  drawn  through  the  centre  of  this  quadric  cutting  it  in 
a  section  of  axes  a'  and  b\  and  if  along  the  normal  at  its  centre  por- 
tions be  measured  off  equal  to  the  axes  a'  and  h'  respectively,  the  locus 
of  the  extremities  of  these  portions  will  be  the  wave  surface.  Its 
equation  is  thus  found  at  once  to  be 

Developed  in  terms  of  the  co-ordinates,  x,  y,  Zy  the  equation  becomes 

The  surface  is  consequently  of  the  fourth  degree,  and  consists  of  two 
sheets.     We  shall  suppose  a>b>c, 

1 98.  Uniaxal   Crystal.  —  If  two  of  the   principal  velocities  are 
equal,  b=^r  suppose,  the  above  equation  may  be  written  in  the  form 

The  surface  consequently  breaks  up  into  the  sphere 

^2  +  ^2  +  ^2  =  62, 

and  the  spheroid 

In  this  case  the  sphere  and  ellipsoid  of  revolution  touch  each  other 
vrhere  the  axis  b  meets  them,  and  this  is  the  optic  axis  of  the  crystal. 

*  MacCullag^^,   "On  the  double   refraction  of  light  in  a  crystallised  medium 
mccording  to  the  i»rincii»le9  of  Fresnel  '*  {Trnns.  Jioyal  Irish  Acadimy^  June  1880). 
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Tho  sphere  lies  entirely  wilhis  the  ephi 
of   refi-action   is  greater  tlian  the  extr 
negutive  like  IceUnd  spnr  when  b  is  Ion 

If,  on  tho  other  hand,  b  is  eqoal 
sphere  is  e<|iml  to  ",  wid  the  apheroi'i  li 
the  two  touching  where  'i  meets  them 
tryetal  is  poeitivo  or  attractive,  the  ordit 
extraordinary. 

Finally  if  <t  =  b  =  c  the  wsve  BortaM 

(J? +ir' +»•-«*)« 

which  repreBente  the  cose  of  isotropic  i 
the  cubic  system. 

IQB.  Principal   Sections   of  tbe 

equation  of   the   wave   srirface  we   n 


;  =  0  we  obtain  the  equations  of  tbe 
surface  by  the  ptanee  of  t/z,  ez,  uid  x 
sections  consists  of  two  curves,  namelyj 
the  same  centre. 

(1)  Thus  making  3:  =  0,  we  find 

therefore  the  section  of  the  surface  b; 
circle  of  radius  <i, 

and  the  ellipse 

of  axes  b  and  c,  which  consequently  li 
shown  in  Fig.  IfiS. 
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Now  suppose  y~0,  and  we  find  the  section  by  tlie  plane  : 

iat  of  the  circle 


ellipse 


nV+A==uV 


IJua  of  the  circle  being  b  and  the  axes  of  the  ellipse  being 
it  follows  that  the  circle  meets  the  ellipse  in  four  [lotnts,  as 
itad  in  Fig.  167. 
Again  making  :  =  0,  we  find  the  circle 


1 169  represents  a  segment  of  the  surface  of  the  wave  by  the 
il  planes.  It  intercepts  segments  b  and  c  on  the  axis  of  x, 
I'On  the  axis  of  v.  and  n  and  h  on  the  axis  of  r.  It  presents  four 
IKrints  in  the  plane  zx,  where  the  circle  of  radius  b  meets  the 
tt  axes  t:  and  c.  The  lines  OP,  OP'  to  these  points  are  such 
llf  one  ray  will  be  propagated  in  their  direction,  and  they  are 
fsntly  called  the  ares  of  siiigte  my  ivlml;/. 
lels  of  the  wave  surface  may  he  procured,  and  an  examination 
of  them  will  assist  the  ideas  of  the  student  with  reference  to 
Bre  of  the  surface. 

i  Construction  ot  Huygens. — The  form  of  the  wave  surface 
lown,  the  directions  of  the  refracted  rays  are  determined  by 
kplanes  drawn  to  the  two  sheets  of  the  surface  according  to  the 


conelruction  ol  Huygim«.  Tlius  when  •  p 
face  of  a  hiaxal  crystal  each  point  of  tha  M 
eleiuenUry  wave  surfaces  di\-erge  ;  «ach  wi 
uiu]  the  envelopo  consists  of  two  plai 
shoots,  the  other  all  the  extrrinr.  To  d«tfl 
planes  it  is  only  necessary  lo  conatract 
tangent  planea  to  both  its  sheets  throng 
wave  on  t)ie  (ace  of  the  crystal,  as  has  bet 
66  and  178.  Tho  line  joining  the  centra 
of  contact  with  the  tuugent  plane  gives  the 

It  may  happen  tJiat  no  real  tangent  pj 
hath  of  the  sheets  of  the  wave  surface  und 
and  total  reflection  wil)  ihen  occur  as  in  t] 

201.  The  Optic  Axes  or  Axes  of 
of  Internal  Conical  Refraction. — The  1 


comraonJI 
"^-  '"■'■  M'jN',  ( 

Now  the  planes  passing  through  these  < 
pendtcular  to  the  plane  of  the  section  are  ti 
surface.  Moreover  they  do  not,  like  ( 
surface,  merely  touch  it  at  one  point,  or  « 
etc.  The  points  P.  Pj,  etc.,  are  what  ai 
surface ;  they  are  little  pits  or  dimples,  \ 
etc.,  cover  them  over  and  touch  the  surfao 
proved,  all  round  the  perimeter  of  a  circls  B 

'  The  points  on  iha  lurlace  S  at  vrhleb  the  I 
j/Batiafy  the  coiiditioo  5-=0.    Ajiplyiiig  His  to  t| 

The  factor  i/  =  0  porrpspoiids  to  ["litilB  dtn»t«d  it 
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The  lines  OM,  OM'  are  perpendicular  to  these  planes,  and  they  are 
herefore  such  directions  of  the  wave  normal  that  only  one  wave  front 
xists,  for  the  plane  MN  touches  both  sheets  of  the  wave  surface. 

The  directions  OM  and  OM^  are  for  this  reason  termed  the  axes 
£  single  wave  velocHy,  For  these  directions  there  is  only  one  wave 
nveloi)e,  for  other  directions  there  are  two ;  they  are  therefore  the 
o/ic  axes  of  the  crystal. 

The  angle  between  the  optic  axes  may  be  easily  expressed  in  terms 
{  the  principal  velocities,  for  since  OM  (  =  h)  is  a  perpendicular  to  the 
ingent  MN  to  the  ellipse  a^/c^  +  z-fa^  =  I  (Art.  199),  its  length  is 
iven  by  the  equation 

iP=(^  cos-  0  +  «*  sill*  0, 

'here  <f>  is  the  angle  OM  makes  with  the  axis  of  jr — that  is,  half  the 
tigle  MOM'j. 
Consequently 

81110=  ^/    .» — :„     cos0=   v/    a       -'      tau0=    W  -5—^, 

:,  in  terms  of  the  princii>al  indices  of  refraction, 

Since  tan  <{}  =  z  x  \t  follows  that  the  equations  of  the  optic  axes  OM 

id  CM'  are 

/J  •<    ^ 

hich  shows  that  they  are  normal  to  the  circular  sections  of  the  quadric 


ti»fy  tlie  conditions  of  the  problem.  The  second  factor  reprcsentH  an  elliiNtoid 
lich  clearly  jtossesses  the  same  planes  of  circular  section  as  the  elliiisoid  of 
isticity  a-jr^-r-lrt/-*-<rz'  =  \.  Hence  a  plane  wave  jiarallcl  to  a  circular  section  of 
e  ellijisoid  of  ♦elasticity— that  i«,  j)eri>endicular  to  either  oj>tie  axis— will  meet  the 
ove  «iuarlrie  in  a  circle,  at  every  jMjint  of  which  it  touches  the  wave  surface.  For 
I  eliminating  #r  l>^tween  this  quadric  equation  and  that  of  the  wave  surface,  the 
suit  breaks  ui»  into  factors 

hich  are  the  four  tangent  planes  at  the  conical  (loiuts. 
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111  gniiemi  a,  h,  c  nre  Tuiictioii*  of  tlie 
the  Angle  between  the  (ipttc  rsc«  tu-jm 

202.  Internal  Conical  Befraetlon- 
ilirectioii  of  a  refracted  my  ia  giicn  by 
<!iaturbance  to  the  point  of  contact  of  the 
enrelope,  ax  deteimiued  by  Huygens's  cot 

Henoe  if  0  (Fig.  170)  be  the  centre  ol 
ihe  face  of  a  crystal  on  which  a  plane  Wai 
the  direction  of  the  front  of  the  rcfncted 
any  tine  from  0  to  any  point  of  the  ctrels 
wave  surface  is  a  possible  direction  for 
should  expect  then  that  a  ray  incident  o 
such  a  direction  that  the  refracted  ware 
MX  (that  is,  the  plane  wave  in  the  crjstd 
the  optic  axis)  should  on  entering  the  eryi 
raya  but  into  a  cone  of  rays,  vis,  the  cone 
contact  of  MN  with  the  wave  surface. 

This  result  was  predictod  by  Sir  Wi 
reijuest  the  expenment  was  undertaken  b) 
anticipations  of  the  theory  verified  in  a  ml 

A  pkte  of  aragonite  was  used,  havij 
the  bisectors  of  the  angle  between  the  opt 
submitted  to  experiment,  was  about  30*. 
to  OM  (Fig.  171),  and  its  direction  ws 
means  of  the  phenomena  of  the  colonra  of 


paper,  EF.  The  minuteness  of  this  ] 
accuracy  required  in  the  incidence  render 
The  crystal  was  moved  with  extreme  el 
tion  of  incidence  very  gradually,  and  w 
obtained  the  two  images  on  the  screen 
continuous  ring  of  light  No  sensible  ei 
obsened  as  the  distance  of  the  eoreea  I 
'  Lloyd,  Tnt>u>.  Rut/.  Iri^'Arad,  > 
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ig  that  the  emergent  beam  waa  cylindrical,  and  that  conEeqiieiitly 
th  of  the  light  iij  the  crystal  was  the  cone  OMN.  The  angle  of 
)De  was  found  to  be  1°  50',  and  its  magnitude  as  indicated  by 
iflory  was  1' 55',  so  that  the  observed  and  theoretical  values 
.  very  closely. 

I  measure  the  angle  of  incidence  Lloyd  received  the  pencil 
ed  at  0  on  a  screen,  and  marked  the  point  K  where  it  fell. 
an  removed  the  plate  and  arranged  a  theodolite  so  that  its  axis 
ition  pasaed  through  0.      He  was  then  able  to  measure  the  angle 

which  is  double  the  angle  of  incidence.  The  observed  angle 
idence  was  15°  40',  and  its  value  as  indicated  by  theory  13"  19', 
^eement  of  the  theory  and  experiment  is  thus  exceedingly  com- 
The  diameter  of  the  ring  on  the  screen  EF  determines  the 
of  the  refracted  cone. 

le  existence  of  conical  refraction  has  been  regarded  as  one  of  the 
striking  proofs  of  the  general  correctness  of  Fiesnel'a  theory  of 
I  refraction,  but  Stokes  '  has  pointed  out  that  it  is  not  competent 
ide  between  the  several  theories  which  lead  to  Freanel's  wave 
s  as  a  near  approximation.  Internal  conical  refraction  depends 
the  existence  of  a  tangent  plane  to  the  wave  surface  which  touches 
plane  curve,  and  this  property  would  be  possessed  by  the 
surface  arising  from  any  reasonable  hypothesis.  Other  forms  of 
ive  theory,  baaed  on  very  different  assumptions,  lead  to  Fresuel'a 

surface  exactly.  The  existence  of  conical  refraction  cannot 
Eore   bo   regarded  as  deciding  in  favour  of  Fresnel's   particular 

Hrection  of  Vibration. — It  is  easy  to  determine  the  direction  of  the 
in  each  of  the  rays  which  constitute  the  cone  O^IN,  for  the 
Ktion  of  vibration  of  any  refracted  ray  is  found  by  projecting  the 
»y  on  the  corresponding  tangent  plane  to  the  wave  surface  (Art.  I9h). 
Vow  M  is  a  point  on  the  circle  in  which  the  | 
angent  plane  touches  the  wave,  and  OM  i 
teri^endicular  to  this  plane,  therefore  if  ON  (Fig.  I 
.72)  is  any  ray  of  the  cone  its  projection  on  the  I 
ilane  of  the  circle  will  pass  through  M  and  con- 
^uently  be  the  chord  MN  of  the  circle.  Hence  | 
be  directions  of  the  vibrations  of  the  different  | 
ays  of  the  cone  are  parallel  to  the  chords  of 
ircle  of  contact  drawn  from  M  to  the  [wints 
rhere  the  rays  meet  this  circle.  It  follows  therefore  that  two  rays 
oeeting  this  circle  at  diametrically  opposite  points  are  such  that  their 
I  Stolies,  £ril.  At»or.  Stport,  1882. 
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vibrations  are  at  right  angles  ;  they  are  th 
angles.  To  verify  this  it  is  only  neceesar 
cylinder  of  light  on  a  tourmaline  plate  or  a 
two  extremities  of  the  same  diameter  of  the 
dark  and  the  other  brightest,  the  illuminatii 
the  ring  from  the  latter  point  to  the  former 

203.  Axes  of  Single  Ray  VeloeiQr. — W^ 
surface  presents  four  singular  points  in  the  ] 
P',  P^,  P  p  are  conmion  to  both  sheets  of  thi 
at  any  one  of  them  P  an  infinite  number  i 
drawn  to  the  surface,  and  not  merely  two,  a 
imagined,  viz. — one  to  the  circle  and  one  t 
This  system  of  tangent  planes  forms  a  tange 
the  conical  point  P.  Now  if  a  ray  travels 
crystal,  the  velocity  of  the  ray  is  measured  I 
wave  surface  drawn  in  its  direction.  ConS) 
we  have  in  general  two  ray  velocities,  since 
general  two  values,  one  given  by  each  sheel 
ray  travels  in  the  direction  OP  there  is  onl; 
vector,  and  consequently  only  one  velocity  oi 
both  rays  travel  in  the  direction  OP  (or  OP' 
and  these  directions  are  called  the  axes  of  si\ 
generally  very  close  to  the  optic  axes,  or  axe 
but  they  are  not  on  that  account  to  be  confo 

The  angle  between  the  axes  of  single  i 
expressed  in  terms  of  «,  />,  r.  For  the  co-ord 
common  to  the  circle 

aP  +  z^  =  h^, 

and  to  the  ellipse 

therefore  

Hence  if  the  angle  FOx  (Fig.  170)  be  denoted 
and  therefore 


cos 


,     c       /a-  -  Ir  ,      a      /  fr-(r 


The  right  lines  joining  0  to  P  and  P^  a: 
the  equations 

,rt        fbr-cr  J 

c=±-a/-2 — rr,.^",  and  3 


KXTEBNAI,  CUNICAI.  REFRACTION 


k  arc    thcrefufe    perpeadicular    to    tlie    circular   sectiuns    of     tlie 

M^l  ellii>aoid 


—Tlie  Kbove  values  of  the  ca-ordinatee  of  P  show  that  it  is  n 
r  poiut  on  the  surface,  for  the}'  satisfy  the  ecjuatioiis 


I  H  denotes  the  equation    of   the  wave  surface.     There  is  coiv 
ntly  at  P  a  tangent  cone  to  tlie  snrfa.ut. 
e  axes  of  single  ray  velocity  are  called  the  itjca  (/  exteriuit  ronital 

.  External  Conical  Refraction.— The  direction  pursued  by  a 
jcted  ray,  after  emergin-;  f]-oni  the  crystal,  is  determined  by  the 
Hon  of  the  tangent  plane  to  the  wave  surface  at  the  point  where 
nty  meets  it.  But  at  any  one  of  Iho  conical  points  P  there  is 
b&nite  number  of  tangent  planes  enveloping  a  cone,  consequently 
Biy  which  traverses  the  crystal  in  the  direction  OP  (or  OP)  may 
mergence  pursue  the  direction  determined  by  any  one  of  these 
tnt  planes.     The  emergent  beam  sliould  therefore  be  of  a  conical 

)r.    Lloyd    found    that    this    was    fully   verified    by  experiment. 

log  the  plate  of  ai'agonite  already  mentioned,  he  placed  on  each  face 

i  a  thin  plate  of  metal,  perforated  by  a  very  minute  aperture,  as 

in  Fig.   1T3.     These  plates  were  so  adjusted  that  the  line 

cting  the  two  apertures  coincided  with  the  direction  of  the  axis 

Ingle  ray  velocity.     A  Dame  of  a  lamp  was  then  brought  near  the 

Rure  0  in  such  a  manner  that  the  central  part  of  the  convergent 

I  should  iiave  an  incidence    i 

ir  16".    When  the  adjust-    I 

as  completed  a  brilliant    ■ 

<    of   light   was    seen    on 

5  through  the  apnrture  P 

e  second  plale.     Whenovi^r 

Iwcond    plate    was    ever    an    | 

Btly  moved,  so  that  the  line 

meeting  the  apertures  no 

r  coincided  with  the  axis  of  '■'"•  ''^' 

e  ray  velocity,  the  phenomenon  rapidly  changed  and  the  annulu 

Blved  itself  into  two  separate  images. 

F  The  incident  light  was  also  brought   to  a  focus  on  the  surface  f 


J 
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the  plate  by  meana  of  a  lens  of  short  focal 
upper  plate  was  dispensed  with  and  the  lai 
The  rays  of  the  sun  were  also  used  and  tl 
on  a  screen.  Each  ray  of  the  incident  cone 
at  0,  but  of  all  the  rays  on  a  certain  oo 
cone  of  light  one  of  the  refracted  raya 
emerge  as  a  ray  of  the  external  cone.  If  t 
plate  is  not  very  small,  some  of  the  rays  wl 
along  OP  wiU  be  allowed  through,  and  ca 
occur  between  the  results  of  observation 
when  the  necessary  correction  is  applied,  ti 
theoretical  and  observed  magnitude  of  t 
found  to  be  nearly  complete,  the  observed  a 
calculated  angle  3°  0'  58". 

Dr.  Lloyd  also  determined  that  when  ei 
exhibited  the  ray  OP  is  parallel  to  the  a 
In  order  to  do  this  he  observed  the  angle  o 
the  convergent  beam  on  the  first  face,  and 
the  conical  refraction  occurred.  He  also 
angle  at  which  the  axis  of  the  incident  c 
face  in  order  that  the  refracted  ray  should  ] 
single  ray  velocity,  and  he  found  it  to  be  ^  1 

It  was  also  found  by  experiment  that  * 
of  polarisation  of  any  two  rays  of  the  cone  is  hal^ 
containing  the  rays  themselves  ami  the  axis"  1 
in  complete  accordance  with  the  theory  a 
conical  refraction  (Art  202). 

205.  Relation  between  the  Velocities  o: 
Wave  and  the  Position  of  the  Wave  Nor 
Optic  Axes. — The  velocities  of  the  two  wavi 
tion    are    given   by    the    radii    in    that    < 

'  A  remarkable  variation  of  the  phenomena  took  ] 
linear  aperture  for  the  small  circular  one  in  the  plate 
so  adjusted  that  the  plane  jiassiug  through  it  and  tl 
should  coincide  with  tlie  plane  of  the  optic  axes, 
hitherto  received  views,  all  the  rays  transmitted  throi 
be  refracted  doubly  in  the  plane  of  the  optic  axes  so  t 
appear  enlarged  in  breadth  in  looking  through  this 
Sir  William  Hamilton  the  ray  which  proceeds  in 
refracted  in  every  plane.     The  latter  was  found  to  b 
hood  of  each  of  the  optic  axes  the  luminous  line  w 
plane  of  the  axes,  into  an  oval  curve.     This  curve,  it  i 
of  yicomedeSy  whose  asymptote  is  the  line  on  the  first 
of  Light,  p.  212). 
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pf  normal  velocities ;  they  are  consequently  determined  by  the 
;0qaation 

Where  l,  miy  n  are  the  direction  cosines  of  r.     Hence 

r*  -  [(62  +  c»)?  +  (c^  +  a2)m3  -*-  (a»  +  ft^j^^sj^ji  ^.  xjjgS/j = q, 

r 

pr,  denoting  the  roots  of  this  equation  by  r'^  and  r"\  we  have 

iuid 

Now  if  r  makes  angles  6'  and  ^'  with  the  optic  axes,  and,  using  the 
notation  of  Art.  201,  if  the  direction  angles  of  the  optic  axes  be  </», 
k^y  J'T  -  <^  and  TT  -  <^  ^TT,  Att  -  </>  respectively,  we  have 


cos  ^'  =  /  COS  0  +  n  sin  0, 
008^=  -2cos0+n8in0. 


Therefore 


,      cos  ^'- cos  ^^^        1/         /»/  /y»\         I  d^-^  ,  L^    o01\ 

^=      .2CO3  0 — =4(co8^  - c<>8 ^)  V  ^STTp »  (-^-  201), 


*2  cos  0 

COS^jf  cos^ 
2  8in0 


J» 


ind 
EEence 


/«2=i-P-/i2. 


r'3  +  /^  =  rt3  +  c-i  -  i  (COS  ^'  -  COS  erf  {a?  -  O  +  J  (cos  ^ + cos  0'(a'  -  <^), 
■^d^->re  -v  (a2  -  c2)  COS  B'  cos  ^, 

r-r^::^a'^(r^-\{a^  -  c2)*-»(co83  ^  ^cos^  O  +  i(a*  -  c*)  cos  B'  cos  ^. 

•*rom  which  we  have 

( r"^  -  r-f = (r^  +  r"2)2  -  4r'«/^  =  (a'  -  c^)*  sin'  $'  sin'  ^, 

r  finally,  since  r'  and  r"  measure  the  velocities,  we  have 

f'-^  -  v"^  =  r'' -  r^ = (a' -  c2)  sin  (?' sin  ^, 

nd 

u'-''+i?"5=a2+c2  +  (a'-c»)co8^'co8^, 

rhich  establishes  a  relation  between  the  velocities  of  the  two  plane 
raves  which  are  propagated  in  any  direction  and  the  angles  which 
his  direction  makes  with  the  optic  axes. 
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Cot, — The  normal  velocities  of  the  two  wares  propagated 
same  direction  are 

i/^ = i(a2 + c»)  +  i(«^  -  c»)  cos  (<^  +  O- 

206.  Relation  connecting  the  Ray  Velocities  in  a  given  Din 
and  the  Angles  made  with  the  Axes  of  Single  Ray  Velocity. — T 

the  equation  of  the  wave  surface  in  the  form 

and  denoting  its  roots  by  /*  and  r"*,  we  liave 


^1 

and 


1  J^ 

=  2. 


yV'^j--j2g«- 


Now  if  the  radius  vector  r  makes  angles  ff  and  6^'  with  the  a 
single  ray  velocity,  and  if  the  direction  angles  of  these  lines  be 
Jtt  -  ^,  and  TT  -  ^,  ^TT,  ^TT  -  ^,  respectively,  then 


cos  ^' = /  cos  ^ + n  sin  ^, 
cos  ^=  - 1  cos  ^  +  n  siu  ^. 


Therefore 


and 


,_C0S^^-C08g^' 

—      2cos^ 


=  i(cos^'-cosO-\/^T3^, 


n= ,^—. =i(C08^'  +  C0SO-    \y  T5 — o, 


cos^ 
2sin^ 


while  m^  is  determined  by  the  equation 
Hence 

p^^-y^.  =  ^2  +  ^+(-.-^)cos^cos^, 
and 

Whence 

The  diflference  of  the  squares  of  the  reciprocals  of  the  ray  veloc 
consequently  proportional  to  the  product  of  the  sines  of  the 
which  the  common  direction  of  the  rays  makes  with  the  axes  of 


Urt.  206 


RELATIONS  BETWEEN  THE  VELOCITIES 


841 


jpray  velocity.     Denoting  the  velocities  of  the  rays  by  v  and  i»"  we  may 
write  this  relation  in  the  form 

v'-a  _  ^"-2  =  (rt-2  -  c-2)  sin  B'  sin  r. 

Cor,    1. — Since  the   velocities  are  inversely  proportional  to  the 
..refractive  indices,  we  have 


or  approximately 


M'--'-M"*=(M,*-M3^)8in^'sinr, 
Ai'  -  M* = (Mi  -  Ma)  sii*  ^'  sin  6f, 


Cor,  2. — Since  the  relative  retardation  introduced  by  a  plate  of 
thickness  e  is  e(/i'  -  /i")  for  normal  incidence,  we  have 

5  ^  <(/i'  -  ti")  =  <(/i,  -  Ma)  sin  6'  sin  ^. 

6'(or.  3. — The  ray  velocities  are  given  by  the  equations 

i/-2 = ^(c-2  +  a--)  +  i(c-2  -  a-3)  cos  (^  +  O, 
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PRINCIPAL   INDICES  FOR  SODIUM  LIGHT 


1-53013 

Mean  Q), 

Qreatest  (-). 

Temp. 

Observer. 

Aragonite 

1  -68157 

1  -68589 

•  *  • 

Rudberg. 

Borax 

1-4463 

1-4682 

1-4712 

23' 

Kohlrausch. 

Mica 

1  -5609 

1-5941 

1  -5997 

23'' 

)• 

Nitre 

1  -3346 

1  -5056        1 

1  -5064 

W 

Schrauf. 

Selenitc    . 

1  -52082 

1-52287      , 

1  -53048 

17" 

V.  Lang. 
SchrauL 

Sulphur  (prism) 

1  -9505 

2-0383        1 

2-2405 

16** 

Topaz 

1-61161 

1-61375 

1-62109 

•  t  • 

Rudberg. 

CHAPTER  Xn 

REFLSCnON   AND  REFRACTION  OF 

207.   Fundamental    Principles    and 

attempt  to  determine  the  relation  betwet 
incident,  reflected,  and  refracted  pencils  ti 
surface  of  separation  of  transparent  media 
he  confined  his  investigations  to  the  partici 
incidence.  The  amplitude,  form,  and  pha 
tion  being  given,  the  problem  before  i 
amplitudes,  forms,  and  phases  of  the  reflectei 
Thus  if  the  simple  vibration 

y=asin  (orf+a) 

gives  birth  to  the  simple  reflected  and  refrac 

yi  =  b  sin  {tat + /9),    and  y^=ewii 

which  differ  from  the  incident  in  phase  and 
determine  b  and  c,  p  and  y  in  terms  of  the  k 
The  simplest  case  will  be  that  in  whic 
phase  introduced  by  the  reflection  and   re 
may  then  be  written  in  the  form 

ysrasinurf,     y^^b  sin  tUj     y^^ 

and  the  problem  is  reduced  to  the  determi 
case  has  been  treated  by  Fresnel,  but  it  is  of 
for  in  general  the  reflected  and  refracted  v 
from  the  incident  and  from  each  other. 

In  approaching  this  subject  hypotheses 
departments,  one  with  respect  to  the  nature  c 
other  with  respect  to  the  nature  of  the  diflB 

»  Art.  "Chromatics,"  Enq/.  Brit,  i 
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>£  the  ether  in  different  media,  and  as  to  whether  the  change  of  con- 
iition  is  sudden  or  gradual  at  their  surface  of  separation. 

The  hypotheses  adopted  by  Fresnel  lead  to  formulae  which  are  in 
rery  close  agreement  with  the  results  of  experiment.  He  founded  his 
theory  (in  1821-23)  on  the  following  principles.^ 

(1)  Tlu  Pnnciple  of  the  Conservation  of  Energy^  from  which  it  follows 
that  the  energy  of  the  incident  wave  is  equal  to  the  siun  of  the 
energies  of  the  rejected  and  refracted  waves  which  arise  from  it 
Denoting  the  amplitudes  of  the  corresponding  vibrations  by  a,  b,  c 
respectively,  we  have  the  energy  equation  (Art  68) 

p(a'  -  6*)  sin  2i = p'e^  sin  2r  (energy  equation), 

connecting  the  amplitudes  of  the  incident,  reflected,  and  refracted 
vibrations. 

This  equation  of  course  is  deduced  on  the  supposition  that  the 

^second  medium  absorbs  no  part  of  the  refracted  pencil.     In  general, 

_  however,  the  second  medium  absorbs  a  portion  of  the  refracted  light, 

"^and  the  corresponding  energy  appears  as  heat  in  the  elevation  of 

"  temperature  of  the  substance.     The  calculations  and  formulae  founded 

on  this  equation  are  consequently  limited  by  this  supposition,  and  they 

therefore  apply  only  to  the  case  of  waves  which  are  transmitted  without 

absorption.     It  is  further  assumed  that  the  .transverse  vibrations  of 

the  incident  light  excite  only  transverse  (or  light)  vibrations  in  the 

second  medium,  or  that  the  entire  energy  of  the  incident  light  appears 

again  as  light  in  the  reflected  and  refracted  pencils.     In  the  case  of 

elastic  solids,  however,  both  longitudinal  and  transverse  vibrations  are 

produced  by  reflection  and  refraction,  so  that  we  have  in  general  two 

reflected   and   two   refracted  waves,  one   transverse   and   the  other 

longitudinal,  and  these  are  propagated  with  different  velocities. 

.  (2)  UifpotJiesis  of  Uniform  Elasticity  of  the  Ether, — Some  hypothesis 
must  now  be  made  concerning  the  symbols  p  and  p  which  are  called 
the  densities  of  the  ether  in  the  two  media.  Fresnel  assumes  that 
the  velocity  of  propagation  in  any  medium  varies  inversely  as  the 
square  root  of  the  ether  density  in  that  medium,  so  that 

Vp'     r  _  8in_/ 
Vp  —  v' "  sin  r 

Kow  the  velocity  of  propagation  of  waves  in  elastic  matter  is 
measured  by  the  square  root  of  the  elasticity  divided  by  the  density ; 
this  assumption  is  consequently  analogous  to  saying  that  the  elasticity 

'  Fresnel,  CEuxrrs,  torn.  i.  pp.  441-791*. 
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of  the  ether,  or  that  property  of  it  whidi  eoi 
of  ordinary  matter,  is  the  same  in  all  mediiL 
tion  into  the  energy  equation  we  have  Fremi 

r*        tenr 

(3)  Coniinuity  cf  the  DispUicenienL — ^To  i 
and  r  to  (I  we  require  another  equation.     Tl 
ing  that  the  displacement  remains  the  mam 
of  separation.     Thus  if  planes  be  drawn  pai 
very  near  it,  one  in  each  medium,  the  yelocit 
the  elements  in  these  planes  can  only  di£R 
fraction  of  their  own  value.     If  the  ethers  in 
as  two  portions  of  different  elastic  substances 
in  contact,  then  at  the  interface  they  must  al^ 
that  is,  during  the  motion  there  is  no  slipp 
parallel  to  the  surface,  and  also  there  sho) 
relative  motion  perpendicular  to  the  surface 
the  common  surface  must  be  the  same  in  t 
must  include   the   longitudinal  displacement 
well  as  the  transverse  vibrations  which  are 
light 

According  to  the  elastic-solid  theory  the 
medium  always  remains  in  that  medium,  nev< 
or  changing  its  density.  If,  however,  we  loo 
two  media  as  being  continuous  but  differing 
the  ether  in  either  may  cross  the  interface  ini 
layer  of  the  ether  at  the  surface  might  suffer  i 
density.  However,  if  we  admit  Fresners  assu 
change  of  phase  in  crossing  the  surface,  this  1 
must  be  infinitely  thin  compared  with  the  ler 
in  fact,  that  the  phases  of  the  vibrations  on 
considered  the  same.^ 

Fresnel  did  not  consider  the  component  c 
pendicular  to  the  surface,  he  merely  secures  ec 
interface,  so  that  there  is  no  tangential  slipp 
medium  on  that  in  the  other. 

MacCullagh,  on  the  other  hand,  worked  on 
vibrations  in  the  two  contiguous  media  are  equivi 
ant  of  the  incident  and  reflected  vibrations  is 

*  See  ftirther  Glazebrook's  "Report  on  Optical  Th* 
1885,  p.  186. 


MfART.  208       LIGHT  POLARISED  IN  THE  PLANE  OF  INCIDENCE   .         845 

^tiitude   and   direction,    as   the   resultant   refracted   vibratioa      This 

^hjrpothesis  he  termed  the  principle  of  equivnlcnt  vibrations} 

^       208.  Light  Polarised  in  the  Plane  of  Incidence. — According  to 

the  theory  of  Fresnel  the  direction  of  the  vibration  is  perpendicular  to 
^  the  plane  of  polarisation,  so  that  for  light  polarised  in  the  plane  of 

incidence  the  vibration  is  parallel  to  the  surface  of  separation.  Again, 
t,  I  nnce  no  change  of  phase  is  supposed  to  accompany  the  reflection  and 
1^  refraction,  the  extreme  displacements  a,  h,  c,  will  be  attained  at  the 
^  same  instant  Hence  the  complete  displacement  in  the  first  medium 
^1  is  their  algebraic  sum  a  +  5  (where  b  may  be  inherently  positive  or 
^  negative  with  respect  to  a),  and  by  the  third  principle  at  the  interface 
^  this  must  be  equal  to  c,  the  displacement  in  the  second.  Hence  to 
^  determine  b  and  c  we  have  the  equation  of  continuity 

"  a  +  b  =  c  (1), 

^  together  with  FresneFs  energy  equation, 

*  a-*  -  63 -^  tan/ cot  r  (2). 

I  Dividing  (2)  by  (1)  we  obtain 

a  -  b  =  c  tan  i  cot  r  (3). 

Combining  (1)  and  (3)  we  find  at  once 

/,=  _„!|IL:^^_'')  (reflected), 

sin  (i  +  r) 


and 

sin  {i  +  r) 


'2a coat  sin  r  /.     ^  jx 

c  —  --.  -  -.- r-  ( refracted ). 


Thus  the  sign  of  b  is  opposite  to  or  the  same  as  that  of  o  according  as 
i  is  greater  or  less  than  r — that  is,  according  as  the  second  medium  is 
more  or  less  refracting  than  the  first. 

It  should  be  remarked  that  the  relative  intensities  of  the  incident 
reflecte.i  and  refracted  rays  are  not  measured  merely  by  <f^  b\  c\  but 
by  the  rates  at  which  energy  is  propagated  by  the  corresponding 
iivaves  (Art.  G8) — that  is,  according  to  Fresnel's  theory,  by 

a"^ :  Ir  :  <-  tan  i  cot  r, 

or  by 

.,     o  »in^  {i-r)      «  sin  2i  sin  2r 

8in- (<-»-/•)  8in''(t  +  r) 


*   MacCullagh,  "On  the  Laws  of  Crystalline  Reflection  and  Refraction,"  Trans, 
Jioy.  Irish  Acad.  vol.  xviii.  January  1837. 
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Cor.  I. — The.  expression  for  b  may  be  wri 

.  «in(i-r)  /Acosr-coei 

Hence  if  t  =  r  =  0°  we  have  cos  t  =  cos  r  =  1, 
dicular  incidence 


6=  -a 


M+r 


which  is  the  expression  arrived  at  by  Young. 
As  i  increases  from  O''  to  90°  the  value  ol 
from  Young's  value  to  -  a,  for 


cos 
C(W  r 


r     \  1  -  (sin*  *)/aa' /    ' 


which  diminishes  continuously  from  unity  to 
0°  to  90^ 
Similarly 


2a  COS  ?  sin  r         2a  cos » 


sin(i+r)      Alcosr  +  coa 

Therefore  at  perpendicular  incidence 

2o 


e  = 


M+1 


consequently  c  decreases  from  this  value  to  i 
zero  to  ^TT.  The  intensities  at  perpendicula 
tional  to 


o/ai-IN*        «      4m 
\M  +  1/  (aa+1)* 


These  formulae  have  been  verified  photome 
Provostaye  and  Desains,  by  means  of  the  the 
their  accuracy  for  heat  radiations. 

209.  Light  Polarised  Perpendicularly  to  ) 
— In  the  case  of  light  polarised  per2)endicula 
dence  the  vibration,  according  to  FresnePs  th 
incidence ;  but  the  vibration  must  be  in  the  wj 
along  the  direction  AB  (Fig.  46)  and  makes  a 
face  of  separation.  In  the  reflected  and  ref 
A'B'  and  A'C,  making  angles  i  and  r  respect 
Hence  the  algebraic  sum  of  the  displacements  i 
(a  +  h)  cos  i  parallel  to  the  surface,  and  in  the 
consequently  for  no  slipping  at  the  surface  of  s* 

{ft  +  h)  cos  i  =  c  cos  r. 


^RT.  209  POLARISED  ANGLES— PLANE  OF  INCIDENCE  847 

Combining  this  with  the  energy  equation 

a' -&*=€*  tan  icotr 
a-6=C8in  I'/ainr. 


"we  have,  by  division, 
^Therefore 


and 


*=-"toir(7T7)  (reflected), 


2acostsmr  ,    .     ^  ,, 

c  =  - .— TT- — ^ TT  — ;  (refracted ). 

sin  (i  +  r)  cos  (t  -r)  ^  ' 


Hence  we  see  that  if  t  be  greater  than  r  then  a  and  b  will  have  oppo- 
site signs;  but,  on  the  other  hand,  when  the  first  medium  is  more 
refracting  than  the  second,  a  and  h  have  the  same  sign.  The  relative 
intensities  are  in  the  ratios  a*  :  J- :  c^  tan  i  cot  r — that  is, 

^  2        2tan'(i-r)      j 8in2i8iii2r_ 

*        ten''  ( I + r)*       sin'  ( i + r)  cos*''  ( i  -  r)' 

Cor.  1. — Writing  the  expression  for  b  in  the  form 

,  ft  cos  r- cos  i    co8(i+r) 

ft=  -«  •  ^^        ,-         •  —  ).      V 
ft  cos  r  + COS*     cos(i-r) 

obtained  from  the  above  value  by  merely  dividing  the  numerator  and 
denominator  by  sin  r,  we  see  that  when  i  =  r  =  0  we  have 

the  square  of  which  measures  the  intensity  of  the  light  reflected 
normally.  This  expression  is  the  same  as  that  which  determined  the 
normally  reflected  beam  when  the  incident  light  is  polarised  in  the 
plane  of  incidence,  as  it  obviously  should  be,  for  in  both  cases  when 
the  light  is  incident  normally,  the  vibration  is  parallel  to  the  surface, 
and  the  two  should  be  reflected  according  to  the  same  law. 

Similarly  when  i  =  r  =  0  the  expression  for  c  becomes  the  same 
in  both  cases,  and  the  reflected  and  refracted  intensities  are  com- 
plementary. 

Cor,  2. — If  i  +  r=90^,  which  is  the  general  condition  at  the  angle 
of  maximum  polarisation,  we  have 

6=0,    and  c=a/Ai. 

The  light  is  therefore  all  refracted,  and  its  intensity,  measured  by 
e*  tan  i  cot  r,  becomes  at  once  c-fi^  (since  i  +  r  =  90^),  or  a-,  which  is  the 
measure  of  the  intensity  of  the  incident  light. 

Hence  the  amplitude  of  the  reflected  pencil  decreases  from  Young's 
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value  to  zero,  as  the  angle  of  incidence  increases  from  zero 
polarising  angle  (tan  i  =  /x).  It  then  changes  sign  (or  the  phase 
by  tt)  as  i  increases,  and  attains  the  value  a  at  grazing  incidence. 

210.  Light  Polarised  in  any  Plane — Rotation  of  the 
Polarisation  by  Reflection. — Let  us  now  suppose  the  incident 
to  be  plane-polarised  in  a  plane  inclined  at  any  angle  a  to  the 
of  incidence.      The  direction  of  the  vibration  now  makes  an 
90°  -  a  with  the  plane  of  incidence  (following  Fresnel),  and  we 
therefore  resolve  it  into  two  components 

a  COS  a,     and  a  sin  a, 

perpendicular  to,  and  in,  the  plane  of  incidence  respectively, 
former  component  may  be  regarded  as  a  beam  of  light  polarised] 
the  plane  of  incidence,  and  it  will  give  rise  to  reflected  and  rei 
rays  determined  by  Art.  208,  in  which  a  is  to  be  replaced  by  a 
The  latter  component  is  a  pencil  polarised  perpendicularly  to  the 
of  incidence,  and  also  gives  rise  to  reflected  and  refracted  rays  dc 
mined  by  Art.  209. 

Hence  the  reflected  light  is  the  resultant  of  two  portions, 
polarised  in  the  plane  of  incidence  and  the  other  polarised  perpei 
larly  to  it,  the  amplitudes  of  these  portions  are 


a  cos  a 


sin(t-r) 
sin(i  +  r)* 


and  -a  sin  a 


tan  {%  -  r) 
tan  (i  +  r) 


(reflecUd) 


respectively,  while  the  refracted  light  consists  of 


2a  cos  a 


cos  i  sin  r 

sin  (i  +  r)' 


and  2a  sin  a 


cos  t  sin  r 


sin  (i  +  r)  cos  (t  -  r) 


(refracted) 


polarised  in  and  perpendicular  to  the  plane  of  incidence  respectifdj. 
If  then  the  reflected  light  be  plane-polarised  in  a  plane  making  a 
angle  /?  with  the  plane  of  reflection,  its  components  perpendicular  ti 
and  in  this  plane  are  h  cos  /?  and  h  sin  p  respectively,  where  6  is  tin 
amplitude  of  the  reflected  vibration.  So  also  if  c  be  the  amplitude  ol 
the  refracted  vibration,  and  y  the  angle  its  plane  of  polarisation  maket 
with  the  plane  of  refraction,  its  components  perpendicular  to  and  in 
that  plane  are  c  cos  y  and  c  sin  y  respectively,  consequently  we  have 


.        ^  sm  (t  -  r) 

bcosS=  -acosa-v — rr- — r 

^  sin(t+r) 

,    .    o  •      tan(t-r) 

fc  sm  /3  =  -  a  sm  o 


(reflected). 


c  cos  7  =  2a  cos  a 
c  sin  7  =  2a  sin  a 


tan  (i  -f  r) 

cos 
sin 


ios  i  sin  r  "v 

iin(i  +  r)  I 

cos  i  sin  r         f 

sin  (t  +  r)  cos  (i-r)) 


(refracted). 
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From  these  equations  we  can  determine  the  positions  of  the  planes 
of  polarisation  of  the  reflected  and  refracted  pencils,  for  we  have  at  once 

^      _     .         cos(i-l-r) 

tanfl  =  taiia r- (» 

'^  cos  (i  -  r) 

and 

tan  y  =  taii  a  sec  (i  -  r). 

Hence  ^ 

tan  /3  =  tan  7  cos  (i  +  r). 
So  also  for  the  amplitudes  of  the  vibrations,  we  have 

!•>      9  ^  «;.  -    ^"'  (*  ~  ^)  .       2    sill'  {i  -  r)  \ 
l^=a^  ]  siu-a-—  -).  — C+cos^a-^-).      (  I 

j  tan'^Ci  +  r)  8in''(i  +  r)/ 

and 

.,     4a^  cos*  i  sin*  r  (      sin*  a      .       o    \ 
sin**  {i  +  r)     {  COS"*  (i  -  r)  J 

4a* COS*  1  sin* rl,.    .„     .     „,.      .) 

=  — ^-Tv-' r-    \  1  +  81*1  « tan*  (i  -  r)  V , 

sin- (i  +  r)      j  J 

while  the  intensities  of  the  incident,  reflected,  and  refracted  beams  are 
respectively  proportional  to 

a'-,     6*,     c*  tan  i  cot  r. 

C(/r.  1. — If  i  +  r  =  90,  we  have  P  =  0 — that  is,  if  the  light  is  incident 
at  the  angle  of  maximum  polarisation,  the  reflected  light  is  polarised 
in  the  plane  of  reflection. 

Cur.  2. — From  the  expression  for  tan  ^,  it  is  clear  that  while  i  +  r  is 
less  than  90',  we  have  cos  (i  +  r)<  cos  (i  -  r),  and  therefore  tan  /?<  tan  a, 
while  as  i  increases  (a  remaining  constant)  p  passes  through  zero  as 
i  +  r  passes  through  90"",  and  becomes  negative  when  i  +  r  increases 
beyond  90' .  The  numerical  value  of  tan  /?  is  therefore  always  less 
than  that  of  tan  a,  or  the  eflect  of  th^  reflection  is  to  bring  the  plane 
[>f  polarisation  nearer  to  the  plane  of  incidence,  and  at  the  angle  of 
tnaximum  polarisation  the  two  coincide. 

Cor.  3. — If  the  first  medium  is  more  refracting  than  the  second, 
total  reflection  will  occur  when  r  =  90°,  and  in  this  case  tan  /?  will  be 
equal  to  -  tan  a,  so  that  a  and  /i  are  supplementary. 

Cor.  4. — If  the  same  pencil  of  plane-ix>lari8ed  light  be  reflected  n 

'  The  relation  connecting  a,  (i,  and  7  may  be  stated  in  the  form — "  Tlie  vibrationH 
in  the  incident  and  reflected  waves  coincide  with  the  projections  of  the  refracted 
vibration  on  those  waves,  or,  the  planes  of  vibration  of  the  three  waves  intersect  in 
%  line  which  is  the  direction  of  the  refracted  vibration  "  (MacCuIlagh,  Trans.  Roy. 
Irish  Academy f  vol.  xviii.  1837). 
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times  at  the  same  incidence  i,  atid  in  the  same  plane  we  ha?e 
azimuth  of  the  pencil  after  the  n  reflections 

.      ^      .        COS"  (i+r) 

tan^„  =  tana— — 7-: (, 

^  cos"  {i-ry 

while  if  the  refracted  beam  suffers  n  refractions  by  passing 
parallel  plates  of  the  two  media,  we  have 

tan  7n  =  tan  a  sec"  (t  -  r). 

For  by  refraction  into  a  plate  we  have  tan  y^  =  tan  a  sec  (t  -  r),  lodi 
the  refraction  out  at  the  second  surface  we  have  tan  y^  =  tan  y^  sec  (t-i 
or 

tan  72 = tan  a  sec*  (i  -  r). 

In  passing  through  n  parallel  plates  the  ray  suffers  2n  refinactions, 

tan  7 = tan  a  scc^  (i  -  r). 

The  general  effect  of  reflection  or  refraction  is  therefore  a  rotattoDj 
the  plane  of  polarisation. 

211.  Elliptlcally  and  Circularly  Polarised  Light — We  have 
already  (Art  47)  that  two  rectangular  vibrations  differing  in  ampUt 
and  phase  compound  into  an  elliptic  vibration,  and  conversely  we 
decompose  an  elliptic  vibration  into  two  rectangular  vibrations  of 
form 

x  =  a  sin  <at,     and  y=b  sin  {loti- 5), 

Consequently,  if  the  incident  light  be  elliptlcally  polarised,  we  mf 
resolve  it  into  two  components,  one  polarised  in  the  plane  of  incideiioi 
and  the  other  polarised  perpendicularly  to  it,  and  apply  the  foregcnaf 
formulae  to  determine  the  nature  and  intensity  of  the  reflected  ui  , 
refracted  rays.  The  general  expressions  for  these  elliptic  vibrations  as 
be  formed  without  difficulty,  but  as  their  discussion  presents  no  partjcs- 
lar  interest,  we  shall  only  consider  the  case  of  circularly  polarised  light 
If  the  incident  light  be  circularly  polarised,  its  component  vibratiooi 
may  be  represented  by 

x  =  a  cos  <atf     and  2^= a  sin  iot. 

The  components  of  the  reflected  and  refracted  vibrations  may  be 
written  down  from  the  formulae  of  Arts.  208,  209  ;  thus  for  the 
reflected  vibration  we  have 

sin(i-r) 
x=  -a-. — -: (cos(at=  -Aco6  w^ 

8in(i  +  r) 

tan(i-r)  .       .        u  •      * 
u=  -a~-  -—. ^sin tat=  -Bsmtat. 

^  tan  (i  +  r) 
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that 

the  reflected  light  is  elliptically  polarised,  the  axes  of  the  ellipse 
1>eing  respectively  in,  and  perpendicular  to,  the  plane  of  reflection. 
If  the  light  is  incident  perpendicularly,  we  have  i  =  r  =  0  and 

A  =  B=-a(Ai-l)/(M+l), 
that  the  reflected  light  is  circularly  polarised  and  its  intensity  is 


-m 


It  is  to  be  remarked,  however,  that  the  sense  of  the  circular  vibration  in 
the  reflected  light  is  opposite  to  that  in  the  incident  light,  for  the  z  com- 

0  ponent  of  the  vibration  is  affected  with  the  negative  sign.  This  theoret- 
ical deduction  of  Earnshaw  has  been  verified  experimentally  by  Powell.  ^ 
The  character  of  the  refracted  light  may  be  investigated  in  a 

^  i  similar  manner.  It  is  to  b^  observed  in  all  cases  that  the  y  component 
of  the  reflected  vibration  vanishes  when  t  +  r  =  90°,  or  the  reflected 

H  light  is  always  plane-polarised  in  the  plane  of  reflection  at  the  angle  of 

HI  maximum  polarisation. 

^        212.  Reflection  and  Reflection  of  Common  Light. — The  charac- 

^  teristic  of  ordinary  light  is  that  on  transmission  through  a  doubly 

refracting  crystal,  such  as  Iceland  spar,  it  is  divided  into  two  pencils 

of   equal  intensity.      If   the  crystal  be  also  doubly  absorbing,   the 

•  ordinary  and  extraordinary  rays  will  be  of  unequal  intensity,  and  (as 

_^  in  the  case  of  tourmaline)  only  one  of  them  may  be  transmitted.  On 
.  entering  the  crystal,  however,  the  light  is  divided  into  two  equal  beams 

^  vibrating  in  two  rectangular  planes,  and  this  whatever  be  the  orienta- 

\,  tion  of  the  crystal.  Hence  if  ordinary  light  be  resolved  into  any  two 
rectangular  components  they  will  be  equal,  and  therefore  the  com- 
ponents of  the  incident  beam  in  and  at  right  angles  to  the  plane  of 
incidence  will  be  equal  in  intensity,  and  each  half  that  of  the 
incident  light  Consequently  the  intensity  of  the  reflected  light  will 
be  (Arts.  208,  209) 

T_i  jT^y^^Ji-i')    tan^ (i~rn 

and  the  intensity  of  the  refracted  light  will  be 

,._.   .^pHin  2t  sin  2r  sin  2i  sin  2r        "I 

"  *"  L  Mn2(/  +  r)  "^ sin*  (i  +  r) co«* (i  -  r)J 

1  Powell,  Phil.  Mwj.  (3),  vol.  xxii.  pp.  92,  262. 


852       REFLECTION  AND  REFRACTION  OF  PC 

lu  the  case  of  the  reflected  light  the  second 
represents  the  light  pohuised  perpendicularly* 
If  the  two  terms  were  equal,  then  the  refleetfl 
common  light  of  the  incident  beam.  The  i 
always  less  than  the  fint»  except  under  neat] 
sequently  there  will  in  general  be  an  excess 
plane  of  incidence — that  is,  the  reflected 
polarised. 

At  the  particular  incidence  t  +  r  =  !«-  th 
entirely,  and  the  reflected  light  is  wholly  p 
incidence. 

Again  the  first  term  in  the  expression  : 
refracted  light  is  less  than  the  second,  and  th 
an  excess  of  the  refracted  light  polarised  perp 
of  incidence,  but  the  whole  refracted  light  is 
in  this  plane  at  the  polarising  angle.  At  thu 
light  alone  is  completely  plane-polarised,  and 
equal  quantities  of  polarised  light. 

218.  Total  Reflection. — When  the  first  n 
fracting  than  the  second,  total  reflection  occur 
dence  reaches  a  certain  critical  value  determi 
corresponding  value  of  r  is  90^  and  if  t  be  ini 
value  a  value  of  sin  r  greater  than  unity  is  rec 
r  becomes  imaginary,  and  the  formulae  which  < 
and  intensities  of  the  reflected  and  refractei 
applicable. 

Experiment  proves  that  when  i  exceedi 
refracted  ray  ceases  to  exist,  and  the  reflected 
to  the  incident.  Theory  confirms  this  result^ 
Huygens  shows  that  in  the  second  medium  no 
be  drawn,  and  the  conservation  of  energy 
intensity  of  the  reflected  ray  should  be  equal  t 

Taking  the  case  of  light  polarised  in  the 
have  for  the  amplitude  of  the  reflected  ray 

,  _       sin  {i  -  r)  _   ix  sin  i  cas  i  -  sin  rV 
sin  ( i  +  r)       ^  gin  /  cos  i  +  sin  i  V 

by  writing  sin  /•  =  /i  sin  /,  fx  being  the  index  of 
to  the  more  refracting  medium.     Hence  when 
critical  value  we  have  /x  sin  i  >  1 ,  and  the   ex 
imaginary.     This  imaginary  form  has  been  in 
the  following  manner,  which    is   undoubtedl} 
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must  be  regarded  rather  as  an  interesting  curiosity  than  as  a  rigorous 
^lemonstration. 

Multiplying  the  numerator  and  denominator  of  the  expression  for 
i>  by  the  conjugate  form  of  the  denominator,  it  becomes 

tj?  sin^  i  co8^  /  +  sin-  i{\  -  fi^  sin^  i)  -  2fi  sin^  i  cos  tVl  -  fi^  sin^  i 
ft*  sin*  i  cos*  i  -  sin*  i{  1  -  a**  sin*  i) 

The  denominator  of  this  expression  is  simply  (/x^  -  1)  sin-  i,  so  that  on 
dividing  above  and  below  by  sin^  i  it  reduces  to 

r  /u*  + 1  -  2aa*  sin*  i    2m  cos  t*  /  ^  .  «  . — z  ^/  -z  \       ,«    /^.  /— Tx 

aj'^ — ^^ -^a:rr^^^*'*  *-i^-i|=^(P~Q^-i) 

>vhere 

_j    M*  + 1  -  2/Li*  sin*  t  J  rx    2aa  cos  e'  /  .  .  ^  . — = 

P  =  ^- j-H; ,     and  Q=  V  i"Va*  sin  *-!» 

*  and  therefore 

a  P+Q*=i. 

Hence  if  we  take  P  =  cos  6  we  will  have  Q  =  sin  6,  and  the  expression 
for  b  becomes 

'  d=ii(cos5- \/-- 1  sin  5). 

^  Hence  if  the  equation  of  the  incident  vibration  be  ^  =  a  sin  W,  the 
i  equation  of  the  reflected  vibration  will  be 

2/ = a  (cos  5  -  n/ -  1  sin  5)  sin  orf. 

\  Fresnel  susi)ected  that  since  the  occurrence  of  n/  -  1  in  geometry  indi- 
cates a  rotation  of  90Mn  the  position  of  the  line  whose  length  is 
multiplied  by  it,  so  it  is  probable  that  here  the  imaginary  quantity 

-v^  -  1  denotes  a  change  of  iir  in  the  phase  of  the  vibration  to  which 
it  is  attached.  Proceeding  on  this  assumption  the  equation  of  the 
reflected  vibration  becomes 

y = a  jcos  5  sin  w<  -  sin  d  sin  {cot  +  90°)} , 
=  a  (cos  8  sin  u)t  -  sin  S  cos  a^), 
=  a  sin  {<at  -  S). 

The  interpretation,  therefore,  according  to  Fresnel  is  that  the  phase 
of  the  reflected  vibration  has  been  altered  at  reflection  by  an  amount 
S  given  by  the  equation 

-  _  Q _  2Ai  cos  iV/u*  sin*  i  -  1 
^°*"P"~M*  +  l-2/z*sin*i    ' 

while  the  amplitude  of  the  reflected  vibration  is  equal  to  that  of  the 
incident. 

2  a 


8M        REFLECTION  AND  REFRACTION  OF  j 

In  the  same  manner  we  may  treat  the 
right  angles  to  the  plane  of  incidence,  and  tl 
P',  Q',  ^  will  be  found  to  be  as  follows : 


'^-*(M«-l){(Ai«+-l)«W 
''"V«-1){(m«+1)«W 


When  the  light  is  polarised  in  any  admi 
two  components,  one  polarised  in  the  plane  i 
polarised  perpendicularly  to  it,  and  when  t 
former  will  suffer  a  change  of  phase  S  and  tli 
mined  as  above.  The  difference  8  -  8'  is  all 
mentally,  and  we  have 

(m^  + 1 )  Sin'  I  - 

the  reflected  beam  should  therefore  be  ellipti< 
difference  of  the  two  components  being  8  -  S* 
Cor,  1.— If  5  -  8'  =  0— that  is,  if  the  chai 
the  reflection  is  the  same  for  the  component  ii 
for  that  perpendicular  to  it,  the  reflected  raj 
In  this  case  cos  (S-8')=  1,  and  we  have,  thei 


or 
Hence 


fi-  sin*  i  -  (m'+  1)  sin*  i+ 1  = 


'"*^= — V ' 

=  1  or  1/m*. 

The  first  value  of  sin  /  corresponds  to  grazing 
to  the  limiting  incidence  for  total  reflection, 
reflection,  therefore,  the  reflected  light  is  tota 
Co7'.  2. — The  difference  of  phase  8-8'  pas 
value  at  an  angle  of  incidence  determined  by 

(M-+l)sin2i  =  2, 

and  the  corresponding  maximum  is  given  by 

COS  (0-0)—  --    ..  .,v.»   "  —  — nn 


w 
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V'n.  3. — iico3  (5  -  &')  -  0,  the  axes  of  tbe  retlected  elliptic  i-ibration 
^ATC  in,  and  perpendicular  to,  the  plane  of  incidence,  and  the  correspond- 
ing incidence  is  given  by 

■Vau.'i-(*tUl)MU-.  +  l=0. 

If  at  this  incidence  the  plane  of  polarisation  of  the  incident  lif^ht 
in^ikes  an  angle  of  45'  with  the  plane  of  incidence,  the  retlected  light 
should  he  circidarly  polarised.  This  affords  an  experimental  means  of 
verifj'ing  the  foregoing  theoretical  results,  but  in  order  that  the  values 
of  (,  determined  by  the  foregoing  quadratic,  should  be  real,  it  is  neces- 
^my  to  have 


^xmsequently,  u  substance  of  refractive  index  nearly  equal  to  3  would 
^be  required. 

The  required  dilFerence  of  phase  may  however  be  produced  by  two 

•  <r  more  total  reflections  from  a  substance  such  as  glass  nnth  a  smaller 
index  of  refraction.  Thus  if  the  azimuth  of  the  plane  of  polarisation 
i.f  the  incident  light  be  45",  and  if  a  difference  of  phase  of  45'  be  intro- 
iiiciid  at  each  reflection,  the  light  twice  reUected  will  be  circularly 
("ilnrised,  or  if  a  difference  of  phase  of  ir/2»  be  produce*!  at  each  rcHec- 
ri.-ii,  the  light  h  times  totally  reflected  will  lie  circularly  polarised.  In 
tin;  first  case  the  angle  of  incidence  is  determined  by  the  equation 


t*f-(2  +  V2KM*+l)si 


+2  +  V-i- 


Thin;  gives  real  values  of  i  for  glasa  and  media  whose  indi 
li.::t  between  1'4  and  1 '6, 

We  may  at  once  write  down  the  correspond- 
iw^  formulfe  for  three,  or  four,  total  reflections 
—that  is,  for  i>-f>'=  v/H,  n-/8,  etc. 

214.  Fresnel's  Rhorab.^In  verification  of 
the  foregoing  conclusions  Fresnel  constructed  a. 
para  1  lei opi|ied  of  glass  such  that  a  ray  of  light 
AB  (Fig.  1 74)  falling  normally  on  the  end  suffers 
lotttl  reflection  internally  at  B,  where  it  (nUn 
Upon  the  face  at  an  incidence  of  5/>',  and  again 
mt  Ci  and  then  emerges  normally  at  the  other 
•Mid  of  the  ihomb.  At  B  ii  difference  of  phase 
•  I  i''  is  introduced — that  is,  j\  retardation — and  the 
.Min  produced  at  0,  so  that  in  nil 
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duced,  or  a  retardation  of  J  A,  and  thus 
polarised  at  an  an^e  of  45""  to  the  plai 
components  in  and  perpendicular  to  the  | 
equal,  and  the  emergent  light  is  found  to  be 

Conversely,  if  the  incident  light  be  cirai 
introduces  a  further  difference  of  phase  of  I 
light  is  plane-polarised.  Hence,  generally,  i 
plane-polarised  in  an  azimuth  of  45^  to  the  p 
through  any  number  (n)  of  Fresnel's  rhomb 
be  circularly  or  plane-polarised  according  aa 
such  rhombs  we  may  therefore  test  betwee 
cularly  polarised  light. 

By  means  of  this  rhomb  we  may  also  co] 
light  into  plane-polarised  light.  For  if  the  a 
tion  be  in  and  perpendicular  to  the  plane  oi 
internal  reflections  will  introduce  a  further  < 
between  its  components,  and  the  emergen 
polarised.  This  light  will  then  be  extinguishi 
we  can  therefore  test  between  elliptically  pd 
polarised  light 

Fresnel's  rhomb  consequently  possesses 
quarter-wave  plate  (Art.  227),  and  is  prefen 
white  light,  since  the  difference  of  the  velociti 
in  glass  is  inconsiderable.  However,  the 
changes  its  direction  when  the  rhomb  is  rotat 
in  following  it  with  the  other  parts  of  the  ap 
fore  to  use  a  quarter-wave  plate  in  working  ^ 

215.  Newton's  Rings — Polarisation  o 
lating  the  effects  produced  by  the  reflectioi 
plates  of  transparent  material  (Art  113)  ¥r( 
of  the  incident,  reflected,  and  refracted  vi 
respectively.  We  now  know  what  the  quai 
case  of  polarised  light.  Thus  for  light  p* 
incidence,  taking  a  =  1 ,  we  have 

,  _     sin  {ij-  r)         _  2  cos  i  8 
sm(i  +  /*)  8in(tH 

and  for  light  polarised  in  the  perpendicular  p 

,,_  _  tan  (/-r)       ,_ 2cosi 

~     tan  (i-fr)'        ~sin(i  +  r)o 

Substituting  this  value  of  h  (or  V)  in  the  e: 
obtain  the  intensity  of  the  reflected  light. 
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'  It  is  remarkable  that  when  i  +  r  =  90°,  we  have  6'  =  0,  and  con- 
isequently  the  reflected  rings  should  disappear  completely,  and  the 
(transmitted  light  should  be  equal  to  the  incident,  when  the  light  is 
I  polarised  perpendicularly  to  the  plane  of  incidence  and  incident  at  the 
•  polarising  angle. 

Again  b\  after  vanishing  at  the  polarising  angle,  changes  sign  as 
I  the  incidence  increases  beyond  that  angle.  Consequently  if  the  rings 
I  begin  from  a  dark  centre  with  t  +  ?<90®,  they  should  begin  from  a 
I  white  centre  with  i  +  r  >  90**.  These  results  are  verified  by  experiment. 
The  rings  produced  by  polarised  light  beginning  from  a  dark  centre 
'  vanish  when  the  angle  of  incidence  reaches  the  polarising  angle,  and 
reappear  again  encircling  a  white  centre  when  the  angle  of  incidence 
exceeds  the  polarising  angle,  if  the  incident  light  be  polarised  perpen- 
dicularly to  the  plane  of  incidence. 

If  the  incident  light  is  polarised  in  any  azimuth  a,  we  may,  as 
before,  resolve  it  into  two  components,  one  polarised  in  the  plane  of 
incidence  and  the  other  perpendicular  to  it.  As  these  components  on 
reflection  are  at  right  angles  and  do  not  differ  in  phase,  the  intensity 
of  the  reflected  light  is  merely  the  sum  of  their  intensities,  or  (Art.  1 1 3) 

^  ~  '^'^*'  *  (1 -&«)'»  + 462  8in»4«  ■+■"»»  ^1  _  ft'»)a  +  45^2  ^^9  j,' 

with  a  similar  expression  for  the  transmitted  rings,  where  b  and  b'  are 
to  be  replaced  by  their  values  given  above.  Maxima  and  minima 
occur  therefore  in  the  case  of  light  polarised  in  any  plane,  as  in  the 
case  of  light  polarised  in  or  perpendicular  to  the  plane  of  incidence. 
The  minima  of  the  reflected  rings  are  still  zero,  and  the  maxima  equal  to 

ia^lf^  cos'  a     ia^b'^  si  n'  a 

For  the  transmitted  rings  the  maxima  are  equal  to  a\  that  is  the  same 
as  the  incident  light,  and  the  minima  are  equal  to 

( 1  -  IP)  cos^a     ( 1  -  b'^)jin^  a 

while  there  is  no  incidence  for  which  the  rings  are  black. 

In  Art.  113  the  reflected  vibration  has  been  written  in  the  form 
X  sin  wf  +  Y  cos  a>/,  and  its  phase  retardation  is  therefore  determined 
by  the  ratio  of  the  coefficients  of  cos  (d/  and  sin  tot.  Denoting  this 
phase  retardation  by  8^  we  have  in  the  case  of  light  polarised  in  the 
plane  of  incidence 

tan«i  =  ^  =  ^--ppcoti«  = 


cos  r      cos  I 

M :  + 

cos  I    fi  COS  r 
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and  for  light  polaiited  at  right  angles  to  the 

ctmr 

If  the  incident  light  be  polarised  in  anj 
of  phase  of  the  components  reflected  in,  and  ] 
of  incidence  respectively  will  be  given  by 

.    ./      l\/oo«r 
tan(«',-«,)  = L     m/Voo^. 


The  reflected  light  will  therefore  in  general 
The  difference  of  phase  will  be  zero  when  S  = 
number,  even  or  odd — that  is,  for  the  central  1 
the  bright  rings  respectively.  At  these  pa 
will  consequently  be  plane-polarised. 

In  the  interval  between  two  dark  rings  t 
phase  rises  from  zero  to  a  maximum  and  the: 
middle  of  the  interval.  It  then  changes 
similar  variations  in  the  second  half  of  the  in 
quarter  it  rises  from  zero  to  a  maximum,  i 
again  to  zero.  In  the  third  quarter  it  change 
maximum,  and  in  the  remaining  quarter  it  fa 

The  maximum  value  of  S'^  -  5j  is  less  t 
reflected  light  cannot  ever  be  circularly  polari 
of  tan  {S\  -  8j)  can  never  be  zero. 

Denoting  as  before  the  amplitudes  of  t 
polarised  in  and  perpendicular  to  the  plane 
we  have  for  the  ratio  of  the  intensities  of  the 


I       2    ^   i^z}"^)^^'^^ 


For  sin  J6  =  0   we   have   dark  rings  under 
sin  ^S=  1  w^e  have  bright  rings  polarised  in  ai 

and  if  the  principal  section  of  the  analyser  b 
they  disappear  in  the  extraordinary  image,  i 
the  dark  transmitted  rings. 
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The  transmitted  rings  are  complementary.     The  azimuth  of  the 
i racted  light  is  given  by 

tan-7  =  tan-*  o '   — -^.  {  7- — —-,  ^  "=-^-5Vi  1  • 

or  the  dark  transmitted  rings  sin  ^3=1,  and 

fi  cos  r     cos  i 


♦ 4. v^-*-  At-rt^-;_4. cost      flCOBr 

tan7-taiia        ^         ^  -tana _r.  — , 

\,i.-c){i+c  )  ucost      oosr 

+ ; 

COS  r      fi  cos  t 

hile  for  the  bright  transmitted  rings  sin  ^8  =  0,  and 

tan  7  =  tan  o  ^^^— ^j^^^-pj-^  =  tan  o, 

r  the  plane  of  polarisation  is  not  changed.  In  observing  the  rings 
irough  an  analyser  successively  placed  in  the  azimuths  a  and  y,  two 
yrstems  of  rings  are  seen  which  correspond  to  those  ordinarily  seen 
y  reflection  and  transmission. 

216.  Theory  of  Neumann  and  MacCullagh. — The  principle  of 
he  continuity  of  the  ether  adopted  by  Fresnel  demands  that  the  dis- 
placements parallel  to  the  surface  of  separation  should  be  the  same  in 
K)th  media.  But  it  also  requires  the  displacements  perpendicular  to 
he  surface  to  be  the  same,  consequently  if  we  have  the  equation 

(a  +  b)  cos  t  =  c  cos  r    (no  slipping), 
ve  should  also  have 

(a  -  b)  sin  i=c  sin  r    (no  8e}>aration). 
ience  by  multiplication  we  obtain 

{a^  -  li^)  sin  i  cos  i  =  c^  sin  r  cos  r  ( 1 ). 

5ut  by  the  conservation  of  energy  we  have 

p{n-  -  6^)  sin  i  cos  i  =  p'<^  sin  r  cos  r  (2), 

iid  therefore  the  equation  derived  from  the  principle  of  continuity 

vill  be  in   accordance  with  that  derived  from  the  conservation    of 

nergy  if 

P=p\ 

ience  Fresiiel's  assumption  that  the  density  of  the  ether  is  different 
n  different  media  is  inconsistent  with  the  continuity  of  the  ether 
it  right  angles  to  the  surface. 


t 

1 
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Adopting  the  above  equations,  Neamand 
that  the  density  of  the  ether  is  the  samoc 
elasticity  is  difierent  On  solution  theji 
amplitude  of  the  reflected  rays  iriiich  diffei! 
Fresnel  only  in  that  the  expression  for  ligk 
incidence  is  that  which  Fresnel  arrived  at  1 
dicularly  to  the  plane  of  incidence,  so  that  I 
the  direction  of  the  vibration  lies  in  the  plai 
perpendicular  to  it  as  in  the  theory  of  FresiM 

Thus  for  light  vibrating  in  the  plane  of  i 

(a  +  &)co6t=eoosr, 
(o  -&)8int=c8inr. 

Therefore 

^  sin  (j  ~  r) 

0  =  n    - — — 

8in(i  +  r) 

and 

a  sin  2{ 


r  = 


flin(*4-r) 


While  for  light  vibrating  at  right  angles  to  tl 
have 

and 

{a'-Ir)8\n2i=(rsm2r. 

Therefore 

,        tan(i-r) 

o  =  a  — r 

tan(i  +  r) 

_    a  sin  2i 

"sin  (i+r)coa(i- 

The  expressions  for  the  refracted  rays  hai 
those  for  the  reflected,  but  they  have  also  1 
sin  r :  sin  i. 

As  in  Fresners  theory,  we  have  for  the  ai 
polarisation  of  the  reflected  and  refracted  rays 

tan  ^=  -  tan  a  — 7^ :  » 

cos  {i-r) 

and 

tan  y  =  tan  a  sec  (1  -  r). 

Similarly  both  theories  give  the  same  express! 
a  ray  refracted  through  a  parallel  plate,  so  t 
intensity  of  the  light  reflected  from,  or  refrad 
not  decide  between  them. 
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217.  Minimum  Reflecting  Power  of  Transparent  Bodies. — Mac- 
C/uUagh  ^  noticed  an  analogy  between  the  results  obtained  for  metallic 
xeflectors  and  those  of  highly  refracting  transparent  bodie&  If  we 
take  the  intensity  of  the  incident  natural  light  to  be  unity,  that  of 
"^he  reflected,  according  to  either  theory,  will  be  proportional  to 

• 

sin^  (i-r)     tan*  {i  -r) 
sin*  ( I  +  r)     tan*  ( i  +  r) ' 

JSquating  the  first  derived  of  this  expression  to  zero,  and  remembering 
"^hat  sin  i  =  fi  sin  ?*,  and  therefore 

dr _  coai 
di  ~  fi  cos  r  ' 

-^^e  obtain  finally 

sin  I  (sm* I  -  sin*  r)\\-  — zrr. — \  f  =  0. 

The  first  and  second  factors  vanish  for  t  =  0,  and  consequently  the 
normal  incidence  corresponds  to  either  a  maximum  or  a  minimum. 
The  third  factor  vanishes  if 

cos^  (i  -  r)  =  cos  ( i  ■¥  r), 

and  this  will  give  a  value  of  i  corresponding  to  a  minimum  if  the 
third  factor  is  negative  for  very  small  values  of  i,  for  then  the  first 
derived  will  be  negative,  and  the  intensity  of  the  reflected  light  will 
diminish  as  the  incidence  increases  from  zero  to  some  value  i.  In 
order  that  the  third  factor  should  be  negative  for  small  values  of  i  we 
.  must  have 

cos'  {i-r)<.  cos  ( i  +  r), 

or 

l-i(i-r)*<l-i(i  +  r)*, 

if  t  and  r  are  supposed  very  small.     Hence 

(i  +  r)*<3(z-r)*, 

or 

(/Li+l)*<3(M-l)^ 

since  i  =  fiv.     Therefore 

M*-4m  +  1>0. 

The  roots  of  the  equation  /a^  -  4/i  +  1  =  0  are  2  +   \^3  and  2  -  n/3,  of 
which  the  latter  may  be  discarded  (being  less  than  unity).     Hence 

any  value  of  fi  greater  than  2  +  ^^3  will  satisfy  the  above  conditions, 
and  the  incidence  corresponding  to  the  minimum  will  be  given  by 

cos*  {i  -r)  =  cos  (/  +  r). 


*   TratiA.  Roi/a/  Irish  Academy^  vol.  xxviii.  pt.  i. 


CHAPTER   XIV 

MKTALLIC  REFLECTION   OF  POLAR 

218.  Partial  Polarisation  by  Reflection  ii 

discovered  the  polarisation  of  light  by  reflectu 
that  natural  light  is  never  completely  polari 
a  metallic  surface.  The  laws  deduced  from 
are  therefore  not  applicable  to  metals  or  highl 
M.  Jamin,  who  investigated  the  question,  foui 
stances  completely  polarised  light  by  reflect 
incidence  at  which  this  occurred  was  tan"^  ( 
stances  /x=l*46.  For  all  other  substances 
iruiximum  jtohiru^ion  determined  by  the  equatic 

instead  of  an  angle  of  tot^il  polarisation,  and  th 
jnilarising  angle. 

Malus  was  of  opinion  that  common  light 
reflection  from  metals,  but  in  1813  Brewster  c( 
showed  that  the  reflected  light  was  partially  p< 
polarisation  depending  on  the  incidence  and  pi 
mum  at  a  certain  angle. 

Biot  verified  the  observations  of  Brewster, 
light  is  partially  polarised  by  one  reflection  ai 
ought  to  be  completely  polarised  by  a  suflBcien 
taking  place  at  the  same  angle  of  incidence, 
found  that  when  plane-polarised  light  is  refl 
surface  it  remains  plane-polarised  if  the  inciden 
perpendicular  to  the  plane  of  incidence,  but 
light  is  partially  "  cUpohrii^d  "  by  the  reflection. 

219.  Change  of  Phase  and  Elliptic  Pol 
Reflection. — When  the  incident  light  is  polariw 

^  Brewster,  Phil  Tram.  1830.  p. 
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may  be  replaced  by  two  components,  one  parallel  to  and  the  other  at 
right  angles  to  the  plane  of  incidence.  Now  these  components  may 
become  altered  in  two  respects  by  reflection.  In  the  first  place,  their 
amplitudes  may  be  changed,  and  secondly,  their  phases  may  be  altered. 
The  change  of  amplitude  alone  merely  alters  the  plane  of  polarisation 
or  rotates  it  through  a  certain  angle,  the  reflected  light  remaining 
plane-polarised ;  .hence  if  the  reflected  light  is  not  plane-polarised, 
the  phases  of  the  component  vibrations  must  have  been  changed  by 
the  reflection,  and  changed  by  difl'erent  amounts.  If  this  view  be 
correct  the  depolarisation  observed  by  Brewster  is  none  other  than 
elliptic  polarisation  arising  from  the  change  of  phase  introduced  by 
reflection  between  the  components  parallel  and  perpendicular  to 
the  plane  of  incidence,  and  that  this  is  so  is  supported  by  many 
experiments. 

Thus  when  plane -polarised  light  suflers  reflection  at  a  metallic 
surface  it  experiences  in  general  a  change  of  phase  by  the  reflection, 
but  the  change  is  less  for  light  polarised  at  right  angles  to,  than 
for  light  polarised  in,  the  plane  of  incidence.  Consequently  if  the 
incident  light  be  polarised  in  or  at  right  angles  to  the  plane  of 
incidence,  the  reflected  light  will  remain  plane-polarised  in  the  same 
plane;  but  if  it  be  polarised  in  any  other  plane  the  reflected  com- 
ponents in  and  perpendicular  to  the  plane  of  reflection  will  difler  in 
phase,  and  the  reflected  light  will  in  general  be  elliptically  polarised. 
This  difference  of  phase  increases  from  zero  at  normal  to  tt  at  grazing 
.  incidence. 

In  the  case  of  light  polarised  in  the  plane  of  incidence  the  reflected 
.  light  increases  in  intensity  from  normal  to  grazing  incidence  when  it 
is  all  reflected ;  but  when  the  incident  light  is  polarised  at  right 
angles  to  the  plane  of  incidence  the  reflected  ray  diminishes  in 
intensity  from  normal  incidence  to  a  certain  angle  at  which  it  becomes 
a  minimum,  it  then  increases  again  to  grazing  incidence.  This  mini- 
mum is  little  marked  for  silver,  but  is  very  decided  in  the  case  of  steel 
and  certain  metallic  oxides. 

Thus  when  natural  light  is  reflected  from  a  metallic  surface,  we 
may  suppose  it  replaced  by  two  equal  components,  one  in  and  the 
other  perpendicular  to  the  plane  of  incidence.  These  components 
will  be  reflected  in  different  amounts,  and  the  reflected  beam  will  be 
partially  polarised.  The  excess  of  one  of  these  components  over  the 
other  is  greatest  at  the  polarising  angle. 

220.  M.  Jamin's  Experiments. — A  method  of  observation,  sus- 
ceptible  of  great   accuracy,  has  been   employed   by  M.   Jamin^   to 

'  Aanalrs  iff  Chimir  et  dc  Phy.nquc,  third  series,  torn.  xix.  p.  2JMJ. 
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measure  the  intensity  of  the  light  reflee 
principle  of  his  meUiod  is  the  comparison  of 
the  metal  with  that  reflected  from  glan. 
mirror,  one  half  of  which  was  metal  and  the  < 
polarised  by  a  NicoVs  prism  fell  upon  this  i 
light  was  examined  by  a  doubly  refracting  ani 
formed  by  the  analyser,  each  of  which  coi 
formed  by  reflection  from  the  glass,  the  othei 
latter  half  is  generally  coloured,  so  that  it  is  € 
If  the  incident  light  be  polarised  in  the 
if  the  principal  plane  of  the  analyser  mak< 
plane  of  incidence,  the  intensities  of  the  ord 
images  will  be  measured  by 


Onliii&ry. 

Glass 

l^cos^a. 

Metal 

m*  cos-  o. 

where  b,  according  to  Fresnel's  formulse,  is  eqi 

is  a  coefficient  for  the  metal. 

To  determine  m  we  might  seek  the  case  ^ 
the  images  are  of  equal  intensity,  and  we  woul 

„     .„      o  sill*  (i  -  r) 
sill-  ( J  +  r) 

But  as  this  incidence  does  not  exist,  and  since 
one  part  of  the  mirror  and  the  extraordinary 
zero  to  a  maximum  in  inverse  senses,  there  wil 
of  a,  which  make  the  ordinary  image  of  one  h 
ordinary  of  the  other,  and  we  will  have 

m-  cos*  a^  =  h-  siu^  a, ,     or  7n*  sin*  Oj = 2 

from  which  we  obtjiin 

ni^  =  b^  tan*  o,  =  6*  cot*  a^ 

the  angles  a^  and  a.,  are  therefore  complement 
ttj  and  a.,  are  determined,  and  one  observati 
The  colouring  in  the  image  of  the  metal  ren 
when  the  intensities  of  two  images  compared 
this  the  images  are  not  rery  close  to  each  other 
For  light  polarised  at  right  angles  to  the 
have  similarly 

m  '*  =  h'^  tan*  a'j  =  //*  cot*  a' j, 
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,   where 

To  calculate  m  it  is  necessary  to  know  the  index  of  refraction  of  the 
*    glass.      This  M.  Jamin  determined  by  the  rotation  of  the  plane  of 
polarisation  caused  by  reflection.      If  the  azimuth  of   the  incident 
light  be  a,  and  that  of  the  reflected  /3,  we  have 

.      ^     .         cos  (i  +  r) 

tanfl  =  tana — )-. (. 

cos  {i  -  r) 

Consequently  if  a  =  45^  we  have 

.       _     cos  (i  +  r)     1  -  tau  i  tan  r 

tana  = —. r  =  = — TT , 

cos  (i  -  r)     1  +  tan  i  tan  r 

or 

tan  /  tan  r  =  1^^  =  tan  (45'  -  jS), 
1  +  tan  /?  ^  ^^ 

or 

tan  r= tan  (45"  -  /3)  cot  i. 

This  equation  determines  the  angle  r,  and  the  refractive  index  is 
'     found  from  the  equation  sin  i  =  /Asin  /*. 

According  to  Jamin's  experiments  the  difference  of  phase  is  small 

from  normal  incidence  to  an  angle  a  little  less  than  the  polainsing 

angle ;  it  then  increases  rapidly,  reaches  90°  at  the  polarising  angle, 

and  becomes  very  nearly  equal  to  tt  at  an  angle  a  little  greater  than 

wf  the  polarising  angle.     The  change  of  phase  therefore  does  not  occur 

101  suddenly  at  the  polarising  angle,  but  takes  place  continuously  and 

«>>  rapidly  in  the  neighbourhood  of  this  angle.     According  to  Fresnel's 

it  theory  we  should  say  that  the  difference  of  phase  between  the  two 

reflected  components  is  zero  up  to  the  angle  of  maximum  polarisation, 

that  there  it  suddenly  changes  to  tt,  and  remains  so  up  to  grazing 

incidence. 

A  verification  of  the  elliptic  polarisation  of  light  by  metallic 
reflection  was  observed  by  Brewster.  He  found  that  if  a  ray  of 
plane-polarised  light  be  reflected  twice  at  the  same  angle,  but  in 
I  perpendicular  planes,  from  two  similar  metallic  surfaces,  the  ray  will 
be  again  plane -polarised  after  the  two  reflections.  De  S^narmont 
interpreted  this  experiment  mathematically  as  follows  : — 

Let  the  reflection  change  the  component  parallel  to  the  plane  of 
incidence  by  altering  its  amplitude  in  the  ratio  m :  1  and  its  phase 
by  8,  and  let  the  corresponding  quantities  for  the  other  component 
be  m'  and  S'.     Then  the  incident  and  reflected  vibrations  in  Brewster's 
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experiment^  in  and  perpendicular  to  the  plane: 
are 

Inddent.  (ince  reflected.  1 

anntd,  am  sin  (wf -f- d),  amm 

a'  sin  tdt  a'm*  sin  (w^ + i\  a'mm 

Hence  the  phases  of  the  twice  reflected  compc 
the  ratio  of  their  amplitudes  is  the  same  as  o 
beam  is  therefore  plane-polarised  in  the  primit 
221.  Multiple  Reflections. — In  the  case 
times  in  the  same  plane  at  the  same  incidence. 
///^/j^-polarised  the  relative  difference  of  phase 
may  be  made  some  multiple  of  ?r.     If  the  inc 
in  azimuth  a,  its  components  parallel  and  per] 
of  incidence  are  a  cos  a  and  a  sin  a,  consequ 
changes  the  amplitude  of  one  >ibration  in 
other  in  the  ratio  m' :  1,  we  have 

lucident  light.  Reflected  \ 

a  cos  a  siu  tat,  {a  cos  a)  m"  si] 

a  sin  a  sin  uf,  {a  sin  a)  m'"  si 

But  if  the  light  after  n  reflections  be  plane-poli 
have  7iS  =  n^  +  kit,  where  k  is  a  whole  number, 

tan  d  =  7-  =  I  —  I  tan  a. 

Therefore 

w'^/tanj3\l^ 
in  ~\tano/"' 

also  if  R  denote  the  reflecting  power  of  the 
measured  photometrically  for  the  angle  of  in^ 
have 

and  we  have  thus  two  equations  to  determine  w 
M.  Jamin  employed  the  method  of  multiple 
the  change  of  phase  produced  by  a  single  r 
surface  for  any  angle  of  incidence.  Two  paralL 
placed  at  the  centre  of  a  circle  (Fig.  175),  one  c 
other  movable  by  a  micrometer  screw  so  that 
the  plates  could  be  altered  at  pleasure. 

The  reflecting  plates  were  initially  placed  at 
that  the  light  suffered  only  two  reflections,  and 
arranged,  by  so  turning  the  support  on  which 
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cetlccteil  light  was  plane-polarised.     Al  this  incidence  a.  dilference 
liase  of  90'  is  produced  at  each  reflectiou.     The  plates  were  then 
Ight  nearer  (Fig.  176)  so  that  the  light  was  reflected  4,  G,  r*  - 
I,  and  by  turniug  the  support  gradually  incidences  were  found  for 
\i  the  reflected  light  was  plane- pokrised. 

0  phase  diff'erence  introdnced  at  any  incidence  ia  easily  calculated, 

f  the  light  BufferB  n  reflections  and  if  5  be  the  change  of  phase  at 

I  reflection,  then  nS  is  equal   to  some    multiple   of  t  when    the 

rgent  beam  is  plane-polarised.     Thus  if  with  n  reflections  the  light 

-polarised  at  angles  of  incidence  i,,  ij,  (^  etc.,  successively 

increasing  from  the  normal,  the  change  of  phase  for  i,  is  i,  =  - ,  for  ij 

■wc  have  Sj  =  ^ ,  while  ^  =  —-  et<:. 

The  eijuation  tan  i  =  /i,  which  determines,  according  to  the  law  of 
lliywater,  the  angle  of  maximum  ]K)lariaation,  indicates  that  this  angle  Meuilk 

i-;   rlirteteiit  for  th-j  diiTcrent  wiluiirs,  incrc.ising  with  /.—that  is,  from  *"''"■ 


the  red  to  the  violet,  M.  Jamin  lias  found,  howevur,  that  tlie  rt-versu 
is  the  case  in  metallic  reflection,  the  angles  of  maximum  polarisation 
decreasing  from  the  red  to  the  violet.  If  therefore  the  above  equation 
Applies  to  metals,  we  must  admit  that  for  these  substances  the  index 
of  lefraction  diminishes  from  the  red  to  the  violet — that  is,  they  exhibit 

uii.imalons  ilisi^raion. 

222,  HacCullagh's  Theory.^ — The  following  investigation  of  the 

.: 'iisity.  and  change  of  phase,  of  the  light  reflected  from  metilHc 
-irfiices  may  he  regarded  as  an  exercise  on  the  formnk'  deriveil  by 
t'  ii-snel  for  the  reflection  a.nii  refraction  of  [mUrised  light.  Depending, 
like  Fresncl's  doctrine  of  total  reflection,  on  a  hypothetical  interpreta- 
rioTi  of  an  imaginary  formula,  it  has  no  pretension  to  any  physical 
:  r.i-iis,  but  may  be  interesting  to  any  one  who  is  curious  to  pursue  the 

■ilijoct  further. 

In  tlie  case  of  metallic  reflection,  like  that  of  total  reflection  at  the 

!  \i':ico  of  a  transparent  substance,  there  is  no  refracted  wave,  or  at  leaat 
'  i-lTeci  of  the  refracted  wave  is  zero  at  a  very  amall  distance  from 

.]'    surface.' 


0  Fmnel  ii 


tliB  oui>  ot  total  rt'fl«(.'tiuu  ■  riUnhnj  motion  rxitU  u 
the  (iirhue  {(Euera  CowpUltn,  L  pp.  417,  797\ 
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In  the  case  of  total  reflection  we  have  aai 
the  reflected  wave  assumes  the  form 

and  Fresners  interpretation  of  this  is  that  i 
measured  by  tan  3=Q/P. 

MacCuUagh,^  pursuing  the   same   track 
of  the  angle  of  refraction   in   the   case   of 
the  imaginary  form 


sini 


8mr= (C08X  + V -1  sii 

the  quantities  m  and  x  being  indeterminate. 
m  =  /A  and  x  =  ^' 

Since  sin*  r  +  cos*  r=  1  it  follows  that  co 
of  the  form 

COS  /  ,  / . 

COS  /•  =  — y-  (cos  y  +  V  -  1  8in 

Now  for  light  polarised  in  the  plane  of  incide 

gives 

sinr    < 

sinfi-r)       sin  t     c 

i  =  -  rt  -, — — — ( =a-i 

sin((  +  r)       smr     c 

sin  i     c 

Substituting  for  sin  r/sin  i  and  cos  r/cos  t  from 
the  formula  for  h  becomes 

,        ( m  cos  Y  -  m  cos  x)  +  ( *'*'  sin  x  -  « 

b  =  a — 

(i>i'  cos  X  +  'H  i-'os  x')  +  (wi  sin  X  +  w 

or  multiplying  by  the  conjugate  form  of  the  d 

iii"^  -  //t*  +  2mm'  sin  (x  -  x')^ 


h  —  a 


HI'  +  m""^  +  '2vim'  cos  (x  ~  X 


This  expression  is  of  the  form  P  +  Q  \/  -  1,  a 
the  case  of  total  reflection,  we  find  for  the  ii 
light  P*  +  Q2,  or 

.,  (///^  -  m-y-'-f  4m'^n^  sin^  (x 
~       [m^  +  lii'^  +  2mm'  cos  (x  - 

.^  m'^  -f-  m"'  -  2mm'  cos  (x  -  x' 
~      //J-  +  m"'  +  2mm'  cos  (x  -  x'. 


*  MacCullagh,  rroc.  Koy.  Irhh  Acad,  vd 
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i  for  the  change  of  phase 


7/1  ^-iir 


determine  7n'  and  x'  in  terms  of  m  and  Xi  we  have 

sin^r  +  cos-r=l, 


sin- 1       ,,        cos' I       ^  ,     /ain^i  .    ,.     .  eos't  •    .»  /\    / — ;     , 
— ;,-  i-os 2x  +  — =rCOS  2x  +  (  — —  siii  2x  4-  —75- sin  2x  )  V  -  1  =  1 . 

erefore 


nee 


1 


— 5-  cos  2x  +  — 7s-Q0»  2x  =  1, 


sun  .    ,,     ,  cos'^i  •    o  '    A 
— 5-  sin  2x  +  — ;?■  sin  2x  =  0. 


in 

sin  2x'  = ?  tan*/  sin  2x 

7/r 


,,  ,        »«  "(7/1''  -  sm-*  I  cos  2x) 

cos  2x  =  +  — ^ 7, — ^' 

7yr  cos- 1 


squaring  and  adding  the  expressions  for  sin  2x'  and  cos  2x',  we 


m'* 


lere 


;ain 


1  ^  —r-    r.Oit*  +  sin"*  I  -  2»i-  sin'  i  cos  2x), 
in*  COS"*  L 


,.,  in"  cos- 1  m^  cos*  / 

V//1*  +  sin^  i  -  27/i'  sin' t  cos  2x         ^^^ 

D-  =  Vwi^  +  sin^  t  -  277i'  sin'  /  cos  2x. 

tan'Jx+     »"^'*f"*^X 

tan2x-tan^x' 7/t'  -  sin' t  coa  2x 

tan  2(x  -  X  )  -  1  ^  tan  2x  tan  2x^  ~  ^     ^^^  >,^     sin' 1  sin  2x 

«i'  -  sin' t  cos  2x 
in-  sin  2x 


?/i'  cos  2x  -  sin'  / ' 


5nce 


8in2fY  -  Y'l  -  //>'sin2x  _m'8in2x 

\Jv\r  +  siu^  %  -  27/r  sin- 1  cos  2x  ^^ 

-  _  .^  D'  +  cos'  i  -  2D  cos  /  cos  (x  -  x') 
~     0^ + cos-  i  +  2D  cos  I  cos  (x  -  x'j 


COS- 1  -  D* 

2b 
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In  the  case  of  light  polarised  at  right  angles  to  the  plane  c 
dence  we  have 

ainrcoar 

, ,      tan  (t  -  r)         ~  sin  i  oos  i 

tan  (t  +  r)  am  r  cos  r 

sin  i  cos  i 

mm'  -  cos  (x  +  x')  +  \/-~l  «» (x  +  x') 

=:flt y  • 

wim' +  cos  (x  +  x')  +  \/ - 1 8"»  (Xjl  X') 
_    mhn'^  - 1  -  2mm'  sin  (x  +  xOV  "  I 

~*    [m«?»'2  +  l4.2wim'oo8(x  +  x')P   ' 

which  is  of  the  form  P  +  Q  \/  -  I,     Hence 

-,  _  m^m'^  + 1  -  2mm'  cos  (x  +  xO 
""  m^**  + 1  +  2m??i' cos  (x  +  x) 

and  for  the  change  of  phase 

f ««  A'  -     2mm'sm(xH-x') 
tan  0  = 5 — js — = • 

Or  substituting  for  m\  we  finally  obtain 

J,    m*  cos^  i + ly  -  2Dm^  cos  t  cos  (x  4-  %') 
~  m"*  cos*  I  +  D' + 2Dm*  cos  i  cos  (x + x')  * 
and 

t&ny-     2Dmacosisin(x4-x') 
m*  cos*  t  -  D* 

228.  Simplification  in  the  case  of  Metals. — Since  at  norm 
dence  the  light  reflected  from  a  polished  metallic  surface  is  verj 
equal  to  the  incident  light,  it  follows  that  the  quantity 

m*  + 1  -  2m  cos  x 
?/i*  + 1  +  2m  cos  X 

should  be  very  nearly  equal  to  unity.     For  when  t  =  0,  D^  =  w 

sin  2(x  -  x)  =  sin  2x  or  x'  =  0. 

Hence  m  must  be  very  great,  and  if  we  neglect  x'>  we  have 

m'=cost/cosr. 

Substituting  this  value  of  m'  in  the  expressions  for  I  and 

have 

2  ,  cos* t    o^cosi'    „  n    cost  . 

//t2+ — = — 2m cosx  2m sinx 

,  cos-'r  cosr  ^      _  cosr 

1  = j-T : ,      tan  0= 5-: » 

2  ,    CDS'*  t  ,  o  ^COS  l^^  COS*  t  « 

ni^  +  —     +  2?rt COS  X  - — iT~  -  m* 


and 


cos^  cos  r  cos^ 


,   ,      gcos^r    ti^oo&r  «    cosr  . 

1  +  m^  — W-.  -  2m ;  cos  x  2;;i ;  sin  x 

,,  COS''  I         cos  *  ^      ,,  cos  I       ^ 

I=— ;, ,  tan 3  = 


,   ,      •cos'^r     -    cosr  -coe^r    , 

1  +  m*  — 5-.  +  2?n .cos  x  *i  — ¥-.  -  1 

cos**  t  cos  I  cos'  I 


CHAPTER    XV 

INTERFERENCE   OF   POLARISED   LIGHT — COLOURS   OF  THIN 

CRYSTALUNE  PLATES 

1.  Parallel  Plane-Polarised  Light 

224.  Introductory  Statement — We  now  proceed  to  the  study  of 

the  phenomena  which  occur  when  polarised  light  is  transmitted  through 

thin  plates  of  doubly  refracting  substances.     The  first  discoveries  in 

this  region  were  made  by  Arago^  in  181 1.     Placing  by  chance  a  thin 

plate  of  mica  in  the  path  of  a  pencil  of  plane-polarised  light  (the  blue 

light  of  the  sky)  and  examining  it  through  a  doubly  refracting  prism 

(Iceland  spar),  he  observed  that  both  the  ordinary  and  the  extraordinary 

images  were  nchly  coloured.     In  general,  when  plane-polarised  light  is 

'  transmitted  through  a  thin  plate  of  any  doubly  refracting  substance  and 

^  then  examined  by  means  of  a  doubly  refracting  analyser,  both  images 

are  richly  coloured,  and  if  they  overlap  their  common  portion  appears 

white,  which  shows  that  the  colours  of  the  images  are  complementary. 

If  plane-polarised  light  be  received  by  a  NicoFs  prism,  or  other 

,  analyser,  we  know  that  in  one  position  of  the  Nicol  the  light  is  refused 

transmission.     The  Nicol  being  set  in  this  position,  if  a  thin  plate  of  a 

crystal  be  introduced  across  the  path  of  the  light,  the  capability  of 

*'  transmission  through  the  Nicol  is  suddenly  restored,  and  a  portion  of 

the  light  is  transmitted  which  depends  on  the  position  of  the  interposed 

crystal.     For  this  reason  the  light  was  said  to  be  "  depolarised  "  by  the 

crystal,  and  by  means  of  this  property  the  doubly  refracting  structure 

of  many  substances  was  detected  by  Mains,  where  the  separation  of 

the  ray  was  too  small  to  be  observed  directly. 

A  medium  originally  isotropic  may  acquire  the  power  of  double 
refraction  when  subjected  to  strain,  and  if  the  strain  be  homogeneous 
the  optical  properties  of  the  substance  are  similar  to  those  of  a  natural 
crystal,  the  principal  axes  of  the  wave  surface  coinciding  with  those  of 

^  Arago,  CEuvres  Compldcs,  torn.  x.  p.  86. 
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the  Btnin.  A  feeble  doubly  refracting  [ 
bending  or  strainiiig  it.  Unequal  heating  | 
it  ia  accompanied  by  expansion,  which  givf 
This  double  refraction  may  be  detected  by  ea 
Grossed  Nicola,  and  so  delicate  is  this  test ' 
laige  pieces  of  glass  so  free  from  internal  st 
of  light  when  so  examined. 

226.  Intensity  of  momlnation  at  u 
see  how  far  the  physical  theory  aocoont 
Iti  the  first  place,  there  are  three  easeo 
production. 

(1)  The  polarisation  of  the  incident  light 

(2)  The  interposition  of  a  thin  crystallint 

(3)  The  action  of  an  analyser  on  the  lif 
the  plate. 

Let  the  principal  plane  of  tli«  polarisii^ 
(Fig.  177)  and  let  the  principal  plane  of  the  ■ 
to  OA.  Then  since  it  is  the  extraordinarj 
I  through  the  Nicol, 
I  liypothesis  the  vibratic 
I  principal  plane,  it  fa 
ihratioii  at  0  will  1 
entering  the  plate  it 
two  others,  polarised 
I  other,  one  parallel  to  C 
""■"■■  toOY,  where  OX  and 

rectangular  directioTis  in  the  crystal.     Hence 
be  y  =  «  sin  lu/  it  gives  rise  to 

ncosaiimwf,    aiul  nelnaai 

along  OX  and  OY  where  POX  =  a. 

As  these  waves  travel  through  the  plate 
they  will  be  unequally  retarded,  and  consequ 
will  diff«r  in  phase  by  an  amount  S.  Th 
therefore  t»ke  the  form 


On  reaching  the  analyser  these  vibrations  bsi 
its  principal  plane  OA.  If  therefore  AOX^ 
tions  parallel  to  the  principal  plane  of  the  i 
acosasinoif   along  OX   gives  acosacos^sii 
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M>inponent  a  sin  a  sin  (a>/  +  6)  gives  a  sin  a  sin  ^  sin  ((o/  +  6)  along  OA, 
tnd  these  compound  into  a  resultant  vibration 

y  =  a  cos  a  cos  j3  sin  (o^  +  a  sin  a  sin  j3  sin  {tot  +  d), 

>arallel  to  OA.  The  intensity  of  the  resultant  vibration  is  therefore 
fiven  by  (Art  43,  chap,  ii.)  the  equation 

I  =  rt'  {cos*  a  cos*  j8  +  sin'  a  sin*  /3  +  2  sin  a  cos  a  sin  j8  cos  /3  cos  d} , 
=  a*  {cos*  a  cos*  /3  +  sin*  a  sin*  /3  +  2  sin  a  cos  a  sin  j8  cos  /3  (1  -  2  sin*  Jd)} , 
=  a*  {(cos  a  cos  /3  +  sin  a  sin  /3)*  -  4  sin  a  cos  a  sin  /3  cos  /3  sin*  JJ} . 

Sence  finally 

I  =  rt*  Icos*  (a  -  i9)  -  sin  2a  sin  2/3  sin*  J3} , 

iirhere  a  -  ^  is  the  angle  between  the  principal  planes  of  the  polariser 
und  analyser. 

If  the  analyser  be  merely  a  doubly  refracting  rhomb  two  images 
irill  be  presented.  The  above  expression  refers  to  the  extraordinary 
mage,  and  it  is  seen  in  the  same  manner  that  the  intensity  of  the 
>rdinary  image  is 

lo  =  rt*  {sin*  (a  -  j8)  -f  sin  2a  sin  2/3  sin*  1«| , 

iirhich  shows  that  it  is  complementary  to  the  extraordinary.  We  shall 
^nfine  our  attention  to  the  extraordinary,  as  it  is  that  furnished  by  a 
ingle  imsLge  analyser  such  as  Nicolas  prism. 

In  the  case  of  white  light  8  will  be  different  for  the  various  wave 
engths,^  and  if  a  also  varies  with  the  wave  length,  the  general  expres- 
ion  for  the  intensity  will  be 

I  =  cos*  (a  -  jS)  2a*  -  sin  2a  sin  2p  Za^  sin*  id. 

The  first  term  being  independent  of  8  will  have  no  effect  in  producing 
solour  in  the  image,  but  in  the  second  term  6  will  depend  on  the  wave 
length,  and  consequently  the  different  colours  will  enter  it  in  different  The  colo' 
amounts.  If  the  incident  light  be  white  the  transmitted  light  will  in  ^"°' 
general  consist  of  two  parts,  one  of  which  is  white,  depending  on  the 
first  term,  and  the  other  more  or  less  coloured,  arising  from  the  second. 
With  a  given  plate  the  combined  rotation  of  the  Nicols,  or  the  rotation 
of  the  plate  round  its  normal,  will  affect  all  the  colours  in  the  same 
proportion,  and  consequently  the  tint  of  the  second  term  will  remain 
the  same,  but  its  intensity  will  vary  as  sin  2a  sin  2/i  varies.      Now 

1  In  some  crystals  the  dispersion  sensibly  modifies  the  relative  retardation  as 
dependent  on  the  wave  length.  Herschel  (Art  "Light,"  Ency.  MctropolUana,  § 915) 
observed  that  the  rings  exhibited  by  a  common  variety  of  uniaxal  apophyllite  were 
mpproxiniately  achromatic,  indicating  that  5  was  almost  independent  of  X,  and  ander 
tbese  circumstances  a  very  great  number  of  rings  may  be  come  visible. 
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sin  2a  8in  2/3  may  be  either  positive  or  n^gati 
resultant  colour  of  the  plate  may  be  either  of 
example,  when  sin  2a  sin  2)3  is  poditiye  (whii 
is  rotated  from  a  =  0''  to  /)  =  90"*%  the  resolti 
certain  quantity  of  white  light,  from  which  m 
of  a  given  colour  is  subhraded,  and  when  i 
(which  will  hold  from  /J  =  90°  to  a  =  90**),  thi 
a  given  quantity  of  white  light,  to  which  a  va 
a  given  colour  is  added.  In  each  case  th 
unaltered  as  the  plate  is  rotated  (until  sin 
except  in  so  far  as  it  becomes  more  or  less  ( 
less  admixture  of  white  light  arising  from  the 
The  colouring,  depending  on  the  second  t< 
when  a  -  /J  =  90°,  and  least  marked  when  a  - 
values  of  I  being 

I  =  £a^  aiu-  2a  sin^  ^5    (colour  most  nu 
I  =  2rt3(  1  _  gin*  2a  siu^  ja)     (colour  leal 

In  the  former  case  the  field  of  the  analyser  w 
were  removed.  In  both  cases  the  appearancet 
sin  2a  =  1,  or  a  =  45° — that  is,  when  the  princi] 
and  analyser  bisect  the  angles  between  the 
plate. 

When  the  light  falling  on  the  thin  plate 
no  exhibition  of  colour  in  the  field  of  the  ana 
white  if  the  incident  light  be  ordinary  white 
double  refraction  in  the  crystalline  plate,  but 
thickness  there  is  no  visible  separation  of  the 
combine  and  still  preserve  the  property  of  gii 
intensity  in  a  doubly  refracting  analyser,  the 
being  half  that  of  the  incident  light. 
Comple-         C(n:  1. — The  intensity  in  any  position  /J  o 

rolatof  ™®'^*'*^  ^  ^^^^  ^^  ^^®  perpendicular  position  / 
denote  these  two  intensities,  we  have 

Ii  =  rt2  {cos^  (a  -  /S)  -  sin  2a  sin  2/9  a 

and  changing  ^  into  90  +  ^,  we  have 

\i  =  a-  {sin^  {a-^)^  sin  2a  sin  2/3  a 

therefore 

or  the  sum  of  the  two  intensities  is  equal  to  t] 
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The  effect  of  rotating  the  analyser  through  90''  is  therefore  to 
.<ehange  the  intensity,  and  also  the  tint,  into  its  complementary.  If 
-the  analyser  be  merely  a  doubly  refracting  rhomb,  the  two  images 
nirill  exhibit  these  complementary  tints,  and  if  the  analysing  rhomb  be 
Temoved  altogether  these  complementary  images  will  become  super- 
posed, and  we  have  a  single  image  without  colour. 

CcT,  2. — For  a  given  relative  position  of  the  Nicols — that  is,  for  Achro- 
€L  —  fi  =  constant  =  y — the  intensity  of  the  coloured  component  will  vary  ^^tiom 
WLS  the  plate  is  rotated  round  the  normal  to  its  plane,  and  the  image 
^wiU  be  uncoloured  when 

sin  2a  sin  2/3  =  0, 

that  is,  when  a  =  0°  or  90°,  and  when  )8  =  0°  or  90°.  There  are  con- 
sequently four  positions  in  which  the  image  is  achromatic,  viz.  when 
the  principal  section  of  the  plate  is  parallel  or  perpendicular  to  the 
principal  plane  of  the  polariser  or  analyser,  and  the  intensity  of  the 

achromatic  image  is 

I = a*  cos*  7. 

This  will  be  a  maximum  when  y  =  0° — that  is,  when  a  =  )8,  or  when  the 
polariser  and  analyser  are  parallel,  and  zero  when  y  =  90°, — ^that  is,  when 
the  Nicols  are  crossed.  In  both  these  cases  the  four  positions  giving 
an  achromatic  image  obviously  reduce  to  two. 

Car,  3. — If  a  =  j8,  or  the  principal  planes  of  the  Nicols  are  parallel, 
inre  have  for  the  intensity  of  the  transmitted  light 

I  =  ««(!- sin*  2a  sin*  43). 

Car,  4. — If  in  addition  a  =  0°  or  90",  we  have 

I=«*, 

or  the  transmitted  light  is  equal  to  the  incident  The  plate  has  here 
no  effect,  as  is  easily  understood,  for  if  a  is  equal  to  0°  or  90°,  the 
direction  of  vibration  of  the  incident  light  is  parallel  to  one  of  the 
possible  directions  in  the  crystal  It  therefore  passes  through  unaltered 
to  the  analyser. 

If  a  =  ^  =  45",  I  =  a2  cos«  i&  Hence  if  5  =  (2n  +  l)irand  o  =  )8  =  45°, 
the  transmitted  light  is  zero. 

Cor,  5. — For  any  given  positions  of  the  Nicols  and  plate  the  intensity 
is  a  maximum  when  sin  i8  =  0  and  a  minimum  when  sin  |S=  ±1,  or 
if  sin  2a  sin  2^  is  positive 

I  =  a*  cos*  (a -/3),     8  =  2mr  (maz.)t 

I  =  a* {cos* (a -/3)- sin  2a  sin  2/3},     3=(2»+1)t  (min.) 
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But  if  sin  2a  sin  2/3  is  negative,  the  case  is  : 
of  phase  S  is  detennined  by  the  thickneas  of  ( 
the  wave  length  of  the  light  under  inveatigat 
Cor,  6.— If  a -/J  =  90°,  so  that  the  Ni 
sin  2fi-  ~  sin  2a,  and 

I=a<ginS2asiii<ia. 

So  that  for  a  given  value  of  a  the  intensity  I 
S  =  (2n  +  l)ir  and  zero  when  S  =  2nv,     In  the 
will  be  the  greatest  possible  when  a  =^45% 
intensity  will  be  zero  if  a  =  0  or  90°. 

Car.  7. — To  determine  the  phase  of  the  n 


we  have 


y  =  a  {cos  a  cos  /3  sin  co^  +  sin  a  sin  /3  d 

=  A  sin  {uft  +  p\ 

A  sin  p= a  sin  a  sin  /9  sin  5, 
A  cos  p= fi  Jcos  a  cos  j3  f-  sin  a  sin  | 
sin  a  sin  /9  sin  d 


.*.  tanp= 


COS  a  cos  /9  +  sin  a  sin  /9c 


Hence  if  a  and  p  are  the  semi-sides,  and  S 
spherical  triangle,  p  is  half  the  spherical  excea 
Cor,  8. — The  light  emerging  from  the  1 
elliptically  polarised,  the  equation  of  the  vibn 


r«  y*    _  2ari/co8g        . 


3^ 

cos^  a     sm''  a     sm  a  cos  a 


226.  Conditions   for  Interference  —  Tn 
The  phenomenon  of  double  refraction  shows 
light  is  divided  into  two  waves  travelling  i 
On  emerging  therefore  from  a  thin  plate  one 
other,  and  in  general  a  difference  of  phase  wi 
undulations  were  purely  longitudinal,  like  thoA 
waves  should  interfere,  and  the  thin  plate  aloi 
produce  all  the  phenomena  of  interference  an 
polariser  or  analyser.      Such,  however,  is  no 
found  by  Fresnel  and  Arago,  who  investiga 
interference  of  polarised  light  experimentally, 
rays  interfere  and  produce  fringes  as  ordinary  I 
polarised  in  the  same  plane  and  originally  belo: 
polarised  pencil  (Art.  176). 

Two  rays  polarised  in  different  planes  in 
a  resultant  elliptic  vibration,  and  this  is  an  inu 


i 
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^  the  theory  of  transverse  vibrations.  The  oflSce  of  the  analyser  in  these 
r  experiments  is  to  reduce  the  two  waves  from  the  crystal  to  the  same 

plane  of  polarisation.  They  can  then  interfere  with  the  production 
;  of  colour&     All  the  phenomena  are  therefore  in  confirmation  of  tlie 

theory  which  supposes  that  the  vibrations  of  the  ether  which  constitute 

light  involve  a  component  which  is  transverse  to  the  direction  of 

propagation. 

227.  Calculation  of  the  Difference  of  Phase — Quarter-wave 
Plate. — So  far  we  have  only  considered  the  nature  of  the  vibration 
which  reaches  the  eye  from  a  single  point  O  of  the  thin  plate,  or  from 
a  uniform  plate  transmitting  parallel  light.  If  the  incident  light  be 
not  parallel,  and  if  the  thickness  of  the  plate  varies  from  point  to  point, 
the  retardation  8  of  one  component  on  the  other  will  also  vary  from 
point  to  point  of  the  plate,  so  that  the  calculation  of  the  appearance  of 
the  plate  requires  the  determination  of  S  at  each  point. 

A  ray  incident  at  an  angle  i  gives  rise  to  two  refracted  rays,  and 
the  relative  retardation  introduced  by  a  plate  of  thickness  e  we  have 
already  found  (Ex.,  p.  99)  to  be 

3 = «  sin  i  (cot  rj  -  cot  r.^)  =  c(a4  cos  Tj  -  /hj  cos  r,), 

and  on  the  calculation  of  the  quantity  8  the   determination  of  the 
character  of  the  pattern  presented  in  the  field  will  depend. 

For  normal  incidence  the  retardation  becomes  e{/i^  -  /i.^),  and  if  the 
thickness  of  the  plate  is  so  adjusted  that 

the  plate  will  be  a  (inarter-wavt  plate  for  the  wave  length  A.     Such 
plates  are  of  importance  in  the  study  of  circularly  polarised  light. 

228.  Thick  Plates — Colours  produced  by  Superposition. — The 
phenomenon  of  colour  we  have  seen  to  be  due  to  the  difference  of 
phase  introduced  by  the  thin  crystalline  plate,  and  if  the  plate  be  not 
thin  this  difference  may  be  a  great  number  of  wave  lengths,  so  that, 

I  as  in  the  case  of  Newton's  rings,  the  colours  of  different  orders  may 
I  come  to  be  superposed,  and  the  resultant  light  will  be  white. 

Thus  for  a  given  i)osition  of  the  Nicols  and  plate  (a  and  P  given) 
the  intensity  will  be  a  maximum  or  a  minimum  according  as  sin^  ^3  =  0 
or   1,    assuming  sin  2a  sin  2^  positive.     The  maximum  or  minimum  Over- 
intensity  for  any  colour  will  consequently  correspond  to  retardations  **PP*"*f- 
wA  and  (2/i  +  l)iX  respectively.     But  if  the  plate  is  thick  n  will  be 
very  great,  so  that  if  X  and  X'  are  two  near  wave  lengths,  we  may  have 

2;i.iX  =  (2n  +  l)lX', 


nn 


I 
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and  thiis  if  the  plnte  is  dark  for  A'  it  will  be  bright  for  an  adjacent 
length  A.  It  wi\\  therefore  be  bright  for  many  wuve  lengths  along 
the  whole  ra.nge  of  the  spectrum,  and  will  coasequently  appear  *hitt. 
When  examined  under  a  spectroscope  it  should,  nevertheless,  exbilni  t 
spectrum  crossed  by  many  dark  bands. 

The  tints  may,  however,  Iw  produced  in  thick  plates  by  BU]>erpanng 
two  of  them  in  such  a  manner  that  the  my  which  has  the  greater 
velocity  in  the  first  shall  have  the  lesser  velocity  in  the  second.  That 
if  the  crystals  be  uniiixal  and  both  positive  (or  both  negative)  theu  prin- 
cipal sections  should  be  placed  at  right  angles,  whereas  these  sectjim 
should  be  placed  parallel  it  the  crj'stals  are  of  opposite  denominatiou. 

229.  Superposition  of  two  Crystalline  Plates. — Let  us  now  examiiw 
the  appearances  presented  when  plane-polarised  light  passes  successively 
through  two  superposed  thin  crystalline  plates,  before  being  receirei 
by  the  analyser. 

Using  the  notation  of  Art.  225,  we  shall  take  the  direction  of  the 
vibration  incident  on  the  first  plate  t«  be  parallel  to  OP.  and  thii 
according  to  Fresnel's  theory  is  parallel  to  the  principal  plane  of  tb 
polariser  when  the  light  is  polarised  by  transmission  through  a  Nicol'i 
prism.  Then  if  OX  and  OY  be  the  two  directions  of  vibration  in  tht 
first  plate,  the  components  of  the  light  emerging  from  It  may  be  wtilttt 
in  the  form 

(icon  a  sin  (uj(  +  B[),     and  a  sin  asia  {ul  +  B'i), 

where  S,  and  R\  are  the  phase  retardations  introduced  by  the  first  pUu. 
When  these  vibrations  reach  the  second  plate  they  are  each  split  up 
into  two  components,  except  in  the  particular  cases  in  which  tlje 
principal  planes  of  the  plates  are  [tarallel  to  each  other  or  crossed. 

For  the  sake  of  simplicity  we  shall  first  consider  the  case  in  which   j 
PriucipHl  the  principal  planes  of  the  plates  are  parallel  to  each  other.     In  tliii 
iMu-alkl.    '^^^  *^^  foregoing  vibrations  traverse  the  second  plate  without  sub- 
division, and  on  emerging  from  it  they  may  be  written  in  the  form 

acoaa  sin  (iu(  +  Jj  -\  Jj),     and  a  Bin  a  sin  (uf  -1-  S\  -I- !',), 

where  S^  and^'j  are  the  phase  retardations  introduced  by  the  second 
plate  and  corres^Kiiid  to  Sj  and  S"-,  respectively  in  the  first.  The  whoU 
retardation  of  one  ray  is  S,  +  6^,  while  that  of  the  other  is  S'j  +  fi'^  ;  belief 
falling  upon  the  analyser  we  have  two  rectangular  vibrations  differing 
in  phase  by  an  amount  (Sj  +  S^)  -  (B',  +  S'„),  and  the  intensity  of  the  light 
vibrating  in  the  direction  of  the  principal  plane  of  the  analyser  is 
consequently  found  from  the  expression  of  Art.  325  hy  merely 
replacing  the  quantity  8  by  the  quantity  (Sj  -h  Sg)  -  (8",  -»-  ffj).     This  is 


.  229      TWO  CRYSTALLINE  PLATES  SUPERPOSED         879 

^the  extraordinary  image,  and  therefore  its  intensity  is  given  by  the 
p:  expression 

h  =  a^  {cos^  (a  -  jS)  -  sin  2a  sin  2p  sin«  4(«i  +  8.^  -  8\  -  8\)\ . 

Similarly  the  intensity  of  the  ordinary  image,  if  transmitted  by  the 
analyser,  will  be 

I  lo = a2  {sin*  (a  -  /3)  +  sin  2a  sin  2/3  sin^  i{Si  +  «,  -  S\  -  «',)} . 

Thus  when  the  principal  planes  of  the  plates  are  parallel,  the  combina- 
.  tion  acts  as  a  single  plate  of  thickness  equivalent  to  the  joint  thicknesses 

of  the  two.     When  the  plates  are  crossed  the  phase  retardation  of  one  Plates 
^  ray  is  obviously  5^  +  S'g,  while  that  of  the  other  is  S\  +  S^ ;  consequently  ^">*^- 

the  difference  of  phase  on  reaching  the  analyser  is  {S^  +  S'g^-  (5'j  +  82), 

and  the  intensity  of  the  extraordinary  image  is 

le  =  a'  {cos-  (a  -  /3)  -  sin  2a  sin  2/3  sin«  4(«i  +  d\  -  d\  -  «a)} , 

while  the  intensity  of  the  ordinary  image  is  given  by  the  complementary 
expression 

Io=a2{8in«(a-/3)  +  8in2o  sin  2)8  sin«J(«i  +  «'a-«'i -«,)}. 

In  the  same  way  the  expression  for  the  intensity  may  be  written  down 
at  once  when  any  number  of  plates  are  superposed  with  their  principal 
planes  either  parallel  or  crossed,  or  when  some  of  them  are  parallel 
while  others  are  crossed,  for  we  have  merely  to  replace  the  quantity  8 
in  the  formulae  of  Art  225  by  a  corresponding  quantity  25  -  28',  where 
2S  is  the  whole  phase  retardation  of  one  of  the  rays  emerging  from 
the  system  of  plates,  and  28'  the  whole  phase  retardation  of  the 
other. 

In  the  more  general  case  in  which  the  principal  planes  of  the  plates  Principal 
are  inclined  to  each  other  at  an  angle,  the  calculation  is  more  tedious  ^j*^^  ^' 
but  presents  no  serious  difficulty.     Thus,  using  the  same  notation,  if  the 
vibrations  emerging  from  the  first  plate  parallel  to  OX  and  OY  are 

a  cos  oi  sin  («/  +  3j),     and  a  sin  oi  sin  {ut  +  8\)  ; 

then  if  the  directions  of  vibration  OX'  and  OY'  in  the  second  crystal 
be  inclined  at  an  angle  a-j  to  those  in  the  first,  viz.  OX  and  OY,  the 
foregoing  vibrations  give  for  the  vibration  parallel  to  OX' 

X  =  a  cos  a,  cos  a,  sin  (<•>/  +  dj  +  8,)  +  rt  sin  Oj  sin  a,  sin  {tat  +  6\  +  d.^), 

while  parallel  to  OY'  we  have 

Y=a  sin  a|C08a,mn  (ctf<  +  d'|  +  d'|)-a0Wflidll««dllM+l|-f  3*^ 
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Hence  if  the  principal  plane  OP  of  the  analj 
with  OX',  the  component  vibration  parallel  to 

y  =  X  cot  <4+ Y  no  a,. 

Substituting  for  X  and  Y  and  collecting  the 

sin  wf  we  find 

y  =  P  cot  w< +Q  ain  i< 
where 

P/rf  =cnA  aj  C08  a,  coa  04  sin  (^  -h 2,) +sin  a,  rin  « 
+  sin  aj  CO8  a,  sin  a,  sin  (^]  +  ^,)  -  000  a,  tin  < 

and 

<^/a =co8  a,  C08  €4  cos  a^  cos  (5|  +  &{)+sin  ttj  sin  04 
+  sin  O]  cos  (L;  sin  Oji  cos  (5'i  +  d',)  -  cos  ai  sin  a 

(Consequently  for  the  intensity  of  the  light  vi 
principal  plane  of  the  analyser — that  is,  for  the 
we  have 

Hence  by  taking  the  sum  of  the  squares  of  P  a 
the  coefficients  of  the  quantities  sin  (^  +  ^,  e 
for  P  and  Q  are  exactly  the  terms  which  occu 
cos  (a  J  —  a^  -  tigX  we  obtain 

Ir  =  n-  \qos?  (aj  -  o^  -  cU|)  -  sin  2ai  sin  'io,  oo«  2i 

-  sin  'ioj  cos*-*  0.2  sin  'iaj  sin*''  i(5|  +  4^  -  5'j  -  < 
+  cos  2aj  sin  2c4  sin  2a^  sin*  ^(d^  -  5'^ 

f  sin  2oi  sin-  a,j  sin  2eu,  sin*  J(5i  +  ^'^  -  ^,  - 1 

In  the  same  way  for  the  intensity  of  the  ordina 

I„  =  a^  Jsin-  (o,  -  o.^  -  a.,)  +  sin  2a,  sin  214  cos  2i 
-I-  sin  2a,  cos-  a^  sin  2a3  sin*  J(3,  +  ^  -  3\  -  3 

-  (tos  2aj  sill  2a3  sin  2aj,  sin'  \{b^  -  i'j) 

-  sin  2ai  sin-  ao  sin  203  sin*  i(d,  +  5  ,  -  d'j  -  i 

Hy  adding  these  expressions  together  we  find  tib 
complementary,  for  we  have 

The  tint  of  the  image  in  either  case  will  vary  w: 
is,  when  the  analyser  or  either  of  the  plates  is  r 

Coi\ — Making  ao  =  0,  we  obtain  the  expressi^ 
their  principal  sections  parallel,  and  making  Oj 
formulae  for  two  plates  crossed. 

The  foregoing   enables    us,  in    a   simple   i 
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fbor  ;t  crystal  is  positive  or  negative.     For  this  ptirjioee  take  a   i 

1  plate  of  the  cry^ttal  ami  observe  the  tints  it  produces  in  jKilarised 

^ht.      Nuw  euper[Kise  on  it  a  plate  of  qiiartz  or  eome  other  crystal  of 

nown  sign  ao  that   the  princi|Mil  sections  of  the  two  plates  may  be 

II  rllel.     Tbe  two  crystals  will  be  of  the  same  or  contrary  signs 

■liling  aa  the  new  tints  presented  in  the  analyser  are  higher  or 
1  I.I  in  Newton's  scule  of  colours  than  those  afforded  before  the  inter- 
otiitiun  of  the  quartz  plate. 

If  the  princi|ial  sections  of  the  two  superposed  plates  are  parallel 
r  peqiendiciilar  the  images  presented  by  the  analyser  are  not  altered 
ly  interchanging  the  positions  of  llie  plates,  btil  this  is  not  generally 
he  case  when  the  principal  sections  make  tiny  other  angle  with  each 
ther,  for  the  above  formtilee  show  that  if  •^^  and  u^  be  interchanged 
he  values  of  I.,  and  I^  also  change  except  when  02  =  0°  or  90'. 

280.  Projection  on  a  Screen. — The  phenomena  indicatetl  hy  our 
heory  may  be  ob.iii.'rved  liy  simply  looking  at  the   sky  through  two 


jol's  prisms  separated  by  a  thin  crystalline  plate.  But  by  pru- 
ecting  the  images  on  a  screen  as  follows,  they  may  be  observed  on  a 
KTger  scale  and  exhibited  to  an  audience. 

Let  the  light  of  the  sun,  reflected  from  a  helioatat  if  necessary,  be 
raiismitted  through  a  polarising  Nieol  or  Foucauit  prism  P  (Fig.  1 78). 

The  polarised  light  from  P  falls  U|H)ri  a  system  of  two  highly  con- 
'erging  lenses  L  and  L',  having  a  common  focus  at  S.  It  is  clear  that 
d  produces  an  image  of  the  sun  at  S  and  the  light  leaves  L'  in  the 
aroe  uondition  aa  it  enters  L.  If  another  con  verging  lens  L"  be  placed 
u  the  path  of  the  light,  it  will  again  be  brought  to  a  focus  at  S',  where 
ve  shall  have  a  second  image  of  the  sun  from  which  the  light  will 
livorge.  It  is  at  S',  where  the  [wncil  is  very  nanow,  tiiat  the  aiialj  sing 
irisni  is  placed. 

Xow  it  a  diuplii-agm  be  placed  at  FF  we  may  regard  each  point  of 
t  us  the  origin  of  the  small  conical  pencil  of  1 G'  apertuie  which  it 
«ceives  from  the  sun.  Any  one  of  these  pencils  diverging  from  F 
rill  1«  refracted  at  L  and  travel  along  LS  in  a  parallel  Ijcam  and  then 
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come  to  a  real  focus  F'  from  which  it  diverges,  and  falling  upon  L' 

brought  to  a  focus  F"  upon  a  screen  F'T". 

If  we  wish  to  observe  the  tints  produced  by  a  crfatalline  pUu 
when  the  incident  light  ia  parallel,  it  is  placed  at  FF  or  at  FT,  Ok 
pair  of  lenses  L  and  L'  in  this  case  having  obviously  no  effect  Tki 
incipient  light  being  polarised  in  an  azimuth  u  to  the  principal  section 
of  the  plate  will  he  divided  by  it  into  two  parts  polarised  at  right 
angles  and  differing  in  phase.  Both  these  parts  are  concentrated  bj 
L"  at  S',  where  the  analyser  is  placed,  and  are  again  reduced  by  it  U 
a  deflnite  polarised  pencil,  which  points  an  image  on  the  screen  F'T. 
If  the  analyser  is  merely  a  doubly  refracting  prism  we  shall  have  ito 
images  on  the  screen  which  are  complementary  in  colour,  as  ia  verifiel 
by  the  fact  that  if  they  are  partially  superposed  the  overlapping  por 
tion  is  always  white,  no  matter  how  the  plate  is  changed.  By  inclining 
the  crystalline  plate  to  the  direction  of  the  light,  by  turning  it  romni 
a  line  in  its  plane,  wo  alter  the  thickness  of  the  plate  travemd  uh 
change  the  difference  of  phase,  and  therefore  vary  the  tiqtarftlK 
images.  jS 

The  object  of  the  lenses  L  and  L'  is  to  study  the  phenoo^B^ 
duced  in  convergent  light.  For  this  purpose  the  thin  crystallinfl  pla!' 
is  placed  at  S.  In  this  case  a  cone  of  light  ia  incident  on  the  pbi-, 
and  the  various  rays  of  this  cone  are  variously  inclined  to  it,  bo  ih; 
their  components  suffer  different  alterations  of  phase  in  trarening  ii. 
and  therefore  depict  various  colours  on  the  screen  F"F".  Codjc 
quently  curved  fringes  will  he  seen  on  the  screen,  the  form  of  wfajcii 
will  depend  on  the  position  of  the  axes  of  the  crystalline  plale  wilh 
respect  to  its  faces. 

For  the  success  of  these  experiments  it  is  necessary  to  work  with 
strong  light,  on  account  of  the  magnitude  of  the  image  on  the  aenen. 
The  solar  light  may  be  replaced  by  electric  light,  cast  by  a  lens  on  llw 
polarising  Nicol  in  a  parallel  beam. 

2.  Cimvergcnt  or  Dioergcnt  Plniut-Po/jiriscd  Lujht 

281.  By  placing  the  crystalline  plate  between  ihe  lenses  L  and  L' 
(Fig.  178)  the  phenomena  produced  by  converging  or  diverging  light 
may  be  studied.  It  is  clear  that  in  this  case,  if  with  the  {mint  O  (Fig.  179) 
(where  the  axis  of  the  incident  cone  of  light  meets  the  crystal)  as  centra, 
we  describe  any  circle  on  the  face  of  the  plate,  all  the  rays  of  lb( 
conical  shell  which  fall  upon  this  circle  will  meet  the  plate  at  the  sains 
angle  of  incidence.  At  each  point  of  the  plate  the  intensity  will  hin 
a  definite  value  depending  on  the  value  of  the  retardation  ^  which  in 
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turn  de[>encU  on  the  aiigles  of  incidenco  and  refraction,  as  shown  in  the 
example  of  p.  99. 

Wc  shall  now  consider  the  important  und  striking  phenomena 
%»hich  are  presented  when  a  converging  or  diverging  pencil  of  plane- 
(lolarieed  light  ia  transmitted  through  a  thin  plate  of  a  uniaxal  crystal, 
(.ho  faces  of  the  plate  being  perpend icnlar  to  the  optic  axis. 

232.  Uniaxal  Crystal — Plate  cut  at  Right  Angles  to  Axis. — Let  a 
plate  of  a  uniaxal  crystal,  cut  perpendicularly  to  the  axis;,  be  placed  in  a 
conical  pencil  of  light  bo  that  the  axis  of  the  cone  is  perpendicular  to 
the  face  of  the  plate,  and  consequently  passes  through  it  in  the  direc- 
tion of  the  optic  axis. 

Let  the  axis  of  the  conical  pencil  meet  the  plate  at  0  {Fig.  179), 
and  let  X  (Fig.  180)  be  any  jwint  on  the  face  of  the  crystal  supposed 
parallel  to  the  plane  of  the  paper.     Let  OP  and  (IA  be  drawn  jiarallel 


t  o  iho  principal  planes  of  the  polariser  and  analyser.  Then  the  plane  of 
iocidence  of  the  ray  at  the  point  X  is  a  plane  through  OX  perpendicular 
to  the  face  of  the  crystal,  and  this  is  the  principal  plane  of  the  crystal 
.it  X  since  the  optic  axis  is  a  normal  to  the  face,  for  the  principal  plane 
)>y  definition  is  the  plane  containing  the  ray  and  the  optic  axis.  Hence 
A  vibration  incident  at  X,  or  at  any  point  along  the  line  OX,  is  split  up 
into  two  components,  one  vibrating  jtarallel  to  OX — that  is,  in  the 
(irincipal  plane — and  the  other  perpendicular  to  it.  Consequently,  if 
I  )X  makes  an  angle  a  with  OP  and  an  angle  j8  with  OA,  the  intensity 
■  ■f  the  illumination  emerging  from  the  plate  at  X  is,  after  analysation 
(Art.   22.>), 


lor  homogeneous  light. 

If  we  denote  the  variable  i 
y- — that  is,  if  we  write  C  for  t 
intensity  becomes 


n'i^mviS:, 


ngle  XOP  by  $,  and  the  angle  AOP  by 
and  y  for  a  -  /3  the  expreuiou  for  the 


n2*«a3[S-7)8iii'l»l. 
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Now  if  the  point  X  be  anywhere  on  the  II 
dicular  OF',  the  incident  vibration,  being  ] 
principal  plane  in  the  former  cue  and  perpeiM 
BO  that  it  will  jmss  through  the  plate  without 
finally  resolved  in  the  analyser.  The  linea  OI 
fore  be  each  of  uniform  illumination,  and  ahonW 
formula  points  to  the  Bane  conclusion,  for  if  X  j 
a  =  0°  or  90",  the  term  on  which  the  colour  d 
both  cases 

l  =  a*«.^{«-|9)=o'coi^7. 

where  y  is  the  angle  between  the  principal  plai 
analyser.  We  have  therefore  a  rectangular  cro 
tion  (1*  coB^  y,  having  one  arm  parallel  to  and  ■ 

to  the  principal  plane  of  the  polariser. 


Similarly,  if  fi^Q'   or  90',  we  have  the 
I  =  «*  cos*  y,  and  hence  another  uniform  cross  ex 
its  arms  respectively  parallel  and  perpendicular 
of  the  analyser. 
•.  In  general,  then,  two  rectangular  crosses  an 

these  are  of  the  same  uniform  illumination,  a^  «x 

If  y  =  0'' — that  is,  if  the  principal  planes 
analyser  are  parallel — the  two  crosses  coincide,  i 
cross  of  uniform  illumination  (i%  viz.  that  < 
(Fig.  ISl). 

If  y  =  90"— that  is,  if  the  Nicols  are  crossed- 
coincide.  But  in  this  case  the  single  cross  is  bl 
the  intensity  is  zero  (Fig.  182). 

Again,  if  with  0  as  centre,  we  describe  any 
the  rays  incident  at  the  various  points  of  this 
angle  with  the  normal  to  the  plate — that  is,  witi 
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obvious,  therefore,  that  the  difference  of  phase  S  introduced  by  the 
,  plate  is  the  same  at  all  points  of  this  circle,  and  hence  with  white 

light  there  will  be  a  series  of  coloured  circles  in  the  field  concentric 
I  with  0,  and  on  these  circles  the  crosses  or  brushes  already  mentioned 
"  will  be  superposed. 

If  sin  2a  sin  2p  is  positive,  the  points  of  maximum  intensity  along 

a  given  radius  between  the  brushes  are  determined  by 

sin'  45  =  0,     or  5  =  2«ir, 

and  the  minima  by 

8in'''i5  =  l,     or8  =  {2n  +  l)ir. 

But  if  sin  2a  sin  2/3  be  negative  the  intensity  will  be  least  when  8  =  2nir, 
and  greatest  when  8  =  {2n  +  l)7r. 

The  curves  of  equal  intensity  for  a  given  position  of  the  Nicols  are 
determined  by  the  equation 

cos-  7  -  sin  *2$  sin  2{$  -  7)  sin*  45 = constant. 

The  effect  of  superposing  on  a  uniaxal  plate,  cut  perpendicularly  to  Sign  Uau 
the  axis,  another  plate  cut  in  a  similar  manner  is  the  same  as  an 
increase  or  a  decrease  in  the  thickness  of  the  first  plate  according  as 
they  are  of  the  same  or  of  opposite  signs.  If  they  are  of  the  same 
sign  the  rings  contract,  and  if  they  are  of  opposite  signs  the  rings 
dilate.  We  arc  thus  afforded  with  a  ready  and  simple  means  of 
determining  the  sign  of  a  crystal,  by  comparison  with  another  crystal 
of  known  sign. 

288.  Isochromatic  Lines  and  Achromatic  Lines. — When  a  beam 

of  divergent  or  convergent  polarised  light  is  transmitted  through  a 

thin  crystalline  plate  and  examined  by  means  of  an  analyser,  the  field 

is  in  general  traversed  by  two  systems  of  lines.     If  white  light  is  used 

one  of  the  systems  of  lines  is  brilliantly  coloured,  and  these  are  termed 

the  uiochromatic  lines  or  simply  tlie  fringes.     Their  form  depends  on  the 

nature  of  the  section  of  the  crystal — that  is,  on  the  direction  in  which 

it  has  been  cut  with  reference  to  the  optic  axis — and  their  brightness 

I  depends  on  the  position  of  the  analyser,  the  colour  being  most  dis- 

,  tinctly  marked  when  the  polariser  and  analyser  are  crossed  (a  -  /?  =  90'^), 

f  as  indicated  by  the  equation 

I  =  a-  {cos"  (o  -  /3)  -  sin  2a  sin  2/i  8in'-»  45[ . 

The  lines  of  the  second  system  are  not  coloured.  They  intersect  the 
fringes  and  are  termed  the  achromatic  or  ntuiral  lineSy  and,  as  the  alcove 
equation  shows,  they  are  determined  by  the  equation 

sin  2a  sin  2fi  =  0, 
2V 


tiut 
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that  is,  a  =  0°  or  90°,  and  ^  =  O**  or  90^  wl 
intensity  are  determined  by 

and  the  minimum  pointo  by 

if  the  product  sin  2a  sin  2j3  be  positive ;  but  if 
the  maximum  points  will  be  determined  by 

8iii>id=l,    or<=(2n  +  l)« 
and  the  minimum  points  by 

sin^  Jd  =  0,     or  J  =  2nw, 

The  maximum  lines  in  one  case,  therefore,  con 
lines  in  the  other. 
Change  of  Now  it  is  easily  seen  that  sin  2a  sin  2/8  ga 

passing  across  a  neutral  line.  For  such  a  line 
or  sin  2p  =  0,  or  both ;  but  when  any  functio] 
value  its  sign  in  general  changes.  Thus  sin 
and  changes  sign  as  a  passes  through  the  value 
a  neutral  line  corresponding  to  sin  2a  =  0  thi 
will  change  from  a  positive  to  a  negative  \ 
consequently  the  bright  fringes  at  one  side  > 
correspond  to  the  dark  bands  at  the  other.  I( 
sin  2/^  =  0  simultaneously,  the  quantity  sin  2a 
sign,  and  the  fringes  will  preserve  the  sam 
line. 

Hence  in  crossing  a  neutral  line  the  isochn 
change  to  the  complementary  tint,  except  i 
vanish  simultaneously ;  an  example  of  this  ] 
we  have  a  uniaxal  plate  cut  perpendicularly  to 
or  90**.  Here  the  neutral  line  is  a  rectangular  < 
vanish  simultaneously,  and  the  rings  in  each  qi 
those  in  the  adjacent  quadrants. 

We  shall  now  consider  the  isochromatic  lin 
found  to  be  as  follows — 

(1)  In  uniaxal  crystals  the  fringes  are — 
Circles  for  a  section  perpendicular  to 
Hyperbolas  for  a  section  parallel  to  t 
Elliptic  or  hyperbolic  arcs  for  an  obL 


ISOCHROMATIC  SURKACES 

(2)  In  biax&I  crystals  they  are — 

Closed  riDga  for  a.  section  perpendiculai 
Hyperbolas  for  a  section  parallel  to  the  plane  of  the  a 
Lemniscates  for  a  section  perpendicular  to  the  bisector  of 
the  angle  between  the  axes. 
234.  Isochromatic  Surface  In  Dniazal  Crystals. — The  fringes 
presented  in  the  case  of  a  uniaxal  crystal  cut  perpendicularly  to  the 
optic  axia  have  been  already  discussed  (Arts.   232,  233).     We  shall 
now  investigate  the  general  case,  in  which  the  thin  plate  may  be  cut 
from  the  crystal  in  any  direction,  following  M.  Berlin.^ 

The  characteristic  of  a  fringe  is  that  the  retardation  fi 
*t  every  point  of  it,  and  the  locus  of  points  in  space  for  which  S  haa 
a  given  constant  value  will  be  an  UockronuUk  surfncn.  To  every  value 
of  i  there  will  be  a  corresponding  surface,  and  if  with  the  radiant 
point  as  origin  a  system  of  these  surfaces  be  described  corresponding 
to  retardations  of  1,  2,  3,  -1,  eta,  half-wave  lengths,  their  intersections 
with  the  face  of  the  crystal  will  determine  the  corresponding  isochro- 
matic curves  or  fringes  exhibited  in  the  field  of  view. 

Let  S  (Fig.  183)  bo  the  ra<iiant  point,  and  SL  any  ray  falling  upon 
the  face  of  the  crystal. 
I  Ib  general  SL  will  be 
jlirided  into  two  rays 
drithin  the  crystal,  travel- 
pg  with  different  velo- 
■ties,  but  as  the  crystal 
L  we  may,  in  the 
Iproximata  calculation, 
Ippose  both  rays  to 
ravel  along  the  same 
line  LM,  one  with  the 
ordinary  velocity  i\,  and 

the  other  with  a  velocity  r.  Tlie  times  occupied  in  traversing  the 
distance  LM  will  be  /„  =  LM/co  and  /  =  LM/r  respectively,  so  that 
the  time  retardation  is 


^KR 

^ 

II 

^ 

■HWI 

■ 

"{^-9' 


ind  the  path  retardation  is 


For  the  calculation  of  the  isochromatic  surfaces  we  may  take  the 

"  Mimoire  m 
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origin  at  0,  the  point  where  the  axis  of  the  conical  pencil  meets  the 
))late,  and  if  we  draw  OP  parallel  to  LM  the  retardation  along  OP  will 
be  the  same  as  that  along  LM. 

Now  the  wave-surface  in  a  uniaxal  crystal  consists  of  a  sphere  of 
radius  b  (in  a  negative  crystal  like  Iceland  spar),  and  a  spheroid  of 
which  the  generating  curve  is 


fXo'^  +  M.Y=l 


(D- 


If  r  denotes  any  radius  vector  of  this  ellipse  we  have  ft  invei^ly  pro- 
portional to  r,  and  hence  for  the  retardation  in  traversing  a  thickneas 
p  we  have 

But  by  (1) 


and  by  (2) 


X 


'V 


Therefore,  by  combining  (3)  and  (4)  we  find 


Hence 


(--Mo)  =Aio*cos*^  +  Ai,*8in*^. 


(3-pMo)*=M,V  +  A*,V, 


which,  since  p^  =  x^  +  y\  gives 

the  generating  curve  of  the  isochromatic  surface. 

The  isochromatic  surface  is  formed  by  the  revolution  of  this  curve 

round  the  axis  of  the  crystal.     Its  general  form  is  represented  in  Fig. 

184.  In  the  neighbourhood  of  the  axis  of 
ij  the  curve  resembles  an  hyperbola,  and 
the  surface  an  hyperboloid  of  revolution. 
By  assigning  various  values  to  6  we  deter 
mine  corresponding  surfaces,  and  the  inter 
sections  of  these  with  the  face  of  the 
crystal  give  the  isochromatic  cun'es  or 
fringes.     Thus  if  8  =  tt,  which  corresponds 

to  a  retardation  iA,  the  corresponding  surface  intersects  the  face  of 

the  crystal  in  the  first  dark  fringe,  etc. 

(1)  Section  Perpendicular  to  tlie  Optic  Axis. — If  the  thickness  of  the 

plate  be  e  the  section  of  the  isochromatic  surface  by  the  face  of  the 


Fig.  184. 
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plate  cut  perpendicular  to  the  axis  is  found  by  putting  ar  =  e.  The 
<curve  is  obviously  a  circle  of  which  the  radius  is  r  =  y  determined  by 
tihe  equation 

or 

Since  6  is  small  compared  with  6,  the  expression  for  r  reduces  to  the 
approximate  form 

,_  2fto&J 

or  since  /i^  +  /*o  =  2/uio  nearly,  we  have  the  approximate  expression 

r2=     ^ 


llie  consecutive  rings  are  determined  by  making  n  equal  to  the  con- 
secutive whole  numbers  in  the  equation  6  =  wJA,  the  dark  rings  corre- 
sponding to  the  odd  values  of  n  and  the  bright  rings  to  the  even  values. 
The  above  expression  for  the  radii  of  the  rings  has  been  obtained  on 
^he  supposition  that  the  radiant  point  is  at  0  on  the  surface  of  the 
^^tystal.    If  the  luminous  origin  be  at  S  tlie  radius  of  the  ring  on  the  face 
Of  the  plate  is  R  =  AM,  but  in  the  above  calculation  r  =  AP,  therefore 

R^AM_Dtaii  t^MoD 

r     AP  ~  C'  tail  r       r. 

if  %  and  r  be  small  and  D  denotes  the  distance  of  S  from  the  plate. 
Hence  the  radii  of  the  rings  on  the  plate  are  given  by  the  equation 

where  for  the  bright  rings  5  =  2w|  A  and  for  the  dark  rings  6  =  (2ri  +  1)  J  A. 
If  the  rings  be  received  on  a  screen  at  a  distance  D'  from   the 
plate,  the  radii  R'  will  be  found  from  the  equation 

R'_BN_D  +  D' 
R"AM"     D    • 

If  we  regard  /uq  and  fi^  as  approximate  constants  we  see  that  the  radii 
of  the  rings  are  directly  proportional  to  the  square  root  of  the  wave 
length  (8  =  njA)  and  inversely  as  the  square  root  of  the  thickness  of 
the  plate.  The  diameters  of  the  consecutive  rings  are  also  proportional 
to  the  square  roots  of  the  numbers  1,  2,  3,  4,  etc. 

(2)  Section  Parallel  to  the  Axis, — Close  to  the  axis  of  y  we  have 


I 
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rjy  very  small,  and  8/1/  is  also  a  small  quantity,  hence  the  form  ol  d 
isochromatic  curve  approximates  to  the  hyperbola ' 


-w^= 


Varyiug  &  we  obtain  two  systems  of  hyperbolas  which  are 
and  nearly  rectangular.     Thus  replacing  y  by  e,  the  tliickness  trf 
crystal,  we  see  that  when  ?,  is  Rmall  a-^  is  positive,  and   the  aiis  ef 
is     the     transverse     aids   of 
the      hyperbola.         When 
li  =  (Ijie  ~  /t!.)we  havej^  -  O.ud 
tlie  hyperbola  reduces  to  iu 
!iaymj>totes,  while  for  greater 
values  of  S  the  value  <A  r'M 
negative  and  the  hyperhoU  it 
replaced  by  the  conjugate  cnrvi 
having  X  for  minor  axis.    T^ 
whole     system     arising    from 
c,  -  jiiA,  where  n  is  any  wlioll 
'*■    "■''  number,  is  represented  in  Fij 

185,  and  if  e(^  - /i„)  is  equal  to  a  whole  number  of  half- 
lengths,  the  asymptotes  will  be  comprised  amongst  the  system  of  fring«. 
The  fringes  are  most  brilhant  when  the  polariser  and  analj'ser  are 
parallel,  or  crossed,  and  make  an  angle  of  45~~  with  the  principal  plane 
of  the  plate,  but  when  the  principal  plane  is  parallel  or  perpendicular » 
the  principal  section  of  the  analyser  the  fringes  disappear  entirely. 

(3)  OUiqae  Section. — The  section  of  an  isochromatic  surface  by  1 
plane  inclined  to  the  axis  is  a  curve  of  the  fourth  degree  which  approii- 


'  From  thp  Bqiiation  of  the  <n 


'B  have,  by  neglecting  8*/^*, 

<.,.-.,.-VV--.-,.«(J,)(..?), 

Neglecting  the  Bcoond  t«rm  on  tlie  left-buid  aide,  since  tir-i^  it  small  1 
S/y,  and  rememhering  that  r/y  is  also  supposed  small,  «e  hnve 


('-^)- 
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2  mates  to  a  circle  when  the  plane  is  nearly  perpendicular  to  the  axis 
and  to  an  hyperbola  when  the  plane  is  nearly  parallel  to  the  axis. 
For  an  obliquity  of  45"  it  is  only  the  portions  of  the  fringes  near  their 
vertices  that  are  seen,  and  these  are  right  lines  perpendicular  to  the 
principal  section  of  the  plate. 

285.  Isochromatie  Surface  in  Biaxal  Crystals. — In  the  case  of 
«  biaxal  crystals  the  relative  retardation  of  the  rays  in  traversing  a  dis- 
.  tance  p  may,  as  before,  be  written  in  the  form 

"where  /x'  and  /i"  are  the  roots  of  the  equation 

in  which  /,  m^  n  are  the  direction  cosines  of  /?,  and  />  is  a  radius  vector 
of  the  isochromatie  surface  when  S  is  constant  (see  Art.  206). 
Now  from  this  equation  we  have 


and 


But  since 


we  have 


M'»  +  /'^=2(/i.,«  +  M«^)/«. 


mV''=2m,W^- 


P 


(M'"^  +  M"'^-J)'  =  4/itV"*. 


Hence 


or  in  Cartesian  co-ordinates,  the  equation  of  the  isochromatie  surface  is 
{W + M3V + {tH^ + y^i^)f + (Ml' + M«')c'  -  ^\ ' 

AH  the  surfaces  are  obtained  by  giving  various  values  to  8.  They  are 
similarly  situated,  and  their  intersections  with  the  face  of  the  crystal 
give  the  isochromatie  curves,  each  corresponding  to  a  certain  constant 
difference  of  phase. 

Tlie  form  of  these  surfaces  is  represented^  in  Fig.    186.     The 
section  by  the  plane  tz  which  contains  the   optic   axes  is  found  by 

1  M.  Bertin  remarks  that  *Ma  surface  i»ochromatique  des  cristaux  Ji  deux  axes 
resaemble  a  nne  croix  do  Saiiit-Andrt*  dont  les  bras  seraient  cylindriques  et  dirigds 
fluivant  les  axes  optiques  du  cristal." 
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making  y  zero  in  the  above  equation.  It  consists  of  two  brandies, 
having  asymptotes  parallel  to  the  optic  axes,  the  other  interior  to 
closed  and  parasitic,  not  being  related  to 
(juestion  in  hand.  It  is  obvious  that  ii 
tlirections  of  the  optic  axes  the  values 
should  be  inlinite,  for  since  these  are  the 
iixes  v  =  r"  (ir  n'  =  Ii",  and  therefore  p  is  it 
for  a  given  retardation. 

The  sections  made  by  the  other  co-orfc 
'  nate  planes  are  closed  curves   of  the  fouitt 
"'"■  "^  degree. 

(1)  SwHm  Paralld  to  the  Plane  of  Hui  Axts. — The  sections  of  lk> 
iaochromatic  surface  by  a  plane  parallel  to  that  containing  the  oplic 
axes  differ  little  near  the  centre  from  hyperbolas  havuig  the  opw 
axes  for  asyraptotes.  The  equation  of  these  hyperbolas  is  found  lij 
replacing  ij  by  t  and  reiunrking  that  &  is  very  small  compared  with*, 
thus 


If  8  =  e{/*j  -  n^)  the  hyperbola  reduces  to  its  asymptotes,  while  for 
values  of  S  lesE  than  this  the  axis  of  :  is  transverse,  but  for  gretta 
values  the  axis  of  x  is  transverse.  These  fringes  are  like  those 
uniaxal  crystal  cut  parallel  to  its  axis  (Fig.  185). 

(2)  Sedioti  Perpendicular  to  a  Bifedor  of  the  Angle  httwem  the  OjAt 
Are.'. — The  sections  of  the  isochromatic  surfaces  by  a  plane  peipw 
dicular  to  the  internal  or  external  bisector  of  the  angle  between  Um 


—resemble   the   several   fornii  of 


optic  axes — that  is,  iiarallel 
lemniscates. 

The  BectioQB  of  the  surface  corresponding  to  a  given  value  of  J  bf 
planes  drawn  at  right  angles  to  the  plane  of  the  optic  axes,  and  at 
distances  c  =  20S,  :=50«l,  ;  =  605  respectively  from  the  centre^  are 
represented  in  Fig.  187. 


Ir  this  c&se  we  can  determine  the  approximate  form  of  tlie  fringes 

Irectly.     For  if  OM  and  OM'  (Fig.  1H8)  be  the  optic  axes,  /  and  / 

ices  for  the  rays  travelling  in  any  direction  (JP  whicli  makes 

ff  and  ff  with  the  axes,  tlien 
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» 


PM.  PM'  = 

^hich  is  the  polar  equation  of  a  lemniBcate  having  M  and  M'  for  foci. 

(3)  Stdiim  Per}'eiidindar  tu  an  Optic  Axis. — In  this  case  the  isochro- 

'  lines  will  be  a  Gystem  of  closed  curves  resembling  deformed 

mniscat«s  encircling  the  axis  to  which  the  section  is  perpendicular. 

236.  Achromatic  or  Neutral  Lines. — The  nncoloured  lines  are 

|et«rrained  by  the  eiinalion 


They  are  consequently  the  locus  of  a  point  on  tlie  face  of  the  crystal 
ciich  that  the  planes  of  polarisation  of  the  rays  in  the  crystal  are 
at  that  point  either  parallel  or  perpendicular  to  the  principal  plane  of 
the  polariser  or  analyser. 

(1)  Section  Pirrpendiciiliir  to  the  Bisectw  of  the  Angle  betu-em  the  Optic 
Aircn. — The  planes  of  polarisation  of  the  rays  travelling  in  any  direc- 
tion OP  (Fig.  188)  are  the  bisectors  of  the  angles  between  the 
planes  0PM  and  0PM',  which  contain  the  ray  (!)P  and  the  optic  axes 
OM  and  OM'  respectively.  The  traces  of  these  planes  on  the  face  of 
the  crystal  will,  for  a  small  angle  of  incidence,  approximately  coincide 
B-ith  the  bisectors  of  the  angle  MPM'.  Hence  if  the  plane  of  the 
paper  lie  taken  parallel  to  the  face  of  the  crystal,  and  if  the  optic  axes 
meet  it  at  M  and  M'  (Fig.  189),  the  point  P  will  describe  a  neutral 
line  if  the  bisector  of  the  angle  MPM'  is  parallel  or  perpendicular  to 
the  principal  plane  of  the  polariser  or  analyser.  Irft  OX  be  parallel 
to  the  principal  plane  of  the  polariser,  and  take  OX  and  the  perpen- 
dicular line  OV  OB  axes  of  reference,  0  being  the  middle  [joint  of  MM'. 


I 
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The  bisector  of  the  angle  MPM'  must  Iw  perpendicular  to  OX,  iJ 
fore  the  tciaugle  APB  is  isoscelea.     Hence  if  the  co-ordinates  of  P  li 
/,  and  those  of  M  be  '^,  y\  we  h»v» 


-y-y" 


,nPAO= 


»+/ 


equating  these  expressions  we  find  at  mn  I 

The  locus  of  P  ia  consequently  a  n 

igular  hyperbola,  passing  througti  H  \ 

and  M',  of  which  the  asymptotfis  are  OS 

and  OV,  lines  parallel  and  perpendiculit 

to  the  trace  of  the  princijial  plane  o(  ik 

polariser. 

Id  the  same  manner  we  find  a  second  rectangular  hyperbola  coc- 

responding  to  ^  =  0°  or  90°,   also  passing  through   M   and    M'.  and 

having  for  asymptotes  lines  parallel  and  perpendicular  to  the  trace  d 

the  principal  plane  of  the  analyser. 

The  uncoloured  lines  therefore  consist  of  four  hyperbolic  braneha 
passing  two  aud  two  through  M  and  M',  the  apparent  extremities  of 
the  optic  axes,  the  asymptotes  of  one  curve  being  a  (larallel  and  a  p«r- 
pendiciilar  to  the  trace  of  the  principal  plane  of  the  polariser,  vbilr 
those  of  the  other  bear  a  corresponding  relation  to  the  principal  plane 
of  the  analyser. 

If  the  principal  plane  of  the  polariser  is  parallel  to  MM'— that  is, 
if  MM'  coincides  with  OX,  we  have  ji  -  0",  the  hyperbola  redute; 
to  its  asymptotes  3y=0,  and  becomes  a  rectangular  cross.  If  in 
addition  the  optic  axes  coincide,  the  other  hyperbola  will  also  become 


a  rectangular  cross,  as  we   have  already  seen  to  be   the  case  lor  » 
uniaxal  crystal. 


L 


ACHROMATIC  CURVES 


r 

I^HIf  tiie  polBri.ser  nnd  analyser  are  either  parallel  or  crossed,  the  two 
H^erbolas  eoinoide,  iind  we  liave  a  single  rectangular  hyperbola  of 
which  one  branch  passes  through  M  and  the  other  through  M',  as 
Bhown  in  Fig.  190,  while  if  in  addition  the  plane  of  polarisation  bo 
parallel  or  perpendicular  to  MM'  the  curve  reduces  to  a  rectangular 
cross  as  shown  in  Fig.  191,  When  the  polariser  and  analyser  are 
parallel  we  have  n  -  /3  =  0,  I  =  ii\  and  the  brush  is  bright,  init  if  the 
Nicols  be  crossed  n-  fi  ~  90°,  and  the  brush  is  dark. 

The  neutral  hyperbolic  l>ands  are  made  to  pass  through  all  possible 
forms  by  rotating  the  plate  between  the  Nicols,  and,  as  in  the  case  of 
tiniaxal  crj'stals,  the  coloured  fringes  chnnge  to  the  complementary  tint 
ill  crossing  the  neutral  lines  (Art.  233). 

(2)  Sc-twiL  Pariilkl  to  the  Plane  of  the.  Axes. — In  this  case  the  optic 
axes  OM  and  OM'  (Fig.  192)  at  any  point  0  in  the  face  of  the  crystal 
lie  in  the  plane  of  the  face,  and  for  a  ray  incident  nearly  normally  at 
O,  the  planes  of  polarisation  of  the  two  refracted  i 
rays  will  bisect  the  angle  MOM'  internally  and  I 
externally.  Hence  if  the  angle  of  incidei 
amall  the  bisectors  OX  and  OY  will  have  the  same  I 
direction  at  every  point,  and  therefore  if  they  are  I 
parallel  or  perpendicular  to  the  principal  plane  of  I 
the  )}olariaer  or  analj-ser  at  one  point  they  will  b 
BO  at  all,  and  the  whole  field  will  be  uncoloiired.  *'"'  '""^ 
There  are  consequently  no  neutral  lines,  but  in  four  positions  the 
whole  field  is  uncoloured. 

(3)  Sedmt  PeijH-nduular  to  an  ^jia, — When  the  plate  is  cut  at 
right  angles  to  one  of  the  optic  axes  the  fringes  form  a  system  of  con- 
centric rings,  and  these  are  crossed  by  two  neutral  bars  which  in 
general  are  not  rectangular.  When  the  Nicols  are  parallel  or  crossed 
the  two  bars  coincide  and  the  neutral  line  is  sensibly  straight,  and 

■htr  white  or  black. 


^ler 


3,   Ciii-uhrlif  and  Elliplkaliy  Polaiised  Light 


237.  Parallel  Circularly  Polarised  light.  —  The  phenomena 
nrliich  are  presented  when  circularly  oi  ellipticaily  i)olarised  light  is 
O'ausmitted  through  a  thin  crystalline  plote  were  investigated  by  Aiiy.' 
rhe  characteristic  of  circularly  polarised  light  ia  that  it  results  from 
nro  equal  plane- polarised  porta.  jKiiarised  nt  right  angles  and  differ- 
ng  in    phase   by   a   quarter   of    a   periwi.       Its   components  in   any 
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two   rectangular   directions   may   therefore    be    represented  by  tbej 

equations, 

x  =  a  COS  (otf     And  y=aw^  tat, 

the  intensity  of  the  original  beam  being  2a^.  It  may  be  obtained  bj 
transmitting  plane -polarised  light  through  a  quarter- wave  plate  (or 
a  FresnePs  rhomb  suitably  placed),  the  action  of  these  instnuneBU 
being  to  divide  the  incident  plane  ray  into  two  others  vibratiiig  n 
perpendicular  directions,  and  diffenng  in  phase  by  a  quarter  perioi 
The  determination  of  the  phenomena  which  arise  when  circulaiij 
polarised  light  is  transmitted  through  a  crystalline  plate  may  there- 
fore be  obtained  from  Art.  229  by  introducing  the  condition  that 
the  first  plate  introduces  a  phase  difference  of  a  quarter  perioi 
The  direct  investigation  of  the  intensity  in  the  field  of  the  analyser 
is,  however,  very  simple.  Let  the  components  of  the  circular  vibn- 
tion  falling  on  the  plate  be 

x=aco8tat,     a.nd  y=a Bin (atf 

parallel  to  the  two  directions  of  vibration  in  the  plate  as  in  Art  211. 
The  passage  through  the  plate  introduces  a  relative  difference  of  phue 
8,  so  that  the  emerging  vibrations  may  be  written  in  the  form 

x=aco6u>t,    a.nd  y=a Bin (bd +  6), 

These,  resolved  parallel  to  the  principal  plane  of  the  analyser,  give 
the  vibration 

a  cos  a  cos  (at  +  a  sin  a  sin  {tat  +  d)  =  a  (cos  a  +  sin  a  sin  5)  cos  wt  +  a  sin  a  cos  9  sin  w^. 

The  intensity  is  therefore 

I  =  a^  {(cos  a  +  sin  a  sin  5)*  +  (sin  a  cos  d)*} , 
=  a2(l  +  sin  2a  sin  5), 

which  is  independent  of  the  position  of  the  polariser. 

If  the  analyser  be  merely  a  doubly  refracting  rhomb  we  shall  have 
in  the  same  manner  for  the  ordinary  image 

l'  =  a^(l  -sin 2a sin 5). 

and  therefore 

I  +  ^=2^^ 

so  that  the  images  are  complementary. 

Had  we  started  on  the  supposition  that  the  ic-component  of  the 
vibration  is  retarded  relatively  to  the  y  component,  we  would  have 
had 

x  =  acoB{tal^d)j     and  t/ =  a  sin  (u^i 
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and  for  the  intensity  in  the  field  of  the  analyser  we  would  have  the 
complementary  expressions 

I  =  a\l  -  sin  2a  sin  d), 
r  =  a«(l+8in2a8in«). 

[         Hence  if  the  sense  of  the  circular  polarisation  be  reversed  the  two 
,  images  in  the  field  of  a  doubly  refracting  analyser  will  interchange 
tints.     The  formula  for  I  shows  that  the  image  possesses  a  certain 
.  colour  depending  on  the  term  sin  2a  sin  8,  and  that  there  are  two  posi-  colour 
,  tions  in  which  the  image  is  achromatic,  given  by  the  equation  ^""' 

sin  2a  =  0, 

that  is,  when  the  analyser  is  parallel  or  perpendicular  to  the  principal 
section  of  the  thin  plate,  and  in  both  these  positions  the  intensity  is 
the  same  and  equal  to  half  that  of  the  incident  light,  for  we  have 

l  =  V  =  a'. 

The  tint,  depending  on  8,  will  vary  with  the  thickness  of  the  plate, 
but  here  it  will  not  follow  the  law  of  coloui*  in  Newton^s  rings  which 
holds  in  the  case  of  plane-polarised  light,  for  the  term  on  which  the 
colour  depends  is  here  proportional  to  sin  8  and  not  to  sin-  ^8, 

If  a  quarter-wave  plate  or  a  FresneFs  rhomb  be  introduced  between 
the  crystal  and  the  analysing  Nicol  in  such  a  manner  that  light  passing 
through  the  Nicol  would  be  circularly  polarised  by  the  plate  (that  is, 
so  that  the  principal  plane  of  the  Nicol  makes  an  angle  of  45""  with 
the  princi^ml  plane  of  the  plate),  then  the  light  falling  on  the  crystal 
'  will  be  circularly  polarised  and  the  light  emerging  from  it  will  be  ^}^\ 
circularly  analysed.  In  this  case  the  vibrations  emerging  from  the  aualyMMl. 
crystal  are,  as  before,  of  the  form 

a  cos  u)t,     and  a  sin  {<at  +  5). 

Hence  if  the  principal  plane  of  the  quarter-wave  plate  be  inclined  at 
an  angle  a  to  that  of  the  crystal  the  two  components  emerging  from 
the  plate  are 

a  cos  a  cos  «/  +  «  sin  a  sin  {utt  4-  5), 

and 

a  sin  a  sin  tat  -va  cos  a  cos  {i^  +  h). 

These  resolved  parallel  to  the  principal  plane  of  the  analysing  Nicol, 
which  is  at  45  ,  give  an  expression  which  is  simply  their  sum  multiplied 

by  1/  N^2 — that  is, 

—7-\  cos(fa^~o)  +  co«(w<  +  5-o)  I . 
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Hence 

I  =  l€?  C08«  4«. 

There  are  consequently  no  neutral  lines,  and  the  isochromatic  hne8  sej 
the  same  as  when  the  light  is  plane-polarised  and  analysed. 

288.  Convergent  Circularly  Polarised  Light. — K  the  inddoA 
light  be  convergent,  achromatic  lines  and  coloured  fringes  are  presentei 
as  in  the  case  of  plane-polarised  light,  but  here  they  are  of  a  simpler 
character.     The  uncoloured  lines  are  determined  by  the  equation 

sin  2a  =  0, 

therefore  they  are  only  half  as  numerous  as  in  the  case  of  plaoe- 
polarised  light,  for  in  the  latter  case  the  neutral  lines  are  determined 
by  the  equation  sin  2a  sin  2/?  =  0. 

Thus  with  a  uniaxal  plate  cut  perpendicularly  to  the  optic  axis 
we  have  with  plane-polarised  light  in  general  two  rectangular  crosses 
of  uniform  intensity  and  neutral  tint,  but  with  circularly  polarised 
light  we  have  a  single  cross,  the  arms  of  which  are  respectively  parallel 
and  perpendicular  to  the  trace  of  the  principal  section  of  the  analyser. 
The  intensity  of  the  neutral  lines  is  uniform  and  equal  to  a^,  being 
independent  of  the  angle  between  the  principal  planes  of  the  polariser 
and  analyser. 

For  a  given  position  of  the  Nicols,  if  sin  2a  is  positive,  the  points 
of  maximum  intensity  correspond  to 

sin  5  =  1,     or  5=(4»  +  l)Jir, 
that  is, 

2'     y*     y  ^™"'' 

and  the  minimum  intensity  by 

sin  5=  -  1,     or  5  =  (4?i  -  l)iir, 


that  is, 


,     3ir      7ir     Hit      .  /    •    » 

0=2-,     y,    -g-,  etc.  (mm.) 


In  the  case  of  .plane-polarised  light  we  have  seen  that  the  bright 
and  dark  fringes  are  determined  respectively  by 

3  =  2wir=0,     2ir,     4ir,  etc., 

and 

5=(2;i  +  l)ir  =  ir,     3ir,     6ir,  etc. 

Hence  the  bands  correspond  to  the  even  multiples  of  ^ir  in  the  latter 
case  and  to  the  odd  multiples  in  the  former. 
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The  effect  of  the  circular  polariaation  has  been  to  displace  the 
fringes  through  &  quarter  of  an  order.  lu  one  pair  of  opposite  quad- 
rants they  are  pulled  in  towards  the  centre  by  this  amount,  and  in  the 

■  other  pair  they  are  pushed  out  by  the  same  amount,  for  the  bright 

■  rings  in  any  quadrant  correspond  to  the  dark  rings  in  the  adjacent 
E' quadrants,  each  fringe  changing  to  its  complementary  in  crossing  the 

■  ueutnil  lines  (Figs.  193,  194). 

This  result  affords  a  convenient  method  of  determining  the  sign  of  s 
M  a  crystal,  for  if  two  crystals  have  opposite  signs  then  sin  S  will  be  posi- 
tive for  one  and  negative  for  the  other,  consequently  the  bright  rings 
afforded  by  one  will  correspond  to  the  dark  rings  of  the  other.     But 

■  we  have  seen  that  the  bright  rings  in  any  quadrant  correspond  to  the 
M  dark  rings  in  tbe  adjacent  quadrant,  therefore  for  a  given  position  of 


the  Nicols  the  rings  afforded  hy  one  crystal  will  be  simitar  to  those  of 
the  other  turned  through  a  right  angle. 

If  the  thin  plate  be  cut  from  a  biaxal  crystal  perpendicular  to  tbe 
mean  line,  the  isochromatic  curves  arc  lemniscates,  and  crossing  these 
we  have  the  two  branches  of  a  rectangular  hyperbola  passing  through' 
the  apparent  extremities  of  the  optic  axes,  and  having  for  asymptotes 
a  parallel  and  a  perpendicular  to  tbe  trace  of  the  principal  plane  of 
the  analyser.  The  fringes  change  to  the  complementary  tint  where  they 
cross  the  neutral  lines — that  is,  the  bright  bands  in  any  quadrant 
correspond  to  the  dark  bands  in  the  neighbouring  quadrants. 

289.  QUptlcally  Polarised  Light. — If  the  light  incident  on  the 

plate  be  elliptically  polarised,  its  components  parallel  to  the  principal 

directions  in  the  plate  will  differ  in  amplitude  and  phase.     The  effect 

'   *'  the  plate  is  to  alter  this  difference  of  phase,  so  that  emerging  from 

plite  Um  Titrations  may  be  written  in  the  form 

■•Mii<    and  y=bixi{al  +  S). 
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* 

Resolviug  these  parallel  to  the  principal  plane  of  the  analyser  we  hare 
in  it  the  vibration 

a  cos  a  cos  ci;^  +  6  sin  a  cos  {(at  +  5)  =  (a  cos  a  +  6  sin  a  cos  d)  cos  ui-b  sin  a  sin  9  sin  «t 

The  intensity  is  consequently  given  by 

I  =  (a  cos  o  +  6  sin  a  cos  3)*  +  J*  sin'  a  sin*  5, 
= a^  cos'  o  +  6'  sin'  a  +  ad  sin  2a  cos  6, 

The  uncoloured  lines  are  therefore  again  given  by  the  equation 

sin  2a  =  0. 

The  forms  of  the  fringes  have  been  investigated  by  Airy  in  some  of 
the  simpler  cases,  particularly  that  of  a  uniaxal  crystal  cut  perpendicu- 
larly to  the  optic  axis. 

4.  Dispersion  of  tJie  Optic  Axes 

240.  Dispersion  of  the  Axes. — The  optic  axis  of  a  uniaxal  cr}*stal 
is  the  same  for  light  of  all  colours,  but  in  the  case  of  bi&xal  crystals 
the  angle  between  the  optic  axes  depends  on  the  principal  indiees 
fhy  t^v  /^3'  ^^^  ^  these  quantities  are  functions  of  the  wave  length,  it 
follows  that  in  general  the  angle  between  the  optic  axes  will  be 
different  for  differently  coloured  lights.  Thus  if  6^  and  $r  denote  the 
angle  between  the  optic  axes  for  the  violet  and  the  red  rays  respectively, 
we  have  to  determine  them  in  terms  of  the  corresponding  principal 
velocities  (Art  201) 

and  as  a,  b,  c  do  not,  in  general,  vary  proportionally  in  passing  from 
one  colour  to  another,  it  follows  that  6  will  vary  with  the  wave  length. 
This  dispersion  of  the  optic  axes,  as  it  is  termed,  depends  on  the 
character  of  the  crystal,  presenting  different  peculiarities  according  as 
the  crystalline  axes  are  rectangular  or  oblique. 

( 1 )  Orthorliombic  System, — Crystals  of  the  orthorhombic  (or  trimetric) 
system  possess  three  rectangular  planes  of  symmetry.  The  crystallo- 
graphic  axes  are  unequal  but  mutually  rectangular. 

Now  the  optic  axes  are  situated  in  the  plane  (a*^)  of  the  greatest  | 
and  least  axes  of  elasticity.  Consequently  if  we  have  a>6>c  for  all  ^ 
wave  lengths  the  optic  axes  for  all  colours  will  be  situated  in  the  same  | 
plane  (ac),  but  if  it  should  happen  that  for  some  colours  we  have  j 
a>h>c  and  for  others  b>a>c,  the  optic  axes  of  the  former  will  lie  in  the  j 
plane  {(ic),  and  those  of  the  latter  in  the  perpendicular  plane  (be).    So    | 
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again  if  for  any  colour  we  have  a>c>b,  the  corresponding  optic  axes 
will  be  situated  in  the  plane  (ab).  The  pairs  of  optic  axes  situated  in 
any  plane  have,  however,  a  common  bisector  of  the  angle  between  them, 
viz.  the  axis  of  elasticity  which  lies  in  that  plane  ;  they  are  therefore 
symmetrically  situated  with  respect  to  this  line.  When  the  variations 
of  a,  b,  c  from  colour  to  colour  are  small,  compared  with  the  differences 
of  the  quantities  themselves,  then  the  optic  axes  of  the  various  colours 
(as  in  the  case  of  aragonite)  will  all  lie  in  the  same  plane,  and  be 
symmetrically  situated  with  respect  to  the  same  line. 

Thus  the  lemniscate  fringes  presented  by  a  plate  cut  perpendicu- 
larly to  the  greatest  or  least  axes  of  elasticity — that  is,  perpendicularly 
to  either  bisector  of  the  angle  between  the  optic  axes — will  possess  the 
same  centre  but  will  have  different  foci  for  the  different  colours,  the 
distance  between  them  increasing  or  decreasing  from  the  red  to  the 
violet,  according  to  the  nature  of  the  crystal ;  but  in  some  cases  the 
angle  between  the  axes  attains  a  maximum  value  for  some  colours 
between  the  red  and  violet,  and  then  decreases  from  this  towards  both 
ends  of  the  spectrum. 

(2)  Manoclinic  System. — In  the  monoclinic  system  of  crystals  two 
of  the  crystallographic  axes  are  inclined  at  an  oblique  angle,  while  the 
third  is  perpendicular  to  their  plane.  Thus  of  the  angles  between  the 
axes  two  are  right  and  one  oblique.  There  is  consequently  only  a 
single  plane  of  symmetry,  viz.  that  containing  the  oblique  axes.  The 
third  axis,  which  is  perpendicular  to  this  plane,  preserves  the  same 
direction  for  all  colours,  but  the  directions  of  the  other  two  axes  may 
vary  in  the  plane  of  symmetry,  so  that  great  complication  may  occur 
in  the  fringes.     Two  distinct  cases  arise  : — 

(a)  If  for  any  colour  the  bisector  of  the  angle  between  the  optic 
%xe8  coincides  with  that  crystallographic  axis  which  is  perpendicular 
bo  the  plane  of  the  other  two,  this  line  will  bisect  the  angle  between 
the  optic  axes  for  all  the  other  colours,  but  since  the  oblique  axes  in 
the  plane  of  symmetry  vary  with  the  wave  length,  it  follows  that  the 
plane  containing  the  optic  axes  may  be  situated  in  any  azimuth. 
Borax  presents  this  mode  of  dispersion,  the  optic  axes  for  the  various 
colours  being  situated  in  different  planes  but  possessing  a  common 
bisector.  Thus  the  isochromatic  fringes  afforded  by  a  plate  cut  per- 
pendicularly to  the  bisector  of  the  acute  angle  between  the  optic  axes 
(the  greatest  axis  of  elasticity  in  negative,  and  the  least  in  positive 
crystals)  possess  the  same  centre,  but  their  axes  may  be  in  any 
direction. 

(fi)  If  the  optic  axes  for  any  colour  are  in  the  plane  of  symmetry — 
that  is,  the  plane  containing  the  oblique  axes  <^  vk  the 

2d 
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optic  axes  for  all  colours  will  be  situated  in  the  same  plane,  but  as  their 
directions  may  vary  in  any  manner,  the  angles  between  them  will  nol 
have  a  common  bisector  and  the  isochromatic  curves  will  not  hare  i 
common  centre,  but  their  centres  will  be  situated  on  a  right  line  witl 
respect  to  which  the  curves  are  symmetrical.  This  species  of  disperaa 
is  exhibited  in  gypsum. 

(3)  Tridinic  System, — In  the  triclinic  system  of  crystals  the  three 
crystallographic  axes  are  inclined  at  oblique  angles,  and  the  position  of 
the  axes  of  optical  elasticity  may  vary  in  any  manner  from  colour  to 
colour.  We  may  consequently  be  presented  simultaneously  with  the 
modes  (a)  and  (13) — that  is,  the  optic  axes  for  the  different  colours  may 
be  situated  in  different  planes  and  at  the  same  time  they  may  not  hare 
a  common  bisector. 

Effect  of  a  Change  of  Temperature, — An  elevation  of  tempentore 
generally  diminishes  the  refractive  index  of  a  transparent  substtnee. 
Hence  in  general  a  variation  in  the  temperature  of  a  crystal  causes  a 
corresponding  variation  in  the  quantities  a,  b,  c,  so  that  the  ang^ 
between  the  optic  axes  for  any  given  colour  will  in  general  chai^ 
with  the  temperature  of  the  crystal.  And  further,  if  at  one  tempm- 
ture  the  optic  axes  for  all  colours  lie  in  the  same  plane,  then  at 
another  temperature  some  may  remain  in  that  plane  while  others  are 
displaced  to  the  perpendicular  plane.  This  was  observed  by  Brewster^ 
in  sulphate  of  sodium.  In  this  substance  the  optic  axes  at  ordinaiy 
temperatures  are  all  situated  in  the  same  plane,  but  they  exhibit  great 
dispersion  and  the  fringes  are  greatly  confused.  Operating  with  mono- 
chromatic light  of  various  colours,  the  angle  between  the  optic  axes 
was  found  to  increase  from  the  violet  to  the  red,  being  small  for  the 
former  and  considerable  for  the  latter.  On  gradually  raising  the 
temperature  the  angle  was  seen  to  diminish  for  all  the  colours^  the 
violet  axes  shrinking  closer  and  closer  till  they  finally  coalesoed,  and 
the  crystal  for  these  rays  then  behaved  as  if  uniaxaL  On  continiiiiig 
the  elevation  of  temperature  the  violet  axes  separated  again,  but  now 
in  the  perpendicular  plane,  and  at  60°  the  angle  between  them  attained 
a  considerable  magnitude.  In  operating  with  white  light  the  pheno- 
mena become  extremely  confused  and  indistinct. 

In  the  case  of  the   oblique  systems  of  crystals  an  elevation  of 

temperature  may  displace  one  axis  notably  more  than  the  other,  so 

that  the  mean  line  corresponding  to  this  colour  becomes  disphced  is 

direction. 

^  Brewster,  Phil.  Mag,  (8),  vol.  i.  p.  417. 
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CHAPTER   XVI 

ON   THE   STUDY  OF   POLARISED  LIGHT 

241.  Detection  of  Polarised  Light.  —  The  fringes  and   colours 
exhibited  when  polarised  light  is  transmitted  through  a  thin  crystal- 
fine  plate  placed  before  an  analyser  afford  a  most  delicate  test  of  the 
presence  of  polarisation  in  a  beam  of  light,  or  of  doubly  refracting 
ttmctare  in  a  transparent  substance.     It  is  to  be  expected,  therefore, 
that  instruments  depending  in  principle  upon  the  exhibition  of  these 
fringes  should  have  been  early  invented  and  applied  to  the  study  of 
lx>Iarised  light.     In  general  any  instrument  which  acts  as  a  polariser 
may  also  be  used  as  an  analyser.     Thus  a  NicoFs  prism  may  be  used 
either  to  produce  a  pencil  of  plane-polarised  light  or  to  detect  polarisa- 
tion in  any  other  pencil.      I^  light  be  transmitted  through  a  Nicol 
the  intensity  of  the  transmitted  beam  will  vary  as  the  Nicol  is  rotated 
if  the  incident  beam  is  polarised   or  partially  polarised.     But  this 
method  of  detecting  the  presence  of    polarisation  depends   on   the 
variation  of  the  intensity  of  an  image,  which  will  be  very  minute,  and 
eonsequently  escape  observation  if  the  quantity  of  polarised  light  in 
die  incident  beam  is  small. 

Instruments  depending  on  the  production  of  colours  or  fringes  are 
much  more  delicate,  and  detect  the  presence  of  small  traces  of  polar- 
isation.    We  shall  describe  those  of  Savart  and  Babinet. 

242.  Savart's  Polariscope. — Savart's  polariscope  is  a  simple  and 
delicate  contrivance  for  the  detection  of  plane-polarised  light. 

A  thin  plate  of  a  uniaxal  crystal  is  divided  into  two  halves  in 
order  to  secure  two  similar  thin  plates  of  equal  thickness.  The  two 
portions  are  now  superposed  so  as  to  form  a  plate  of  double  the  thick- 
ness, and  one  of  them  is  rotated  through  90"",  so  that  their  principal 
sections  are  at  right  angles.  The  plates,  so  placed,  are  mounted  in  a 
small  tube  before  a  NicoFs  prism,  or  any  other  analyser,  of  which  the 
principal  section  is  turned  parallel  to  the  bisector  of  the  angle  between 
the  principal  sections  of  the  plates. 
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When  n  beam  of  convergent  or  divei^ent  plane- polarised  light  a 
allowed  to  fall  u]>oii  the  platea  tlie  field  of  the  analyser  is  crossed  by 
a  B3'stein  of  coloured  rectilinear  fringes  parallel  to  the  bisector  of  iht 
angle  between  the  principal  planes  of  the  plates.  The  sensibilitj-  of 
the  instrument  increases  as  the  plane  of  polarisation  of  the  incident 
light  approaches  the  direction  of  the  fringes — that  is,  the  bisector  oftbf 
angle  between  the  principal  sections — and  it  is  sufliciently  deb'cate  to 
easily  detect  the  polarisation  of  the  light  of  the  skj-. 

The  quartz  plates  are  cut  at  an  angle  of  about  45°  to  the  axis  in 
order  to  avoid  the  effects  of  the  rotatory  power  which  the  ctyiul 
[lossesses  in  the  direction  of  its  axis  (chap.  xvti.). 

243.  Babinet's  Compensator. — The  compensator  devised  by  It 
Babinet  admits  of  the  study  of  polarised  light  by  means  of  coloured 
fringes,  even  though  the  incident  light  be  parallel.  It  is  an  exceed- 
ingly sensitive  polariscope,  and  has  been  successfully  adapted,  in  i 
modiiied  form,  by  M.  Jamin  to  the  study  of  elliptically  polariud 
light. 

It  consista  of  two  slender  right-angled  prisms  or  wedges  of  qnuti 
ABD  and  BCD  (Fig.  195),  placed  together  with  their  bypotheiiuse* 
I  contact  so  as  to  form  a  thin  plate  of 
rectangular  cross  section  ABCD.     In  tlie 
prism  ABD  the  optic  axis  is  parallel  to 
the  face  through  AB,  and  to  the  plane  d 
the  section  ABCD,  while   in   the  prism 
I  BCD   the   axis   is   parallel    to   the  tut 
oTigh   CD,   but   perpendicular  to  the 
nc    of    the    section.       Thus    in   holh 
^'  ■'"■  [irisms  the  axes  are  jMiratlel  to  the  iacej 

of  the  plate,  but  perpendicular  to  each  other,  as  in  Wollaston's  prism 
(Art.  186),  but  on  account  of  the  extreme  smallness  of  the  angles  of 
the  wedges  in  this  apparatus  the  separation  of  the  rays  during  trans- 
mission is  negligible. 

Hence  if  plane-polarised  light  falls  normally  on  the  face  AB  it  will 
be  broken  up  into  two  parts,  one  vibrating  parallel  to  AB,  and  tbt 
other  perpendicular  to  it,  and  these  vibrations  on  entering  the  second 
prism  will  retain  their  directions  of  vibration  but  interchange  tbeir 
velocities  of  propagation,  for  the  vibration  parallel  to  AB  is  parallel  to 
the  optic  axis  in  the  first  prism  but  i)erpendicular  to  it  in  the  ucani 
It  consequently  follows  that  the  ordinary  ray  in  the  first  prim 
becomes  an  extraordinary  ray  in  the  second,  and  rtc<  versd.  Thus  if 
any  ray  PQ  traverses  a  thickness  e  in  the  first  prism,  the  reladfa 
retardation  of  the  two  vibrations  will  be  e(ji^  -  fi^),  and  for  a  thicknw 
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e'  in  the  second  prism  will  be  -  «'(/*e  -  /*o)>  since  the  ray  which  travels 
fastest  in  the  first  travels  slowest  in  the  second,  and  vice  versA,  Hence 
the  whole  relative  path  retardation  of  the  vibrations  produced  by 
transmission  through  the  plate  is 

The  ray  MN  which  passes  through  the  centre  of  the  plate  («=«') 
suffers  no  relative  retardation  in  its  component  vibrations,  and  remains 
polarised  in  the  same  plane  as  at  incidetica  As  we  move  from  N 
towards  D  the  component  vibrations  at  emergences  will  differ  in  phase, 
but  at  a  certain  distance  a  from  N  the  phase  difference  will  be  equal  to 
iTy  and  the  retardation  will  be  \\,  At  a  distance  2a  it  vr^  be  X,  and 
so  on.  Consequently  on  the  line  CD  we  will  have  a  system  of  equally 
spaced  points  at  which  the  phase  difference  will  be  a  multiple  of  tt,  and 
the  emergent  light  will  be  plane -polarised,  and  on  the  face  of  the 
crystal  there  will  be  a  corresponding  system  of  right  lines,  at  a  com- 
mon distance  a  from  each  other.  At  the  centre  N,  and  at  points  on 
CD,  distant  any  multiple  of  2a  from  it,  the  phase  difference  will  be  a 
multiple  of  27r,  and  the  transmitted  light  will  be  polarised  in  the  same 
plane  as  the  incident,  but  at  the  intermediate  points,  viz.  those  distant 
from  N  by  an  odd  multiple  of  a,  the  phase  difference  will  be  an  odd 
multiple  of  tt,  and  the  transmitted  light  will  be  plane-polarised  also, 
but  in  this  case  the  plane  of  polarisation  will  be  inclined  at  an  angle 
2a  to  the  plane  of  polarisation  of  the  incident  light,  where  a  is  the 
angle  between  the  primitive  plane  of  polarisation  and  the  principal 
plane  of  the  face  AB  (see  Art.  47,  Cor.  1).  The  points  at  which 
the  plane  polarisation  exists  are  determined  by  the  equation 

At  a  point  any  distance  x  from  N  the  path  retardation  is  h  where 


and  we  have  the  relation 

X    \ 
a  •  2' 


(c-0(m.-Mo)  =  -  •  5- 


At  points  where  x/a  is  not  a  whole  number,  the  phase  difference  will 
be  other  than  a  multiple  of  tt,  and  the  transmitted  light  will  in  general 
be  elliptically^  polarised. 

'  At  points  )ialf-way  between  those  where  the  plane  polarisation  occurs,  the  phase 
4litferi'nce  will  be  90""  or  an  odd  multiple  of  90^  hence  if  the  incident  light  be 
polarised  at  an  angle  of  45**  to  the  axis  of  the  quartz,  the  component  vibrations  will 
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Hence  if  the  compensator  be  viewed  through 
80  as  to  extinguish  the  plane-polarised  light  ot\ 
will  also  extinguish  the  light  from  a  system  of  jj 
side  of  N,  at  a  distance  2a  from  each  other.    Bel 
there  will  be  a  certain  amount  of  illuminaUoiu 
between  them — that  is,  on  a  system  of  lines  d 
multiples  of  a — the  light  is  also  plane-polarise 
to  that  at  the  central  line.     The  Nicol  will  not 
polarised  light  but  will  transmit  more  or  less  o 
value  of  a,  and  (if  a  =  45'')  the  light  from  these  Ij 
transmitted  by  the  Nicol,  so  that  they  will  be 
fringes  will  then  be  best  marked,  for  between 
spending  to  the  a;  =  2  mi  we  shall  have  the  spaces 
Hence  if  a  =  45"" — that  is,  if  the  incident  light  ii 
of  45"*  to  the  principal  plane  of  the  face — ^the 
distinct ;  the  dark  bands  being  given  by 

and  the  brightest  lines  by 

Thus  in  general  we  have  two  systems  of  lines 
is  plane -polarised,  one  corresponding  to  retard 
multiples  of  ^X  and  the  other  to  odd  multipl 
polarisation  of  the  two  systems  are  inclined  at 
principal  plane  of  the  analyser  be  perpendicular 
of  polarisation — that  is,  if  the  Nicols  be  crossed — 
corresponding  to  the  former  will  appear  in  the  fie 
be  rotated  through  an  angle  2a  a  system  of  dar 
to  the  latter  will  be  presented,  while  for  interme 
analyser  there  will  be  no  perfectly  black  bandf 
maximum  and  minimum  intensity. 

The  distance  a  may  be  measured  by  fixing  i 
furnished  with  a  micrometer  screw,  so  as  to  coim 
dark  band.  By  turning  the  screw  the  wire  is  d 
dark  line,  and  the  distance  2a  through  which  i 
may  be  found ;  or  the  wire  may  be  displaced  1 
from  the  centre,  the  distance  2mi  read  off,  and  a  ca] 

be  of  equal  amplitude,  and  when  they  differ  in  phase  by  9* 
larly  polarised.  There  will  therefore  in  this  case  be  a  systi 
of  the  plate  at  which  the  transmitted  light  is  circularly  poll 
way  between  the  lines  of  plane  polarisation.  They  may  bt 
a  quarter-wave  plate  or  Fresnel's  rhomb,  which  will  reduce 
light  to  plane-|>olarL^ed  light ;  this  may  be  quenched  by 
corresponding  system  of  dark  lines  will  be  ])resented  in  the 
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ation  at  any  point  depends  on  the  wave  length,  and  consequently  if 
-white  light  be  used  the  bands  will  be  rainbow-coloured  and  the  central 
line  alone  will  be  quite  black. 

Car, — If  the  angle  ABD  of  one  of  the  prisms  be  t  we  have 

for 

which  by  multiplication  give  the  above  result.  Knowing  a  and  t,  this 
gives  a  method  of  determining  either  X  or  ft^  -  ftp,  when  one  of  them  is 
known  otherwise. 

244.  EUiptieally  Polarised  Light. — M.  Jamin  applied  Babinet's 
compensator,  in  a  modified  form,  to  the  determination  of  the  constants 
which  characterise  an  elliptically  polarised  ray.  In  the  foregoing  we 
have  supposed  the  cross  wire  movable  while  the  compensator  remains 
fixed,  but  in  M.  Jamin's  apparatus  the  cross  wire  remains  fixed  and 
one  of  the  wedges  forming  the  compensator  is  moved  parallel  to  itself 
by  means  of  a  micrometer  screw,  the  other  wedge  remaining  fixed. 
The  efiect  of  this  is  to  diminish  or  increase  the  difference  of  thickness 
e-e'  under  the  wire  according  to  the  direction  of  motion.  The 
motion  of  the  wedge  consequently  displaces  the  whole  system  of  fringes 
across  the  field,  and  any  particular  band  may  be  brought  under  the 
cross  wire.  It  is  clear  that  the  distance  through  which  the  wedge 
must  be  displaced  in  order  to  displace  the  system  through  the  width 
of  a  band  is  twice  as  great  as  the  corresponding  displacement  2a  of 
the  fibre  in  the  first  form  of  the  apparatus.  For  here  the  thickness  of 
one  wedge  under  the  wire  re^iains  constant  while  the  other  varies,  but 
in  the  case  of  a  movable  cross  wire  the  thickness  of  one  increases  and 
that  of  the  other  simultaneously  diminishes  by  the  same  amount,  so 
that  to  produce  the  same  difference  of  thickness  under  the  fibre  it  is 
only  necessary  to  move  it  through  half  the  amount  Hence  if  2h  be 
the  distance  through  which  it  is  necessary  to  displace  the  wedge  in 
order  to  displace  the  fringes  under  the  cross  wire  by  the  width  of  a 
band,  we  have  for  the  retardation  at  a  distance  x  from  the  central 
band 

\  =  W     ^^^  =  6  2- 

and  therefore 

The  instrument  may  now  be  applied  to  the  determination  of  the 
characteristics  of  elliptically  polarised  light. 
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Determination  (tf  the  Phase  Difference. — 1 
tically  polarised  we  may  reaolTe  the  vibnatioii  I 
components  parallel  to  the  axes  of  the  qnart^ 
ponents  will  differ  in  phase  and  amplitade,  and  I 

The  effect  of  transmission  through  the  plate  u 
difference  a  -  ^  by  an  amount 

which  will  vary  from  point  to  point.  It  is  d 
have  a  system  of  parallel  lines  for  which  the  i 
a-p  +  B  will  be  equal  to  multiples  of  ir,  and 
along  these  lines  will  be  plane-polarised,  conseq 
pensator  is  viewed  through  a  Nicol,  properly  pla 
and  dark  bands  will  be  exhibited  in  the  field,  a 
band  the  total  phase  difference  will  be  zero. 

Now  let  us  suppose  that  the  apparatus  is 
plane-polarised  light  the  central  band  is  under  tl 
the  incident  light  is  elliptically  polarised,  the  cei 
under  the  fibre  but  will  be  displaced  across  the 
the  original  phase  difference  existing  between  the 
has  been  neutralised  by  that  introduced  by  tl 
difference  is  consequently  determined  by  turning 
till  the  central  dark  band  is  brought  under  the  ¥ 
ment  be  «  we  have  therefore 

a-8     X  Q        ^ 

TO  0 

Position  of  tlie  Axes, — The  direction  of  the 
vibration  may  also  be  determined  by  means  of  tl 
know  that  the  phase  difference  of   the   compel 
along  the  axes  is  90°  (see  Art.  47).     Hence  set 
that  the  cross  wire  is  over  the  central  line  N — th 
dark  band  when  the  incident  light  is  plane-poh 
screw  by  an  amount  iJ,  so  that  the  line  under  th< 
to  a  retardation  of  ^A  or  a  phase  difference  of 
elliptically  polarised  light  to  fall  on  the  compensa 
black  band  be  not  under  the  fibre  turn  the  coi 
direction  of  the  incident  light,  and  so  cause  the  fi 
the  field,  till  the  central  band  is  under  the  fibi 
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the  axes  of  the  elliptic  vibration  are  parallel  to  those  of  the  quartz 
-vredges. 

Batio  of  the  Axes. — When  two  rectangular  vibrations  compound  into 
another  rectilinear  vibration,  the  tangent  of  the  angle  which  the 
direction  of  the  resultant  makes  with  one  of  the  components  is  measured 
by  the  ratio  of  the  amplitudes  of  the  components  (Art.  47,  Cor.  1). 
Now  an  elliptic  vibration  is  divided  into  two  components  parallel  to 
the  axes  of  the  compensator,  and  at  the  black  bands  their  phase  difTer- 
ence  is  a  multiple  of  rr  so  that  they  compound  into  a  rectilinear  vibra- 
tion, which,  since  it  is  extinguished,  must  be  perpendicular  to  the 
principal  plane  of  the  analyser ;  consequently  the  principal  plane  of 
the  analyser  makes  with  one  of  the  principal  sections  of  the  compen- 
sator an  angle  the  tangent  of  which  is  equal  to  the  ratio  of  the  amplitudes 
of  the  components  of  the  elliptic  vibration.  Hence  if  the  compensator 
be  set  so  that  its  axes  are  parallel  to  the  axes  of  the  elliptic  vibration, 
then  the  tangent  of  the  angle  between  one  of  its  principal  planes  and 
the  principal  plane  of  the  analyser  will  be  equal  to  the  ratio  of  the 
axes  of  the  elliptic  vibration. 

245.  Application  of  the  Quarter- wave  Plate. — A  simple  but 
much  less  precise  method  of  analysing  elliptically  polarised  light  is  to 
reduce  it  to  plane-polarised  light  by  transmission  through  a  quarter- 
wave  plate.  The  property  of  such  a  plate  is  to  introduce  a  phase 
difference  of  a  quarter  period  (90  )  between  the  component  vibrations 
which  are  transmitted  through  it.  Hence  if  the  light  be  received 
normally  on  the  plate,  placed  so  that  the  directions  of  vibration  in  it 
are  parallel  to  the  axes  of  the  ellipse,  the  component  vibrations  in  the 
transmitted  light  will  differ  in  phase  by  180'',  and  it  will  therefore  be 
plane-polarised,  and  capable  of  being  extinguished  by  a  NicoVs  prism. 
'  Hence  the  plate  and  Nicol  are  adjusted  by  trial  till  the  light  is 
extinguished,  and  in  this  position  we  know  that  the  principal  sections 
of  the  plate  are  parallel  to  the  axes  of  the  elliptic  vibration,  and  further, 
the  principal  plane  of  the  analyser  being  perpendicular  to  the  direction 
of  vibration  of  the  plane-polarised  light  emerging  from  the  plate  will 
make  an  angle  with  one  of  the  principal  sections  of  the  plate,  the 
tangent  of  which  is  equal  to  the  ratio  of  the  axes  of  the  elliptic 
vibration. 

Since  the  retardation  in  passing  through  a  plate  depends  on  the 
wave  length,  it  follows  that  a  quarter-wave  plate  will  only  act  as  such 
for  some  particular  wave  length.  FresneFs  rhomb,  on  the  other  hand, 
is  almost  cjuite  free  from  this  objection,  and  introduces  a  phase  differ- 
ence of  90  very  approximately  for  all  values  of  A.  It  is  consequently 
better  adapted  for  work  with  white  light 
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246.  The  Strain  Compensator. — A  slip 
(or  compressed)  acquires  the  doubly  refracting 
crystal  of  which  the  optic  axis  is  parallel  to 
When  interposed  in  the  path  of  a  pencil  of 
glass  plate  will  therefore  in  general  convert  it  ii 
light,  and  conversely  it  may,  with  proper  strel 
TT,  the  phase  difference  already  existing  in  an 
convert  it  into  plane-polarised  light.     In  this 
ployed  by  Dr.  Kerr  ^  in  his  celebrated  expenm^ 
plane-polarised  light  from  the  pole  of  a  magnet 

Methods  of  jfrodudng  and  identifying 

247.  General  Method  of  Detection. — It 

capitulate  the  methods  by  which  the  various  kim 
be  obtained,  and  to  point  out  the  special  characf 
they  may  be  distinguished  from  each  other,  ani 

Polarisation  of  any  kind  may  be  detected 
produced  by  transmission  through  a  thin  crystaUl 
ledge  of  the  character  of  the  fringes  afforded  by: 
polarised  light  would  enable  us  by  this  method  a| 
the  presence  of  the  polarisation,  but  also  to  detef 
kind  may,  however,  be  studied  separately  as  folic 

248.  Plane  Polarisation. — Plane-polarised  li 
by  double  refraction  and  afterwards  by  reflectic 
cases  of  double  refraction  the  refracted  pencils  ai 
and  their  planes  of  polarisation  are  at  right  anglei 
of  obtaining  a  beam  of  plane-polarised  light  it 
light  through  a  doubly  refracting  crystal  and  t 

Methods  of  refracted  pencils.     This  may  be  done  in  three  ^ 
producing,  jargg^  gQ  ^s  to  afford  considerable  separation  of 

of  them  may  be  stopped  by  an  opaque  diaphra 
allowed  to  pass  for  use  or  examination.  If  the 
be  small,  so  as  not  to  permit  of  the  use  of  a 
pencils  may  be  absorbed  and  the  other  trans 
in  some  natural  crystals,  such  as  tourmaline,  ' 
coefficient  of  absorption  for  the  ordinary  ray,  b 
extraordinary.  Finally  we  possess  the  met! 
practice,  viz.  that  of  intercepting  one  of  the  b< 
while  the  other  is  transmitted,  and  on  this  pri 
as  Nicol's  and  Foucault's  prisms  are  construct© 

*  Kerr,  Phil.  Mag.  November  1 
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The  second  method  of  obtaining  plane  -  polarised  lights  viz.  by 
reflection  at  the  polarising  angle  from  some  transparent  substance, 
such  as  glass,  is  very  convenient,  requiring  no  special  apparatus,  but  it 
is  less  perfect  than  the  method  of  double  refraction,  for  it  is  found  by 
experiment  that  very  few  substances  completely  plane-polarise  light  by 
reflection,  and  that  these  have  a  refractive  index  of  about  1  '46. 

It  is  to  be  remembered  that  any  instrument  which  acts  the  part  of 
a  polariser  may  also  be  used  as  an  analyser  to  examine  the  properties 
of  a  polarised  beam.  Examined  by  any  analyser,  such  as  Nicol's  prism,  Methocto  of 
the  characteristic  of  plane-polarised  light  is  that  it  may  be  completely  d®*«<^K- 
extinguished  by  the  analyser  placed  in  a  certain  azimuth,  viz.  such 
that  the  principal  plane  of  the  analyser  is  parallel  to  the  plane  of 
polarisation  of  the  incident  light.  Examined  by  transmission  through 
a  doubly  refracting  rhomb,  we  obtain  in  general  two  refracted  pencils 
of  different  intensities,  and  in  two  positions  of  the  rhomb  one  of  the 
pencils  vanishes  so  that  the  incident  light  is  transmitted  in  a  single 
beam.  We  consequently  possess  the  means  of  detecting  it,  and  dis- 
tinguishing it  from  all  other  kinds  of  polarised  light,  and  from 
ordinary  light. 

249.  Circular  Polarisation.  —  A  circular  vibration  arises  when 
two  rectangular  plane -polarised  (that  is,  rectilinear)  vibrations  of 
the  same  period  are  compounded,  which  differ  in  phase  by  90"*  and 
are  of  equal  amplitude.  The  equations  of  such  a  vibration  may  be 
written  in  the  form 

x=a  cos  (»ft,     y=aaiu(at  (right-handed), 

in  which  case  the  rotation  is  from  right  to  left  (see  Fig.  21),  and  the 
Tibration  is  said  to  be  right-handed.     Or  the  equations  may  be 

x=aco8u)(,     y=  -asinuft  (left-handed), 

in  which  the  rotation  is  from  left  to  right,  and  the  vibration  is  said  to 
be  left-handed. 

Circular  polarisation  is  therefore  produced  when  a  plane-polarised 
ray  is  divided  into  two  others,  vibrating  at  right  angles,  equal  in 
amplitude  and  differing  in  phase  by  90"".  This  is  obtained  by  trans-  Produced 
mitting  plane-polarised  light  through  a  quarter-wave  plate,  the  axes  of 
the  plate  being  inclined  at  45""  to  the  plane  of  polarisation  of  the  inci- 
dent light.  The  same  effect  is  produced  with  much  less  colouring  by 
transmission  through  FresneFs  rhomb,  the  plane  of  reflection  being 
inclined  at  45^  to  the  plane  of  polarisation. 

When  circularly  polarised  light  is  examined  through  a  Nicol  the 
illumination  of  the  field  is  independent  of  the  orientation  of  the  Nicol. 
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In  this  respect  it  resembles  ordinary  light,  but  the  two  may  be  eisilf |' 
Detected,  distinguished.  For  if  in  the  path  of  a  circularly  polarised  beam  n , 
interpose  a  quarter-wave  plate  or  a  FresneFs  rhomb,  a  further  qaarte^ 
period  difference  of  phase  will  be  introduced  between  the  compoDfll 
vibrations,  and  this  will  either  add  to  or  destroy  the  original  pbaa 
difference.  We  have  consequently  emerging  from  the  quarter-wiM 
plate  two  rectangular  vibrations,  of  which  the  phase  difference  is  eitliar 
zero  or  tt,  and  these  compound  into  a  rectilinear  vibration,  so  that  tin 
light  is  plane-polarised.  This  may  be  completely  extinguished  by  i 
Nicol's  prism,  and  we  have  the  means  of  deciding  whether  the  orig^ 
light  was  circularly  polarised,  or  merely  a  beam  of  ordinary  light ;  far 
the  latter  on  transmission  through  the  quarter-wave  plate  will  sdl 
retain  the  character  of  ordinary  light  and  will  never  be  quenched  Vy 
the  Nicol. 

The  quarter-wave  plate  and  the  Fresners  rhomb  consequently  not 
only  act  as  producers  of  circular  polarisation,  but  also  assist  in  detect 
ing  it  where  it  already  exists. 

250.  Elliptic  Polarisation. — The  rectangular  components  of  u 
elliptic  vibration  differ  both  in  phase  and  amplitude.  The  equatiou 
of  the  vibration  may  be  written  in  the  general  form 

« = a  cos  ( w^  +  o),     y=b  cos  {ui + /3)  (right-haoded)^ 

in  which  case  the  vibration  is  said  to  be  right-handed  (see  Fig.  16),  or 
in  the  form 

a;  =  a  cos  (w^  +  a),     y=  -h  cos  (w^  +  /3)  (left -handed), 

when  the  vibration  is  said  to  be  left-handed.  An  elliptically  polarised 
ray  may  therefore  be  regarded  as  the  resultant  of  two  plane-polarised 
rays  vibrating  at  right  angles,  and  differing  both  in  phase  and  ain|£- 
tude.  It  consequently  includes  under  it,  as  particular  cases,  both 
plane  and  circular  polarisation. 

Produced.  It  is  clear,  then,  that  any  process  which  produces  two  plan^ 
polarised  beams,  polarised  at  right  angles,  and  differing  in  phase  and  { 
amplitude,  will  in  general  afford  elliptically  polarised  light.  This  is  ' 
effected  by  transmitting  plane -polarised  light  through  a  crystalliw 
plate  so  thin  as  not  to  cause  visible  separation  of  the  two  refracted 
beams,  and  in  general  by  reflection  from  metallic  or  crystalline 
surfaces. 

Detected.  Elliptically  polarised  light  when  examined  through  a  Nicol  wiD 
give  an  illumination  which  will  vary  as  the  Nicol  is  rotated,  being 
greatest  when  the  principal  plane  of  the  analyser  is  parallel  to  one 
axis  of  the  ellipse  and  least  when  parallel  to  the  other.  It  is  thw 
distinguished  from  ordinary  lights  but  the  same  property  is  possessed 
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ly  a  mixture  of  ordinary  and   plane -polarised   light     It   therefore 

tamains  to  distinguish  between  elliptic  and  partial  polarisation.     This 

ft  effected  by  the  help  of  a  quarter-wave  plate  or  a  Fresnel's  rhomb 

•perly  placed.     Thus  if  the  light  be  transmitted  through  a  quarter- 

»Ye  plate,  and  if  the  axes  of  the  plate  be  placed  parallel  to  those  of 

elliptic  vibration,  the  phase  difference  of  the  components  will 

be  reduced  to  zero,  or  increased  to  rr,  and  the  transmitted  light  will 

lie   plane- polarised.      This   may  be   extinguished   by  a   Nicol,  and 

the   elliptic   polarisation  is  completely  distinguished.      The   further 

■tody  of   the   elliptic  vibration   is   effected   by  means  of  Babinet's 

compensator. 

251.  Partial  Polarisation. — The  term  partially  polarised  light  is 
generally  applied  to  a  mixture  of  ordinary  and  plane-polarised  light. 
If  heu  examined  through  a  Nicol  the  illumination  of  the  field  will  vary 
is  the  Nicol  is  rotated,  and  this  arises  from  the  suppression  of  the 
plane-polarised  component  of  the  light.     At  first  sight  it  might  there- 
fore be  suspected  that  such  a  beam  possessed  elliptic  polarisation,  but 
ite  already  indicated,   a  quarter-wave  plate  assists  us  to  distinguish 
l)etween  the  two. 

252.  Natural  Light. — It  now  becomes  a  matter  of  interest  and 
importance  to  inquire  into  the  nature  of  the  vibration  in  common  or 
anpolarised  light.  The  characteristic  of  common  light  is  that,  on 
transmission  through  a  doubly  refracting  rhomb,  it  affords  two  pencils 
of  light  which  do  not  change  in  intensity  as  the  rhomb  is  rotated 
round  the  direction  of  the  incident  pencil.  Circularly  polarised  light 
also  possesses  the  same  quality,  but  is,  in  addition,  capable  of  afford- 
ing coloured  fringes  when  transmitted  through  a  thin  crystalline  plate 
and  subsequently  analysed.  Plane  and  elliptically  polarised  light  also 
afford  such  interference  fringes,  but  in  the  case  of  common  light  they 
are  wholly  absent. 

When  transmitted  through  a  thin  crystalline  plate  ordinary  light 
gives  two  rays  polarised  at  right  angles,  and  each  of  these  gives  an 
image  in  the  analyser;  but  the  two  images  are  complementary  in 
intensity  and  superposed.  The  result  is  that  when  the  analyser  is 
rotated  the  illumination  remains  uniform  and  equal  to  half  that  of  the 
incident  light.  Hence  if  the  vibration  of  common  light  be  elliptic, 
circular,  or  rectilinear,  the  nature  of  the  vibration  cannot  remain  per- 
manent, for  the  light  would  then  possess  the  qualities  of  polarised  light 
and  exhibit  fringes  when  transmitted  through  a  thin  crystalline  plate. 

This  characteristic  quality  of  common  light  has  led  to  the  supposi- 
tion that  in  it  the  vibration  frequently  changes  its  character,  or  that 
it  consists  of  successive  series  of  elliptic  vibrations  (including  circular 
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and  plane  as  particular  forms),  all  the  vib: 
similar  to  each  other,  but  those  of  one 
similarity  in  direction  or  form  to  those  of 
many  thousand  interference  bands  may  be 
light  is  reflected  from  Fresners  mirrors  (Artb 
the  observable  number  of  these  bands  is 
resolving  power  of  our  spectroscopes.     Now 
expected  between  two  sources  when  they  emii 
sequently  if  common  light  affords  many  tho 
emitted  by  the  source  must  remain  similar  f 
Hence  if  we  suppose  the  vibration  to 
quent  intervals,  the  vibrations  of  any  seri 
tive   changes   must  be   similar   to  each  o 
many  thousand  vibrations  in  each  series,  say 
Now  the  orange  light  of  the  spectrum  exec 
500x10^2  —  vibrations  per  second,   conseq 
vibration  might  change  500  times  per  second  ^ 
similar  vibrations  in  each  set.     This  would  pef|| 
millions  of  interference  bands  (a  number  quil) 
observation),  and  yet  would  sufficiently  accol 
fringes  by  transmission  through  a  thin  plate.     1 
of  similar  vibrations  in  any  direction,  these  will 
of  interference  rings  and  colours  as  long  as 
similar,  and  if  the  vibration  changes  to  the  pei] 
will  again  have  coloured  fringes,  but  this  time 
character.     Hence  if  the  direction  or  nature  ol 
many  times  per  second  the  several  systems  vri 
rapid  succession  that  only  their  combined  effec 
the  field  will  appear  uniformly  illuminated. 

258.  Imitation  of  Natural  Light  by  the 
Light. — If  ordinary  light  be  transmitted  thro 
emergent  light  will  be  plane -polarised,  and 
place  in  a  certain  definite  direction  determined 
principal  plane  of  the  prism.     If  the  Nicol  b 
axis  parallel  to  the  direction  of  the  incident  lig 
tion  will  rotate  at  the  same  rate,  and  the 
doubly  refracted  will  possess,  like  ordinary 
giving  two  'beams  of  constant  intensity,  and  i 
be  produced  instead  of  colours  and  rings,  whe 
thin  crystalline  plate.     It  would  be  possible 
between  a  rapidly  rotating  plane-polarised  p 
For  if  the  rotating  beam  be  examined    tb 
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round  an  axis  parallel  to  the  direction  of  the  incident  light  at 
rate  equal  to  that  of  the  polarised  beam,  then  if  the  principal  plane 
the  analyser  be  perpendicular  to  the  plane  of  polarisation  of  the  ray 
one  position  it  will  remain  so  permanently,  and  the  light  will  be 
^x>mpletely  quenched. 

If  a  thin  plate  of  mica  be  attached  to  the  |K)lari8er  the  light  emerg- 
ing from  the  mica  plate  will  in  general  be  elliptically  polarised,  and 
the  combined  rotation  of  the  Nicol  and  plate  will  give  an  elliptically 
polarised  beam,  of  which  the  vibrations  are  similar  but  rotating  rapidly, 
ao  that  the  axes  of  the  ellipses  are  directed  in  all  azimuths.  Such  a 
beam  was  found  to  produce  ^  the  same  polarisation  phenomena  (such 
U  coloured  rings,  etc)  as  circularly  polarised  light,  but  if  the  Nicol 
be  kept  fixed  and  the  mica  plate  rotated,  so  that  the  sense  of  the 
elliptic  vibration  is  reversed  every  half  revolution,  the  transmitted 
pencil  behaved  like  common  light. 

It  has  been  shown  (Art.  48,  Ex.  2)  that  a  plane-polarised  ray  may 

be  considered  as  the  resultant  of  two  opposite  circularly  polarised  rays 

<yf  the  same  period.     If  the  circular  vibrations  be  of  different  periods  Rotating 

the  direction  of  the  resultant  vibration  will  rotate  uniformly,  and  there-  ^^^' 

fore  a  rotating  plane-polarised  ray,  such  as  we  have  considered  above, 

may  be  regarded  as  the  resultant  of  two  opposite  circularly  polarised 

rays  of  different  periods.     This  difference  in  period  means  a  difference 

in  wave  length  and  refrangibility,  and  Airy^  has  consequently  remarked 

that  a  gradual  change  in  the  vibration,  such  as  the  uniform  rotation 

of  its  direction,  is  not  an  admissible  representation  of  the  nature  of 

common  light,  for  we  may  regard  a  uniformly  rotating  vibration  as 

the  equivalent  to  two  others  of  different  periods,  and  it  should  give 

rise  to  two  polarised  rays  of  different  colours.    The  velocity  of  rotation 

required  to  produce  any  such  separation  would,  however,  be  far  in 

excess  of  anything  we  could  possibly  attain. 

264.  Haidinger's  Brushes. — It  was  discovered  by  Haidinger  that 
plane-polarised  light  may  be  detected  by  the  naked  eye,  and  its  plane 
of  polarisation  may  be  also  ascertained.  The  phenomenon  observed  is 
the  appearance  of  a  pale  yellow  patch  or  brush  boimded  on  either  side 
by  curved  arcs  in  form  like  the  branches  of  a  hyperbola.  The  axis  of 
this  brush  lies  in  the  plane  of  polarisation,  and  on  each  side  of  its  neck 
there  is  a  violet  or  bluish  patch. 

These  brushes  are  supposed  to  arise  from  the  polarising  structure  of 
the  eye  itself,  and  by  some  persons  they  are  observed  even  when  the  light 
is  only  partially  polarised.     Most  persons,  however,  can  see  them  only 

*  Dove,  Pogg,  Ann,  vol.  Ixxi.  p.  97.     See  Verdet,  CEuvres,  torn.  vi.  p.  88. 
«  Airy,  Undulatory  Theory  of  Optica,  Art  183. 
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^1  when  the  light  is  completely  polarised,  and  even  then  with  difficu)^. 

^M  They  nve  liest  observed  by  looking  at  a  bright  cloud  through  a  NicoTi 

^M  prism,  the  Nicol  being  revolved  round  its  axis  so  as  to  alter  the  piiM 

^M  of  polarisaiioiL     They  gradually  disappear  when  the  eye  is  directfl 

^B  towards  them  in  the  same  position,  Iwing  visible  for  only  a  couplt  tt 

^M  seconds  after  tho  polariBed  light  is  first  received  by  the  eye  ;  but  wba 

^M  the  position  of  the  plane  of  polarisation  is  changed  by  rotating  thi 

^M  Nicol  the  brushes  continue  in  the  field  and  are  seen  to  revolve  witk 

^M  the  Nicol.     They  may  be  seen  by  looking  for  a  few 

H  the  images  afforded  by  a  rhomb  of  Iceland  spar  and  then  at  the  othet^ 

H  and  so  on  alternately,  or  by  looking  at  the  sky,  alternately  towards  Qt 

H  horizon  and  the  zenith,  in  a  plane  at  right  angles  to  the  line  joining  Ik 

^M  observer  to  the  sun  when  the  sun  is  near  the  horizon. 

^M  M.  Jamin  attributes  this  phenomenon  to  the  refracting  coati  <4 

^M  the  eye.     Thus  if  plane-potarised  light  be  transmitted  through  b  |ril> 

■  of  plates  the  intensity  of  the  transmitted  beam  will  depend  on  lb 

relation  of  the  plane  of  incidence  to  the  plane  of  polarisation.    Hitr 

the  crystalline  lens  of  the  eye  consists  of  curved  layers  of  im»}ii>I 

refracting  powers,  and,  on  account  of  the  curvature,  the  relation  of  thf 

plane  of  polarisation  of  a  given  pencil  of  polarised  light  to  the  pliUK 

of  incidence  at  each  point  will  vary  from  point  to  point,  with  ihf 

result  that  the  intensity  of  the  light  transmitted  will  vary  from  poinl 

to  point  on  the  retina,  and  the  general  appearance  of  the  brushes  wodU 

be  accounted  for.     Helmholtz,'  however,  took  objection  to  this  expbuv- 

tion,  and  found  that  in  working  with  homogeneous  light  -  the  blae  «ii 

the  only  colour  with  which  the  brushes  are  visible,  and  that  the  extent 

of  the  brushes  is  limited  to  the  yellow  spots  of  the  ej'o.     To  accomrt 

for  the  brushes  it  therefore  suffices  to  suppose  that  the  yellow  spoti 

are  doubly  refracting  to  a  slight  extent,  and  that  they  absorb  the  ertit- 

ordinary  ray  more  strongly  than  the  onlinary  in  the  case  of  blue  l^lH 

2&S.  The  Polarisation  of  Skylight. — It  has  been  already  notiMd 

that,  in  general,  polai-isation  is  produced  to  some  extent  by  refl«lioB 

and  refraction,  and  it  is  consequently  not  surprising  that  the  hcht  of 

the  rainbow,  and  even  the  light  of  the  open  sky,  should  be  more  nr 

'  P/ii/siolo-jkal  Opfica. 

*  The  office  of  the  ditferent  colours  in  tile  production  of  tliese  brashea  vu  bat 
inveatigaUtl  by  Sir  Q.  G.  Stokes,  wlio  fauud  that  id  thcrvd  and  yellow  light  bI  lb 
Bpectnim  no  triws  of  them  couM  be  abserv«il.  The  bniahes  began  to  be  viiiUe  it  lb 
green,  were  more  distinct  ou  {lautng  into  the  blue,  ware  farticolarly  strane  tboC 
the  line  P,  could  be  traced  aa  far  as  tht  line  G,  and  vrhiMi  they  were  no  longerrMhli 
the  caaae  appuired  to  be  merely  the  teebleness  oF  the  light,  not  the  incapodly  oF  ttt 
greater  part  of  the  violet  to  produce  them  (Stokes,  Bril.  Aiaoc  Rtport,  I8S0 ;  CWiaiVi 
Papas,  vol.  ii.  ji.  392). 
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polarisecL  The  polarisation  of  the  blue  light  of  the  sky  was 
iced  by  Arago  as  early  as  1811.  When  the  open  sky  is  viewed 
igh  a  Nicol's  prism  variations  of  brightness  are  observed  as  the 
is  rotated  on  its  axis.  This  change  of  brightness  is  most  notice- 
^qlUe  when  the  sky  is  viewed  in  a  direction  at  right  angles  to  the 
Ir.ra^vpys  of  the  sun,  and  observation  proves  that  the  light  of  the  sky  is 
^^^^Briarisedy  and  that  the  direction  of  most  perfect  polarisation  is  at  right 
!^~~Tlp^e8  to  the  direction  of  propagation  of  the  solar  rays.  This  is  some- 
^r;.~4j&ie8  expressed  by  saying  that  the  place  of  maximum  polarisation  in 
:~-     tte  sky  occurs  at  an  angular  distance  of  90°  from  the  sun.^ 

The  blue  light  of  the  sky  has  been  imitated,  and  artificial  skies 
K-     pKoduced  in  a  most  elegant  manner  by  the  late  Professor  Tyndall.     If 
tile  peculiarities  of  skylight  are  due  to  the  scattering  action  of  very 
^iiiall  particles  suspended  in  the  air,  the  object  of  a  test  experiment 
tlliist  be  to  procure  a  region  of  space  in  which  very  fine  particles  are 
^nown  to  be  suspended  and  to  allow  a  beam  of  light  to  play  upon  it. 
*!!this  was  secured  by  passing  a  pencil  of  light  through  a  tube  contain- 
ing a  small  quantity  of  vapour  of  iodide  of  allyl.^     By  the  action  of 
^e  light  the  vapour  is  gradually  decomposed,  and  a  very  fine  cloud 
ibrms  within  the  tube.     At  first  the  precipitated  particles  are  exceed- 
ingly small,  and  the  colour  observed  is  a  delicate  blue,  but  as  the 
eaqperiment  progresses  the  particles  gradually  increase  in  size,  and  the 
blae   gradually  brightens,   "still  maintaining   its   blueness,  until  at 
length  a  whitish  tinge  mingles  with  the  pure  azure,  announcing  that 
the  particles  are  now  no  longer  of  that  infinitesimal  size  which  scatters 
only  the  shortest  waves."  ^     Further,  when  the  incipient  cloud  was 
viewed  transversally  through  a  NicoFs  prism,  the  scattered  light  was 
found  to  be  completely  polarised  ia  the  plane  passing  through  the  axis 
of  the  tube  and  the  eye  of  the  observer — that  is,  the  plane  containing 
the  incident  and  scattered  ray — just  as  the  blue  light  of  the  sky  is 
polarised  in  a  plane  passing  through  the  solar  rays  and  the  eye  of  the 
observer. 

That  the  preponderance  of  blue  in  the  light  of  the  sky  is  due  to 
the  scattering  action  of  very  small  particles  suspended  in  the  air  seems 
to  be  placed  beyond  doubt  by  these  experiments.  Now  we  have  seen 
that  this  preponderance  becomes  at  once  intelligible  when  we  consider 

'  In  the  vertical  plane  through  the  sun  neutral  points  have  been  observed  by 
Arago,  Babinet  {CompUs  JUndus,  torn.  xi.  p.  618,  1840),  and  Brewster  (Brit.  Assoc 
Report,  1842,  part  ii.  p.  13).  At  these  points  there  is  no  polarisation,  and  in  the 
intervals  between  them  the  light  is  ])olarised  in  rectangular  planes. 

'  Several  other  substances  will  also  produce  the  desired  effect,  as  nitrite  of  amyl, 
bisulphide  of  carbon,  benzole,  benzoic  ether,  etc. 

'  Tyndall,  Heat  a  Mode  of  Motion,  p.  491. 
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the  action  of  particles  of  linear  dimensions  small  comj>are»i  with  thi 

wave   length  of  light   (Art.  !63),  and  Lord   Rayleigh  ^  has  ft 

shown  that  the  polarisation  of  the  scattered  light  may  be  explained  Iq 

LoadiHi  supposing  that  the  particles  loud  the  ether  so  as  to  virtually  incresH  ik 

etlm.     inertia,  or  that  property  of  it  which  corresponds  to  inertia  (Art.  3!l|. 

This  loading  action  of  the  particles  might  be  counterbalanced  h; 
supposing  suitable  forces  to  act  at  all  points  of  the  ether  wbfK  tie 
inertia  is  altered.  If  these  forces  were  applied  the  loading  woulil  bi 
neutralised,  and  the  waves  would  pass  uobroken  just  as  if  the  particlti 
were  not  present,  so  that  there  would  be  no  scattering  of  the  ligkt 
These  applied  forces  must  have  the  same  period  and  direction  ae  tin 
uiulisturbed  luminous  vibrations,  and  the  light  actually  scattered  ii 
the  same  as  would  be  caused  by  the  action  of  forces  exactly  ^ 
opposite  of  the  foregoing  acting  on  the  medium  otherwise  free.  1 

Now  on  account  of  the  smallness  of  the  particles  we  may  take  ibe 
forces  acting  throughout  the  volume  of  any  one  of  them  as  a  wbok 
The  periodic  disturbance  arising  from  the  action  of  this  force  will  W 
symmetrical  round  the  direction  of  the  force,  and  the  transverse  %ihn- 
tions  which  it  originates  will  be  such  that  the  direction  of  vibration  in 
any  ray  lies  in  the  plane  containing  the  ray  and  the  axis  of  symmetjy: 
in  other  words,  the  direction  of  vibration  in  the  diiTracted  nty  maluf 
the  least  possible  angle  with  the  direction  of  vibration  in  the  incidtnt 
ray.  Further,  the  intensity  of  the  scattered  light  should  vanish  in  the 
direction  of  the  axis  of  symmetry,  for  the  transvei-sal  to  a  ray  prop*- 
gated  in  this  direction  becomes  indeterminate.  This  being  conceded, 
let  us  suppose  that  u  solar  ray  is  regarded  transversely,  so  thit  tbt 
line  of  vision  is  at  right  angles  to  the  ray.  Tlie  vibration  in  the  nj 
may  in  this  case  be  divided  into  two  components,  one  along  the  liw 
of  vision  and  the  other  at  right  angles  to  it,  both  of  these  compoDente 
being  in  the  wave  front.  Now  the  component  along  the  line  of  vittoa 
will  give  rise  to  no  scattered  light  in  this  direction,  for  this  is  its  tm 
of  symmetry,  and  consequently  the  scattered  light  received  by  the  ejt 
arises  entirely  from  the  com]X)n6nt  at  right  angles  to  the  line  of  vinot. 
It  is  therefore  completely  polarised,  and  the  plane  at  right  angles  to 
the  direction  of  vibration — that  is,  the  plane  of  polarisation  in  Fresnel'^ 
theory — contains  the  line  of  vision  and  the  incident  ray. 

When  the  angle  between  the  line  of  vision  and  the  incident  ny  b 
other  than  90"  the  scattered  light  is  a  mixture  arising  from  both  (k  , 
foregoing  components,  and  the  polarisation  becomes  less  and  less  om  I 
plete  as  the  line  of  vision  approaches  the  direction  of  the  ray,  and  it  | 
this  direction  it  altogether  disappears, 

'   Hon.  J.  \V.  Strutt,  Phil.  Hag.  vol.  xU.  p.  107,  1871. 
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ROTATORY  POLARISATION 

256.  Rotation  of  the  Plane  of  Polarisation — ^Arago's  Discovery. 

— When  plane-polarised  light  is  reflected  at  the  surface  of  a  transparent 
substance,  the  planes  of  polarisation  of  the  reflected  and  refracted 
pencils  do  not  in  general  coincide  with  that  of  the  incident  light  (Art. 
210).  If  the  plane  of  polarisation  of  the  reflected  light  is  inclined  at 
an  angle  6  to  that  of  the  incident,  we  say  that  the  reflection  has  rotated 
the  plane  of  polarisation  through  an  angle  $,  and  this  rotation  is  said 
to  be  right-handed  or  left-handed  according  as  it  is  (to  an  observer 
receiving  the  light)  from  right  to  left,  or  the  reverse.  Looking  in  the 
direction  in  which  the  light  is  travelling,  a  right-handed  rotation  will 
consequently  be  from  left  to  right,  like  the  motion  of  a  right-handed 
flMsrew,  and  a  left-handed  rotation  will  be  from  right  to  left  In  this 
case  the  rotation  is  independent  of  the  length  of  path  traversed  by  the 
light  before  or  after  incidence.  It  is  therefore  due  to  no  action  of 
the  medium  through  which  the  light  passes,  but  occurs  at  the  surface 
of  separation  where  the  reflection  takes  place. 

In  1811  Arago^  discovered  that  rotation  of  the  plane  of  polarisa- 
tion occurs  when  plane-polarised  light  is  transmitted  through  quartz  in 
the  direction  of  its  optic  axis,  and  this  property  is  also  possessed  by 
many  other  substances.  The  rotation  is  here  due  to  the  action  of  the 
medium  through  which  the  light  passes,  and  its  amount  is  directly  pro- 
portional to  the  thickness  traversed.  When  plane -polarised  light 
passes  through  a  uniaxal  crystal,  such  as  Iceland  spar,  in  the  direction 
of  the  axis,  the  plane  of  polarisation  of  the  transmitted  pencil  coin- 
cides with  that  of  the  incident  light,  but  it  is  difierent  in  the  case  of 
rock-crystal.  Here  the  plane  of  polarisation  at  emergence  is  not  the  Right  and 
same  as  at  incidence,  but  is  inclined  to  it  at  an  angle  depending  on  ^^^ 
the  thickness  of  the  quartz  plate.     Further,  some  specimens  of  quartz 

'  Mim,  de  la  premvtrt  Clone  dc  VInttUui,  torn.  xli.  ]».  93.    (Euvres  CompUUs,  torn. 
K.  p.  35,  1812. 
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rotate  the  plane  of  polaiisation  to  the  right  (I< 
propagation  of  the  light)  and  some  to  the  leftti 
right-handed  or  dextrogyrate,  and  the  Iat( 
gyrate. 

257.  Blot's  Laws. — ^This  remarkable  phei 
with  great  care  and  success  by  Biot,^  who  deduc 

(1)  The  amount  of  rotation  is  proportioi 
versed  by  the  ray. 

(2)  The  rotation  effected  by  two  plates  is 
rotations  produced  by  each  separately. 

(3)  The  rotation  augments  with  the  refi 
is  approximately  proportional  to  the  inverse 

In  support  of  the  third  law,  M.  Broch  giv4 
for  quartz.  The  first  line  gives  the  rotation 
plate  (one  millimetre  thick)  on  the  different 
gives  the  product  of  p  by  the  square  of 
length : — 


Ray 
P 


B 

15"  80' 

7238 


C 

17"  24' 

7429 


D 

21"  67' 

7511 


E 

27"  46' 

7596 


For  essence  of  turpentine  Wiedemann  found 


p 
p\2 


10' 9' 
4690 


14''5' 

4871 


18^*7' 
5184 


28^  2* 
5471 


( 


These  tables  show  that  the  rotation  is  not  i 
ratio  of  the  square  of  the  wave  length,  but  tU 
creases  with  the  ref rangibility  of  the  light  Bis 
only  an  approximation  to  the  truth. 

258.  Rotation  produced  by  Liquids  and  V 
discovered  that  many  liquids  and  solutions  p« 
power  of  rotating  the  plane  of  polarisation 
through  them,  but  in  a  much  less  degree.     T 
1  mm.  thick  rotates  the  plane  of  polarisation 
18°,  while  an  equal  thickness  of  turpentine  on 
of  a  quarter  of  a  degree. 

The  rotatory  power  of  liquids  and  vapours 
them  in  a  tube  through  which  the  polarised  li 
is  found  that  liquids  and  solutions  do  not  lof 
when  diluted  with  other  liquids  not  possessing 
retain  it  even  when  in  the  state  of  vapour, 
eluded  that  the  power  possessed  by  liquids  o; 

^  Biot,  Mhtu  de  la  premiere  Classe  de  VInMitut,  to 
de  Chimie  et  de  Phyaiqtie^  1815,  etc. 
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'  polarisation  is  inherent  in  the  ultimate  molecule.    In  this  respect  they 

^er  from  quartz,  which  loses  its  rotatory  power  when  it  loses  its 

erystalline  arrangement.     Thus  Sir  J.  Herschel  found  that  quartz  held 

in  solution  by  potash  (liquor  of  flints)  was  destitute  of  rotatory  power,  and 

fche  same  was  observed  by  Sir  D.  Brewster  with  respect  to  fused  quartz. 

It  is,  perhaps,  not  surprising  that  crystalline  substances  should,  on 
ftocount  of  some  special  molecular  arrangement,  possess  rotatory  power 
ud  affect  the  propagation  of  light  within  the  mass  in  a  manner 
depending  on  the  direction  of  transmission.  The  loss  of  this  power 
when  the  crystalline  structure  is  destroyed,  as  when  quartz  is  fused, 
18  consequently  an  event  which  would  be  naturally  expected,  but  the 
possession  of  it  in  all  directions  by  fluids  and  solutions,  in  which  there 
cannot  be  any  special  internal  arrangement  of  the  mass  of  the  nature 
of  a  crystalline  structure,  is  not  a  thing  which  one  would  have  been 
led  to  expect  beforehand.  To  Faraday  it  appeared  to  be  a  matter  of 
no  ordinary  difficulty,  and  I  am  not  aware  that  any  explanation  of  it 
has  ever  been  suggested.  It  is  just  possible  that  the  light  in  travers- 
ing a  solution  in  which  the  molecules  are  free  to  move  may,  on  account 
of  some  peculiarity  of  structure,  cause  the  molecules  to  take  up 
some  special  arrangement,  so  that  the  fluid  becomes  as  it  were 
polarised  by  the  transmission  of  the  light,  in  a  manner  somewhat 
analogous  to  that  in  which  a  fluid  dielectric  is  polarised  in  a  field 
of  electrostatic  force. 

When  two  or  more  liquids  are  mixed  together  their  combined 
rotation  is  always  equal  to  the  algebraic  sum  of  the  rotations  which 
the  constituents  would  produce  separately  when  taken  in  thicknesses 
proportional  to  the  volumes  they  occupy  in  the  mixture.  This  pro- 
perty has  been  applied  to  the  analysis  of  compounds  containing  a 
substance  which  possesses  rotatory  power  and  is  combined  with  others 
which  are  neutral  This  important  application  has  been  found  of 
much  industrial  value  in  the  analysis  of  saccharine  solutions,  and  for 
this  purpose  instniments  termed  mcchanmders  have  been  invented 
(Art.  273,  etc.). 

Calling  right-handed  rotations  positive  and  left-handed  negative, 
the  rotations  produced  by  a  thickness  of  one  decimetre  of  each  of  the 
following  substances,  in  the  case  of  red  light,  are  ^ 


Essence  of  Turpentine  -  29"  '6 

Citron  -fSS^'S 

Aniseed  -   0°-7 

Lavender  -H  2° '02 

Fennel  +13"-16 


>» 


j» 


Eissence  of  Seville  Orange  +  78^^  '94 
Mint  -16° -14 

Sassafras  +   8^ '53 

Rosemary         +   3° '29 
Carraway  4-  65'  '79 


J » 


'> 


*  See  Verdet,  CEurres,  torn.  vi.  p.  270. 
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Solution  of  Sugar  (cane),  50%  in  water +  83°'64 
Quinine  6%  in  alooliol  -  30^ 

Strychnine   1J%  in  alcohol  -   e^'6 
Brucine  6%  in  alcohol  - 12"  to  -  ir 

Morphine       5%in8oda      -11°  "5 


>» 
»» 


For  yellow  light  (D)  and  one  millimetre  thickness  we  have — 


Quartz  21°-67 

Cinnabar  32^-6 

Chlorate  of  Soda     3°  "67 
Bromate      „  2'*-80 


HypoBolphate  of  Potash       8"  39' 

Lead  5^5^ 

Strontium  V  64' 
Calcium     2'  9' 


If 


It 


}> 


259.  Molecular  Rotatory  Power. — ^When  a  substance  possessing 
rotatory  power  is  held  in  solution  by  a  liquid  which  is  inactive,  it  it 
found  that  rotation  of  the  plane  of  polarisation  is  proportional  to  the 
quantity  of  the  active  substance  traversed  by  the  ray — that  is,  tie 
rotation  is  proportional  to  the  number  of  molecules  of  the  active  sub- 
stance in  the  path  of  the  ray.  This  has  given  rise  to  the  opinion  thit 
the  rotatory  power  is  inherent  in  the  ultimate  molecule,  and  hence  the 
term  molecular  rotatory  power. 

If  unit  weight  of  the  solution  contains  a  weight  w  of  an  active 
substance,  and  a  weight  I  -w  of  the  inactive  solvent^  and  if  the 
specific  gravity  of  the  solution  be  o-,  the  volume  of  unit  weight  will  be 
v=\/(r^  and  the  density  of  the  active  substance  in  the  solution  will  be 


w 
x  =  —  =  w<r, 

V 


The  rotation  produced  by  a  thickness  e  will  therefore  be 

p  =  McM?<r, 

where  M  is  a  constant  which  measures  the  rotation  produced  by  unit 
thickness  of  a  solution  containing  the  active  substance  in  unit  density. 
The  constant  M  is  called  the  molecular  rotatory  power  of  the  substance. 

If  two  active  substances  be  mixed,  their  weights  being  in  the  ra^ 
W'.(\-w\  the  rotation  produced  by  the  second  will  be 

p'  =  M'<j(l-tc)<r, 

where  M'  is  its  molecular  constant.  Hence  their  combined  rotation 
will  be 

p±p'=c<r{llLw±W{\-w)]. 

The  quantity  M  is  found  to  be  not  absolutely  constant  In  general 
it  augments  a  little  as  the  proportion  of  the  solvent  is  increased,  and 
in  the  case  of  the  organic  alkaloids  and  their  salts  marked  deviations 
are  exhibited. 
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Temperature  Effect, — The  eflfect  of  a  change  of  temperature  is  gener- 
Uly  to  change  the  molecukr  rotatory  power.  In  some  substances,  such 
jU8  essence  of  oranges  and  essence  of  turpentine,  the  rotatory  power  is 
iiminished  by  a  rise  of  temperature,  while  in  others,  such  as  quartz 
and  chlorate  of  sodium,  it  increases  with  the  temperature. 
*       M.  Gemez  ^  expresses  the  molecular  rotatory  power  in  the  form 

^|Srhere  a,  b,  c  are  constants,  which  diminish  rapidly.     Thus  for  the 
«B8ence  of  oranges  and  essence  of  turpentine  M.  Gemez  finds  for  the 
bD  ray 

Essence  of  orange  M  =  116*91  -  0-1237«  -  0*00001 6<«, 

„  turpentine    M=  36-61 -0-004437^. 

In  the  case  of  quartz  the  molecular  rotatory  power  may  be  repre- 
p4i»ented  between  -  20"  and  100''  by  the  formula 

Quartz  M  =  Mo(l  +  0*000146324/ +  0*0000000329^), 

^  where  M^,  =  21-658. 

260.  Dispersion  of  the  Planes  of  Polarisation — Tint  of  Passage. 
— Since  by  Biot's  third  law  the  rotation  is  different  for  the  different 
wave  lengths,  it  follows  that  when  white  light  is  used  the  planes  of 

1  polarisation  of  the  various  constituent  colours  in  the  transmitted  pencil 
will  have  suffered  different  amounts  of  rotation,  and  consequently,  if 
this  light  be  examined  by  means  of  a  NicoPs  prism,  only  one  of  its 
constituents  will  be  quenched,  viz.  that  colour  for  which  the  plane  of 
polarisation  is  parallel  to  the  principal  plane  of  the  Nicol.  The  other 
colours  will  be  more  or  less  transmitted  according  to  the  position  of 
their  planes  of  polarisation.  The  field  will  consequently  appear 
coloured  and  the  colour  will  vary  as  the  Nicol  is  rotated.  If  the  thick- 
ness of  the  quartz  plate  does  not  exceed  5  mm.,  then  for  a  certain 
position  of  the  Nicol  the  field  possesses  a  grayish- violet  colour,  called 
the  tint  of  passage  (named  by  Biot  the  teinte  sensible).  If  the  Nicol 
be  slightly  turned  from  this  position  the  field  becomes  red,  and 
for  a  rotation  in  the  opposite  direction  it  appears  blue.  On  passing 
through  this  {wsition  the  transition  from  red  to  blue  is  very 
rapid.  It  is  accordingly  a  position  attainable  with  considerable 
accuracy. 

When  the  tint  of  passage  has  been  obtained  for  a  quartz  plate,  the 
principal  plane  of  the  Nicol  is  parallel  to  the  plane  of  polarisation  of 
the  greenish-yellow  rays,  and  these  rays  are  consequently  quenched  by 
the  Nicol  and  absent  from  the  emergent  light     This  point  may  be 

'  M.  CJemez,  j-lnn.  de  r£colc  NormaU^  tom.  i.  p.  1. 
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tested  by  submitting  the  transmitted  light  to  spectroscopic  analyai 
The  spectrum  will  be  found  to  be  crossed  by  a  dark  band  correspond- 
ing to  the  missing  rays. 

When  the  analyser  is  placed  so  as  to  produce  the  tint  of  passagp^ 
the  illumination  of  the  field  is  a  minimum,  for  the  rays  correspoxufi^ 
to  the  brightest  part  of  the  spectrum  are  absent  and  the  iUuminatiQii 
of  the  field  is  produced  by  the  less  intense  parts,  viz.  the  red  and  violet 
ends  of  the  spectrum.  A  general  expression  for  the  intensity  oom- 
sponding  to  any  position  of  the  analyser  is  easily  obtained.  Thus  if 
the  intensities  of  the  various  colours  in  the  incident  light  be  I„  I«  I,, 
etc.,  for  the  red,  orange,  yellow,  etc,  and  if  the  primitive  plane  of 
polarisation  of  the  light  make  an  angle  a  with  the  principal  plane  of 
the  Nicol,  then  after  passing  through  the  quai*tz  they  will  make  angles 
o  +  a„  a  +  tto,  etc.,  where  a„  a^,  etc.,  are  the  angles  through  which  tk 
planes  of  polarisation  of  the  corresponding  colours  (red,  orange,  etc) 
are  rotated  by  the  quartz.  Hence  the  intensity  of  the  red  in  the  field 
of  the  analyser  will  be  I^  sin^  (a  +  a,.)  with  corresponding  expressions 
(see  Art.  174)  for  the  other  colours.  The  complete  expression  for  the 
illumination  will  consequently  be 

I  =  I^sin'(a  +  <ir)  +  Io8in'(a  +  ao)+   .  .  .   + 1,  sin' (a  +  a»). 

261.  Relation  of  Rotatory  Power  to  Crystalline  Form.— The 
curious  fact  that  some  specimens  of  quartz  rotate  the  plane  of  polarisa- 
tion to  the  right,  while  others  rotate  it  to  the  left,  was  found  by  Sir 
J.  Herschel  to  be  intimately  connected  with  a  difference  of  crystalline 
form.  The  ordinary  form  of  a  quartz  crystal  is  a  six-sided  prism 
topped  by  a  six-sided  pyramid.  The  solid  angles  at  the  junction  of 
the  prism  and  pyramid  are  often  absent,  and  replaced  by  facets,  or 
small  secondary  planes,  which  are  obliquely  inclined  to  the  other  faces 
of  the  crystal.  Crystals  presenting  this  anomaly  are  named  pla^tedroL 
In  the  same  crystal  the  planes  all  lean  in  the  same  direction,  and  when 
that  direction  is  to  the  right,  the  apex  of  the  pyramid  being  upper- 
most, the  crystal  is  right-handed,  and  when  it  is  to  the  left  the  cr}'stai 
is  left-handed.^ 

^  Sir  David  Brewster  subsequently  discovered  that  the  amethyst^  or  violet  quarts. 
is  made  up  of  alternate  layers  of  right-handed  and  left-handed  quartz.  This  remark- 
able structure  may  be  traced  in  the  fracture  of  the  mineral,  for  the  edges  of  tie 
layers  crop  mit^  and  give  to  the  fracture  the  undulating  appearance  which  is  peculiir 
to  the  mineral.  But  the  structure  in  question  is  displayed  in  the  most  beautiful 
manner  when  we  expose  a  plate  of  this  substance  to  polarised  light  The  colours 
exhibited  in  polarised  light  likewise  reveal  the  existence  of  crystals  of  quartz  pene- 
trating others  in  various  directions,  when  no  strire,  or  other  external  appearancw, 
indicate  their  presence  (Lloyd,  Wave  Theory  of  Lights  p.  289). 
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262.  Rotation  produced  in  a  Magnetic  Field — The  Faraday  Effect. 

^In  1845  Faraday^  made  the  remarkable  discovery  that  isotropic 
ubstances,  more  especially  those  possessing  a  high  refractive  power, 
nch  as  heavy  glass,  may  also  acquire  the  property  of  rotating  the 
^lane  of  polarisation  when  under  the  influence  of  powerful  magnetic 
brce.  In  Faraday's  experiment  the  soft  iron  pole-pieces  of  an  electro- 
nagnet  were  each  pierced  with  a  cylindrical  hole,  and  a  pencil  of 
>lane-polarised  light  was  transmitted  through  them,  the  pole-pieces 
)eing  placed  so  that  the  axes  of  the  holes  were  in  the  same  straight 
ine.  The  direction  of  this  line  and  the  direction  of  the  transmitted 
>encil  of  light  was  consequently  parallel  to  the  lines  of  magnetic  force 
when  the  magnet  was  excited.  Between  the  poles,  and  in  the  path  of 
rhe  light,  a  block  of  dense  glass  (silicated  borate  of  lead)  was  placed, 
kod  the  light  was  received  by  an  analyser,  adjusted  so  that  the  field 
Kras  dark.^  On  allowing  a  current  to  pass  in  the  coils  of  the  magnet, 
i  powerful  magnetic  field  was  produced  and  the  light  reappeared  in 
.he  analyser,  but  it  could  be  again  extinguished  by  properly  turning 
.he  analyser.  This  showed  that  the  pencil  emerging  from  the  glass 
^as  still  plane-polarised,  but  that  the  plane  of  polarisation  was  rotated 
>y  the  influence  of  the  magnetic  field.  When  the  current  was 
*everQe<l  the  direction  of  magnetisation  was  changed,  and  it  was  found 
ihat  the  direction  of  rotation  of  the  plane  of  polarisation  was  also 
•eversed. 

The  direction  in  which  t)ie  rotation  of  the  plane  of  polarisation  takes 
>lace  is  determined  by  a  rule  similar  to  Ampere's  law  connecting  the 
lirection  of  the  lines  of  magnetic  force  encircling  an  electric  current  with 
;he  direction  of  the  current.  Thus,  as  Faraday  states  it,  if  a  watch  be 
)laced  between  the  poles  of  the  magnet,  so  that  its  face  is  towards 
;he  north  pole  and  its  back  towards  the  south,  then  the  direction  of  Rule, 
notion  of  the  hands  of  the  watch  is  the  direction  of  rotation  of  the 
>]ane  of  polarisation  ;  in  other  words,  to  a  person  looking  along  a  line 
>f  magnetic  force — that  is,  from  north  to  south,  or  from  places  of  higher 
lO  places  of  lower  magnetic  potential — the  rotation  is  from  left  to 
•ight.     Or,  again,  if  we  regard  a  lino  of  magnetic  force  as  due  to  an 

*  Faraday,  KrperimaUal  Itesearchcs  (nixS^  scries),  vol.  iii.  p.  1  ;  Phil.  Trans. 
846,  p.  1. 

*  It  is  difficult  to  secure  blocks  of  glass  free  from  internal  stress,  and,  as  already 
«niarked  (Art.  224),  glass  in  this  condition  plays  in  some  degree  the  i)art  of  a  doubly 
efra<-ting  crystal  and  "depolarises"  the  light.  It  is  accordingly  iniiK>rtant  that 
he  block  of  glass  used  in  this  experiment  should  be  well  annealed  or  else  corrected 
n  some  way  by  a  compensating  plate.  The  silicated  borate  of  lead  glass  softens 
,t  a  temjierature  below  that  of  boiling  oil  and  can  l>e  well  annealed.  Flint  glass 
losscsses  a  more  feeble  rotatory  power,  and  crown  glass  is  more  feeble  still. 
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electric  current  encircling  that  line,  then 
the  same  as  the  direction  in  which  the  current 
in   this  direction  is  consequently  referred 
When  the  light  passes  through  the  field  in  a 
lines  of  magnetic  force  the  effect  is  greatest^ 
of  the  light  is  perpendicular  to  the  lines  of 
of  the  plane  of  polarisation. 

Faraday's  experiments  extended  over  a 
which  included  solids,  liquids,  and  gases,  bat 
able  to  observe  any  decided  effect  In  maii]| 
the  electromagnet  was  dispensed  with,  and  the  i 
within  a  long  helix  of  wire,  carrying  an  electrio 
instead.  By  this  means  the  light  could  be  ; 
great  thickness  of  any  transparent  substance^  ] 
the  helix,  and  feebly  rotating  substances  could  1 
effect.  In  all  cases  the  magnetic  field  of  the  m 
of  the  electromagnet^  except  that  with  the  £< 
field  of  the  analyser  was  suddenly  restored 
switched  on,  whereas  with  the  latter  the  restc 
more  or  less  gradual. 

In  the  case  of  substances  in  which  the  indw 
feeble,  it  was  found  best  to  work  with  the  Nio 
the  position  of  complete  extinction,  so  that  wit] 
a  little  illumination  in  the  field  of  the  analyse 
was  turned  on  in  one  direction  this  illumination 
in  the  other  direction  it  was  diminished,  and  thi 
opposite  directions  doubled  the  effect  to  be  obsc 

The  property  thus  induced  by  the  magnetic 
possessed  *by  saccharine  solutions  and  other  ro' 
far  that  a  rotation  of  the  plane  of  polarisation  i 
one  important  difference.  In  the  case  of  n 
direction  of  rotation  is  the  same  whatever  be 
Distinction,  mission — that  is,  if  a  ray  be  rotated  to  the  ri| 
end  A  to  the  other  end  6  of  a  crystal  of  quartz 
to  the  right  in  passing  from  B  to  A.     The  resul 

^  Faraday  noticed  that  the  rotation  produced  by  a 
I>arently  unaffected  by  placing  an  iron  bar  ^^ithin  the 
same  whether  it  was  placed  along  the  axis  or  near  the 
also  the  same  whether  the  substance  was  enclosed  in  an  h 
water  was  ])laced  in  an  iron  tube  ^  inch  thick,  and  this 
of  the  same  thickness  but  a  little  wider  diameter,  the  r 
placing  these  two  within  a  third  iron  tube  the  effect  din 
considerable. 
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Jma  A  to  B,  and  be  then  reflected  directly  back  so  as  to  pass  from 
,  -B  to  A,  the  rotations  will  neutralise  each  other,  and  the  ray  after  the 
doable  transmission  will  return  polarised  in  the  primitive  plane  of 
^  pdlarisation.     This  is  easily  conceived,  for  if  the  observer  be  supposed 
'    looking  in  the  direction  AB,  and  if  the  incident  ray  in  passing  from 
A.  to  B  be  rotated  to  his  left  (that  is,  to  the  right  of  an  observer  look- 
ing in  the  direction  BA  who  would  receive  the  emergent  ray),  then 
tiie  reflected  ray  in  returning  from  B  to  A  will  be  rotated  by  an  equal 
amount  to  his  rights  so  that  the  two  will  neutralise  each  other.     In 
the  case  of  the  magnetic  field,  however,  the  direction  of  the  rotation 
depends  on  the  direction  of  transmission,  as  well  as  on  the  nature  of 
the  medium.     If  the  rotation  is  to  the  right  in  passing  from  a  place 
of  higher  to  a  place  of  lower  potential,  then  it  will  take  place  to  the 
left  when  passing  from  lower  to  higher.      It  follows,  therefore,  that  if 
a  ray  pass  from  A  to  B  and  be  then  reflected  back  so  as  to  pass  from 
B  to  A9  the  rotation  of  the  plane  of  polarisation  will  be  doubled.      In 
the  magnetic  field  the  rotation  is  in  the  same  direction  whether  we 
QonceiYe  the  ray  as  moving  from  us  or  towards  us,  but  with  a  quartz 
cryBtal,  if  the  rotation  be  to  the  right  for  a  ray  advancing  towards  us, 
it  will  be  to  the  left  for  one  travelling  from  us. 

Thia  difference  in  character,  of  the  rotation  produced  by  a  quartz 
crystal  and  that  effected  by  a  substance  placed  in  a  strong  magnetic 
field,  points  to  a  difference  in  the  nature  of  the  causes  which  primarily 
induce  the  rotation.  The  fact  that  the  rotation  is  removed  by  re- 
traversing  a  piece  of  quartz,  or  any  natural  rotatory  substance,  indi- 
cates something  analogous  to  a  twisted  structure  in  the  substance,  but 
the  doubled  effect  of  the  magnetic  field  seems  to  indicate  that  some- 
thing of  the  nature  of  a  rotation  is  going  on  in  the  field.  This 
rotation  must  be  an  affection  of,  or  at  least  depends  on,  the  matter 
occupying  the  field,  and  does  not  necessaiily  lead  to  the  conclusion 
that  the  free  ether  in  a  magnetic  field  is  in  rotatory  motion,  for  the 
Faraday  effect  is  in  one  direction  in  some  substances  and  in  the 
opposite  direction  in  others.  It  is  consequently  induced  by  the  action 
of  the  magnetic  field  on  the  matter  molecules  occupjdng  it,  the  effect 
of  the  magnetic  action  being  to  originate  something  analogous  to  a 
rotation  in  the  matter  molecules,  and  the  direction  of  rotation  being 
determined  by  the  nature  of  the  matter. 

The  rotation  is  found  to  be  proportional  to  the  difference  of  mag- 
netic potential  between  the  points  where  the  ray  enters  and  leaves  the 
medium.  Thus  if  Y^  and  Y^  be  the  values  of  these  potentials,  we  have 
for  the  rotation 

p=c(Vi-Vo), 
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where  c  is  a  constant  (known  as  Verdefs 
nature  of  the  medium,  and  is  generally  posit 
as  the  medium  is  diamagnetic  or  magnetic, 
the  rotation  will  be  greatest  when  the  ray 
the  lines  of  force,  and  will  vanish  in  directu 
lines,  while  for  oblique  directions  it  will  vary 
of  inclination.  i 

I 

Since  the  time  of  Faraday  this  rotatory  p4 
be  impressed  on  most  diamagnetic  substanci 
been  observed  in  gases  as  well  as  in  solids  an! 
Kundt,  and  others.  By  reflecting  the  pencil  < 
forwards  several  times  through  the  field,  a  j 
much  amplified  and  rendered  sensible,  for  il 
field  n  times  the  rotation  ^ill  be  n  times  th 
passage. 
Be8uIt^.  The  results  of  these  experiments  prove  tl 
stances  (including  solids,  liquids,  and  gases),  wl 
force,  rotate  the  plane  of  polarisation  of  the  t 
positive  direction, — the  positive  direction  of  i 
already  defined,  to  be  the  direction  of  the  Amp 
the  field.  Further,  a  positive  rotation  occurs  w: 
through  thin  films  of  magnetic  substances  sa 
cobalt.  It  is  positive  also  in  the  case  of  oxyj 
but  in  the  case  of  a  concentrated  solution  of  fei 
is  negative.  The  negative  rotation  of  other 
recognised  by  the  diminution  of  the  i)ositive  ro 

268.  Kerrs  Experiments.  —  (1)  ElectrosU 
covering  the  magnetic  rotation  of  the  plane  < 
sought  for  a  corresponding  efiect  in  substano 
static  stress,  but  without  success.  This  effect 
Dr.  Kerr^  of  Glasgow,  who  found  that  a  <i 
stress  acquires  the  double  refracting  properties 
which  the  optic  axis  is  in  the  direction  of  the 
some  substances  behaving  like  negative  and  son 
Glass  and  olive  oil  and  quartz  belong  to  the  ft 
phide  of  carbon,  paraffin,  oil  of  turpentine,  ai 
latter. 

In  glass  the  efiect  was  well  marked,  and  th 
ducted  by  drilling  two  holes  in  opposite  en 
material.     Metallic  terminals  were  inserted  it 

^  A.  Kundt,  Phil.  Mag.  vol.  xviii.  p.  8 
-  J.  Kerr,  Phil.  Muij.  vol.  1.  pp.  337 -4« 
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nected  to  the  electrodes  of  an  induction  coil,  which  possessed  a 
^larking  distance  of  from  20  to  25  cm.,  and  this  distance  could  be 
nried  at  pleasure.  The  thickness  of  glass  between  the  terminals  was 
tboat  a  quarter  of  an  inch  clear,  and  across  this  space,  at  right  angles 
lo  the  lines  of  electric  force,  a  pencil  of  plane-polarised  light  was 
tatnsmitted.  When  the  induction  coil  was  out  of  action  the  transmitted 
light  was  plane-polarised  and  could  be  extinguished  ^  by  a  Nicol  pro- 
perly adjusted.  This  position  being  accurately  secured  it  was  found 
that  when  the  coil  was  thrown  into  action,  so  that  the  glass  was  under 
electric  stress,  the  light  reappeared  in  the  field  of  the  analysing  Nicol ; 
nor  could  it  be  again  quenched  by  any  rotation  of  the  Nicol  in  either 
direction.  The  light  thus  becomes  elliptically  polarised  by  the  dielectric, 
and  the  character  of  the  elliptic  vibration  may  be  examined  by  means 
of  a  Babinet's  compensator  (Art  243). 

The  effect  is  regular  and  best  marked  when  the  light  crosses  the 
lines  of  force  at  right  angles,  and  the  plane  of  polarisation  is  inclined 
to  them  at  45*^;  but  when  the  plane  of  polarisation  is  either  parallel  or 
perpendicular  to  the  lines  of  force  there  is  no  effect.  The  optical 
effect  does  not  attain  its  full  intensity  at  once,  but  increases  gradually 
from  zero  to  its  final  state  in  about  thirty  seconds  after  the  electric 
field  is  excited,  and  in  the  same  manner  the  optical  effect  fades  away 
gradually  when  the  electric  stress  is  removed. 

This  effect  may  be  completely  compensated  by  a  slip  of  glass  com- 
pressed, or  stretched,  in  the  direction  of  the  lines  of  force  (see  Art. 
246).  From  this  it  is  inferred  that  the  effect  of  the  electric  action 
is  optically  equivalent  to  compressing  the  glass  in  the  direction  of  the 
electric  force,  the  glass  acquiring  the  properties  of  a  negative  uniaxal 
crystal  having  its  axis  parallel  to  the  lines  of  force.  The  result  is  as 
if  the  molecules  of  the  glass  assumed  a  regular  crystalline  arrangement 
in  the  electric  field,  and  the  effect  is  as  good  with  the  alternating 
electrifications  produced  by  an  induction  coil  as  with  a  continued 
electrification  of  the  same  strength  in  one  direction  produced  by  a 
fictional  machine;  the  alternating  electrifications  produce  contrary 
electric  polarisations,  but  their  actions  conspire  in  arranging  the 
molecules. 

If  8  be  the  relative  retardation  introduced  between  the  components 
of  the  elliptic  vibration  per  unit  thickness  of  the  dielectric,  Kerr^ 

^  In  order  that  extinction  should  be  produced  it  was  found  necessary  to  introduce 
a  plate  of  glass  In  front  of  the  analyser  to  neutralise  the  ''depolarising"  effect  of 
the  experimental  block  containing  the  terminals.  This  was  called  the  neutralising 
block  and  was  ac^usted  by  trial. 

«  KeiT,  FhU.  Mag.  vol.  ix.  p.  157,  1880. 
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found  6  to  be  proportional  to  the  square  of  the  electric  force  F— 

that  is, 

where  /.■  is  a  constant  depending  on  the  nature  of  the  dielectric,  lu) 
may  be  either  positive  or  negative.  This  law  contains  a  result  fouai 
ejqierim en  tally — namely,  that  the  optical  effect  is  indepeDdetit  of  tb 
direction  of  the  electriu  force, — that  is,  it  remains  the  aame  wheu  tV 
direction  of  the  force  is  reversed. 

(2)  Magnetic  Efffd. — Shortly  after  the  discovery  of  the  modifi* 
tions  produced  in  the  optical  properties  of  a  dielectric  when  subject » 
the  action  of  electric  force,  Dr.  Iverr '  was  led  to  examine  the  effMi 
produced  when  plane-polarised  light  is  reflected  from  the  surface  of  t 
magnetised  body,  such  as  the  jiolished  pole-piece  of  an  electromagnet 
In  approaching  this  subject  we  must  remember  that  when  pUnr- 
polarised  light  is  reflected  from  the  siirface  of  a  polished  metal  lia 
reflected  light  is  in  general  elliptically  polarised  (Art.  219),  There 
are  two  cases,  however,  in  which  the  reflected  light  remains  plane- 
polarised — namely,  when  the  light  falling  upon  the  surface  is  polariMi) 
either  in  or  at  right  angles  to  the  plane  of  incidence — and  in  these  Iw 
cases  the  reflected  light  can  be  extinguished  by  the  analysing  XicoL 
Let  us  suppose,  therefore,  that  light  polarised  in  the  plane  of  incideKB 
falls  upon  the  polished  pole-piece  of  an  electromagnet  (which,  for  Al 
present,  is  un magnetised),  and  that  the  reflected  pencil  is  received  Ij 
an  analyser  placed  in  the  position  of  complete  extinction.  If  the  m^ 
netising  current  be  now  turned  on  the  illumination  is  observed  B 
reappear  in  the  field  of  the  analyser,  and  this  cannot  be  extinguisbeii 
by  rotating  the  analyser  in  either  direction.  The  reflected  light  ii 
consequently  not  plane-polarised.  Extinction,  however,  may  be  [«»■ 
'■  duced  by  introducing  a  comiiensaling  strip  of  strained  glass  into  iht 
path  of  the  light,  and  this  shows  that  the  reflected  beam  is  ellipticali^ 
polarised. 

This  is  the  new  fact  discovered  by  Dr.  Kerr,  and  is  described  bj 
him  as  a  rotation  of  the  plane  of  polarisation,  thus  :  •'  When  plsDfr 
polarised  light  is  reflected  regularly  from  either  pole  of  an  elecU* 
magnet  of  iron,  the  plane  of  jxilarisation  is  turned  through  a  sensnile 
angle  in  a  direction  contrary  to  the  nominal  direction  of  the  magoetif- 
ing  current;  so  that  a  true  south  pole^  of  (mlished  iron,  acting  ut 
reflector,  turns  the  plane  of  polarisation  right-handedly." 

The  arningement  of  the  apparatus  is  shown  in   Pig.  196.     Tb 
source  of  light  was  a  paraffin  flame  S,  placed  at  a  distance  of  one  foot,  tr 
'  J.  Kerr,  Fiiil.  Mag.  rol.  iii.  p.  821.  1877;  and  vol.  v.  p.  ifll,  i87s. 
'  By  a  true  aouth  pole  is  here  meant  the  north ■Beeking  pals  of  s  Tuaguft 
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\-  from  tbo  poiidied  polnv  surface.  CloBe  lo  the  Hame  came  the 
slariaing  Nicol  P,  through  which  the  light  passed  in  a  horizontal 
irection  and  fell  upon  the  pole  of  the  magnet,  inclined  eo  that  the 
igte  of  iocidence  could  be  varied  at  pleasure.  At  a  few  inches  from 
le  pole  the  reflected  light  was  received  by  the  analyser  A,  the  Nicols 
sing  adjusted  bo  that  complete  extinction  waa  secured  when  the  pole 
as  unmagnetised.   In  ■ 


rder   to   obtain   any 

atdcal    effect    it    was 

lund     necessary     to 

icure     intense     con- 

jntration  of  magnetic 

irce  upon  the  reflect- 

ig  surface  at  the  point 

I    incidence    of    the 

ght.     For  this  purpose  a  block  of  soft  iron,  W  {one  of  tlie  several 

ole-piecea  of  the  mugnel),  about  two  inches  square  and  three  inches 

mg,  was  planed  off  at  one  end  into  a  blunt  wedge  with  a  well-rounded 

ige.     This  wedge,  called  the  mbm«'jn'-t,  was  placed  over  the  centre  T 

[  the  reflecting  pole,  resting  on  two  splinters  of  hard  wood  so  as  to 

■ave  a  narrow  chink  through  which  the  light  passed,  the  width  of  the 

hiak  being  about  »V  ^^  <"i  'n*^'!-     With  this  arrangement  an  intense 

oncentnttion  of  magnetic  force  is  produced  in  that  part  of  the  field 

^hich  is  utilised  optically,  the  lines  of  force  being  sensibly  peqien- 

icular  to  the  reHectiiig  surface. 

In  the  greater  part  of  his  experiments  Dr.  Kerr  (as  recommended 
y  Faraday)  first  adjusted  the  Nicols  to  perfect  extinction,  and  then 
iirned  the  analyser  through  a  very  small  angle,  so  that  the  light  was 
iintly  restored  in  its  field.  The  magnetising  current  was  then  switched 
n,  and  the  illumination  in  the  field  of  the  analyser  was  observed  to 
ncreaee  or  decrease  according  to  the  direction  of  the  current.  Within 
he  limits  of  his  experiments,  which  included  incidences  varying  from 
>"  to  8(J".  Dr.  Kerr  found  that  the  rotatory  effect  of  reflection  from 
lagnetised  iron  was  negative— that  is.  in  a  direction  opposite  to  that 
{  the  magnetising  current. 

Subsequently    Professor   Kundt '    extended    the   experiments   to  f 
ncidences   ranging   between   0'   and    90",  and   he   found   that   the  * 
irection  and  amount  of  the  rotatory  effect  depended  not  merely  on 
he  angle  of  incidence,  but  also  on  whether  the  plane  of  jiolarisntion 
raa  parallel  or  perpendicular  to  the  plane  of  incidence.     When  the 
'  Kundt,   Berliu,   Sil:H»gtl/-Tic/t>^,   July   10,    18B4  ;    PKU    Umj.  rol.   xrili.    |>. 


light  wu  (lolurised  in  the  plitne  of  incidM 
wu  fonnd  to  be  the  baido  (or  nil  ang^lM  of  {m 
the  Anip^rean  molecular  curroiits  of  iho  i-cDocti 
uther  hiiiid,  when  the  light  wits  polnriepil  at  ri^fc 
of  incidence,  then  the  direction  cif  rotation  wm  tb 
Anip.'Tean  current  for  ungles  of  incidence  betwec 
the  opposite  direction  for  incidence"  between  8^ 
cues  the  rotation  readied  n  niaximnni  nt  an  ixv 
Farther,  it  was  found  that  iron  cxhibibed  an  uaot 
|>eraion,  the  red  rays  siifreriii<:  a  laT;ger  rotatJOl 
raflection  from  a  mugnet  as  well  04  bjr  J 
magnetised  film  of  iron. 

In  order  to  examine  the  case  of  nomud  ^ 
it  necessary  to  modify  the  apparaluB^  ■ 
wedge-shaped  aubmagiiet  of  Fig,  1 96  wm  dtw^ 
by  a  block  of  soft  iron  rounded  at  -one  end  ii 
A  small  conicul  hole  was  dHllcd  through  tJie  d 


iting-pa] 
thin 
I  jilaccd,  I 
>ieam  o 
Mi  at  a 
reflecl« 
I  through,! 
'■"■''-  block, 

ing  direct  reflection  at  the  surface  of  the  | 
and  passed  in  part  throtigh  the  plat«  0  i 
in  position  to  receive  it.  The  results  ' 
QiMBjiiiitt.  of  apparatus  are  complicated  by  the  introdt^ 
C,  for  if  any  rotation  occurs  the  light  retu 
the  plate  will  ex[>erience  a  further  rotstiou  i 
the  plate,  as  explained  in  Art.  i!in.  Tbiad 
seems  to  have  been  first  recognised  and  i 
Kundt. 

In  the  foregoing  experimenta  the  linei  d 
to  the  reflecting  surface,  and  to  complete  i 
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ttamined  oli^o  the  e&ect  when  the  reflector  is  nugiietised  piirullel  to 
it*  surface.      For  tliia  puipoae  the  electromagnel  waa  placed  upright  i 
Upon  a  table,  anil  a  rectangular  bar  of  soft  iron,  one  of  whose  sides  was  '' 
iVrefully  planed  and  ^wUshed,  was  placed  across  the  jx>les  of  the  electro- 
niagaet,  with  the  jilane  of  its  polished  face  vertical  (the  pluue  of  the 

J«pcr  lieuig  horizontal),  aa  Bhown  in  Fig.  198. 

With  this  arrangement,  in  which  the   magnetic  force  is  approxi- 

tnaUly  parallel  to  the  reflecting  surface,  ii  wns   fniiii'!  lljal  when  the 

light  was  polarised  in 

the  plane  of  incidence 

*he   magnetic   rotation  I 


I 


op{)osite  in 

the  AraiM-n 

which 

the    magnetisation   for  < 

all  angles  of  incidence ;  "*■''  ""' 

while  for  Ught  polarised  at  right  angles  to  the  plane  of  incidence  the 

rotation  was  negative  for  incidences  between  90'  and  75^,  vanished  at 

"5",    changed   sign  there,   and  remained    positive    for    all    angles  of 

iQcideDce  between  75^  and  zem. 

The  particular  case  of  per[)endicular  incidence  on  tlio  side  face  was 
examined,  and  it  was  found  that  no  optical  effect  was  produced  whether 
the  plane  of  polarisation  coincided  with  the  direction  of  magnetisation 
»r  made  an  angle  with  it.  From  this  it  ap}>oars  that  there  is  no 
magneto-optic  effect  when  the  plane  of  wave  front  is  jiarallei  to  the 
liiie«  of  magnetic  force. 

The  optical  eflect  produced  when  light  is  reflected  at  the  surface  of 
a  magnetised  substance  may  he  brought  into  harmony  with  that  pro- 
duced by  transmission  through  substances  jilaced  in  a  magnetic  field, 
by  the  supposition  tliat  the  light  during  reflection  penetrates  a  thin 
film  of  the  reflecting  pole,  and  sufleis  rotation  within  the  substance 
while  ti-aversing  the  filro.  This  point  of  view  has  been  worked  out  by 
I'rofessor  Kundt,  who  examined  the  light  reflected  from  the  second 
fice  of  a  gloss  plate.  The  faces  of  the  plate  wore  not  parallel,  but 
inclined  at  an  angle,  so  that  the  tight  reflected  from  the  first  face  was 
*ell  separated  from  that  which  peneti-ated  the  plate,  and,  after  suffering 
i-cHcction  at  the  second  face,  emerged  again  thi-oiigh  the  first.  This 
twice  refracted  and  once  I'eflected  beam  was  eriamitied  when  the  block 
<)f  glass  was  placed  upon  the  poles  of  an  electromagnet  with  the  lines 
of  force  parallel  to  the  reflecting  face,  and  it  was  found  that  when  the 
incident  light  was  polarised  in  the  plane  of  incidence  the  emergent 


truof 
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light  wtLs  rotatcil  in  the  positive  direction  for  all  angles  of  incidenu^ 
but  tliat  when  the  incident  light  was  poUriaed  at  right  angles  to  tfai 
plane  of  incidence  the  rotatiou  was  negative  from  normal  inciiien 
up  to  the  polarising  nngle  (.')6°'4),  and  was  positive  from  the  polarinf 
angle  to  gi'azing  incidence. 

That  a  change  of  sign  sliould  occur  at  the  polarising  angli 
case  of  light  polarised  at  right  angles  to  the  plane  of  incidence, 
not  in  the  case  of  light  polarised  in  the  plane  of  incidence,  is  indialif 
theoretically  by  the  formulae  of  Art.  310. 

The  mathematical  investigation,  and  the  explanation  of  the  ellipdi 
polarisation  in  these  experiments  on  the  basis  of  Maxwell's  theory,  hut 
been  given  by  Professor  G.  F.  FitzGerald '  and  others.  The  toitiarj 
effect  discovered  by  Faraday  when  light  passes  along  tlie  lines  of  edi^ 
netic  force,  and  the  doubly  refracting  effect  discovered  by  Kerr  wba 
light  is  transmitted  across  the  lines  of  electric  force,  agree  in  tla 
respect,  that  they  both  depend  upon  the  presence  of  matter 
field  ;  they  both  vary  in  sign  according  to  the  nature  of  the  sulslana 
occupying  the  field,  and  they  do  not  occur  in  the  free  ether, 

264.  Division  of  a  Plane-Polarised  Ray  Into  two  Circularir 
Polarised  Rays.— The  first  theoretical  interpretation  of  the  phenomena 
of  rotatory  polarisation  was  given  by  Fresnel  on  the  hypothesis  tbi 
a  rectilinear  vibration  may  be  regarded  as  the  resultant  of  two  oppMiu 
circular  vibrations  (see  Ait.  48,  Ex.  2).  According  to  this  theoiy  » 
plane-polariaed  ray  may  be  regarded  as  the  resultant  of  two  oppaiitl 
circularly  polarised  rays.  If  this  be  so  a  plane-polarised  ray  in  putiBf  ' 
through  any  substance  may  be  decomposed  into  two  others  circularij 
polarised  in  opposite  senses,  which  may  or  may  not  be  propagii^l 
with  the  same  velocity,  according  to  the  nature  of  the  8ubetanc«.  li 
they  travel  with  the  same  velocity  then  at  emergence  they  will  mni 
bine  again  into  a  plane-polarised  ray,  polarised  in  the  sam«  planv  » 
before  transmission,  but  if  the  opposite  circular  vibrationa  tnrd  niui 
different  velocities  then  at  emergence  one  will  have  suffered  •  ntuil» 
tiou  relatively  to  the  other  with  the  efiect,  as  we  shall  presebth  Am. 
that  the  plane  of  polarisation  of  the  emergent  beam  will  be  inclilif} 
to  the  primitive  plane  of  polarisation,  and  the  rotation  will  be  acccuntoi 
for. 

To  test  this  point,  and  place  it  beyond  doubt  that  this  decompuii 
tion  in  reality  occurs,  and  is  not  a  result  of  the  mere  maQipuUtii 
formulie,  Fresnel  devised  the  following  experiment.  Several  prisma  rf 
quartz,  alternately  right-handed  and  left-handed,  were  arranged  b 
the  shape  of  a  parallelopiped  so  as  to  form  an  achromatic  coinbiB^ 
'  G.  F.  FiliGeralJ,  Phil.  Trans.  1880.  pt.  ii.  p.  691. 
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}  are  right-handed 

axis  U  jmrallel  to 

111  ray  passing  through 


There 


vill   thus   ; 


I  Thus  in  fig,  19D  the  prisms  ABC  and 
and  DEF  are  left-handed,  and  in  al 
b  feces  AE  and  CF.  Now  if  a  pkne-polai 
artz  in  the  direction  of  the  axis  is  really  ^ 
rided  into  two  opposite  circular  vibra- 
ms  which  travel  with  different  velocities, 
en  on  reaching  the  interface  BC  the  I 
icker  ray  in  ABC  will  be  the  slower  in  | 
'D  and  t-i'-c  rtrsi,  and  consequently  i 
i  face  BC  one  ray  will  be  deviated 
>ra  the  normal  and  the  other  towards 
leparation  of  the  rays  which  will  be  augmented  at  the  faces  BD 
d  DE,  so  that  by  sufficiently  increasing  the  number  of  prisms  the 
)aratian  should  be  rendered  visible.  Fresnel  found  that  this  was 
a  case,  that  two  emergent  pencils  were  presented,  and  that  both  were 
cularly  polarised. 

265.  Rotation  of  the  Plane  of  Polarisation  by  Retardation  of  a 
Tcular  Component.— Having  shown  that  a  plane-polaiised  ray  may 
decomposed  into  two  opposite  circularly  polarised  raj-s,  it  is  easy 
show  that  the  effect  of  introducing  a  relative  retardation  between 
i  circular  vibrations  is  to  rotate  the  plane  of  polarisation.  Thus 
two  particles  M  and  M'  (Fig.  200)  describe  the  same  circle  in  opposite 
■ections  starting  from  the  same  (wint  Y,  it  is  clear  that  their  velocities 
rallel  to  OY  will  be  equal  and  in  the  same  direction,  while  their 
locities  perpendicular  to  OY  will  be  equal  but  oppositely  directed. 
;nco  if  the  two  motions  be  simultaneously  impressed  < 


ecule  its  velocity  parallel  to  OY,  at  any  instant,  wiU  be  double  that 
M  or  M',  and  \U  velocity  perpendicular  to  OY  will  be  zero,  so  that 
will  simply  vibrat«  backwards  and  forwards  along  the  line  OY 
th  an  amplitude  of  excursion  equal  to  twice  the  radius  of  the  circle. 

Now  lot  us  Gupi*ose  that  one  of  the  circular  vibrations  is,  by  any 
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cause,  relatively  retarded  so  that  when  M  trai 
Y  the  other  has  not  yet  reached  it,  bat  has 
(Fig.  201 )  at  an  angle  6  from  M.  Draw  OP 
If  the  two  circular  vibrations  now  move  with 
will  be  the  case  when  the  light  emerges  from 
two  particles  will  cross  at  P,  and  their  combinf 
a  single  molecule  will  cause  it  to  vibrate  along 
the  original  vibration  in  the  incident  plane-polaj 
to  OY,  and  if  one  of  its  circular  components  be^ 
the  other,  by  transmission  through  quartz,  or  6 
polarisation  of  the  emergent  light  will  be  indii 
cident  light  at  an  angle  p  given  by  the  equation 

where  S  is  the  relative  phase  retardation. 

The  same  result  may  be  arrived  at  very  ei 
equations  of  the  vibration.  The  incident  vil 
equivalent  to  the  two  opposite  circular  vibration 

jr^=  -a  cos  «^,  i/2  =  a  sin  tat 

and  if  the  latter  be  retarded  in  phase  by  an  ai 
of  the  transmitted  vibrations  may  be  written  in 

a'i  =  aeoswf,  yi  =  ai 

j-j= -«  COS  («<  +  «),  ^s=ai 

Consequently  we  have  for  the  transmitted  vibra 

.♦•  =  a  COS  u)t-a  cos  (w^  +  3)  =  2a  sin  )<  sin  i 
y=rtsin  w^  +  rt  sin  (w/ +  3)  =  2a  cos  )<  sin  i 

These  are  two  perpendicular  vibrations  of  the  sa 
fore  compound  into  a  resultant  rectilinear  vibr 
p  with  the  axis  OY,  which  is  determined  by  the 

Therefore,  as  before,  p  =  J5. 

An  expression  for  the  rotation  p  may  be  ea 
the  wave  lengths,  or  periodic  times,  of  the  circi 
if  Aj  and  A^  be  the  wave  lengths  of  the  circi 
spending  to  periodic  times  T^  and  Tg  respecti 
thickness  of  the  crystalline  plate  we  have 
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ire  n^  and  n^  are  the  numbers  of  vibrations  executed  by  the  two 
iponents  during  transmission.      The  relative  phase  retardation  of 
two  components  on  emerging  from  the  plate  is  consequently 

Btence  the  expression  for  the  rotation  is 

Kn  the  case  of  Iceland  spar  and  other  uniaxal  crystals  both  rays  travel 
^th  the  same  velocity  in  the  direction  of  the  axis.  In  such  substances 
"we  have  A.^  =  Ag,  and  no  rotation  of  the  plane  of  polarisation  is  pro- 
duced. In  quartz,  on  the  other  hand,  the  wave  surface  consists,  as  is  ^^y^ 
lunaUy  assumed,  of  a  sphere  and  a  concentric  spheroid,  but  they  do  surface  in 
not  touch.  The  radius  of  the  sphere  is  greater  than  the  major  axis  of 
the  spheroid,  so  that  the  latter  is  entirely  enclosed  within  the  former 
and  Aj  is  not  equal  to  A^. 

Experiment  shows  that  p  is  approximately  proportional  to  l/Xr, 
We  therefore  conclude  that  l/X^-l/X^  is  approximately  proportional 
to  \/XP.    The  formula  for  the  rotation  may  then  be  written  in  the  form 


— -.» 


P-X2 

"where  e  is  the  thickness  of  the  substance  passed  through,  A  the  wave 
length  of  the  light  in  air,  and  k  a  constant  depending  on  the  nature  of 
the  substance. 

266.  Decomposition  of  a  Rectilinear  Vibration  into  two  opposite 
Elliptic  Vibrations — Oblique  Transmission  through  Quartz. — It  has 
been  seen  in  the  foregoing  articles  that  two  circular  vibrations  of  the 
same  amplitude  and  opposite  signs  compound  into  a  rectilinear  vibra- 
tion, and  conversely,  it  has  been  proved  by  experiment  that  a  pencil 
of  plane-polarised  light  is  actually  divided  into  two  opposite  circularly 
polarised  beams  by  transmission  through  quartz  in  a  direction  parallel 
to  the  optic  axis  of  the  crystal. 

From  a  mathematical  point  of  view,  however,  the  circular  com- 
ponents have  no  particular  claim  to  be  regarded  as  the  only  legitimate 
constituents  of  a  plane-polarised  ray.  A  rectilinear  vibration  may  be 
the  resultant  of  a  variety  of  systems  of  constituents,  which  may  be 
rectilinear,  or  elliptic,  or  other  than  elliptic,  instead  of  circular.  Thus 
the  rectilinear  vibration 

x=aco8iat 


iiane-pou 
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is  mftthematicJilly  wtuivnlcnt  li>  the  two  0 

^  =  (..-*■)  ■.■«.«(,         v,=t.aal4 

for  theBe,  when  added  together,  yield 
choice  of  componenta  rauet  therefore  be  i 
Fresnel'a  experiment  (Art.  264)  tnarka  t 
proper  constituenta  when  light  is  trans 
direction  of  the  axis. 

In  directione  inclined  to  the  axis  of  the  a 

in  1831  bySirO.  B.  Airy'  that  the  dec ompomtj 

elliptic,  the  ellipse  becoming  a  circle  in  the  partict 

parallel  to  the  optic  axis.    Thus  when  a  plane-poll 

through  rock-crj'stal  in  a  direction  incline^' 

into  two  others  which  are  ellipticalljr  poU: 

in  the  two  being  in  api»oaite  directions,  i 

ciding  in  direction  with  the  principal  plane  nnd.1 

respectively.     Thns  the  major  axis  of  one  eUi|: 

in  direction  "■ith  the  minor  axis  of  the  otfaar, 

I  ratio  of  tho  4 

111  varies  « 

ly  to  the  ( 

iiitv  parallel 

"  for  dire' 

I  — -the  elliptiej 

circle  and  r 

fiij.  ic^-  Thus  a  circular 

paeu   through   quartz   in   the   direction   of    til 

alteration,  a  plane- polarised  ray  in  the  p 

I   given  elliptic  ray  in  some  ijitermedial«  dir 

The  phenomena  presented  by  oblii^ue  t 

have  all  been  explained  satisfactorily  by  i 

this  special  decomposition,  together  with  tT 

the  components  is  retarded  relatively  to  the  a 

In  order  to  express  this  convenientljr  | 

rectilinear  vibration  to  be  of  the  form 

It  is  evident  that  this  may  be  replaced  h 


'  G.  B,  Airy,  Trana.  Cambridp  Phil,  i 
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t  these  components  are  of  the  form  required  by  Airy'a  theory,  for 
t  elliptic,  of  opposite  Bigns,  and  Biicb  that  the  major  axis  of 
I  coincides  with  the  minor  axis  of  the  other  while  the  ratio  of  the 
I  is  the  same  in  both. 

Sow  if  the  components  (j-j,  y,)  be  retarded  by  an  amount  8 
tevely  to  the  components  {/^,  ^/^),  the  equations  of  the  emergent 
mtion  will  be 


i^  =  i't08(u^  +  a),         y,^  -tai 

n[u+ay 

sfore  for  thi 

sir  resultant  T 

ve  have 

r  =  «,su(  +  i-^ 

coa(^  +  8)  =  Acoa 

(«f+0), 

A'=l  +  2f  oosa 

i  +  f,     «ndtan#= 

B'  =  4i»im'ii,     »ndt«n^  =  taniB. 

=  1   the  vibrations  are  circular,  and  we  have  <!>=•},-  H.      This 
kpplies  to  the  case  of  propagation  parallel  to  the  axis. 

267.  General  Formula, — When  convergent  plane-polarised  light 
19  transmitted  through  a  thin  plate  of  ([uartz  cut  perpendicularly  to 
the  axis,  and  then  examined  by  means  of  an  analyser,  the  isochromatic 
cur^-ea  obtained  en  hi  hit  some  remarkable  peculiarities  which  are 
not  presented  in  the  case  of  crystals  which  do  not  poasesa  rotatory 
power.  To  determine  these  peculiarities  it  becomes  necessary  to 
obtain  an  expression  for  the  intenaity  in  the  field  i 
of  the  analyser  when  the  light  traverses  the  quartz  I 
liliite  in  a  direction  oblique  to  the  axis. 

Let  the  incident  light  be  plane-polarised,  an 
let  OP  (Fig.  203)  be  parallel  to  the  principal  plai 
of  the  polariser,  OX  and  OY  to  the  tlirections  of  | 
libration  in  the  crystal.    Then  if  the  angle  POX  = 
the  incident  vibration,   being  parallel   to  OP  by  i^i„  ;ij:i 

Fresnel's  theory,  will  give  components  of  amplitudes  ft  cos  n  and  a  sin  a 
p^irallel  to  OX  and  OY  respectively. 

Writing  rt  =  I  +  i^,  the  vibration  j:  =  { 1  +  jt*)  cos  a  cos  <u(  paiitUel  to 
OX  may  be  replaced  by  the  two  opposite  elliptic  vibrations 

(rigbt-haudedj     X]  =  (M>Bau<)«u/,  y,  — {.-cOBaalD  uil      \  .. 

(lBft-hancl«l)       T,^^PcoBaeoaU.         1)5=  -  teoanain  u(  f  ■  '' 


a  which  the  ratio  of  the  axes  of  o 


equal  to  the  ratio  of  the  axes 


] 
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of  the  other,  but  the  minor  axis  of  one  is  in  tha. 
axis  of  the  other,  as  indicated  in  fig.  202. 
y  =  (l  +  If)  sin  a  cos  nd  parallel  to  OY  may  be  n 
vibrations 

(left-handed)        yi=knnasin(af,  y'l^sinaoosd 

(right-liaiidcd)      2^,=  -  iE: sin  a  sin  ut,        y\^^ sin  a  oQi 

In  passing  through  the  ciystal  one  (the  la 
elliptic  vibrations  is  retarded  on  the  other  by  an 
emergence  the  vibrations  (1)  are  of  the  form 

r  J  =  cos  a  cos  bi/,  t/i=X:c06asiii«i 

and  equations  (2)  become 

J!:',=/l-8inosin(torf-5),        y'i  =  siuaco6 
r'.^  —  -k  sin  o  sin  w/,  y',  =  k^  siu  a  c 

Hence  if  the  principal  plane  of  the  analyser 
with  OX,  we  have  for  the  \'ibration  in  that  plane 

from  which  the  general  expression  for  the  intens 
analyser  may  be  obtained.     Let  us  first  consider 
Nicols  are  crossed. 

268.  Nicols  Crossed. — In  the  particular  case 
and  analyser  are  crossed  we  have  ^  -  a  =  90°,  ai 
comes  much  simplified.     Thus  the  vibration  in 
the  analvser  is 

=  '2Jc  sin  \i  cos  (we  -  4«)  +  (1  -  k^)  sin  2a  sir 

Hence  the  intensity  is  given  by  the  equation 

I  =  [U^  +  (1  -  X-2)2  8in«  20}  siu*  i« 

When  the  incident  light  is  a  parallel  beam, 
the  plate  uniform,  the  directions  of  vibration  OX 
same  at  all  points  of  the  plate,  so  that  a  remains 
The  colour  and  intensity  will  therefore  be  the  sane 
the  plate  possesses  irregular  structure. 

With  a  convergent  beam  on  the  other  hand 
proceed  along  any  radius  vector  drawn  from  the 
Further,  the  two  directions  of  vibration  within 
incident  at  any  point  X  will  be  along  and  perp 
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in  All.  232,  80  that  these  directions  vary  as  X  rotates 
md  the  centre  0.  The  angle  a  will  consequently  not  be  constant, 
I  in  the  foregoing  formula  for  the  intensity  It  will  play  the  part  of 
■direction  angle  to  the  radius  vector  drawn  to  the  point  X,  at  which 
^intensity  is  expressed.  Hence,  in  general,  iis  X  moves  over  the 
I  of  the  crystal  the  intensity  will  vary  by  reason  of  the  variations 
f  as  well  aa  those  of  S.  For  directions  slightly  inclined  to  the  axis, 
,  and  we  h^ve  approximately 


U4si 


'hi 


(■2). 


■eqtiently  in  the  neigh  iKiurhotxl  of  the  optic   axis  the   intensity 

|nn(ls  only  on  the  value  of  R,  and  as  Ji  will  be  different  for   the 

ierent  colours,  it  follows  thitt  when  white  light  is  used  the  central  Ccntn 

■^  spot  will  Iw  coloured  and  will  not  be  crossed  by  any  uncoloured  lines. 

In  <lirections  considerably  inclined  to  the  axis,  we  have  upi)roxi- 

mately  k  =  0,  and  the  expression  for  the  intensity  becomes 


l^sii 


xHS 


The  terra  sin  2u  gives   rise   to  a  dork   rectangular 
corresponding  to  o  =  0°  and  n  =  90°, 
while   the   terra  sin-  ^&  produces  a 
system  of  concentric  circular  rings, 
ns  in  the  case  of  an  ordinary  uniaxal 
crystal,  alternately  dark  and  bright  j 
when  monochi'omatic  light  is  uf 
but  with  white  light  they  will  Ins  I 
iris-coloured.     The  pattei^n  presented  ' 
in  the  Geld  consequently  consists  of 
a  cross,  together  with  a  system  of 
coloured  rings  surrounding  a  central 
spot  of  tint  depending  on  the  thick- 
ness of  the  plate. 

It  should  be  oTiserved  that  the  intensity,  as  expressed  by  formula 
{1),  will  vanish  only  when  6  is  zero,  or  a  multiple  of  J?r,  and  tor  thi» 
reason  the  dark  cross  of  the  pattern  is  not  black.  The  illumination  is 
simply  least  along  the  directions  n=  0  and  «=  Jir,  etc.,  and  greatest 
along  the  lines  a=  \ir  and  q=  Jit,  etc.  Near  the  centre  of  the  field  /■  Is 
-ojnibly  equal  to  unity,  and  the  intensity  given  by  equation  (2)  is  tbo 
-:ni]i'  in  all  directions  around  the  centre.  The  dark  cross  consequently 
Joes  not  begin  to  iippear  until  we  recede  to  soma  distance  from  the 
centre,  and  ita  arms  do  not  completely  interrupt  the  rings  in  any 
region.     They  merely  approach  blackness  at  a  considerable  distance 
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from  the  centre  where  k  is  sensibly  equal  to 
intensity  is  given  by  equation  (3). 

In  the  case  of  uniaxal  non-rotating  crystals 
traverses  the  centre  of  the  field,  as  shown  in  F!| 
because  the  ordinary  and  extraordinary  waves  J 
velocity  in  the  direction  of  the  optic  axis,  and  ■ 
Routing     at  the  centre  of  the  field.     In  the  case  of  rotati 
rotating      *^®  ^^^  waves  travel  with  different  velocities,  evt 
crystals       the  optic  axis.     According  to  Airy's  theory  the  t1 
*^*°^     *    surface  do  not  touch  each  other  in  a  rotating  crj 
the  sphere  in  quartz  is  greater  than  the  greatest  I 
so  that  the  latter  is  contained  within  the  former, 
S  is  not  zero  at  the  centre  of  the  field.     Now 
rotating  crystal  the  expression  for  8  at  a  distance 
(p.  389)  of  the  form  8  =  mr^y  where  m  is  a  consti 
nature  of  the  plate.     Hence  in  the  case  of  a  rotat 
tion  is  of  the  form 

Sq  being  the  retardation  at  the  centre  of  the  ^i 
Art.  257  it  follows  that  5^  varies  inversely  a 
function  of  the  wave  length  and  will  not  vanii 
the  various  colours.  For  this  reason  when  w] 
central  spot  is  never  black  but  coloured,  with  i 
upon  the  thickness  of  the  plate.  As  in  the  ct 
plate  the  difference  between  the  squares  of  th 
secutive  rings  is  constant  for  light  of  a  give 
the  squares  of  the  radii  are  no  longer  proporl 
numbers. 

When  the  principal  plane  of  the  polariser  is  j 
analyser,  the  complementary  pattern  is  exhibited, 
and  the  vibration  is 

Hence  we  find 

r  =  (1  +  A-2)2  -  {4A:2  +  (1  _  ;t2)2  gi^a  2a}  gin 

an  expression  which  might  have  been  written  doip 
I  with  the  consideration  that  I  and  F  must  be  com 
the  amplitude  of  the  incident  light  was  taken  equ 
If  a  doubly  refracting  rhomb  be  used  as  ana 
sent  the  intensities  of  the  extraordinary  and 
.     tpectively. 
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I  269.  General  Expression  for  the  Intensity. — ^When  the  principal 

planes  of  the  Nicols  are  inclined  to  each  other,  the  calculation  of  the 
y   intensity  becomes  more  complicated. 

Substituting  from  equations  (3)  and  (4)  of  Art.  267  we  have 

Y  =  cos  j9  {cos  ut  (cos  a  +  A:^  cos  a  cos  B-ksina  sin  S) 

+sin  id  {I^  cos  asin^-Arslna+itslna  cos  8) } 
+  sin  j9  {cos  (d^  (^  cos  a  sin  5  +  A:^  sin  a + sin  a  cos  5) 

+  sin  ut  {k  cos  a-k  cos  a  cos  5  +  sin  a  sin  8)} . 

,    Writing  this  in  the  form 

K  Y  =  A  cos  (0^  +  B  sin  (d^, 

3    the  intensity  is  given  by  the  equation 

I=A«+B>, 
where 

A  =  cos  )9  (cos  a-^k^  cos  a  cos  5  -  A;  sin  a  sin  B) 

+  sin  )9  (A:  cos  a  sin  5  + 1-3  sin  a  +  sin  a  006  5), 
= A:^  (sin  a  sin  /3  +  cos  a  cos  /3  cos  d)  -  A;  sin  (a  -  j9)  sin  8 

+  cos  a  cos  j9  +  sin  a  sin  fi  cos  d^ 

and 

B  =  cos  )9  (A:'  cos  a  sin  5  -  2A;  sin  a  sin'  ^8) 

+  sin  p  (sin  a  sin  5  +  2A:  cos  a  sin'  ^B), 
= A:'  cos  a  cos  /3  sin  ^  -  2A:  sin  (a  -  j9)  sin^^d  +  sin  a  sin  )9  sin  8. 

Squaring  and  adding  these  expressions,  we  find  that  I  may  be  written 
in  the  form 

I  =  LAr*-MAr»  +  NA:»-MJfc  +  L. 

The  coefficient  of  k^  is 

L = (sin  o  sin  j8 + cos  a  cos  /3  cos  5)'  +  cos'  a  cos'^  sin'  5, 
=  sin'  a  sin'  /3  +  cos'  a  cos'  j8  +  2  sin  a  cos  a  sin  j8  cos  j8  cos  8, 
=  cos'  (a  -  /3)  -  sin  2a  sin  2/8  sin'  i«, 

and  the  term  independent  of  k  is  at  once  seen  to  have  the  same  value. 
Seeking  the  coefficient  of  I{?  we  have 

M  =  2  (sin  a  sin  /3  +  cos  a  cos  /3  cos  8)  sin  (a  -  j9)  sin  8 

+  4  cos  a  cos  j9  sin  (a  -  j9)  sin  8  sin'  ^8, 
=  2  (sin  a  sin  /3  +  cos  a  cos  /3  cos  5  +  2  cos  a  cos  /3  sin'  ^8)  sin  (a  -  j9)  sin  8, 
=  2  sin  (a  -  j8)  cos  (a  -  /3)  sin  5, 
=  sin  2  (a -/3)  sin  5, 

and  we  obtain  the  same  expression  for  the  coefficient  of  k. 
Finally  the  coefficient  of  k^  is 

N  =  2  (sin  a  sin  j9  +  cos  a  cos  /3  cos  d)(cos  acos/S+sinaain/Scosd) 

+  sin'(a-/3)sin'a  +  2  8inacosa8in/3co8/98in'd  +  4gin*(a-/9)sin^ia, 
=  2  cos  d  (sin' a  sin' i9  +  cos' a  cos' /9)  +  sin  2a  sin  2^ + 4  fin*  (a  -  A  idn*  i«, 
=  2cos'(a-/3)-4sin'id{8in'a8in«/3+oo^aoot^/l-ril^'-        " 
=  2co«'(a-i8)-8in«4«{4coB2<a-/8)-2ilaV 
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Hence 

I  =  (iH+l);GO8*(a-/3)-am2asui20cin*ia^-l;(l  + 

+X:*[2<XM>(a-/3)-{4oM2(a->/!i) 
=  (l+it-»)"co8«{tt-/J)-lr(l+A«)iiii2(tt-/3)«ina 

-{4i;»oo«2(a-/J)  +  (l-*»)«i 

Which  may  also  be  written  in  the  form  ; 

I  =  [(l +X^)  COB  (a -/3)  COS  id- 2it sin  (a -/3)  un  i^r +(1  4 

Cor,  1. — If  A-  =  0,  we  have  ' 

I =0063  (a  - /3)  -  sin  2a  sin  2/3  sin*  }| 

which  is  the  ordinary  formula  for  uniaxal  crysti 
power. 

Cor.  2. — If  l'=  1 — that  is,  if  the  ray  passes  a 
axis — we  have 

1  =  4  |co8  (o  -  /3)  cos  }fi  -  sin  (o  -  /3)  sin  iJ}*  =  4  coi 

This  expression  is  a  maximum  when  p  -  a  =  ^8^  i 

=  i{ir  -  S).     This  indicates  that  the  light  emei| 

plate  is  plane-polarised,  and  that  the  plane  of  ] 

rotated  through  an  angle  ^  -  a  =  i5. 

Cor,  3. — When  the  Nicols  are  crossed  a  -  /3z 

268,  we  have 

1=  {4it2  +  (i  -  Jl-2)«  8in«  2a;  sin*  i«. 

270.  Approximate  Form   of  the  Isochrom 

the  incident  light  is  parallel  the  angles  a  and  )S  h 
at  every  point  of  the  plate,  and  the  intensity  i 
convergent  beam,  however,  the  angle  a  is  vari^ 
remarked,  is  the  direction  angle  of  the  radius 
under  consideration.  For  given  positions  of  t 
a  -  ^  will  be  constant,  viz.  the  angle  between  tl 
and  denoting  it  by  y,  the  expression  for  the  intei 
in  the  form 

1=  {(1  +it3)  cos  7 cos  i«  -  2k  sin  7  sin  i«l *+  (1  - 1^)  co 

In  this  expression  8  and  k  vary  from  point  to  poii 
point  6  is  a  function  of  the  wave  length,  so  that 
the  isochromatic  lines  becomes  very  complicated 
approximate  form  may,  however,  be  obtained  by  i 
the  bright  and  dark  lines  for  the  case  of  monoch 
supposition  that  along  any  one  of  these  lines  k  is 
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that  is,  that  the  different  points  of  a  bright  or  dark  line  are  not  at 

very  different  distances  from  the  centre.     In  accordance  with  this 

•  supposition  we  have  merely  to  express  that  I  is  a  maximum  or  a 

"^  minimum  when  8  is  regarded  as  the  variabla     For  this  purpose  Airy 

«   made  use  of  a  subsidiary  angle  X)  determined  by  the  equation 

2k 

"    "When  this  is  substituted  in  the  first  term  of  the  expression  for  I  it  ) 

becomes 

(1  +  ^•")«  co8«  7  sec*  X  cos*  (x  +  i«), 

or,  replacing  sec^  x*  ^^^  expression  for  I  takes  the  form 

I  =  {(1  +  Ar»)«  cos*  7  +  4^•*  sin*  7}  cos*  (x  +  ^«)  +  (1  -  ^*)*  cos*  (2o  -  7)  sin*  4«. 

The  points  of  maximum  and  minimum  intensity  along  the  radius 
vector  corresponding  to  a  given  value  of  a  are  found  from  the 
equation  dl/dS  =  0.     Writing  the  expression  for  I  in  the  form 

I  =  Pco8*(x  +  J«)  +  Q8in*4«, 

and  differentiating  with  regard  to  5,  we  have 

P8in(2x  +  «)  =  Q8in«. 

From  this  equation  it  follows  immediately  that 

8in(2x-l-g)-fsina     _  P  +  Q 
8in(2x+'«)-8in«~      P-Q' 

Hence 

tan(x  +  i«)=-tanxp^, 

or  substituting  for  P  and  Q  we  have  finally 

tan  (x  +  tO)  -     tan  X  (J  :-pja  ^^,  ^ ^  ^^  ^.^a  y~{l~L^)^  cos*  (2a  -  7)* 

Writing  -  tan  fl  for  the  right-hand  member  of  this  equation  we 

have 

tan  (x  +  J«)  =  -  tan  ft, 
and  consequently 

x  +  J«=»-ft, 

where  12  is  an  angle  which  varies  with  a  as  the  point  under  considera- 
'  tion  moves  along  a  bright  or  dark  line.  The  polar  equation  of  any 
^  such  line  may  be  expressed  by  substituting  cr^  +  8^  for  S  in  the  fore- 
^     going  (as  in  Art.  268),  and  we  then  have 

cr*=2(T-ft-x)-«a, 


ROTATORY  POLARISATION 

where  x  '*  *  constant,  when  y  and  k  are  given,  and  II  varies  wiiii  a 
only.  Hence,  na  the  point  moves  along  a  bi-ight  or  dark  band,  tlu 
radius  vector  r  will  increase  or  decrease  according  as  il  decreases  or 
increases.  The  rings  will  consequently  deviate  from  the  circular  fora 
by  amounts  depending  on  the  variations  of  H  Now  11  is  greaUN 
when  2a  -  y  =  nr — that  is,  in  the  four  rectangular  positions  o(  tlx 
radius  vector  corresponding  to 


=  i7, 


=  i{T+').    ==i(T+air).    q=1C»+St). 


But  y  —  (1  -  /3,  and  consequently  the  equation  a  =  Jy  is  the  same  » 
a=  -  ji,  and  this  means  that  the  radius  vector  of  a  bright  or  il»rk 
band  will  be  least  along  a  pair  of  rectangular  lines  such  that  at  eatli 
point  of  them  the  angle  y  between  the  principal  planes  of  the  polariwir 


and  analyser  is  bisected  by  the  principal  planes  of  the  plate,  lit 
greatest  values  of  r  correspond  to  the  least  values  of  ii,  and  tiitm 
occur  when  2a  -y  =  {n  +  i)ir — that  is,  in  the  four  rectangular  poeitiwi 

»  =  l(7  +  iT).      ar.i(7  +  iT),  etc. 

Hence  the  positions  of  the  maxima  differ  from  those  of  the  minima  bj 
45°,  and  the  general  shape  of  a,  bright  or  dark  band  is  a  8quare-s}iaped 
curve  such  as  that  shown  in  Fig.  205,  the  greatest  values  of  the  radint 
vector  corresponding  to  the  diagonals  of  the  square.  Close  to  tb« 
centre  k  is  nearly  equal  to  unity,  and  the  expression  for  I  will  tiuiiik 
when  X  ■*■  JS  =  (n  +  \)w.  But  at  the  centre  x  =  y,  consequently  wlwB 
5  =  (2n  +  l)?r  -  2y,  there  will  be  a  black  spot  at  the  centre.  Now,  tat 
points  at  a  given  small  distance  from  the  centre  S  is  conaunti 
and  I  will  be  greatest  when  2a-y  =  njr,  and  least  In  the  direcUom 
2ii  -  y  =  (»  +  ^)ir — that  is,  along  the  diagonals  of  the  square  curre. 


•    ABT.  272        CONVERGENT  CIRCULARLY  POLARISED  LIGHT  447 

r  The  spot  at  the  centre  will  consequently  be  a  cross  whose  arms  are 
i  along  the  diagonals  of  the  square.  With  white  light  this  central  cross 
.1  will  be  coloured.  At  a  considerable  distance  from  the  centre  k 
^  approaches  zero,  and  12  becomes  very  small,  and  remains  sensibly 
^  constant  along  any  band,   so  that  in  the  outer  regions  the  bands 

become  sensibly  circular,  as  shown  in  Fig.  206. 

271.  Convergent  Circularly  Polarised  Light  —  Calculation  of 

the  Intensity. — When  the  incident  light  is  circularly  polarised  we 

may   represent   the   component  vibrations   parallel  to  the  principal 

aections  of  the  thin  plate  by 

-  if  the  amplitude  of  the  incident  light  be  (1  +  Jc^)  s/2.  These  com- 
"  ponents  become  respectively,  after  transmission  through  the  plate, 

(right-handed)  Xi^comat,  yi  =  kamu}t  y 

(left-handed)  ar, = it*  cos  {ujt  -S\  y^=  -k  sin  ( w<  -  3)  j  ' 

(left-handed)  x'l  =  k  cos  {tat  -  3),  y\  =  -  sin  {ut  -  S) 

(right-handed)  ar',  =  -  ^*  cos  w<,  y'a  =  -  A:*  sin  tat 


} 


Hence  for  the  vibration  parallel  to  the  principal  plane  of  the  analyser 
we  have 

Y=co8  /3{co8  c«rf(l  +A:'  COS  3 +it  cos  3  -  A:)  +  8in  tat{1^  sin  d+it  sin  3)[ 

+  sin /3 {cos iat(k sin d  +  sin  d)  +  sin iat(k -itcosd-cosd- 1^)} . 

Denoting  the  coefficient  of  cos  a>/  by  A  and  that  of  sin  mt  b]{  B  we 
have  1  =  A*  +  B^,  where 

A=i(:*cos/3cosd  +  A:  (cos  /3  cos  d  +  sin  /3  sin  d  -  cos  /9)  +  cos  /3  +  sin  /3  sin  9, 
B = A:*  (cos  /9  sin  d  -  sin  /3)  +  A:  (cos  /3  sin  d  -  sin  /3  cos  d  +  sin  /3)  -  sin  /9  cos  9, 

and  the  expression  for  I  becomes 

I  =  (1  +  A-2)2  +  4A:(1  -  A-3)  cos  2/9  sin*  i«  +  (1  -  A^)  sin  2/3  sin  6. 

Cor,  1. — If  ^  =  0,  we  have,  as  in  Art.  237, 

I  =  1  +  sin  2/3  sin  d. 

Cor,  2. — If  /:=  1,  we  have 

1=4, 

that  is,  the  light  is  transmitted  parallel  to  the  axis  without  alteration. 

272.  Isochromatlc  Lines — Alry's  Spirals. — In  order  to  determine 

the  form  of  the  bright  and  dark  lines  in  the  case  of  circularly  polarised 

light  the  general  expression  for  I  obtained  in  the  preceding  article  may 

he  transformed,  as  in  Art.  270,  by  using  a  subsidiary  angle  x  related 

to  )S  by  the  equation 

1 +A:^ 


Suliatituting  this  iti  lh«  exi>rc«ejnn  for  I  it  1 


Now  if  we  uoiisider  a  ndius  vector  < 

j8,  mil]  if  vr  regurd  I:  as  soneibly  constant  i 

from  a  bright  band  to  the  adjaceul  dmrfc  I 

sensibly  constant,  within  this  range,  ontl  1 1 

to  a  maximiim  when  \*6  pasaca  from  I 

repinliiig  x  )M)  a  function  of  /}  na  we  pws  I 

have 


„  fi.r  ^ 


s  before,  wo  have  i 


Var  a  j;iveii  vabie  of  n  this  reprownta 
coiiliniwlly  decreases  os  ^  incrcasos  positin 


■'^**ijj 


by  unity  a.  second  spinil  is  obtained  which  | 
rotaUwl  thi-ough  two  right  angles,  and  v 
the  first  spiral  ia  repeated,  and  so  < 
([uently  consists  of  two  similar  spiral  i 
each  other,  their  positions  differing  by  180''J 
Close  to  the  centre  k  is  sensibly  equal  B 
is  approximately  eipial  lo  (1  +t-)-.  so  that  tf 
white.  Tile  spirals  consequently  will  not  a 
and  at  a  distance  from  the  centre  they  will] 
parallel  and  perpendicular  to  ihe  principal  ] 
other  words,  the  outer  regions  will  lie  travel 
a  dark  crose. 
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When  the  quartz  plate  is  right  -  handed  and  the  incident  light 
ight-handed  the  spirals  enwrap  each  other  from  right  to  left>  and  in 
he  reverse  manner  when  the  sign  of  the  plate  or  that  of  the  incident 
ight  is  changed.^ 

Examples 

1.  Plane-polarised  light  passes  in  succession  through  two  quartz  plates  of  equal 
hickness  and  opposite  rotations  ;  show  that  the  intensity  of  the  illumination  in  the 
nalyser,  when  the  Nicols  are  crossed,  is 

^ ~  *(  i+i-a )  I  i+k*  ^^^  ^  ^^°  ^^  ~  "'^  ^"  ^*  ^*  r  ^^^  i** 

2.  The  curves  of  zero  intensity  in  Ex.  1  are  given  by  the  equations 

sin  id=0, 
2^•tani«  =  (l+^'*)tan2o. 

The  former  gives  a  system  of  concentric  circular  rings,  and  the  latter  represents 
>ur  distinct  spirals  passing  through  the  points  where  the  circles  meet  the  axes  OX 
nd  OY  (Fig.  208). 

Applications 

278.  Analysers. — The  peculiar  property  which  some  substances 
ossess  of  rotating  the  plane  of  polarisation  of  light  may  be  used  as  a 
teans  of  detecting  their  presence  in  solutions  when  mixed  with  other 
:ibetance8  which  are  inactive,  and  not  only  does  it  afford  a  qualitative 
38t,  but  also  an  exact  determination  of  the  amount  of  active  substance 
resent,  when  we  know  the  amount  by  which  the  plane  of  polarisation 
I  rotated.  The  application  of  this  property  to  the  analysis  of  solu- 
ons  consequently  involves  the  exact  measurement  of  the  rotation 
f  the  plane  of  polarisation,  and  this  involves  primarily  the  accurate 
etermination  of  the  position  of  the  plane  of  polarisation.  This  deter- 
mination cannot  be  made  with  sufficient  precision  by  means  of  an 
nalyser  such  as  a  Nicol's  pnsm  alone,  for  with  such  an  analyser  the 
oeition  of  the  plane  of  polarisation  of  a  beam  is  determined  by  placing 
he  Nicol  so  that  the  light  is  completely  quenched,  or  else  transmitted 
nost  copiously.  Either  of  these  positions  can  be  attained  with  only 
[noderate  certainty,  as  it  is  difficult  to  ascertain  when  the  field  is 
exactly  brightest  or  darkest,  for  near  the  position  of  maximum 
yr  minimum  illumination  the  change  of  intensity,  as  the  Nicol  is 
rotated,  is  small,  and  is  scarcely  appreciable  for  a  small  displacement 
ja  either  direction. 

To  remedy  this  defect  analysers  of  special  construction  have  been 

*  Coloured  drawings  of  these  figures  are  given  in  Airy's  Memoir, 

20 


450  SOTATOBV  POU 

in\'ent«d  which  involve  the  atte  o[  an  a 

conjUQctiou  with  the  analynng  NicoL 

tht)  i>oaitii]tt  of  the  plunc  of  polariaatdon  ] 

the  oqtiatity  of  two  lighu  seen  i 

The  BUperioritj^  of  this  method  dqieniifl  npj 

trith  much  moro  certnintiF*  when  two  ] 

illununated  tliiui  wheu  any  pan  of  it  lias  d 

brightness. 

274.  Jellett'8  Analyser  and 
deiisett  i)y  Jellutt  enables  us  la  deumjlltl 
polaHsatiou  by  comparing  the  (.^quality  of  i 
time  and  in  juxtapoaiiioii.     To  construct  $ 


of  Iceland  Bpar,  al>out  two  inches  in  lei 
sawn  off  at  right  angles  to  its  length,  soai 
(Fig.  209).  This  prism  is  divided  by  a  plane 
its  edges,  and  making  a  small  angle  with  ttie 
the  base  ABCD.  One  of  the  two  halves,  PQ( 
the  two  are  cemented  together  ivith  their  surf 
as  i'epiesent«d  in  Fig.  2!0,  which  ia  obtai 
rotating  PQCD  through  two  right  angles,  kc 
contact  at  their  common  surface  of  section.  J 

Let  us  now  suppose  that  a  pencil  c 
nonnally  on   the   face  ABC'D.      The   i 
nndeviaied  and  polarised  in  a  plane  j 
according  to  Fresnel's  hypothesis,  vibratii 
extraoi'dinary  ray  is  deviated  to  i 
sufficiently  long,  the  two  will  be  t 
th«  JeUett  prism  ABQD'C  (Fig.   SIOXJ 
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gjfchrough  it  normally,  the  vibration  of  the  ordinary  ray  will  be  parallel 

^  Jbo  AO  in  the  part  AOQB  and  parallel  to  CO  in  the  part  C'OQD'. 

^Consequently  if  a  cylindrical  pencil  of  light  traverse  the  prism  so  as  to 

Jbe  equally  divided  by  the  plane  of  section  OQ^  the  extraordinary  rays 

.  .will  be  thrown  off  in  opposite  directions  in  the  two  halves,  and  may  be 

jitopped  by  a  diaphragm  suitably  placed.     The  ordinary  rays,  on  the 

-jc^ther  hand,  will  be  transmitted  without  deviation,  and  will  constitute 

a   cylindrical   pencil   equally  divided  by  the  plane  of  section,  but 

^polarised  in  planes  inclined  at  an  angle  2a  =  AOC,  where  a  =  AOP, 

the  angle  which  the  plane  of  section  makes  with  the  diagonal  AC 

^(Pig.  209). 

Now  if  the  incident  light  be  plane  -  polarised,  the  component 
^Mtrallel  to  AO  is  transmitted  by  one  half,  and  the  component  parallel 
CO  by  the  other,  and  therefore  if  we  look  through  the  analyser, 
he  intensities  in  the  two  halves  of  the  field  will  be  different,  except 
hen  the  plane  of  the  section  is  parallel  to  the  primitive  plane  of 
larisation,  or  perpendicular  to  it  For  one  position  of  the  analyser 
ne  half  of  the  field  will  appear  dark  and  for  another  position  the 
other  half  will  be  dark,  and  the  angle  between  these  positions  is  2a, 
I  while  for  a  position  midway  between  them  the  two  halves  are  equally 
illuminated.  In  this  position  the  primitive  plane  of  polarisation  is 
parallel  to  PQ  (Fig.  210).  The  experiment  consequently  consists  in 
equalising  the  intensities  by  rotating  the  analyser,  and  as  the  position 
of  equal  intensity  can  be  detected  by  the  eye  with  much  accuracy,  the 
instrument  affords  an  exact  determination  of  the  position  of  the  primi- 
tive plane  of  polarisation. 

Jellett  employed  this  analyser  in  his  saccharimeter  to  determine 
the  rotation  of  the  plane  of  polarisation  produced  by  saccharine  solu- 
tions, and  he  estimated  ^  the  probable  error  in  the  result  of  a  single 
observation  with  such  an  instrument  to  be  only  0*02  of  a  grain  in  a 
cabic  inch  of  the  solution. 

275.  Laurent's  Analyser  and  Saccharimeter. — In  Laiu'ent's 
analyser  ^  one  half  of  the  field  of  view  is  occupied  by  a  plate  of  quartz, 
or  gypsum,  cut  parallel  to  the  axis,  and  of  such  a  thickness  that  it 
introduces  a  retardation  of  ^A.  between  the  ordinary  and  extraordinary 
rays.  The  other  half  of  the  field  is  empty  or  covered  by  a  glass  plate 
of  sufficient  thickness  to  absorb  the  waves  of  length  A.  to  the  same 
extent  as  the  crystalline  plate. 

Let  APB  (Fig.  211)  be  a  semicircular  plate  of  glass,  AQB  the  plate 
of  quartz,  and  A6  the  direction  of  its  optic  axis. 

Then  if  the  plane  of  polarisation  of  the  incident  light  be  parallel  to 
^  Lloyd's  Wave  Theory  of  Light,  p.  247.         *  Journal  de  Phuiiqus,  1874  and  1370. 


m|iui)«nt 


iSS  ROTATORY  K>LdiBtBJ 

OP,  it  will  be  transoiitted  withoul  aliei 
emerge  from  il  still  pUne-polariswl  pamllel  to  OI 
line  plate  it  will  be  divided  into  two  aom|iui)«nt 
Rti<l  the  other  pcTpoodJ 

a  those  will  be  ntardtT 
tty  n  hiiUwnvo  Iragl 
light  emerges  pUoo- 
lino  [tlute,  hut  the  pUn»4 
inclined  to  OA  on  tbe  oil 
AOQ  =  A0PlArt.  47,  Co 
polarisation  of  th6  M 
hjtlvea  of  the  ci 
'^  '  inclined  at  an  tui^«  : 

sequently  if  a  Nieol  be  fixed  Iwfore  the  {^ 
field  will  in  geneml  apuear  uneijually  illumin 
plane  of  the  Nicol  be  parallel  to  AB  tikB 
halves  will  be  the  same. 

Since  the  thickness  of  a  plate  required  to) 
depends  on  the  wave  length,  it  follows  tba 
be  need  onlj  with  monochromatic  lighL    Jelli 
band,  is  not  subject  to  this  restriction,  but  maj 
In  Laurent's  saccharimeter  the  light  U  i 
bichromate  of  potash,  which  allows  only  th«  yi 
falls  upon  the  polarising  Nicol,  to  the  » 
plate  is  tixed.      Aft«r  transmission  tbroii^  t! 
a  tube  containing  the  solution  under  inveetig 
the  analysing  NIcol  to  an  eyepiece  where  it  ia 
276.  The   Blquartz. — A  simple   and   fi 
determining    the    plane    of    polarisation 
afforded  by  the  biqnartz.     This  condsts  of 
two  semicircular  plates  of  quartz  placed  in 
juxtaposition,  each  being  cut  at  right  anglw 
to  the  axis.      In  one  the  rotation  is  right- 1 
handed,  and  in  the  other  it  is  left-handML 
The  two  plates  are  of  the  same  thicknesB,  so 
that  they  produce  equal  rotations  of  a  given  ) 
ray,  but  in    opposite   directions.      Thuft  if 
QOP  (Fig.   212)  be  the  direction  of  tb« 
incident  vibration,  it  will  be  rotated  to  tlie  r 
by  an  equal  amount  to  the  left  in  the  ] 
cident  light  be  white  the  various  simple  ctAm 
different  angles,  and  it  follows  that  if  thft  a 
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51  by  a  Nicol,  waves  of  different  refrangibilities  will  be  quenched  in  the  two 
f  halves  of  the  field,  and  they  will  consequently  appear  of  different  colours. 
i,  There  is  one  position  of  the  Nicol,  however,  in  which  the  two 
iif  halves  of  the  field  may  have  the  same  colour.  For  consider  the  ray 
ifOf  which  the  plane  of  polarisation  has  been  turned  through  a  right 
fl  angle.  In  one  plate  it  will  be  turned  to  the  right,  and  the  vibration 
jjof  this  ray  will  be  parallel  to  OQ'.  In  the  other  plate  it  is  turned 
^dirough  90°  to  the  left,  and  the  vibration  will  be  parallel  to  OP'. 
^  Hence  the  vibrations  of  this  ray  will  be  parallel  to  the  same  direction 
1 1  in  both  halves  of  the  field,  viz.  to  a  line  P'OQ'  perpendicular  to  POQ. 
g.  Thus  if  the  principal  plane  of  the  Nicol  be  parallel  to  POQ  the  light 
'.  of  the  same  wave  length  will  be  quenched  in  both  halves  of  the  field, 
^  and  the  other  colours  will  be  present  in  the  same  proportion  in  each 
;  half,  so  that  they  will  exhibit  the  same  tint. 

•.  By  suitably  adjusting  the  thickness  of  the  quartz  plates  the  ray 
which  is  rotated  through  a  right  angle  may  be  made  any  one  we  please. 
K  it  be  that  corresponding  to  the  brightest  part  of  the  spectrum  (the 
yellow)  this  light  will  be  absent  and  the  common  colour  of  both  halves 
will  be  the  tint  of  passage  (see  Art.  259).  A  minute  rotation  of  the 
Nicol  in  one  direction  will  render  one  half  of  the  field  blue  and  the 
other  half  red,  and  a  displacement  in  the  opposite  direction  will  render 
the  former  half  red  and  the  latter  blue.  The  thickness  of  the  biquartz 
which  exhibits  the  tint  of  passage  is  about  375  mm.  When  this  is 
secured  the  plane  of  polarisation  of  the  incident  light  is  perpendicular 
to  the  principal  plane  of  the  analyser. 

When  the  tint  of  passage  is  attained  the  substance  under  investi- 
gation is  placed  either  between  the  polariser  and  the  biquartz,  or 
between  the  biquartz  and  the  analyser.  If  the  substance  rotates  the 
plane  of  polarisation  the  tint  of  passage  will  disappear  from  the  field 
of  the  analyser,  and  to  restore  it  the  Nicol  must  be  rotated  in  the 
direction  in  which  the  plane  has  been  rotated  and  through  an  equal 
Angle.  In  practice  the  light  should  fall  normally  on  the  biquartz,  and 
the  axis  of  rotation  of  the  analysing  Nicol  should  be  parallel  to  the 
direction  of  the  incident  light  The  greater  part  of  the  errors  arising 
ftom  these  conditions  not  being  accurately  fulfilled  may  be  corrected 
by  rotating  the  Nicol  through  180°  and  taking  a  second  reading. 

A  method  of  greater  accuracy  is  to  subject  the  light  to  spectro- 
scopic analysis.  For  this  purpose  it  is  thrown  on  the  slit  of  a  spectro- 
scope by  a  lens  so  adjusted  as  to  form  a  real  image  of  the  biquartz  on 
the  slit.  Two  spectra  are  seen  in  the  field,  one  from  each  half  of  the 
biquartz  and  situated  one  above  the  other.  Each  of  these  is  crossed 
by  a  dark  band  corresponding  to  that  colour  extinguished  by  the 
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analysing  Kicol.  By  rotating  the  Nicol  the  banda  more  across  Qk 
spectra  in  opposite  directions,  eo  that  the  Nicol  may  be  bo  adjiuU^ 
that  they  tire  one  above  the  other.  When  this  is  attained  the  light  oi 
the  same  wave  length  has  been  quenched  in  each  half  of  the  field,  aui 
the  principal  plane  of  the  Nicol  is  parallel  to  the  direction  of  Tihnitiio 
of  the  incident  light.  When  the  spectroscope  is  employed  a  angl( 
quartz  plate  may  be  used  instead  of  the  biquartz.  For  when  luls 
light  is  used,  and  a  spectrum  formed  which  exhibits  the  Fraunhds 
lines,  the  dark  band  arising  from  the  quartz  plate  may  be  brought  tt 
coincide  with  any  one  of  the  dark  lines  of  the  spectrum.  On  intro- 
ducing a  rotatory  substance  the  dark  band  will  be  displaced  across  ihe 
field,  and  to  restore  it  tti  its  original  position  the  analysing  Nicol  must  U 
turned  through  an  angle  equal  to  the  rotation  produced  by  the  substauct- 
277.  Poynting's  Analyser. — The  leading  idea  in  the  design  nf 
analysers  for  the  purposes  of  saccharimetry  (as  already  illustrated  in 
the  foregoing  examples)  is  to  construct  a  piece  of  apparatus  such  tVu 
when  a  beam  of  plane-polarised  light  is  transmitted  through  it,  ibt 
light  transmitted  in  one  half  of  the  field  shall  be  polarised  in  a  plior 
which  is  inclined  at  an  angle  to  the  plane  of  polarisation  »f  ihe  lli.'i' 
transmitted  through  the  other  half.  This,  in  general,  i'-  <i'''  i  i  i  i 
covering  the  two  halves  of  the  field  with  two  pieces  possi'  -  -  ■ 
power  such  that  the  plajie  of  polai'isalion  is  rotated  throii_l  r  ;!■ 
angles  in  passing  through  them. 

The  most  obvious  method  of   efiecting  this  is  to  cover  the  inn    I 
halves  of  the  field  with  layers  of  different  thickness  of  some  routiaj    I 
substance,  for  example,  with  two  plates  of  quartz  of  different  thicknev 
cut  perpendicularly  to  the  axis,  or  with  strata  of  a  rotating  IJquii 
This  is  the  method  employed  by  Professor  Poynting.*     In  the  finl    ( 
form  of  apparatus  a  uniform  circular  plate  of  quartz,  cut  at  li^ 
angles  to  the  axis,  was  divided  along  a  diameter  into  two  halm 
One  half  was  slightly  reduced  in  thickness,  and  the  two  were  thcfl 
reunited  so  as  to  form  a  circular  plate  as  before,  with  this  diffeieinf^ 
that  one  half  of  the  plate  now  exceeded  the  other  in  thicknesa    Wheo 
a  beam  of  plane-polarised  light  is  transmitted  through  such  a  jihUe  ibe 
plane  of  polarisation  of  the  light  issuiug  from  one  half  will  be  incliMd 
to  that  of  the  light  issuing  from  the  other  by  an  angle  depending  oo 
the  difference  of  thickness  of  the  two  halves  of  the  plate.' 

'  M.  Bpoch,  jian.  At  Clii-iait  et  de  Fhyt.  (3),  torn.  xuW,  p.  119,  1852. 

'  J.  H.  Poynting,  Fhil.  Mag.  vol.  i.  p.  18,  1880. 

'  lu  order  to  vary  thia  angle  Profesaor  Pointing  imggests  tbftt  one  hilf  at  ll» 
plate  iiiigLt  be  niad<?  up  of  two  wedges,  as  in  Ba bluet's  eon peuutor  (Art.  Hi},  » 
that  its  thicknr^  could  be  altereil  at  pleasure  by  sliding  one  of  the  wedgts  orer  Ibc 
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Bin  the  second  form  of  appuratus  a  rotating  liquid  is  employed,  and 
E.UTaDgement  k  exceedingly  simple.  The  liquid,  say  a  solution  of 
contained  in  a  cell  tlirough  which  the  beam  of  polarised  light 
aitted.  A  piece  of  plate  gloBS  several  mm.  thick  is  immersed 
s  cell  with  its  faces  at  right  angles  to  the  beam  of  light,  and  it  is 
^d  that  one  half  of  the  beam  passes  through  the  plate  while  the 
f  pafises  by  its  edge.  The  former  half  of  the  beam,  since  it  passes 
(Ugh  the  glass,  obviously  passes  through  a  less  thickness  of  the  rotat- 
i  than  the  latter,  and  is  consequently  less  rotated.  Hence  the 
t  emerging  from  the  two  halves  of  the  field  is  polarised  in  plai 
bh  are  inclined  to  each  other.  The  angle  between  the  planes  of  polaris- 
b  can  be  varied  by  varying  the  thickness  of  the  interposed  glaas  plate. 
,  Solell's  Compensator  ajid  Saceharlmeter. — In  the  saccha- 
ber  of  M.  SoleU  the  rotation  produced  by  any  substance  under 
mination  is  compensated  by  means  of  a  plate  of  quartz  of  which 
can  be  varied  at  ivill.     Tbii*  jiart  of  the  apparatus  is 


3  compaisahr,  and  is  similar  to  Bablnet's  compensator  (Art. 
'iiS44)  only  in  so  far  as  it  consists  of  two  (|uartz  wedges  ah  and  def 
(shown  exaggerated  in  Fig.  213),  of  which  one  can  slide  on  the 
other  along  their  common  face  so  that  their  joint  thickness  may  be 
Taried.  In  this  compensator,  however,  both  wedges  are  cut  with 
their  faces  ac  and  ef  perpendicular  to  the  axis,  and  they  are  both  left- 
handed  crystals.  The  light  traverses  both  wedges  in  the  direction  of 
the  optic  axis,  and  the  action  of  the  compensator  is  consequently  to 
introduce  any  desired  amount  of  left-handed  rotation.  In  conjunction 
with  this  pair  of  lef^handed  wedges  a  right-handed  quartz  plate  Q  is 
useil,  so  that  when  the  thickness  of  nl,al  is  vai-ied,  the  combined  effect 
of  Q  and  ahcd  is  to  introduce  any  desired  amount  of  rotation,  which 
may  be  either  right-handed  or  left-handed  according  to  the  thickness  of 
iiIh-jL  Thus  when  the  thickness  of  alol  is  properly  adjusted,  the  right- 
handed  rotation  produced  by  Q  will  be  exactly  neutralised.  For  a 
greater  thickness  of  ahrd  the  combined  elTect  of  Q  and  abcil  will  be  a 
left-handed  rotation,  while  for  less  thicknesses  the  resultant  effect  will 
1>e  right-handed. 
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In  the  saccharimeter  the  liglit  is  polarised  by  a  Nicol's  jtrisin  PX 
It  then  falls  upon  a  biquartz  B,  and  afterwarda  traverses  the  snV 
Gtaace  S  under  examinatioa  After  emerging  from  tlie  active  su^ 
stance  it  traverses  a  right-handed  quartz  plate  Q  and  tben  falls  upon  th 
compensator  iibcde.  Finally  the  apparatus  is  terminated  by  the  analw 
ing  Nicol  .iN  and  a  small  Galilean  telescope  T,  focused  on  the  hiquaruR 

In  making  an  experiment  the  tube  S  is  filled  with  water,'  and  iht 
telescope  is  focused  on  the  biquartz.  The  micrometer  screw  by  whiek 
one  of  the  wedges  of  the  compensator  is  moved  is  now  turned  to  tin 
zero  position,  and  the  anal3'8ing  Nicol  is  rotated  till  the  tint  of  passage 
is  obtained  in  the  field.  The  water  is  now  removed  from  the  tube  8 
and  the  rotatory  substance  is  introduced.  If  the  Hubatajice  la  actin 
the  plane  of  polarisation  is  rotated  and  the  tint  of  passage  disappearL 
It  is,  however,  restored  by  turning  the  micrometer  screw  of  the  com- 
pensator ao  as  to  alter  its  thickness  in  such  a  manner  that  the  rotation 
produced  by  the  substflnce  H  is  neutralised.  If  the  substance  is  righl- 
handed  the  thickness  of  the  compensator  must  be  increased,  and  if 
left-handed,  dinuniahed.  The  angle  through  which  the  micrometer  bii 
been  turned  in  order  to  restore  the  tint  of  passage  determines  tfat 
amount  of  rotation  produced  by  the  substance. 

This  method  requires  the  light  to  be  white  and  the  liquid  colottr- 
less  in  order  to  obtain  the  tint  of  passage.  To  apply  the  instnnneat 
to  cases  in  which  the  light  or  the  liquid  is  coloured,  M.  Soleil  added 
an  extra  piece  which  he  called  the  imxhu-.tr  nf  Iht  lint  of  pofsngt,  Tli 
part  is  placed  tn  front  of  the  sacchartmeter,  and  consists  of  a  Nicol  y 
and  a  quarts  plate  Q'.  The  incident  hght  is  polarised  by  the  Xiod 
N',  and  after  traversing  the  rest  of  the  apparatus,  the  field  of  tie 
analyser  will  in  general  be  coloured.  By  turning  the  Nicol  N'  * 
position  can  generally  l>e  found  in  which  the  plate  Q'  gives  a  tint  com- 
plementary to  the  colour  of  the  liquid  for  the  light  employed.  Tie 
colour  effect  is  thus  ncutrahsed  and  the  tint  of  ]}assnge  can  he  obtAined 

279.  De  Senarmont's  Polarlscope. — In  Soleil's  compensator,  jtut 
described,  the  characteristic  piece  consists  of  two  wedges  of  left-handed 
quartz  placed  so  as  to  fonn  »  plate  of  variable  thickness.  If.  hawe\'er. 
the  wedges  are  of  opposite  sign  so  that  one  of  them  is  Hght-handed 
while  the  other  is  left-handed,  the  plate  will  be  such  that  along  the 
centra]  line  the  plane  of  polarisation  will  be  rotated  as  much  to  tbe 
right  in  one  prism  as  to  the  left  in  the  other,  and  the  resultant  rols- 
tion  along  this  line  will  be  zero.     Hence  when  the  Nicols  are  crossed 

'  This  avoids  the  ni^wssity  of  vfailj  listing  tli^  focus  of  the  telcscojw  wLen  tin 
rotatory  liquid  is  introduced,  for  if  the  telescope  were  focnsed  on  the  bii|UKrti  nlirn 
the  tube  3  is  empty,  it  would  not  bo  in  focus  whan  the  tube  is  filled  with  a  liquid. 
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this  line  will  be  black.  On  one  side  of  this  line  the  resultant  rotation 
will  be  to  the  right,  and  on  the  other  side  it  will  be  to  the  left,  accord- 
iDg  to  sign  of  the  wedge  of  predominating  thickness  at  the  place  in 
^iiestion,  so  that  on  either  side  of  the  central  dark  band  coloured  bands 
aie  sTmmetrically  situated  analogous  to  the  bands  observed  in  Babinet's 
Mmpensator.  When  the  analysing  Nicol  is  turned  the  central  band  is 
dkplaced  to  one  side  or  the  other  by  an  amount  depending  on  the 
lotation  of  the  Nicol. 

This  apparatus  is  known  as  De  Senarmont's  ^  polariscope,  and  it 
affords  a  very  accurate  means  of  determining  the  position  of  the  plane 
of  polarisation  of  any  source  of  light  which  is  partially  or  wholly 
polarised. 

280.  HaeCullagh's  Theory  of  the  Double  Refl^action  of 
Quartz.  —  The  singular  laws  of  the  double  refraction  of  quartz, 
and  its  peculiar  property  of  rotating  the  plane  of  polarisation, 
were  first  connected  in  a  general  theory  by  MacCullagh.^ 

In  a  common  uniaxal  crystal  two  waves  are  propagated  in  any 
direction,  one  according  to  the  ordinary  laws  of  refraction,  and  the 
other  in  a  manner  depending  on  the  inclination  of  the  wave  normal  to 
the  optic  axis.  These  waves  are  polarised  at  right  angles  and  travel 
with  different  velocities.  Consider  a  plane  wave  passing  through  a 
crystal  in  a  direction  making  an  angle  6  with  the  optic  axis.  Take 
the  wave  normal  for  the  axis  of  z  and  the  axes  of  x  and  y  in  the  wave 
front,  the  former  being  perpendicular  to  the  optic  axis.  The  axes  of 
X  and  y  will  be  parallel  to  the  directions  of  vibration  in  the  ordinary 
and  extraordinary  waves  respectively  (according  to  Fresners  hypo- 
thesis), and  if  ^  and  ?;  be  the  displacements  the  equations  of  the  two 
vibrations  are 

dfi~      d:?'     d(^~^dz^  ^^^' 

where,  in  a  positive  crystal  (a>6),  we  have 

K-a\     andB=a«co82^  +  62sin3^  (2). 

To  account  for  the  rotatory  polarisation,  and  represent  the  twisted 
structure  of  quartz  (p.  427),  MacCullagh  introduced  differential  co- 
efficients of  the  third  order  into  the  equation  of  the  vibrations,  and 
assumed 


(3), 


*  De  Senarmont,  Ann.  de  Chim.  (3),  torn,  xxviii.  p.  279,  1850. 
'  MacCullagh,  Trans.  Roy.  Irish  Academy^  vol.  xvii.  1836. 
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These  equations  are  satisfied  by 

if,  writing  q/p  ^k^we  have  the  equalities 

r«=B-2»C/H, 
that  is,  if 

which  by  the  formulse  (2)  becomes 

A  quadratic  in  k,  of  which  one  root  is  the  m 
other. 

Denoting  the  roots  by  k  and  -  1/^,  we 
elliptic  vibrations  as  derived  by  Airy.     Thus 

f  1  =p  cos  -^  (I'l^  -  s),    17,  =/)*  sin  -jl 
and 

This  is  an  elliptic  \'ibration  propagated  with  vt 
axes  in  the  ratio  1  :  A*. 

The  second  value  ( -  1  /k)  gives  the  vibrati<i 

f2  =  pC08y(r^-£),      17a=  -|8in-j. 

where 

f2=A  +  2irC/W. 

The  axes  of  this  vibration  are  in  the  ratio  -  k : 
with  a  velocity  v^.      Consequently  we  have  i 
vibrations  travelling  with  different  velocities 
eccentricity,  but  the  major  axis  of  one  coincii 
of  the  other. 

When  the  light  passes  in  the  direction  of  tl 
have  k=  ±1,  which  shows  that  there  are  two  i 
in  opposite  senses.     Their  velocities  of  propagu 

or  approximately 

The  ordinary  velocity  a  is  consequently  their  « 
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Let  the  quartz  be  a  parallel  plate  of  thickness  e.  The  time  retard- 
ation of  one  ray  relatively  to  the  other  in  passing  through  the  plate 
will  be 

Vi    i?2    a\       aHj        a\       aHJ         aH  ' 

Taking  the  velocity  in  air  as  unity,  and  the  wave  length  X,  correspond- 
ing to  /  in  the  crystal,  we  have  I:  X  =  a:  1,  and  the  phase  difference 
on  emergence  will  be 

But  the  rotation  is  half  the  phase  retardation,  therefore 

which  contains  the  experimental  law  of  M.  Biot,  viz.  that  the  rota- 
tion is  inversely  proportional  to  the  square  of  the  wave  length.  The 
sign  of  C  determines  whether  the  rotation  is  right-handed  or  left- 
handed,  and  the  divergence  from  Biot's  law  exhibited  by  some  sub- 
stances might  be  accounted  for  by  supposing  that  in  these  substances 
C  is  a  function  of  the  wave  length. 

Examples 

1.  If  the  assumed  ecjuations  of  motion  be 

show  that  k  is  determined  by  the  quadratic 

This  equation  indicates  that  the  ratio  of  the  axes  is  not  the  same  for  both  the  elliptic 
vibrations,  and  explains  the  difference  between  the  ratios  obeerred  by  Airy. 

2.  Given 

a  =  0-64859,     6  =  0-64481,     X  =  •0000268  in. , 
c  =  0-03937  in.,     p= 0-333, 

show  that  the  quadratic  for  k  is 

i-«-258it8in»^-l  =  0. 


CHAPTER    XVm 

ABSORPTION   AND    DISPERSIC 

281.  Selective  Absorption. — \Mien  light 
through  any  substance  i)art  of  it  is  generally  tal 
or  absorbed,  and  this  absorption  is  different  i 
different  refrangibility.  It  is  on  this  account  tha 
becomes  coloured  after  traversing  a  suiiicient  thicl 
There  is  no  body  perfectly  transparent — that  is, 
every  refrangibility,  and,  on  the  other  hand,  the 
the  same  sense,  perfectly  opaque.  Air^  in  suffi< 
the  light  of  the  sun,  at  fii-st  yellow  and  afterwan 
produces  the  same  effect  in  a  more  decided  ma 
thin  leaf  transmits  a  faint  greenish  light.  Met 
allow  the  actinic  rays  to  pass,  and  an  ordinar 
transparent  to  the  long  waves  from  a  Hertzian  v 
The  character  of  the  absorption  which  takea  ] 
may  be  analysed  by  submitting  the  transmittec 
in  a  spectroscope.  The  spectnim  formed  by  the 
be  crossed  by  dark  l)ands  corresponding  to  the  co 
most  rapidly  absorbed.  Some  substances  exerci 
in  one  or  more  parts  of  the  \'i8ible  spectrum, 
freely  the  luminous  rays,  but  absorb  certain  of  th 
Thus  the  spectrum  of  light  transmitted  throug] 
phyll  (the  colouring  matter  of  the  leaves  of  plant 
in  the  red,  yellow,  green,  and  violet,  and  hi 
Absorption  marked  absorption  1)ands  in  the  yellow  and  g 
'^'^  •  spectnim,  which  are  visible  even  when  the  qu 
small  as  to  scarcely  affect  the  colour  of  the  soli 
of  potash  (Condy's  fluid)  exhibits  several  dark  bi 

^  The  transmitted  light  is  the  residue  which  passes 
proper,  and  internal  reflection  arising  from  irregular  stn 
particles,  have  played  their  part.     The  relation  of  abson 
deserves  consideration. 
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}f  the  spectrum,  when  the  sohition  is  dilute,  and  these  are  character- 
igtic  of  the  permanganates.  With  stronger  solutions  the  dark  bands 
broaden  out,  and  ultimately  unite  to  form  one  broad  dark  band,  the 
whole  region  being  now  absorbed.  And  again,  Brewster  discovered 
diat  a  solution  of  oxalate  of  chromium  and  potash  produces  a  single 
oarrow  absorption  band,  which  is  so  well  defined  that  he  suggested  its 
use  in  the  measurement  of  refractive  indices  with  artificial  light,  when 
Bunlight  cannot  be  obtained. 

For  the  most  part,  however,  the  light  which  has  passed  through  an 

absorbing  medium  exhibits  a  single  maximum  of  absorption.    The  rays 

in  a  certain  region  of  the  spectrum  are  most  effectively  stopped ;  but 

in  the  case  of  gases  the  phenomena  are  very  different      The  rays  Oases. 

-stopped  by  them  are  characteristic  and  well  defined,   so   that   the 

^^spectrum  of  the  transmitted  light  exhibits  a  certain  number  of  fine 

^  dark  lines,  distinctly  separated  from  each  other.     Grases  accordingly 

-.allow  almost  all  the  light  to  pass  except   a   few  rays   of   definite 

.refrangibility. 

When  light  of  any  wave  length  is  intercepted  by  an  absorbing 

substance  the  energy  of  the  corresponding  ether  vibrations  is  imparted 

to  the  matter,  and  in  general  reappears  as  heat,  as  is  manifested  by  the 

rise  in  temperature  of  the  absorbing  substance.     The  vibrations  of  the 

.  ether  are  taken  up  by  the  matter  molecules,  and  these  in  turn  vibrate 

"  and  become  centres  of  disturbance.     What  is  absorbed  then  is  energy. 

The  matter  molecules  are  intimately  bound  up  with  the  ether,  and  the 

energy  of  the  ether  vibration  is  converted  (possibly)  into  energy  of 

~  motion  in  the  matter  molecules. 

Now  if  we  consider  any  system  of  matter  molecules  it  will  be 
easily  inferred  that  some  ether  vibrations  will  be  much  more  powerfully 
absorbed  than  others,  viz.  those  most  competent  to  excite  that  vibration 
which  the  matter  molecules  execute  freely.  It  is  well  known  that  a  Analogy, 
series  of  slight  taps  may  excite  a  considerable  oscillation  in  a  common 
pendulum,  the  condition  being  that  the  taps  be  timed  to  the  period  of 
swing  of  the  pendulum.  The  same  point  is  illustrated  in  the  resonance 
of  organ  pipes  which  are  excited  by  vibrations  of  their  own  free  period. 
So,  again,  if  a  number  of  ships  at  sea  be  disturbed  by  waves,  each  ship 
will  have  its  own  free  period,  and  if  for  some  of  them  this  happens  to 
be  the  same  as  that  of  the  waves,  these  particular  ships  will  be  thrown 
into  a  state  of  violent  oscillation.  They  will  thus  act  as  absorbers  of 
the  energy  of  the  waves.  If  the  periods  are  not  synchronous  the 
motion  cause<l  by  one  wave  will  be  destroyed  by  another,  so  that  the 
energy  absorbed  from  one  wave  will  be  given  out  to  some  other,  and 
there  will  l>e  no  accumulation  of  energy  in  the  ship. 
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Ii  consequently  follows  that  of  the  multitude  of  waves  in  a  pencil 
of  white  light  those  which  will  be  most  freely  absorbed  l>y  any  »A 
stance  will  be  those  which  synchronise  in  period  with  the  free  viliralion 
Selection,  of  the  matter  molecules.  The  molecules  absorb  waves  of  their  <m 
period  of  vibration,  and  these  again  are  obviously  the  waves  which  thf 
molecules  will  excite  when  they  l>ecome  centres  of  disturbance.'  It  ii 
consequently  to  be  expected  that  different  kinds  of  matter  should 
absorb  waves  of  different  periods  or  rays  of  different  refrangibihty. 
That  they  should,  in  fact,  select  certain  rays  in  preference  to  othen, 
and  this  is  what  is  known  as  seleclire  absorption. 

In  the  case  of  sounding  bodies  we  know  that  some  can  l-ake  up 
and  resound  to  vibrations  of  almost  any  period,  while  others  confine 
their  vibrations  to  some  fundamental  tone  and  its  harmonics.  The 
former  class  is  illustrated  in  the  sounding  board  of  a  piano  or  the  boilf 
of  a  violin,  while  examples  of  the  latter  are  an  organ  pipe  or  a  stretcbtd 
string.  So  it  is  in  the  case  of  absorbing  substances.  Some,  such  u 
black  opaque  bodies,  absorb  the  luminous  waves  of  every  length,  ami 
othere,  such  as  gases,  absorb  only  waves  of  certain  definite  perioik 
When  an  opaque  substance,  like  a  piece  of  iron,  is  heated,  at  k* 
temperatures  it  emits  the  longer  or  dark  heat  waves.  As  the  tempera- 
ture is  raised  the  vibrations  become  more  intense,  the  molecuki 
agitation  more  excited,  and  waves  of  shorter  period  are  emitted,  s^ 
that  at  a  certain  stage  the  waves  of  the  red  end  of  the  spectrum 
appear  and  the  iron  mass  assumes  a  dtdl  red  heat.  Carrj'ing  ibe 
elevation  of  temperature  still  further,  vibrations  of  shorter  and  shorwr 
periods  are  superadded,  till  finally  all  the  waves  of  the  visible  spectrum 
ai-e  emitted  and  the  mass  has  reached  a  whiU  heat 

In  the  case  of  a  gas,  on  the  other  hand,  the  molecules  have  tree 
[wths ;  they  are  at  distances  from  each  other  which  are  large  comparad 
with  the  dimensions  of  the  molecule,  and  each,  in  making  its  excurnooi 
Giaee.  between  its  successive  impacts  with  the  others,  will  vibrate  in  its  own 
free  period  of  oscillation.  The  waves  absorbed  by  a  gas  will  therefen 
be  well  defined  and  of  certain  definite  periods,  viz.  those  of  the  fni 
vibration  peculiar  to  the  molecule.  And  these,  again,  will  be  of  tb 
same  [wriod  as  those  emitted  by  the  gas  when  it  becomes  incandescent 
— that  is,  the  spectrum  of  an  incandescent  gas  will  consist  of  one  « 
more  well-defined  bright  lines,  images  of  the  slit,  which  corresponci 
exactly  to  the  dark  absorption  lines  which  appear  in  the  spectrum  of 
white  light  which  has  passed  through  the  gas  when  cold.     Thus  the 

'  Tourmaline  rapidly  alisorba  the  ordinary  nave— that  U,  it  kbaorbi  light  whkfi 
is  plaue- polarised  in  a  certain  direction,  and  when  lieated,  so  as  to  became  in  tun  i 
soarcB  of  light,  it  radiates  plane-poUrised  light. 
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jfipectrum  of  incandescent  sodium  vapour  contains  a  bright  double 
^jrellow  line,  and  the  spectrum  of  white  light  which  has  passed  through 
Lioold  sodium  vapour  is  crossed  by  a  dark  double  line  in  the  yellow 
corresponding  exactly  to  the  bright  yellow  line  given  by  the  vapour 
^jWhen  hot.  The  spectrum  of  a  given  gas  may,  however,  vary  consider- 
ably with  changes  of  temperatui'e  and  pressure. 

Thus  hydrogen  enclosed  in  a  vacuum  tube  at  atmospheric  pressure 

.exhibits,  with  a  certain  amount  of  continuous  spectrum,  four  bright 

lines,  three  of  them  situated  in  the  red,  blue,  and  violet  respectively, 

and  the  fourth,  a  faint  one,  in  the  extreme  violet.     As  the  pressure  is 

decreased  they  grow  sharper  and  more  distinct,  while  the  continuous 

part  of  the  spectrum  grows  fainter  and  dies  away.     If,  however,  the 

'  exhaustion  be  pushed  further,  the  red  and  violet  lines  fade  out  and 

the  green  alone  is  left.     On  the  other  hand,  if  more  hydrogen  be 

compressed  into  the  tube,  the  bright  lines  will  be  found  to  broaden 

''  out  and  grow  fainter,  while  the  continuous  spectrum  becomes  more 

brilliant.     So,  again,  oxygen  at  high  temperatures  —  that  is,  with  a 

strong  spark — shows  a  number  of  bright  lines  chiefly  in  the  violet,  but 

^  if  the  temperature  be  lowered  only  four  lines  are  presented, — one  in 

^  the  red,  two  in  the  green,  and  one  in  the  blue. 

Increase  of  temperature  in  general  introduces  new  lines,  and 
'  increase  of  pressure  causes  them  to  grow  wider  and  broaden  out  into 
a  continuous  spectrum.  This  is  not  contrary  to  expectation,  for 
increase  of  temperature  corresponds  to  increased  molecular  agitation, 
and  increase  of  pressure  brings  the  molecules  closer  together,  so  that 
collision  becomes  more  frequent.  During  collision  the  vibrations  are 
constrained  and  the  emitted  waves  are  altered.  The  denser  the  gas 
the  greater  is  the  proportion  of  time  spent  in  collision  and  the  less 
the  free  path  of  the  molecule,  so  that  the  free  or  characteristic 
vibrations  of  the  molecule  grow  less  and  less  predominant  in  the 
emitted  light.  The  result  is  that  when  the  gas  is  compressed  to  near 
its  liquid  volume  the  irregular  vibrations  have  gained  the  field,  and 
the  characteristic  lines  of  the  gas  have  broadened  out  into  a  continuous 
spectrum  like  that  of  a  solid  or  liquid. 

282.  Coefflcients  of  Transmission  and  Absorption.  —  When  a 
beam  of  light  of  a  given  wave  length  is  transmitted  through  a  layer 
of  an  absorbing  substance  a  certain  fraction  of  it  is  absorbed,  and  it  is 
assumed  that  this  fraction  is  independent  of  the  intensity  of  the 
incident  beam.  It  follows  from  this  that  the  amount  of  light  which 
passes  through  a  number  of  equal  layers  diminishes  in  geometrical 
progression  as  the  number  of  layers  increases  in  arithmetical  pro- 
gression.    Thus  if  I  denotes  the  intensity  of  the  incident  light,  la 
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will  be  the  intensity  after  transmission  through  unit  thickness,  wh^ 

a  is  a  proper  fraction  and  depends  upon  the  nature  of  the  substanee 

and  the  ref rangibility  of  the  light  employed.    For  a  given  wave  lengA 

a  will  be  different  for  different  substances,  and  for  a  given  substanee 

a  will  vary  with  the  wave  length.     The  intensity  of  the  beam  incident 

on  the  second  unit  of  thickness  being  lu,  it  follows  that  the  intensity 

of  the  beam  transmitted  through  it  will  be  la .  a  =  la^.     Similarly  the 

intensity  after  transmission  through  three,  four,  etc.,  unite  will  be 

la^  la^,  etc.,  respectively,  and  the  intensity  after  transmission  throng 

a  thickness  x  will  be 

r  =  Ia'. 

The  quantity  a  is  termed  the  coefficient  of  transmission.  If  the  in- 
cident pencil  be  not  monochromatic,  but  be  composed  of  waves  of 
various  lengths,  of  which  the  intensities  are  Ij,  Ig,  I3,  etc.,  with  co- 
efficients of  transmission  a^,  a^,  a,,  etc.,  the  intensity  of  the  transmitted 

beam  will  be 

r=Iiai'+ 1,02* +1303'+  .  .  .  =SIa'. 

The  quantity,  and  the  quality,  of  the  transmitted  light  will  con- 
sequently depend  upon  the  primitive  composition  of  the  beam — that 
is,  upon  the  nature  of  the  source ;  also  upon  the  nature  of  the  ab- 
sorbing substance — that  is,  upon  the  various  coefficients  aj,  a^  etc, ; 
and  finally  upon  the  thickness  traversed. 

If,  on  the  other  hand,  we  deal  with  the  absorption  so  that  a  beam 
of  intensity  I  is  changed  by  an  amount  -  dl,  when  transmitted  through 
a  layer  of  thickness  dx,  we  assume  that  dl  for  light  of  a  given  wave 
length  is  proportional  to  dx,  and  also  to  I,  so  that  we  have 

where  /?  is  a  constant  depending  on  the  nature  of  the  substance,  and 
on  the  wave  length  of  the  light.  This  constant  is  termed  the 
cmfficknt  of  absorption  of  the  substance  for  the  light  in  question. 
Integrating  this  equation  we  have  at  once 

log.(I/Io)=-/3^, 

where  I^^  is  the  intensity  of  the  incident  beam,  and  I  the  intensity  after 
it  has  traversed  a  thickness  x  of  the  substance.  Writing  this  equation 
in  the  form 

I  =  V-^, 

we  see  that  the  coefficients  of  absorption  and  transmission  are  wm- 
nected  by  the  relation  a  =  e"^. 

283.  Dichromatism — Change  of  Tint — Critical  Thickness.— 
The  coefficients  of  transmission  being  in   general  different   for  the 
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different  colours,  it  follows  that  the  emergent  light  will  be  coloured, 
bhe  colour  being  generally  the  same  for  all  thicknesses  traversed,  and 
bhe  tint  merely  becoming  deeper  as  the  thickness  is  increased.  There 
Are,  however,  some  media  in  which  the  colour  of  the  transmitted  light 
varies  with  the  thickness.  Thus  if  I^  and  I^  be  the  initial  intensities 
of  the  two  colours  which  predominate  in  the  transmitted  light,  a^  and 
oi^  their  coefficients  of  transmission,  then  their  intensities  in  the  trans- 
Knitted  beam  will  be  I^Oj*  and  \a^.  Consequently,  if  we  have  \>\ 
and  a2>G4,  it  will  follow  that  for  small  thicknesses  I^a^'  will  be  greater 
bhan  l^a^fy  but  as  the  thickness  increases  these  quantities  will  become 
more  nearly  equal,  till  at  last  exact  equality  will  be  obtained,  and  for 
^eater  thicknesses  l^^-i^  ^^^  ^^  greater  than  I^o^'.  The  thickness  at 
which  equality  is  reached  is  determined  by 

*or,  taking  logarithms  of  both  sides,  we  have 

log.  la -log.  I, 

"log.  aj-log.Oa' 
V 

i<  which  determines  the  thickness  at  which  the  change  of  colour  takes 
I  place.     For  thickness  less  than  this  I^  predominates,  but  for  greater 
» thicknesses  I^  predominates.     For  example,  cobalt  glass  transmits  both 
blue  and  red  light,  but  the  blue  to  a  less  extent  than  the  red.     For 
I  this  reason,  when  the  thickness  is  considerable,  the  blue  rays  of  the 
[Spectrum  are  almost  entirely  absorbed,  and  the  colour  of  the  trans- 
mitted light  is  red.     The  glass  appears  blue  on  the  other  hand  when 
the  thickness  is  small. 

284.  Colour  produced  by  Absorption. — From  the  foregoing  con- 
siderations it  is  clear  that  absorption  must  be  a  prime  agent  in  the 
production  of  colours  in  natural  bodies.  When  white  light  passes 
through  any  substance  some  of  its  components  are  wholly  or  partially 
absorbed,  and  the  transmitted  beam  is  more  or  less  coloured  in  con- 
sequence. The  tint  depends  on  the  nature  of  the  missing  rays,  and  is 
the  resultant  of  the  rays  which  have  been  allowed  to  pass.  Ordinarily 
bodies  are  seen  by  light  which  has  been  scattered  at  their  surfaces  by 
rugosities  or  inequalities.  Structural  inequalities  in  the  intenor  also 
scatter  the  light  which  has  penetrated  beneath  the  surface,  so  that  it 
is  reflected  back  and  reaches  the  eye,  after  having  traversed  some 
thickness  of  the  material,  weakened  and  robbed  of  some  of  its  con- 
stituents by  absorption. 

An  excellent  illustration  of  the  effect  of  interior  scattering  is  pre- 
sented in  the  striking  dissimilarity  in  appearance  between  a  liquid  and 

2h 
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its  froth.  Pure  colourless  water  gives  a  w] 
ice  may  be  powdered  into  white  dust^  and 
scarcely  exhibits  a  trace  of  the  deep  colour 

In  all  these  cases  the  incident  light  suffers : 
surface  of  each  bubble  or  particle  on  which  it 
rays  are  almost  all  returned  by  partial  refl< 
surfaces,  and  emerge  again  from  the  substance  i 
consequence  is  that  such  accumulations  of 
opaque  to  light,  and  if  they  exercise  no 
on  any  of  the  simple  colours  they  will  reflect 
appear  intensely  white ;  such,  for  example^  is  i 
the  material  absorbs  some  of  the  simple  colours. 
others   the  emergent  light  will   be  coloured,  s 
the  colour  of  the  body.     It  may,  however,  happ 
absorbs  some  of  the  rays  more  readily  than 
finely  divided  state  it  appears  white  because  i 
refiecte<l  very  close  to  the  surface,   and   does 
sufficient  thickness  of  the  material  to   sensibl 
light.     This  happens  in  the  case  of  the  froth  of 
or  when  blue  or  red  glass  is  finely  pounded, 
being  nearly  white.    Some  substances,  however, 
so  strongly  that  passage  through  a  very  thin 
scattered  light  in  a  decided  manner. 

It  is  interesting  to  note  the  variations  in 
when  a  coloured  body  is  placed  successively  in 
a  pure  8j)ectrum.     A  white  lily  placed  in  the 
blue  it  appears  blue,  and  placed  in  the  green  it  e 
The  white  lily  contains  no  fluid  which  absorbs 
more  readily  than  any  other.     It  affects  all  wavi 
it  assumes  the  colour  of  the  light  that  falls  upon 
it  appears  white. 

A  coloured  flower,  on  the  other  hand,  when 
parts  of  the  spectnim,  will  ap|>ear  of  the  same  i 
which  it  is  held,  but  it  will  vary  much  in  brigl 
from  one  part  to  another.  Placed  in  a  colour  wh 
it  will  appear  bright,  for  all  the  light  that  falls  u] 
and  traverse  the  flower  cells  without  sensible  • 
colour  which  it  absorbs  freely  it  will  appear  all 
all  the  incident  light  will  be  absorbed.  Thus  a 
a  brilliant  red  when  placed  in  the  red  part  of 
will  appear  dark  in  the  green  or  blue.  Its  cells 
which  absorbs  the  green  and  blue,  but  which  free 
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The  effect  of  internal  reflection,  and  subsequent  absorption,  in  pro- 
ducing colour  is  well  shown  by  placing  a  carefully  filtered  coloured 
liquid  in  a  basin.     The  light  falling  on  the  surface  of  the  liquid  pene- 
.  trates  the  interior,  and  after  reflection  at  the  sides  of  the  Imsin  it 
-   tODierges  and  reaches  the   eye,  having  suflered  absorption,  and   the 
coloured  liquid  is  seen.     If,  however,  the  interior  of  the  basin  be 
punted  black,  no  light  will  be  reflected  at  its  sides,  and  consequently 
Bone  will  reach  the  eye  from  the  interior,  and  the  liquid  will  appear 
llack.     The  upper  surface  of  the  liquid  reflects  all  the  rays  in  the 
aame  proportion.     Any  selective  reflection  of  the  surface  could  be 
detected  by  observing  in  it  the  image  of  a  white  object.     This  will 
appear  coloured  if  the  rays  are  reflected  in  different  proportions.     By 
sprinkling  a  little  flour  or  powdered  chalk  in  the  solution,  the  full 
colour  may  now  be  restored,  for  the  light  which  enters  the  liquid  will 
T)e  reflected  from  the  white  particles,  and,  emerging,  will  reach  the 
eye,  robbed  of  those  rays  which  are  absorbed  most  copiously  by  the 
solution. 

Reflection  then  is  the  proximate  cause  of  the  colour  of  these 
bodies,  inasmuch  as  without  reflection  no  light  would  reach  the  eye, 
but  absorption  is  the  ultimate  cause,  for  it  is  thus  that  the  reflected 
light  is  deprived  of  some  of  its  constituents  and  becomes  coloured. 

At  this  point  it  will  be  easy  to  understand  the  colour  displayed 

by  a  mixture  of  pigments.     From  what  has  been  said  the  mixture 

should  present  a  tint  resulting  from  the  combined  effect  of  the  colours 

transmitted  by  all  the  pigments.     Thus  a  mixture  of  blue  and  yellow 

paints  appears  green,  not  because  green  is  situated  between  blue  and 

yellow  in  the  spectrum,  but  because  green  is  the  only  colour  which  is 

freely  transmitted  by  both.    The  blue  pigment  absorbs  the  red,  orange, 

and  yellow  rays,  while  the  yellow  paint  absorbs  the  violet,  indigo,  and 

blue.     Hence  the  green  alone  is  suffered  to  pass  through  both  and 

emerge  to  the  eye  after  internal  reflection. 

Many  bodies,  however,  possess  surface  colour^  and  seem  to  select 
some  rays  for  reflection  in  preference  to  others.  Thus  many  of  the 
aniline  dyes  appear  one  colour  when  viewed  by  reflected  light  and 
another  when  viewed  by  transmitted  light.  To  observe  this  a  small 
quantity  of  a  solution  in  alcohol  may  be  spread  on  a  glass  plate  and 
allowed  to  evaporate.  A  thin  film  of  the  aniline  is  thus  deposited 
on  the  plate,  and  this  will  present  one  colour  when  looked  at  and 
another  when  looked  through.  A  similar  selection  appears  to  take 
place  in  reflection  from  metals,  gold  reflecting  yellow  and  copper  red. 
A  large  number  of  substances  have  been  foimd  to  possess  this  surface 
colour,  appearing  to  refuse  certain  rays  admission  altogether. 


468  ABSORPTION  AND  DISPERSI^ 

The  light  transmitted  through  such  a  subst 
be  deficient  from  two  causes.     It  will  be  depri^ 
reflection  at  the  surface  and  of  certain  others 
interior,  and  the  constitution  of  this  doubly  siftei 
the  colour  by  transmission,  or  the  body  colour  of 

On  the  other  hand,  the  light  reaching  the  ej 
sists  of  two  parts,  one  the  abnormal  portion  wl 
admission  and  the  other  scattered  in  the  ordinary^ 
trating  the  substance  a  little  below  the  surface  and  i 
This  mixture  determines  the  colour  as  seen  by  t 
examined  through  a  NicoFs  prism  shows  a  marked  i 
The  ordinary  reflected  part  may  be  plane-polarisei 
of  incidence,  and  can  be  extinguished  by  the  Xico| 
part  of  the  1)eam,  as  in  the  case  of  metallic  reflect 
reasons,  is  never  plane-polarised,  and  will  therefoi 
through  the  Xicol.  The  result  is  that  the  colour 
change  as  the  analyser  is  turned.  Thus  fucha 
colour  by  transmitted  and  gi^een  by  reflected  light, 
through  a  Nicol  it  ap|)ears  a  j)eacock  blue. 

285.  Absorption  Lines  in  the  Solar  Spectn 
spectrum  of  the  sun's  light  is  obtained  it  is  found 
enormous  number  of  very  fine  dark  lines.  Thi 
noticed  by  Dr.  Wollaston,  but  they  were  subsequen' 
investigated  with  great  skill  by  Fraunhofer,  after  wl 
as  "  Fraunhofer's  lines."  It  is  easy  to  understao 
continuity  in  solar  light  escaped  notice  till  grec 
taken  to  secure  a  comparatively  pure  spectrum. 
emitted  by  the  sun  were  all  of  one  period — that  i 
perfectly  homogeneous — then  on  transmission  thn 
would  be  no  separation  or  dispersion,  and  in  the  sp 
image  of  the  slit  would  be  seen ;  while  if  the  L 
waves  of  two  definite  lengths,  say  red  and  blue 
images  of  the  slit  would  be  seen,  one  red  and  t 
these  would  be  separated  by  a  dark  space,  the  v 
depend  upon  the  dispersive  power  of  the  prism  or 
of  the  spectroscope. 

With  light  composed  of  many  colours  we  i 
coloured  images  of  the  slit  arranged  parallel  t 
separated  by  dark  spaces  corresponding  to  the 
not  represented  in  the  original  beam.  When  th 
of  the  composite  beam  l)ecome  sufficiently  nut 
images  of  the  slit  \\all  be  in  close  proximity,  a 


ART.  285  ABSORPTION  LINES  IN  THE  SPECTRUM  469 

^  arrived  at  when  they  will  unite  to  form  a  continuous  band  or  even 
*'  overlap  each  other.  This  stage  may  obviously  be  postponed  by 
'  increasing  the  dispersion — that  is,  by  employing  several  prisms — and 
^  also  by  diminishing  the  width  of  the  slit 

*•  The  number  of  different  waves  in  a  composite  beam  may,  how- 
r  ever,  be  so  great  as  to  defy  resolution  by  any  apparatus  which  we 

•  can  construct,  and  the  spectrum  will  then  appear  quite  continuous ; 
^  but  we  are  not,  therefore,  to  conclude  that  it  comprises  light  of  all 
^  possible  wave  lengths,  but  merely  that  its  constituents  are  too  numer- 
^  ous  to  be  separated  by  our  apparatus.  Consequently,  whether  a 
f  spectrum  appears  continuous  or  not  will  ultimately  depend  upon  the 
Hf  resolving  power  of  the  instrument  employed. 

I'         The  existence  of  dark  lines  crossing  the  solar  spectrum  shows 

•  us  that  the  corresponding  waves  are  either  wholly  or  largely  absent 
I'  from  the  light  of  the  sun  when  it  reaches  us,  and  the  inference 
f  is  that  they  have  either  been  absor])ed  by  some  medium  between  us 
f  and  the  sun,  or  else  they  have  not  been  emitted  at  all. 

(  Now  the  spectra  of  incandescent  solids,  such  as  iron,  charcoal,  etc., 

do  not  exhibit  the  numerous  dark  lines  seen  in  the  solar  spectrum,  and 

i   if  the  sun  be  an  incandescent  mass  we  infer  that  he  emits  the  missing 

i   rays,  that  they  are  intercepted  by  some  absorbing  medium,  and  that 

I    this  medium  is  the  atmosphere  of  cooler  gases  surrounding  the  inner 

p    nucleus  of  the  sun.^     Thus  the  dark  D  lines  in  the  yellow  part  of  the 

I    solar  spectrum  indicate  that  the  light  from  the  inner  part  of  the  sun 

;    passes  through  a  stratum  of  sodium  vapour  in  the  outer  atmosphere, 

I    for  it  is  found  that  these  lines  correspond  exactly  to  the  absorption 

bands  of  sodium  vapour,  and  that  the  corresponding  rays  are  emitted 

by  the  vapour  when  incandescent. 

By  comparing  the  other  dark  lines  with  the  absoi*|ition  lines 
produced  in  continuous  spectra  by  other  vapours,  or  with  the 
bright  lines  afforded  by  them  when  incandescent,  the  existence 
of  many  other  substances  has  been  detected  in  the  sun,  and  the 
examination  of  the  constitution  of  the  heavenl}'  bodies  has  been 
rendered  possible.  The  sj^ectrum  of  iron  vapour  consists  of  a 
large  number  of  bright  lines,  and  of  these  over  four  hundred  have 
been  identified  with  dark  lines  in  the  solar  spectrum,  and  correspond- 
ing coincidences  of  the  dark  lines  with  the  bright  lines  given  by  many 

Mf  all  the  dark  lincH  were  the  effect  of  al>8orption  while  passing  through  tlie 
earth's  atnios))here  or  through  some  substance  existing  Wtween  the  eartli  and 
the  sun,  then  the  8]»ectra  of  all  the  stars  should  exhibit  al)sor{>tion  l)and8  at  least  as 
extensive  as  those  of  the  solar  sjiectruni.  Lines  j>roduced  by  alisorption  in  the 
earth's  atmosphere  shoidd  be  common  to  all  sjiectra,  and  should  vary  in  intensity 
according  to  the  thickness  traversed  by  the  light— that  is,  at  sunrise  and  mid-day. 
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other  substances  have  been  observed.     Thus  Angstrom  and  Thal^ 
identified  the  following : — 


Iron 

450 

I^Ianganese 

57 

Hydrogen 

4 

Calcium   . 

75 

Chromium 

18 

Aluminium 

•7 

4m 

Barium    . 

11 

Nickel 

38 

Zinc 

2 

Magnesium 

4 

Cobalt 

19 

Copper 

4 

Besides  the  examination  of  the  resultant  light  from  the  sun  as  a 
whole,  that  emitted  by  any  selected  portion  of  it  may  also  be  examined 
An  image  of  the  sun  an  inch  or  two  in  diameter  may  be  formed  by 
means  of  a  lens  of  considerable  focal  length,  and  the  slit  of  the  spectro- 
scope may  be  adjusted  to  any  desired  part  of  the  image,  and  the 
radiations  from  that  part  may  be  separately  studied.  This  has  been 
done  by  Jansen,  Lockyer,  and  many  others,  with  the  result  that  a 
remarkable  variation  of  appearance  occurs,  especially  in  the  neighbour- 
hood of  spots  and  faculse.  Sometimes  some  of  the  lines  corresponding 
to  an  element  are  seen  bright  and  straight,  while  others  are  faint  or 
crooked. 

286.  Width  of  the  Spectral  lines — Radiation  ftx>m  MoYing 
Molecules. — In  discussing  the  radiation  from  an  incandescent  gas,  we 
have  so  far  neglected  the  motions  of  translation  of  the  individual 
molecules.  We  have  supposed  that  the  molecules  emit  waves  of 
certain  definite  periods  depending  upon  their  own  period  of  free 
vibration.  In  this  case  the  spectrum  of  an  incandescent  gas  should 
consist  of  certain  definite  lines,  each  of  purely  monochromatic  b'ght 
and  the  absorption  bands  produced  in  a  continuous  spectrum  should 
be  of  infinitesimal  width.  Taking  into  account  the  motions  of  transla- 
tion of  the  molecules  while  describing  their  free  paths,  and  applying 
Doppler's  principle,  it  will  follow  immediately  that  the  spectral  lines 
exhibited  by  an  incandescent  gas  as  well  as  the  absorption  bands  in 
the  solar  spectrum  should  be  of  definite  width.  This  application 
has  been  discussed  by  Ebert,^  and  the  whole  investigation  with 
reference  to  interference  has  been  taken  up  and  extended  by  Lord 
Rayleigh.^ 

Thus  if  V  be  the  velocity  of  light  and  w  the  velocity  of  the  moving 
molecule,  6  the  angle  which  its  direction  of  motion  makes  with  the 
line  of  sight,  then  the  natural  wave  frequency  n  is  changed  into  ^', 
where 


,  nv 

n  = 


V  -  u  cos  d 


^  Ebert,  Wi^,  Ann.  xxxvi.  p.  466,  1889. 
«  Lord  Rayleigli,  Phil.  Mag,  vol.  xxvii.  iip.  299,  484,  1889. 
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The  new  wave  length  X!  will  be  v/'n',  and  will  consequently  be  con- 
nected with  the  old  wave  length  A.  =  t/n,  by  the  equation 

X'  =  \(l--C08^) 
V 

where  u  is  small  compared  with  i\ 

As  a  first  approximation  u  may  be  supposed  to  be  the  same  for 
every  molecule,  and  the  limiting  values  of  the  frequencies  will  be 


n(l+i'),     andn(l-i:). 


The  result  being  that  the  spectral  line  which  would  otherwise  be 
infinitesimally  narrow,  and  correspond  to  a  single  wave  frequency  w, 
will  now  be  broadened  out  into  a  uniformly  illuminated  band,  having 
the  above  limits  for  the  frequencies  at  its  edges.  Thus  by  the  motion 
of  the  molecules  the  emitted  light  is  rendered  to  some  extent  hetero- 
geneous. The  waves  are  not  of  a  single  period,  but  vary  over  a 
certain  range  depending  on  the  velocity  of  motion  of  the  molecules, 
and  conversely,  the  light  absorbed  by  a  gas  will  not  be  of  a  single 
definite  wave  length,  but  will  consist  of  a  group  or  groups  of  waves 
lying  between  certain  limits. 

Anomalous  Dispersion 

287.  Abnormal  Spectra. — Intimately  connected  with  the  dark 
absorption  bands  is  the  remarkable  phenomenon  of  anomalous  or 
abnormal  dispersion.  Hitherto  we  have  always  spoken  of  the  spectrum 
as  presenting  an  invariable  succession  of  colours  in  the  order  violet, 
blue,  green,  yellow,  orange,  and  red.  We  have  incidentally  mentioned 
that  spectra  obtained  by  prisms  of  different  substances  present  peculi- 
arities characteristic  of  the  material  of  the  prism,  and  that  spectra 
produced  by  different  prisms  cannot  well  be  compared  on  account  of 
the  irrationality  of  dispersion,  as  the  irregularity  in  the  spreading  out 
of  the  colours  is  termed. 

It  has  been  found  that  refraction  spectra  are  not  complicated  by 
the  irrationality  of  dispersion  alone,  but  that  in  many  cases  the  order 
of  the  colours  is  entirely  changed,  and  that  sometimes  the  spectrum 
may  not  even  present  a  continuous  appearance,  but  may  be  broken 
into  parts  isolated  from  each  other  by  broad  dark  bands. 

Although  anomalous  dispersion  may  appear  at  first  sight  to  be  a 
strange  and  unexpected  phenomenon,  yet,  on  duly  considering  the 
mode  of  propagation  of  light  in  refracting  media,  we  are  led  to  expect 
it.     For  the  refractive  index  of  any  medium,  for  waves  of  a  given 
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i>.      Tba 
rod   j^ 


(rtM|nency,  u  ilclei-miTied  )>y  the  velocity  of  f 
the  velocity  of  pro]iagstion  will  vary  with  tho  » 
ilu[wui]ing  nil  the  imture  uf  the  luediiini.  Tbg 
hiippcn  to  travel  faster  tluin  thu  Ktiiirt  w»ve»M 
not  jiulilied  in  coiicluiling  that  tbttre  uro  J 
reverse  itiay  bo  tho  casa  The  velocity  of  i 
is  iufliicnccd  by  the  inteniiU  i-tnicture  of  1 
Btitiition  of  one  mediiini  might  Iw  Bueh  ttu 
faster  than  the  reii,  while  the  reverse  DuyJ 
mediiiin,  jiwt  na  in  one  muliuni  tho  rod  : 
itbsorbei]  [ban  the  violet,  while  in  others  the  rt 
ubsoi'beil  than  the  red.  The  sixalled  irrntionalil 
anomalous  (lis[>ersion,  arv  consequently  phvnomtuii 
expected  juat  as  we  should  ejtpeci  the  difTerunt  cv 
ill  different  proportions  by  u  given  muditiin,  nod  di 

media.  | 

The  existence  of  ammialinu  ilvspn-ii 
covered  by  Pox  Talbot'  about  1840.  but  the  1 
to  h»ve  been  followed  up.     In  1560  lA. 
iodine  vapour  possessed  a   very   remarkahlea 
found  thut  it  transmitted  only  tho  red  and  I 
these  the  red  are  the  more  refracted,  con! 
the  onlinary  cases  of  refraction.     At  a  teafl 
indices  for  iodine  vapour  of  the  red  and  Tiqj 
M.  Hiirion "  lo  lie 

^= 1-0205,    *,= 1-019. 

In  1870  Chriatinnsen *  detected  the  a 
sion  in  alcoholic  solutions  of  fuchsine  (one  of  t! 
solution  gives   a  marked  absorption   buid  in  the 
colour  is  entirely  absent  from  the  spectrum  of  th 

Of   Xh^-    n-mntnin';:   rnlm.i-    thf    rpd.  ,>n.nj:e,  at.d  yp 
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The  arrangement  and  relative  intensities  are  shown  in  Fig.  214,  the 
spectrom  is  elongated  to  an  extraordinary  extent,  the  green  is  absent, 
the  violet  is  least  refracted,  and  is  separated  from  the  other  colours  by 
a  dark  space.  The  prism  used  by  Christiansen  consisted  of  two  glass 
plates  inclined  at  an  angle  of  about  V,  The  dotted  lines  show  the 
position  and  length  of  the  spectrum  obtained  with  the  same  prism 
when  filled  with  pure  alcohol. 

The  indices  for  the  various  rays  were  as  follows : — 


A 

B 

C 

D 

E             F 

G 

H 

Fachsine  Solution 

(18  per  cent) 
Pure  Alcohol 

1 

1-450 
1  -3628 

1-502 
not  measured 

1-561 
1-3654 

..       1  1-312 

1  -3675  '  1  -3696 

1 

1-258 
1  -3733 

1-312 
1  -3761 

In  determining  the  indices  by  the  method  of  total  reflection,  it  is  found 
at  normal  incidence  that  the  reflected  light  is  strongly  coloured  green. 
The  dark  band  in  the  green  of  the  transmitted  light  is  consequently 
accounted  for.  As  the  incidence  is  increased  the  spectrum  of  the 
reflected  light  shows  first  (besides  the  green)  blue,  then  violet,  red, 
orange,  and  yellow  enter  in  succession.  We  conclude,  therefore,  that 
the  green  is  totally  reflected  at  all  incidences,  and  that  of  the  other 
colours  the  blue  is  the  least  refracted  and  the  yellow  most. 

In  working  with  a  hollow  prism  containing  a  solution,  the  action 
of  the  solvent  may  be  eliminated  by  enclosing  the  piism  in  a  vessel 
having  parallel  glass  sides  and  filled  with  the  solvent  liquid. 

Kundt  ^  has  made  an  extensive  series  of  observations  on  anomalous 
dispersion,  and  has  shown  that  it  appertains  to  all  bodies  which  possess 
what  is  known  as  surface  colour — that  is,  whose  colour  by  reflection  is 
different  from  the  colour  by  transmission  (p.  467).  Thus  fuchsine 
colours  the  transmitted  light  red,  but  the  light  reflected  from  it  is 
green.  All  bodies  of  this  class  totally  reflect  certain  colours  of  the 
spectrum  at  all  incidences,  and  their  solutions,  even  though  very  dilute, 
show  marked  absorption  bands  in  the  same  colours.  Among  the  sub- 
stances examined  by  Kundt  were  the  blue,  violet,  and  green  anilines, 
solution  of  indigo  in  strong  sulphuric  acid,  carmine,  permanganate  of 
potash,  and  cyanine. 

The  greater  part  of  the  observations  were  made  by  the  method  of 
crossed  prisms.  This  method  has  been  employed  by  Newton  in  his 
investigations  on  the  refrangibility  of  solar  light  (see  chap.  v.  p.  120). 
If  two  prisms  of  a  substance,  such  as  glass,  which  exhibits  regular 


1    TT 


Kundt,  Pogg.  Ann.  1871-72. 
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dispereiou,  be   crosM^d,   the    tpectrun  i 

ilisplai^ed  more  or  less  by  llie  second,  but  the  ^S] 

all  the  colours  in  a  uonUriiioiis  mnniier,  the  vwlo 

least,     if,  hoivi'vtT.  one  of  the  [(risras  exhibit^ 
I  tho  I 


^iUi^^ 


,.b 


1 


tw.  ill-  luoro    or 

OHch  other.     Fig.  215  shows  a  B]>ectmm  of  |M3m 
obtaineil  by  the  method  of  crossod  pristna. 
iutiiitB  in  the  groeii,  uid  is  inf1eet«d  id  cootn 
e.Ktremities. 

28S.  Kundt's  Law. — As  a  result  of  hia  « 
eluded  thiit  in  going  up  the  spoctnim,  from  tfa«  t 
the  deviation  is  abnormally  incrcneed  briow  on  ab 
above  the  band  the  delation  ie  abnomudly  d 
Or  in  going  up  the  spectrum  the  refntcliTe  iiicl| 
coefHcieiit  of  absoqition  increases  rapidly,  i 
absorption  rapiilly  diminishes. 

Thus  on  either  side  of  an  absorpliou  band  t1 
change  of  refrangibility  of  such  a  kind  that  the  i 
Muw,  that  is  on  the  red  Bide,  find  Hiwinitheil  a. 
analogous  interaction  freiinently  occuru  in  vibratir 
the  same  period.  Thus  it  to  the  bob  of  a  pen 
horizontal  vibrations,  another  pendulum  j)  ba  ■ 
be  to  increase  or  diminish  the  period  of  P  i 
p  is  shorter  or  longer  than  that  of  P. 
increase  or  diminish  the  virtual  inertia  of  P  j 
period  of  the  former  is  shorter  or  longer  t 
r  tends  to  vibrate  more  rapidly  than  p,  then  t 
it  vibr»to  more  rapidly  still,  and  rice  w 
the  ether  vibrations  are  slower  than  thou  | 
The  effect  of  the  matter  is  consequently  to  I 
virtual  inertia  of  the  ether,  and  therefore  tl 
an  absoiption  band  the  period  of  the  matter  8 
ether,  and  the  effect  is  an  abnormal  diminutj 
of  the  ether,  and  therefore  of  the  refraction.'  ] 

'  TliU  principle  was  n«c)  by  Lord  Rtrleigh  U  ■ 
1S7Z,  "On  the  EeUection  niiil  Ritfrtictiou  ot  Ligllt  b;f  ^ 
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Transformation  of  Radiations 

289.  Fluorescence. — In  discussing  the  phenomena  of  absorption  it 
has  been  pointed  out  that  of  the  many  constituents  of  a  beam  of  solar 
light  some  are  absorbed  more  particularly  by  one  body  and  some  by 
another.  In  general  the  energy  of  an  ether  wave  will  be  taken  up  by 
the  matter  if  it  is  of  the  proper  period  to  excite  the  matter  molecules 
to  vibration,  yet  some  bodies  appear  competent  to  take  up  and  absorb 
the  energy  of  waves  of  all  periods,  at  least  of  those  lying  within  the 
limits  of  the  visible  spectrum.  The  general  effect  of  absorption  is  to 
raise  the  temperature  of  the  body.  Thus  light  is  taken  up  and  heat 
is  emitted  instead — that  is,  waves  of  a  short  period  are  absorbed — and 
in  their  place  the  longer  infra-red  or  heat  rays  are  emitted.  This  is 
obviously  a  case  of  the  transformation  of  radiations  of  a  high  period 
into  others  of  a  lower  period.  Energy  is  absorbed  in  the  form  of  short 
waves  and  is  emitted  in  long  waves,  and  this  species  of  degradation  is 
always  in  operation  when  light  falls  upon  and  heats  material  bodies. 
We  shall  see  immediately  that  light  waves  of  a  short  period,  as  those 
from  the  violet  end  of  the  spectrum,  are  absorbed  by  some  substances 
and  emitted  again  as  light  waves  of  a  lower  refrangibility.  For 
example,  the  violet,  or  even  the  ultra-violet,  may  be  specially  absorbed 
and  emitted  again  as  green  or  red  rays.  This  is  degradation  of  the 
same  sort  as  the  former,  and  is  termed  ftuai'esreiice.  When  light  is 
absorbed  by  lamp-black  and  emitted  as  heat  radiations,  we  detect  the 
transformation  by  oiu*  sense  of  heat,  but  in  the  case  of  fluorescence 
the  degradation  is  seen  by  the  eye ;  the  change  in  period  has  not  been 
sufficiently  great  to  place  the  vibration  outside  the  limits  of  the  visible 
spectrum. 

290.  Calorescence. — The  converse  transformation  may  also  be 
eflfected,  viz.  the  conversion  of  waves  of  long  period  into  those  of 
shorter  period.  The  long  heat  waves  may  be  converted  into  waves 
sufficiently  short  to  affect  the  eye,  and  may  thus  be  rendered  visible. 
This  converse  transformation,  the  rendering  visible  of  the  infra-red 
waves,  is  termed  calmrscence.  It  may  be  demonstrateil  by  concentrat- 
ing the  non-luminous  radiations  by  means  of  a  condensing  lens  at  the 
focus  of  which  a  piece  of  platinum  foil  is  placed.  Professor  Tyndall 
first  exhibited  it  in  this  manner  by  focusing  the  radiation  of  an 
electric  arc  on  a  slip  of  platinised  platinum.  The  beam  was  sifted 
of  all  the  luminous  radiations  by  transmission  through  a  solution 
of  iodine  in  bisulphide  of  carbon,  so  that  only  the  obscure  heat  radia- 
tions fell  upon  the  platinum.  In  this  manner  the  slip  was  raised 
to  incandescence  and  emitted  light — that  is,  the  invisible  infra-red 
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radiations  of  long  period  were  converted,  in  part  at  least,  into  the 
higher  luminous  radiations. 

291.  Fluorescent  Substances  —  Stokes's  Theory.  —  The  pheno- 
menon of  fluorescence  was  first  observed  by  Sir  David  Brewster^  in 
an  alcoholic  solution  of  chlorophyll,  and  was  termed  by  him  intermd 
dispersion.     He  found  that  when  a  pencil  of  solar  light  passes  through 
a  green  chlorophyll  solution,  the  path  of  the  beam  is  marked  bv» 
brilliant  red  light     It  was  then  noticed  by  Herschel  *  that  when  the 
sun's  rays  fall  upon  a  dilute  solution  of  sulphate  of  quinine  the  surface 
of  the  liquid,  where  the  light  falls,  exhibits  a  bright  blue  coloiu*,  which 
penetrates  to  a  small  distance  within  the  liquids     Herschel  fotmd 
that  this  blue  light  was  confined  to  the  surface  stratum  on  which 
the  light  fell,  and  that  light  which  had  once  produced  this  effect  was 
incapable   of   developing   it   again   in   other   solutions    of   the  same 
substance. 

Thus  if  the  |)encil  of  solar  light,  which  passes  through  a  cell  contain- 
ing sulphate  of  quinine,  be  transmitted  through  a  second  cell  of  the 
same  solution,  there  will  be  no  development  of  the  blue  shimmer  at  the 
surface  of  the  second  cell  where  the  light  enters  it  That  part  of  the 
solar  beam  which  developed  the  blue  colour  in  the  first  solution  has 
been  absorbed  there,  and  the  transmitted  pencil  contains  no  rays 
competent  to  excite  it  in  the  second.  If  the  light  be  concentrated,  by 
means  of  a  lens,  to  a  point  in  the  interior  of  the  liquid,  the  blue 
shimmer  may  mark  the  whole  path  of  the  beam,  and  be  not  merely 
restricted  to  a  thin  siuiace  layer.  The  same  appearances  are  exhibited 
in  the  greenish  surface  colour  of  canary  glass  (coloured  with  oxide  of 
uranium),  and  in  the  bluish  surface  tint  so  frequently  observed  in 
some  kinds  of  ordinary  paraffin  oil.  Fluorescence  is  also  finely 
developed  in  solutions  made  from  the  bark  of  the  horse  chestnut. 

Sir  G.  G.  Stokes,^  to  whom  the  whole  explanation  of  this  pheno- 
menon is  due,  has  shown  that  it  is  exhibited  in  a  greater  or  less 
degree  by  many  substances,  including  white  paper,  bone,  ivory,  cotton 
wool,  etc.  In  reflecting  on  the  possible  explanation  of  Herschel's 
observations  it  occurred  to  him  that  the  blue  light  dispersed  in  the 
solution  of  quinine  might  not  be  the  blue  rays  of  the  incident  beam, 
but  might  be  due  to  the  degradation  of  the  rays  of  higher  refrangibility. 
which  are  mostly  invisible,  and  the  results  of  experiment  completely 
verified  the  speculation. 

To  find  what  rays  are  most  effective  in  producing  fluorescence  in 
any  substance,  it  is  only  necessary  to  place  a  piece  of  it  in  the  various 

*  Brewster,  Eighth  Report,  Brit.  Assoc,  and  Phil.  Mag.  1848. 
2  Herschel,  loc.  cit.  «  Stokes,  PhU.  Tram.  1852-63. 
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parts  of  a  pure  spectrum  of  solar  (or  electric)  light.     The  spectrum 

sliould  be  formed  with  prisms  and  lenses  of  quartz,  as  this  material 

transmits  the  ultra-violet  radiations  very  freely.     When  the  substance 

k  moved  from  the  red  end  of  the  spectrum  towards  the  violet  it  is 

found  that  at  a  certain  point  it  begins  to  glow  with  colour,  always  of 

a  refrangibility  lower  than  that  which  falls  upon  it.     Thus  when  a 

slip  of  uranium  glass  is  so  treated  there  is  scarcely  a  trace  of  colour 

exhibited  until  it  is  moved  up  to  the  blue  part  of  the  spectrum ;  here 

it  begins  to  glow  with  its  characteristic  yellowish  light,  and  the  effect 

persists  as  it  is  moved  through  all  the  higher  colours,  and  even  to  a 

considerable  distance  beyond  the  limits  of  the  violet.     The  ultra-violet 

waves,  which  are  too  short  to  affect  the  sense  of  sight,  are  absorbed  by 

the  uranium  glass,  and  afterwards  emitted  as  rays  of  lower  refrangibility, 

suificiently  slow  to  be  detected  by  the  eye. 

Solutions  of  chlorophyll,  sulphate  of  quinine,  and  other  liquids 
may  be  examined  in  the  same  manner  by  enclosing  them  in  a  small 
test-tube.  When  a  test-tube  containing  sulphate  of  quinine  is  held  in 
the  red  end  of  the  spectrum  nothing  strange  is  observed.  In  the  red 
it  looks  red,  and  in  the  green  it  appears  green,  but  in  the  blue  and 
violet  a  marked  change  occurs  in  the  appearance.  The  pale  blue 
shimmer  exhibited  in  the  sim's  rays  begins  to  show  itself,  and 
increases  as  the  solution  is  moved  towards  the  end  of  the  spectrum, 
remaining  visible  even  beyond  the  limits  of  the  violet.  The  red  and 
green  rays  are  inactive ;  it  is  the  rays  of  higher  refrangibility  from 
the  violet  extremity  of  the  spectrum  that  oj^erate  on  the  sulphate  of 
quinine. 

If  the  blue  fluorescent  light  emitted  by  the  quinine  be  examined 
in  a  spectroscope  it  will  be  found  to  contain  rays  from  various  parts  of 
the  spectrum.  It  is  not  a  homogeneous  blue  light.  All  its  constituents, 
however,  are  of  lower  refrangibility  than  the  violet  or  ultra-violet  which 
excited  them. 

In  chlorophyll  the  greater  part  of  the  fluorescent  effect  is  produced 
by  the  visible  light  of  the  spectrum,  and  not  so  much  by  the  ultra- 
violet, as  in  the  case  of  sulphate  of  quinine.  Held  in  the  red  end  of 
the  spectrum,  the  chlorophyll  glows  with  a  deep  red.  It  has  already 
been  stated  that  the  spectrum  of  solar  light  transmitted  through  a 
solution  of  chlorophyll  exhibits  a  marked  absorption  band  in  the  red 
between  the  lines  B  and  C.  The  fluorescent  light  emitted  by  the  solu- 
tion when  held  between  these  lines  is  found,  on  analysis,  to  be  of 
lower  refrangibility  than  the  light  absorbed.  As  the  test-tube  is 
moved  up  the  spectrum  the  red  glow  grows  fainter,  but  again  rises  in 
intensity  as  each  absorption  band  is  crossed.     In  the  blue  and  violet 
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the  red  glow  is  more  continuous,  and  at  the  end  of  the  violet  it  assumct  i 
brownish  tint,  due  tti  the  presence  of  some  green  in  the  fluorescent  \l-h 

292.  Application — Study  of  the  Ultra-violet  Spectnun.— fin* 
important  application  of  fluorescent  substances  arises  in  the  means  tbtv 
atford  us  of  mapping  the  solar  spectrum  beyond  the  Uniits  of  At 
violet.  This  remarkable  prolongation  of  the  solar  spectrom  beyond 
the  violet  was  first  noticed  by  Sir  John  Herachel  in  tliron-iiig  tkr 
spectrum  on  turmeric  prvper.  Herschel  attributed  this  proloiigalioii, 
which  was  yellow,  to  a  peculiar  reflecting  power  of  the  jtaper. 

Casting  the  complete  solar  spectrum  on  the  surface  of  a  transpueni 
fluorescent  sul>stance,  various  eflects  of  the  iliflerent  colours  may  U 
observed  simultaneously.  At  the  red  end  there  is  in  geiien]  no 
fluorescent  effect.  Towards  the  blue  and  violet,  and  for  considerabli 
distances  beyond  the  confines  of  the  violet,  the  tinoi-escent  shimmer  ii 
emitted  from  the  surface  layer,  and  dark  lines  are  visible  in  some  patt*. 
indicating  absorption  bands  in  the  solar  spectrum  beyond  the  violri 
similar  to  the  Fruunhofer  lines  which  are  presented  in  the  colourH 
part.  The  waves  at  these  parts  do  not  exist  in  the  solar  lieam  whfu 
it  reaches  us.  They  have  been  absorbeil  in  the  solar  or  terrestris! 
atmosphere,  or  else  they  have  not  been  emitted  by  the  sun  at  all. 

293.  Phosphorescence.— The  fluorescent  light  which  we  have  be*ti 
discussing  is  emitted  only  while  the  substance  producing  it  is  illumin- 
ated. On  intercepting  the  light  which  falls  upon  a  solution  of  sidptuitt 
of  quinine  the  blue  shimmer  from  its  surface  layer  disappears  at  once- 
Some  substances,  however,  especially  the  sulphides  of  barium,  strontium, 
and  calcium,  persist  in  emitting  light  even  after  the  incident  beam  h« 
been  cut  off — that  is,  they  shine  in  the  dai'k  for  some  time  after  ei- 
posiire  to  the  light.  This  phenomenon  is  called  pliospborescenet.  Ii 
has,  however,  nothing  to  do  with  the  luminosity  of  phosphorus,  whiti 
is  due  to  stow  oxidation.  It  is  merely  fliiorescence  lasting  afi«r  tde 
exciting  cause  has  been  removed.  The  light  absorbed  diu-ing  cvposurf 
is  emitted  as  light  of  lower  refrangibility,  and  continues  to  be  emittpi 
by  many  substances  for  long  or  short  intervals  after  they  are  removed 
from  the  light  and  brought  into  a  darkened  chamber.  The  dumtioii 
of  the  fluorescence  after  the  incident  light  has  been  cut  off  is,  in  mwt 
substances,  so  short  thiit  it  is  impossible  to  detect  it  without  sonif 
specially  contrived  method  of  investigation.  To  pursue  this  inquiry, 
Becquerel  invented  an  ingenious  plionphojvscopr,  by  means  of  which  wc 
can  deteimine  with  considerable  accuracy  the  duration  of  the  pheno- 
menon after  the  direct  light  has  been  cut  off.  With  this  apparatus  the 
existence  of  phosphorescence  to  a  greater  or  less  de>gree  has  been 
detected  in  most  substances. 
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^  Theories  of  Dispersion 

P       294.  Dependence  of  the  Velocity  on  the  V7ave  Length. — We  owe 

Ko  Newton  the  important  discovery  that  the  light  of  the  sun  is  com- 

i^poeite,  that  it  consists  of  a  system  of  simple  colours,  or,  as  we  say  now, 

■of  a  great  variety  of  waves  of  different  periods.     The  separation  of 

«olar  light  into  its 'constituent  simple  colours  was  effected  by  Newton 

:"with  the  aid  of  a  prism  of  glass.     The  different  colours  are  deviated  by 

Klifferent  amounts  in  passing  through  the  prism,  and  the  transmitted 

■light,  when  received  on  a  white  screen,  paints  on  it  a  coloured  band  or 

I  spectrum.     The  property  which  transparent  substances  possess  of  thus 

separating  the  various  constituents  of  white  light  is  called  dispemon, 

"the  inequality  in  the  refraction  of  the  various  colours  leading  to  their 

separation  or  dispersion  from  one  another. 

Now  the  teaching  of  the  wave  theory,  and  of  the  emission  theory 
Cklso,  is  that  rays  which  are  refracted  by  different  amounts  on  entering 
any  medium  must  travel  through  that  medium  with  different  velocities, 
the  relation  between  the  absolute  refractive  index  and  the  velocity  for 
Any  ray  being,  according  to  the  wave  theory, 

V 

where  Vq  is  the  velocity  in  free  space — that  is,  in  the  ether.  This 
^  velocity  is,  as  farss  we  know,  the  same  for  light  of  all  colours.  A  con- 
f  dition  which  may  therefore  be  introduced  into  any  theory  of  dispersion 
^  is  that  it  does  not  exist  in  free  space,  and  is  a  phenomenon  arising  from 
^  the  interaction  of  the  ether  and  matter. 

'         The  constancy,  or  approximate  constancy,  of  v^  for  all  waves  ranging 
f  from  the  red  to  the  violet  at  least,   is  inferred   from  considerations 
^  such  as  the  following.     Certain  stars  exhibit  rapid  changes  in  bright- 
#  ness  and  are  called  variable  stars.     One  of  these,  Algol,   passes  in 
i  three  and  a  half  hours  from  one  of  the  second  to  one  of  the  fourth 
I  magnitude  in  brightness.     Whatever  be  the  cause  of  these  changes, 
i  whether  it  be  due  to  eclipse  or  otherwise,  they  ought  to  Ims  accom- 
I  panied  by  corresponding  exhibitions  of  colour,  if  the  various  coloui-s 
travel  through  sfwice  with  different  velocities.     Thus  if  the  red  light 
'  travels  faster  than  the  violet  in  interstellar  8])ace,  as  it  certainly  does 
in  glass  and  common  transparent  8u])8tances,  then  when  the  star  is 
growing  faint  it  should  be  coloured  ]>lue  or  violet,  and  when  it  is  grow- 
ing bright  it  should  appear  red.     No  trace  of  a  coloured  tint  has  ever 
been  observed,  although  light  recjuires  several  yejirn  to  readi  um  from 
this  star.     If  the  difference  in  the  velocities  of  the  re<I  and  violet 
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amounted  to  the  one  hundred  thousandth  part 
that  is  a  variation  of  '001  per  cent,  an  interval  j 
would  ek|>se  1)etween  their  times  of  arrival  ai 
changes  in  tint  should  1)e  ohserved.  We  maj  tlj 
the  waves  corresponding  to  the  various  coIoutb  of  \ 
the  free  ether  with  the  same  velocity,  but  it  is  m 
waves  of  every  length  pass  with  the  same  veld 
observations  indicate  only  an  equality,  or  an  a 
between  the  velocities  of  the  very  limited  sets  o4 
the  eye.  The  long  \i'aves  far  below  the  limits  of 
with  velocities  very  different  from  that  with  wl 
violet  waves  are  propagated. 

In    the  case    of   sound    notes   of   all    pitchei 
velocities,  and  the  common  velocity  deduced  by 
the  supposition  that  the  length  of  the  wave  is  vai 
displacements,  or  sphere  of  action,  of  the  Anbratin 
the  wave  length  is  very  small,  as  in  the  case  of 
are  very  diticrent,  and  we  cannot  assume  that  the 
tion  will  be  indeijendent  of  the  time  of  vibration, 
a  stretched  string,  vibrating  transversely,  the  vel 
will  de|>end  upon  the  wave  length  if  the  stiffness  c 
into  account. 

296.  Cauchy's  Formula. — Starting  from  thes< 
showed  that  the  velocity  will  in  general  be  a  fi 
length.     By  proceeding  to  a  higher  order  of  appn 

at  the  relation 

.,         bed 

*  =«  +  Vi  +  X*+V«+  .  .  . 

which  expresses  the  refractive  index  in  the  form 

Ai  =  A  +  r5  +  r4+    .    .    . 

where  A,  B,  C,  etc.,  are  constants  depending  on 
medium  and  diminishing  rapidly  in  magnitude  as 
higher  terms. 

The  formula  shows  that  waves  of  short  peri< 
refracted  than  the  waves  of  longer  period,  and  tha 
a  limiting  index  /x  =  A.  Within  the  limits  of  the 
represents,  when  taken  to  three  or  four  terms,  the  r 
very  accurately,  but  fails  to  represent  the  facts  yt 
dark    radiations  beyond  the   red,   as   shown   by 

^  Cauchy,  Nouveatix  Ejccrciccs  de  Math^matiqt 


\KT.  297  DISPERSION  FORMULA  481 

Prof.  Langley.^  In  media,  however,  which  exhibit  anomalous  dispersion 
it  is  not  true  that  shorter  waves  possess  the  higher  refractive  indices, 
and  the  formula  takes  no  account  of  this  class  of  phenomena,  which 
point  to  an  intimate  connection  between  the  production  of  dispersion 
SLud  the  existence  of  absorption,  the  former  being  perhaps  in  all  cases 
fche  result  of  the  latter. 

In  Cauchy's  method  of  investigation  the  assumption  is  that  the 
distances  between  the  molecules  are  comparable  with  the  wave 
length,  but  in  the  modem  methods  which  consider  the  direct  inter- 
action of  the  ether  and  matter,  it  is  the  periodic  time  of  the  wave 
^^^hich  is  supposed  to  agree  with,  or  approach,  the  period  of  free  vibra- 
t;ion  of  the  molecule,  so  that  absorption  takes  place. 

296.  Briot's  Formula. — The  work  of  Cauchy  was  taken  up  and 
teeated  in  a  more  general  manner  by  Briot.^  Taking  into  account 
more  directly  the  interaction  of  the  ether  and  the  matter  molecules,  he 
obtained  the  formula, 

1  _   .  2      .      B      (/ 

~o  —  f  ^    +  A  +  r-;,  +  r-.  t     .     .     . 

Trhich  consists  of  two  parts,  one  a  series  similar  to  that  of  Cauchy,  and 
the  other  the  term  kX*,  which  depends  on  the  direct  action  between 
the  ether  and  the  matter. 

The  matter  is  supposed  to  affect  the  ether  in  two  ways.     Firstly, 
by  modifying  its  distribution  in  the  body,  and  this  gives  rise  to  the 
f  Cauchy  series ;  secondly,  by  exercising  a  direct  action  on  its  motion 
•  when  vibrating,  and  this  introduces  the   term  kX*.      This  formula 
'  represents  to  a  high  degree  of  accuracy  the  dispersion  of  the  luminous 
rays,  and  also  agrees  fairly  with  Langley's  investigations  in  the  infra- 
red. 

297.  Anomalous  Dispersion. — To  account  for  the  existence  of 
anomalous  dispersion,  theories,  based  on  the  mutual  reaction  between 
the  ether  and  matter,  have  been  developed  by  Helmholtz,  Ketteler, 
Lommel,  etc.  The  forces  taken  into  account  are  the  elastic  reactions 
of  the  ether,  the  elastic  reactions  in  the  matter,  and  the  mutual  forces 
arising  from  the  interaction  of  the  ether  and  the  matter.  Each  element 
of  the  ether  is  subject  to  forces  arising  from  its  own  elastic  reactions 
and  to  forces  due  to  the  action  of  the  matter,  while  each  matter  mole- 
cule is  subject  to  the  elastic  reactions  of  the  matter,  the  action  of  the 
ether,  and  to  frictional  forces  arising  from  the  adjacent  matter. 
Expressing  these  conditions,  differential  equations  are  formed  for  the 
motion  of  the  ether  and  also  for  the  motion  of  the  matter.     When  the 

'  S.  P.  Langley,  Ann.  de  Cliimic  ct  de  Phyfiquc,  torn.  ix.  p.  496,  1886. 
'^  Briot,  Essai  mr  la  Thiorie  rnath/niaiique  de  la  LumUrc^  Paris,  1864. 

2i 
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coefficient  of  absorption  is  small,  so  that  its  aqtui 
Wiillner  has  shown  that  Helmholtz's  formal^ 
ether  may  be  reduced  to  the  form 


■ 


X«  -  Xi« 


This  formula  corresponds  to  a  single  absorption  I 
single  system  of  molecules.  To  account  for  the 
bands  as  many  systems  of  molecules,  vibrating  in  o 
must  be  introduced,  and  as  many  systems  of  eqn^ 


\ 


CHAPTER   XIX 

EXPERIMENTAL   DETERMINATIONS   OF  THE   VELOCITY   OF   LIGHT 

298.  Introduction. — The  first  attempt  to  determine  the  velocity 
of  propagation  of  light  was  made  by  Galileo.  The  principle  of  the 
method  employed  was  as  follows.  Two  observers,  A  and  B,  are 
situated  at  a  distance,  and  each  is  furnished  with  a  lamp  which  can 
he  quickly  screened  or  uncovered.  If  A  uncovers  his  lamp  it  will 
be  seen  after  a  certain  interval  by  B,  and  this  interval  will  measure 
the  time  occupied  by  the  light  in  travelling  from  A  to  B.  If  B  now 
uncovers  his  lamp  it  will  be  seen  after  an  equal  interval  by  A.  Hence 
if  B  uncovers  his  lamp  at  the  instant  he  perceives  that  of  A,  then  A 
will  perceive  that  of  B  at  a  time  after  he  uncovered  his  own,  equal  to 
twice  the  time  required  by  light  to  traverse  the  distance  between  A 
and  B,  together  with  a  small  interval  of  time  depending  on  B, 
namely,  the  time  requii'ed  by  B  to  perceive  the  flash  of  A's  lantern 
and  uncover  his  own.  This  personal  interval  becomes  of  such  weight 
(when  compared  with  the  very  small  time  required  by  light  to 
traverse  such  distances  as  those  which  could  be  employed  in  an 
experiment  of  this  character)  that  if  any  definite  result  had  been 
obtained  it  would  have  been  altogether  worthless.  The  fundamental 
principle  of  this  method,  however,  is  correct,  and  is  the  same  as  that 
on  which  one  of  the  most  celebrated  of  modern  methods  is  based, 
namely,  Fizeau's,  or  that  which  may  in  general  be  termed  the  eclipse 
tnethod. 

It  is  interesting  to  notice  how  the  academicians  might  have 
obtained  an  estimate  of  the  velocity  of  light  by  attending  to  the 
conditions  on  which  the  delicacy  of  their  method  depended.  In  the 
first  place,  having  determined  that  the  velocity  of  light,  if  not  infinite, 
was  certainly  very  great,  it  becomes  a  matter  of  prime  importance  to 
eliminate  the  personal  interval  arising  from  the  slowness  of  perception 
and  movement  of  the  second  observer  B.  At  the  instant  the  light 
from  the  first  station  reaches  the  second,  the  conditions  of  the  problem 
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retiuire  that  a  return  beam  of  light  shall  leave  the  second  station  ud 
travel  to  the  first.  The  most  obvious  way  of  securing  this  i»  to 
replace  the  second  observer  B  by  a  reflecting  surface,  such  u  i 
polished  mirror,  so  that  when  A  uncovers  his  Iant«m  the  light  iraoii^ 
from  it  may  fall  upon  the  mirror  and  be  reflected  back  at  the  secoad 
station  without  loss  of  time.  Thus  when  A  uncovera  hie  own  lanten 
he  may  observe  its  image  by  reflection  in  the  mirror  at  the  Becond 
station,  and  the  interval  between  the  uncovering  of  the  light  and  the 
perception  of  the  image  is  the  quantity  to  be  estimated. 

The  whole  problem  is  now  reduced  to  devising  an  accurate  metliod 
of  estimating  this  interval.  One  obvious  source  of  error  ia  a  penwui 
one  attending  the  observer,  and  arises  in  the  uncertain  estimate  of  the 
interval  between  the  muscular  elTort  in  removing  the  screen  and  tbe 
instant  at  which  he  considers  he  has  perceived  the  retom  flash  of  li^t 
To  eliminate  this  the  screen  used  to  uncover  the  light  should  Id  iu 
motion  be  employed  to  cut  off  the  return  raya  For  example,  let  the 
lantern  be  covered,  and  let  the  eye  of  the  observer  be  placed  dose  to  it 
and  directed  so  as  to  look  into  the  distant  mirror.  Then  if  tbe  satta 
be  suddenly  moved  so  as  to  uncover  the  lantern  ami  cover  the  eye  of 
the  observer,  the  return  flash  will  not  be  received  by  the  eye  iif  lli*' 
time  occupied  in  moving  the  screen  from  the  lantern  to  the  ey«  i>  Its* 
than  the  time  required  by  light  to  travel  to  tbe  distant  mirrar  sod 
return. 

The  problem  is  now  reduced  to  the  devising  of  some  meclisiii 
cal  method  of  moving  a  screen,  or  a  train  of  screens,  across  the  field 
of  view  so  that  the  source  of  light  and  the  eye  of  the  obeen-tr 
shall  be  covered  and  uncovered  in  succession.  This  was  first  done 
in  1^149  by  Fizeau  by  using  a  toothed  wheel,  which  rotated  in 
the  field  of  view  in  such  a  way  that  the  opaque  te«th  passed  before 
the  eye  and  intercepted  successively  the  light  emerging  from  tie 
source  and  that  returning  to  the  eye  after  reflection  in  the  distuii 
mirror.     This  method  is  explained  in  the  following  article. 

FizEAu'a  Method 

299.  General  Principles  of  the  Method. — In  the  method  adopted 
by  M.  Fizeau^  a  beam  of  light  from  a  source  S  (Fig,  216)  is  in- 
troduced through  a  collimator  fixed  to  the  side  of  a  telescope,  umI 
after  reflection  at  the  surface  of  a  plate  of  parallel  glass  inclined  ii 
4'''  to  the  axis  of  the  tube,  the  pencil  comes  to  a  focixs  at  a  poiui  F, 
which  is  the  principal  focus  of  the  object-glass  of  the  telescope,  li 
'  H.  Fizeau,  CompUi  Sendiu,  torn.  xiii.  p.  90,  18*9. 
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^^BVB  iherefore  that  the  liglil  Ji*-erging  from  F  will  emerge  from  the 
^^^■eope  in  a  parallel  heani.  Tiaa  bcHtn,  after  traversing  a  distance 
^^Huree  or  four  miles,  fitlts  upon  a  Ions  L,  and  is  thereby  focused  on 
^^HHector  K,  which  is  part  uf  the  surface  of  a  sphere  baWng  its  centre 
^^■ffmturo  at  the  centre  of  the  lens  L. 

^^BOn  account  of  this  arrangement  it  follows  that  the  beam  of  light, 
^^H  whole,  after  retlectiou  at  the  siirfAco  of  the  mirror,  omei^es  from 
^^HiletLB  L  in  a  parallel  pencil,  and,  retracing  its  former  path,'  ts  again 
^^Bjght  to  11  focus  at  the  point  P.  U  then  diverges  from  F  and  falls 
^^Ki  the  inclined  glass  plate,  where  it  is  in  part  reflected  and  in  [uirt 
^^Hamicted.  The  transmitted  portion  is  received  liy  an  eyepiece  E, 
^^Benters  the  eye  of  the  oliaerver,  so  that  an  imago  of  the  source  S 
MKeen  in  the  tic  Id  of  view. 

The  eyepiece  E  combined  with  the  object-glass  at  the  obsennng 
station  conatituies  a  telescope,  which  may  Iw  referred  to  as  the  "  oliserv- 
ing"  telescope,  and  similarly  the  apparatus  RL  at  the  liistanl  station 


may  be  refened  to  as  the  reflecting  collimator.  ^Vhen  the  api»ratU8  is 
properly  adjusted  these  two  pieces  should  be  directed  towai-ds  each  other 
in  such  a  H'ay  that  an  image  of  the  object-glass  of  each  is  formed  in 
the  principal  focus  of  the  other.  This  might  be  effected  Ijefore  the 
mirror  E  is  placed  in  jwaition  by  attaching  an  eyepiece  to  the  tuljc 
RL  so  as  to  form  a  true  telescope,  whose  axis  can  be  directed  as 
required  towards  the  observing  station.  This  being  done  the  mirror 
H  has  to  be  placed  in  position.  In  order  to  do  this  with  precision 
the  following  device  was  resorted  to  by  Messrs.  Young  and  Forbes  in 
the  experiments  descrilred  su1«e<iuently  (Art.  302).  The  mirror  was 
attached  to  a  cap  which  Bci'ewe<l  on  to  the  end  of  the  tul>c  RL,  and 
nn  exactly  simihir  utp  was  tilted  with  a  ]iiecG  of  ground  glass,  so  that 
the  glass  in  one  cap  occupiml  the  same  jwsition  as  the  mirror  in  the 
other.     The  ground  glass  cap  was  tirst  screwed  on  to  the  tulie  RL,  so 

'  It  Is  tu  be  olnccvnl  lliit  ■  nj  eali'rinH  om  half  or  Ihfl  Ipiib  L  it  reiunictl  aiWr 
T«(l(K'lioD  at  K  through  tlic  other  lislf,  m)  tlmt  tli*  i«tli  of  ttic  r*ft*ctad  ray  d 
roinciJv  with  ihil  of  the  inciilcnt.  , 
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that  the  image  was  received  upon  the  glass  in  propi 
of  turns  of  the  screw  recjuired  to  effect  this  beiii|f. 
cap  was  then  removed,  and  the  mirror  cap  acreiP 
same  number  of  turns.  The  centre  of  the  mirror  nu 
into  coincidence  with  the  centre  of  the  lens  L^  an 
by  means  of  three  screws  at  the  back  of  the  mi 
adjustment  a  tu])e  about  one  foot  long  was  placed  o 
as  to  project  in  front  of  the  object-gkss,  and  a  snu 
at  the  end  of  this  tube,  the  ring  being  supported  at 
tube  by  three  stri{>s  of  metal.  On  looking  throi 
observer  ought  to  see  an  image  of  his  eye  when 
perfect,  and  the  screws  at  the  back  of  the  mirror 
this  was  the  case. 

To  direct  the  reflecting  collimator  RL  so  that 
to  the  o]>serving  telescope,  it  was  found  most  m 
through  its  object-glass  L  at  the  mirror  11  (the  he 
)>eing  kept  out  of  the  path  of  the  light  as  far  \ 
image  of  the  distant  station  was  then  seen  in  tfa 
direction  of  the  axis  was  changed  until  the  light 
observing  telescope  was  seen  in  the  centre  of  the  mi] 

A  toothed  wheel,  connected  to  a  clockwork  dri^ 
that  it  could  be  set  in  uniform  and  rapid  rotation  rou 
to  the  axis  of  the  telescope,  is  placed  with  its  edge 
rotates  the  light  is  alternately  intercepted  and  allowe 
its  teeth.  Let  us  suppose  the  wheel  to  be  at  rest,  and 
in  the  s])ace  between  two  teeth.  In  this  case  the  be 
pass,  and  a  bright  image  is  seen  in  the  field  of  view 
upon  a  tooth,  the  light  reaching  it  from  S  will  be 
back  into  the  eye.  To  avoid  this  the  teeth  may 
bevelled  so  as  to  reflect  the  light  against  the  sidei 
which  are  also  blackened.  If  this  is  secured  there  w: 
tion  in  the  field  except  when  the  light  passes  thro 
and  returns  after  reflection  at  the  distant  mirror. 

Now  if  the  wheel  rotates  very  slowly  the  imag 
view  will  appear  and  disappear  successively  as  the 
pass  before  F,  but  if  the  speed  be  increased  so  that  f 
per  second,  the  succession  of  brightness  and  darknes 
that,  owing  to  the  persistence  of  the  visual  impress 
image  will  be  seen.  Hence  if  the  angular  width  of 
the  width  of  a  tooth  be  /?,  so  that  the  combined  widt 
space  is  tt  +  ^,  it  will  follow  that  if  the  intensity  of 
when  the  wheel  is  at  rest  be  I^,  its  intensity  when  the 
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slowly  (but  rapidly  enough  to  cause  a  continuous  impression)  will 
be 

If  the  velocity  of  light  is  infinite  the  illumination  of  the  image 
will  remain  constant  for  all  speeds,  but  if  it  is  propagated  in  time 
then  I  will  depend  upon  the  speed  of  rotation.  Some  of  the  light  trans- 
mitted through  a  space  will  in  returning  fall  upon  the  adjacent  tooth  and 
be  intercepted,  and  if  the  speed  be  great  enough,  so  that  when  the  light 
returns  a  tooth  has  moved  into  the  position  previously  occupied  by  the 
space,  then  all  the  returning  light  will  be  intercepted,  provided  the  teeth 
be  at  least  as  wide  as  the  spaces,  and  complete  extinction  will  be  effected. 

What  occurs,  therefore,  is  that  at  first  a  bright  image  is  observed, 
which  diminishes  in  brightness  as  the  speed  of  rotation  is  increased, 
and  is  finally  extinguished  if  the  width  of  a  tooth  be  equal  to  or  greater 
than  that  of  a  space.  If  /?  is  greater  than  a  the  light  will  remain 
eclipsed  until  the  speed  is  sufficiently  increased  to  remove  the  obstruct- 
ing teeth  and  bring  the  spaces  into  position  for  the  returning  light. 
The  image  now  reappears  and  gradually  grows  in  brightness  as  the 
speed  is  raised.  It  reaches  a  maximum  and  then  fades  away  again 
into  darkness,  and  so  on  in  succession  for  higher  and  higher  speeds. 
If  a  =  /?,  or  the  teeth  and  spaces  are  equal  in  width,  then  for  certain 
particular  speeds  the  light  ^vill  be  completely  eclipsed,  but  will  reappear 
for  speeds  either  less  or  greater.  If  fi  is  less  than  a  the  light  will 
never  be  wholly  eclipsed,  but  will  merely  fall  to  a  minimum  and  rise 
again  to  a  maximum  in  alternate  succession. 

In  Fizeau's  experiments  the  teeth  and  spaces  were  of  equal  width, 
each  being  a  quarter  of  a  degree,  so  that  the  wheel  possessed  720  teeth. 
In  this  case,  if  D  be  the  distance  between  the  toothed  wheel  and  the 
reflector,  v  the  velocity  of  light,  and  T  the  time  occupied  in  traversing 
the  distance  2D,  we  have 

In  this  time  the  wheel  will  have  turned  through  an  angle  <uT  =  2TnT, 
if  »  is  the  number  of  revolutions  per  second.  CJonsequently,  if  a  be 
the  angular  width  of  a  space,  the  first  eclipse  will  occur  when 

where  N^  is  the  speed  of  the  revolution  when  the  first  eclipse  occurs. 
Jf  the  speed  increases  the  image  will  reappear  and  grow  in  intensity 
till  it  reaches  maximum  brightness  at  the  speed 

2o  =  4irND/r. 
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As  the  speed  increases  further  the  illumination  will 

eclipse  will  occur  when 

8a=4rX,D/r. 

Similarly  the  pth  eclipse  will  occur  at  the  speed  N^ 

(2!p-l)a=4rX».-,D/r, 
from  which  we  have 

4rDIVj^4mDl^, 
(2i>-l)o  2p-l      ' 

where  m  =  ir  a  is  the  number  of  teeth  contained  in 
ing  the  iii*st  maximum  brightness  as  that  which  c 
eclipse,  it  is  clear  that  the  pth  maximum  will  oco 
given  by  the  equation 

from  which  we  have  a  corresponding  foimula  for  r. 

Fizeau  endeavoured  to  determine  the  speeds 
cessive  eclipses  occurred,  but  this  was  a  matter  of 
and  uncertainty.  In  the  first  place,  the  intensity 
ing  to  the  telescope  is  greatly  weakened  b}^  transi 
apparatus  and  by  reflection  at  the  glass  plate  G,  so  1 
is  necessarily  faint  even  when  at  its  maximum  brigl 
rendered  less  distinct  by  the  extraneous  illuminatioi 
telescope,  caused  by  reflection  from  the  teeth  of  the 
the  wheel  rotates,  the  Jight  when  not  pissing  be 
reflected  from  them  back  into  the  field  of  view,  ai 
illumination  of  the  whole  field.  It  is  therefore  vei 
press  this  reflected  light  as  much  as  possible,  and  1 
Young  and  Forbes  in  repeating  the  experiment  be 
that  the  light  reflected  from  them  fell  upon  the  blac 
telescope.  They  also  smoked  the  wheel  itself,  so  j 
reflecting  power  as  much  as  possible. 

But  even  when  the  distinctness  of  the  image  is 
difficult  to  decide  at  what  instant  it  is  completely  ^xt 
much  more  easy  to  say  when  two  images  seen  e 
equally  intense  than  when  any  image  of  varying  int< 
its  maximum  or  minimum  brightness.  Determinat: 
direct  observations  of  the  speed  at  maximum  or  mi 
are  consequently  attended  with  considerable  uncertai 

Working  with  a  distance  D  =  8633  metres,  Fizea 
first  eclipse  occuiTcd  when  the  speed  of  revolution  i« 
second,  and  the  final  result  for  the  velocity  was  put 
leagues  of  25  to  the  degi-ee.  This  is  taken  to  reprc 
about  315,000  kilometres  per  second. 


ART.  301  CORNU'S  EXPERIMENTS  489 

300.  Cornu's  Experiments. — In  1874  M.  Cornu^  made  a  deter- 
mination of  the  velocity  of  light  by  Fizeau's  method  with  greatly  im- 
proved apparatus.  Accuracy  is  very  difficult  to  attain  in  the  method 
of  observation  adopted  by  Fizeau,  since  it  is  almost  impossible  to 
determine  when  the  image  is  exactly  eclipsed.  To  evade  this  difficulty 
M.  Cornu  placed  the  mechanism  of  the  toothed  wheel  in  electrical 
connection  with  a  chronograph,  so  as  to  mark  every  hundred  revolu- 
tions. At  the  same  time  a  clock  marked  seconds,  and  tenths  of  seconds 
were  recorded  by  means  of  a  vibrating  spring.  The  observer  had  also 
under  his  control  a  key  by  means  of  which  he  could  record  any  instant 
at  which  he  wished  to  know  the  velocity.  From  the  chronographic 
record  the  speed  and  rate  of  change  tit  every  instant  could  be  obtained. 
Allowing  the  speed  to  increase,  the  illumination  will  sink  to  a  certain 
value  and  the  speed  is  then  signalled.  After  complete  extinction  the 
image  will  reappear,  and  when  it  attains  the  former  brightness 
the  speed  is  again  signalled.  The  speed  corresponding  to  zero 
brightness  is  the  mean  of  these  two,  and  is  found  from  the  chrono- 
graphic record. 

In  M.  Cornu's  experiments  the  distance  D  between  the  two  stations 
was  nearly  23  kilometres,  so  that  he  was  enabled  to  observe  eclipses  up 
to  the  thirtieth  order — that  is,  to  make  1 5  teeth  of  the  wheel  pass  before 
the  flash  from  the  distant  mirror  returned. 

The  method,  however,  is  not  very  desirable,  in  that  it  is  not  cai)a1)lc 
of  delicate  measurement  in  regard  to  the  quantity  directly  estimated — 
namely,  the  brightness  of  the  image.  For  the  eclipses  are  not  sudden 
phenomena  occurring  at  well-marked  speeds,  but  are  so  gradual  that  it 
is  difficult  to  say  precisely  when  they  occur,  and  even  in  the  method 
adopted  by  M.  Cornu  to  evade  this  difficulty  there  must  still  remain 
considerable  uncertainty.  His  investigations,  however,  surpass  in 
reliability  and  comprehensiveness  anything  which  was  previously 
attempted. 

The  final  value  obtained  for  the  velocity  of  light  was  300,330 
kilometres  per  second  in  air,  and  this  corresponds  to  300,400  kilometres 
in  vacuo.  This  result  is,  however,  somewhat  too  high,  for  recent 
experiments  have  established  that  the  velocity  is  undoubtedly  less 
than  300,000,000  metres  per  second.^ 

801.  Brightness  of  the  Image  at  any  Speed. — If  the  angular 
width  of  the  spaces  and  teeth  be  a  and  p  respectively,  and  if  the  intensity 
of  the  image  when  the  wheel  is  at  rest  be  I^,  its  intensity  when  the 

*  Cornu,  Annalea  de  V OhKrvatoire  de  Paris  {MHnoirtB^  torn,  ziii  1876). 

*  Assuming  that  the  velocity  determined  by  the  tooth*^  ♦« 
\\e  the  same  as  that  determined  by  the  revolnng  niinv 
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wheel  is  rotating  slowly  will  bear  to  Ig  the  ratiol 
is  the  ratio  of  the  quantity  of  light  allowed  to  p^ 
the  wheel  is  rotating  slowly  to  the  quantity  when  I 
gether  removed.  But  if  the  wheel  rotates  through, 
light  travels  over  the  double  jonrney  betveen  the  t« 
available  for  the  tmnsmisrion  of  the  retoming  hf 
from  a  to  «  --  <,  and  the  intensity  of  the  image  will 

where  <  =  uT  =  '2vnT,  when  the  wheel  ia  mitlnng 

second. 

If  the  nuinl>cr  of  toeth  be  m  we  have  m(a  +  /3)  * 
(  =  H(iiT(u  +  p),  m  that  if  a  (n  +  0)  =  li  we  obtain 

I  =  (t-»(BT)1„. 

isitiea  are  I'epregented  by  the 
speeds  by  the  correspondu 
right  line 

V={l--fnTx) 


which  makes  an  intercept 
I  axis  Oy  (Fig.  217)  com 
(very  alow)  speed  ^  and  m 
I  and  an  intercept  OA  =  kf 
sponds  to  the  first  extind 
are  presenti^d  according  as  a  is  equal  to,  less  than,  o 
If  ct  -  ft,  that  js,  if  the  teeth  and  spacea  are  ei 
initial  intensity  (for  a  low  speed)  is  Hg  =  JI^.  As  t 
the  intensity  falls  in  proportion,  and  complete  extini 
speed 

As  the  speed  increases  beyond  this  value  the  inten 
tionately,  and  again  attains  the  maximnm  value  ki^ . 
Nj  =  2N^,  A  further  increase  of  Bpee<l  diminishes  tl 
second  extinction  occurs  at  the  speed  Nj  —  SSj,  and  s 
The  variation  of  the  intensity  with  the  speed  is  ri 
broken  line  BAp  BiA^,  etc.  (Fig.  218). 

If  a  <  /3  or  f  <  i,  then  the  first  extinction  occurs  \ 
or  0M  =  i>T  =  AT/2niD  (Fig.  219).     The  intensitj 

'  Tliat  ill,  only  fast  onough  to  jiroiiiiM  iieniistpnre  of  the  t 
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,  which  occurs  at  the  speed  0N  =  (1  -/■)r/2HiD.     The 

^tness  again  riaee  to  a  maximiim  Alg  at  Bj  i^orrespotiding  to  n  speed 

or  N  =  f/2iHD.     The  arithmetic  mean  of  the  speeds  OM  *ind 

I  corresponding  to  the  tii^t  extinction  jirid    tirst  reappcaDince,  is 

to    the   speed   iit 

eclipsi' 

i  occur  if  the  teeih 

I  spaces  were  ei|Hal. 

each     i{a  +  /i)     ii.    I 

width.       This 
,   corresponding  to    | 

219),  the    first  Kig.sis. 

I  extinction,  is  i(OM  +  OX)  =  i\i-iiiiD  =  Nj.      The   speed   corrc- 

•ding  to  B,,  the  first  maximum  brightness,  is  2Ni  ;  that  at  the 

1  central  extinction,  A^,  is  3N,,  and  in  general  the  maximum 

jjhtnesseB    occur    at    the    even    multiples  of    N,,   and   the  central 

B  at  the  odd  multiples. 

-  2j(;P,  r  =  1  i\| ,  the  expiossion  for  the  intensity  at  any 
speed  r  liefore  the  first 
eclipse  is 


iinfi    since    the    intensity 

I  must  be  the  same  when 

I     speed    is    increased 

irom  a;  to  n  =  2j>N,  ±  J",  it  follows  thai  ljetwi?en  the  j)th  and(p+l)th 
ttliiJBea  we  have  (  *  jc  =  2/jN',  -  «) 

'-("''S-)'-("('-.i)l'- 

the   positive   sign  applying  to  the   case  in  which  the  brightness  is 
decreasing  and   the  negative  sign  to  that  in  which  it  is  increasing. 

Thus  between  the  /ith  and  (/i+  l)th  eclipses,  when  the  brightnt 
increasing  (/t-.2^N,), 

I  ^  1„(  t-  - 1'  4  ^  ]  (brightness  incrmaing), 

and  when  the  brightness  is  decreasing  (n>2;jNj) 

1  =  \.,(k  +i>  -  ,^~  \  I  lirigl,liie*fl  ilwrcuing). 

When  a>li.  or  k->\,  the  image  is  never  totally  eclipsed  but  sinks 


the  corrtwiwiiiHnf; 
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tig  to  a  luinimuni  iltfUraihi 


when  I 


T  ft  and  I 


1  ifitensKv  is  li^i^vnl 


The   t-nrMtioi 

C  BUbj«Ct  to  tll■^ 


Forfac^ 


l>etweeii  two  couscciitive  inininui  ivi 
foregoing  cases. 

302.  Experiments  of  Youn^r  and  Foi 
of  eicpeniueiiu  on  the  vulocity  of  light  waa  e 
Hiid  Professor  (J.  Forhea,'  uaing  a  niociifiM]  fom  ol 
Tho  chief  novelty  of  their  method  is  the  tntrod 
reflecting  t«le8eoi>e  KX'  (Fig.  2IG)Biiiiaied  fTOhiiid 
in  the  same  line,  bo  that  two  images  were  eeeii  doe 
of  an  inch  apuri)  at  the  edge  of  the  roTolviiig  whti« 
distances  of  the  two  icflectors  from  tho  toothed 
Denoting  these  distances  l»y  D  and  D',  tini)  the  i 
corresponding  images  are  first  eclijeed  by  N,  aiid  I 
D'  be  greater  than  D,  then  K,  will  !«  greater  thj 
image  from  the  farther  reftecior  «-i]l  l»o  first  ecli|>s( 
to  reappear.  What  hiippeiis  then  is  that  as  the  Bf 
increased  from  rest,  one  image  1'  fndea  more  rapidl 
till  the  former  is  extinguished  and  the  latter  rcmai. 
if  the  width  of  the  spaces  is  less  than  thnt  of  tho 
things  may  now  occur.  The  imago  I'  may  reappi 
1  is  completely  extingiushed,  or  ihe  latter  nmy  be 
former  reappears,  so  that  both  images  are  extinguisi 
case  r  on  reappearance  will  increase  in  brigld 
and  1  approaching  eclipse  will  continitnlly  d 
will  he  reached  at  which  the  two  are  t 
then  I  =  I',  or 

■•('■-^s-,)  ■'••(' 

The  speed  being  increased,  I'  will  incr«ue 
lifter  eclipse  will  reappear  while  I  pasBes 
'  Young  •ml  Forlfs,  Phi 
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begin  to  diminish.     As  I'  diminishes  I  will  increase,  and  equality  will 
^  again  be  reached,  when  we  have 


and  in  general,  if  equality  occurs  between  the ^th  and  (/)  +  l)th  eclipses 

*  of  both,  we  have 

^   K  equality  be  again  established  after  the  next  eclipse  of  V — that  is, 

*  after  the  ^th  eclipse  of  I  and  the  (p  +  l)th  eclipse  of  V — since  I  is 
now  decreasing  and  I'  increasing,  if  the  speed  be  n\  we  have 

^o(^'^^-2-S;)=^'o{^"^^^'^''2N',}- 

Let  Yq  =  /jIq  and  N\  =  ryN^  then  we  have  g  =  D/D',  and  the  fore- 
going equations  become 

which  by  subtraction  give 

Now  if  the  distances  D  and  D'  be  so  chosen  that  their  ratio  tj  is  equal 
to  ^P/(^p  +  1),  we  have 

^^  g   -"^nT    g  ' 


or 

n  +  n 


^     which  gives  N^  in  terms  of  observed  quantities,  and  hence  we  have  the 
f     velocity  of  light  in  the  form 

^  V  =  4?/iDN,  =  ' 

P 

I  In  the  experiments  of  Young  and  Forbes  the  observations  were  made 
at  the  12th  equality,  and  g  was  almost  exactly  equal  to  12/13.  The 
value  of  V  deduced  was  301,382,000  metres  per  second.  The  source 
of  light  employed  was  a  Siemens  electric  lamp,  and  the  speed  was 
registered  electrically.  The  distances  D  and  D'  were  31 8845  and 
3*44928  miles  respectively. 
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Any  want  of  achromAtism  in  the  lenses  will  ii 
ing  colour  to  the  image,  and  atmospheric  absora 
similar  effect  Messrs.  Young  and  Forbes  obsen 
images  was  in  general  red  and  the  other  blue,  but 
Goloared  proved  that  when  the  Ixightneas  of  either  was  ii 
^°^^^'  was  red,  and  when  its  brightness  was  fading  tbe  co 
they  concluded  to  indicate  a  difference  in  speed  of 
and  lower  rcfnuigibility.  Thus  if  the  blue  nys  tn 
reii,  then  the  red  rays  will  be  eclipsed  at  a  lower  ^ 
so  that  as  the  speed  of  the  wheel  is  increased,  th< 
end  of  the  spectrum  will  be  first  eclipsed,  and  thi 
appear  blue.  On  the  other  hand,  when  the  image  i 
eclipse,  the  rays  which  travel  slowest  will  be  the " 
sion  through  the  iuljacent  tooth  sjiace,  and  the  | 
appear  reel. 

To  test  this  ]X)int  experiments  were  made  witl 
blue  light  from  the  spectrum  (of  the  electric  arc)  1 
and  from  the  average  of  the  results  the  experimeni 
the  blue  rays  travel  about  1*8  per  cent  faster  la 
difference  is  so  great  that,  in  the  absence  of  other  i 
o1)scrved  have  not  been  generally  accepted  as  due 
the  velocities  of  the  vai'ious  rays,  but  it  is  surmised 
is  rather  due  to  some  extraneous  cause  not  yet  fullj 
It  is  clear,  however,  that  such  a  great  difference 
the  velocities  of  the  red  and  blue  ravs  should  b 
other  methods  of  estimating  the  velocity  of  light. 
fested  by  the  colouring  of  stars  immediately  before 
or  during  rapid  changes  of  intensity,  such  as  take  pi 
variable  stars.  So  also  aberration  should  lead  to  tl 
the  stales  into  little  spectra,  for  the  red  and  blue 
would  ap])ear  to  come  from  different  points  in  spai 
Foucault's  method,  to  be  presently  described,  the 
should  be  drawn  out  into  an  elongated  spectrum,  but 
or  elongation  has  ever  been  observed. 

FoucAULT*s  Method 

308.  Foueault's  Experiments. — As  early  as  1. 
had  employed  a  rotating  mirror  to  determine  the  vel 
and  the  duration  of  the  electric  spark.  He  further  i 
same  method  might  be  used  to  determine  the  velc 

^  Whcatatone,  Phi/.  Traits,  p.  588,  1834, 


■I 
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\  I  st  betweuii  the  rival  theoriea  as  to  whetlier  the  spood  of  light  was 
_  I  cater  in  the  more  refracting  or  leas  reflecting  media.  The  suggeBtion 
■.^  ,is  taken  up  by  Arago.'  but  it  waa  not  luitil  1850  that  the  exijeri- 
iiient  waa  designed  in  a  form  capable  of  giving  accurate  reBuIts  by  the 
iiif^enuity  of  M.  L.  Foucault.^  The  principle  of  the  method  is  as 
follows : — 

Solar  light,  iratismilteJ  through  ji  rectangular  aperture  S  (Fig. 
L"2I),  falls  upon  an  achromatic  lens  L,  and  afterwards  upon  a  plane 
mirror  K,  which  can  be  made  to  rotate  rapidly  round  a  vertical  axis. 
tlie  plane  of  the  jiaper  being  supposed  horizontal.  A  concave  mirror 
M  U  fixed  at  a  distance.  The  surface  of  this  fixed  mirror  is  spherical 
and  its  radius  is  equal  to  the  distance  RM,  while  its  spherical  centre 
is  at  R  on  the  axis  of  rotation  of  the  moving  mirror.  Let  us  first 
'  suppose  the  mirror  K  at  rest,  and  so  placed  that  the  light  reflected 


irijm  it  coniei<  to  a  focus  upon  the  fixed  min-or  JI,  and  forms  there  a 
.•:\\  image  of  the  slit  H.  The  pencil  reflected  from  M  returns  along 
1  ■  -^  foi-mer  path,  is  reflected  from  R,  tra\'erses  the  lens  a  second  time, 
Mul  comes  to  a  focua  at  S,  forming  an  image  superposed  on  the  alit. 
1 'Of  the  convenience  of  observation  a  plate  of  parallel  glass  is  placed 
near  S  in  the  path  of  the  beam  of  light,  and  inclined  to  it  at  an  angle 
(if  io''.  The  pencil  reflected  from  M  when  returning  to  S  meets  the 
(.late  where  it  is  in  part  reflected,  and  forms  an  image  of  S  at  a,  which 
is  obsened  through  an  eyepiece.  A  fine  wire  may  be  placed  across 
the  centre  of  the  slit  parallel  to  its  length,  that  is  vertically,  so  thai 
the  image  at  a  is  crossed  by  u  ilark  ^-e^tical  line,  over  which  the 
tihre  of  the  eyepiece  can  be  accurately  placed  in  making  the 
measurements. 

Let  us  now  suppose  that  the  mirror  R  is  caused  to  rotate.     As 
long  as  the  light  from  R  falls  on  M  there  will  appear  an  illuminated 
'  Arago,  jlnnvaire  da  Bartati  drt  Longitude* pour  1842,  {i.  liSi. 
'  Fouc4uU,  CompUt Rendti*,  torn.  x\k.  p,  SSI,  18S0:  torn.  Iv.  pp.  (01,  792,  \Wi. 
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image  at  a,  and  it  is  important  to  remark  that  on 
ture  of  M  and  its  arrangement^  as  already  described, 
fixed  as  K  revolves,  but  when  R  turns  round  so 
does  not  fall  upon  M  there  will  be  no  illumination 
be  very  slow,  brightness  and  darkness  will  al 
other  at  a,  and  when  the  rotation  is  sufficiently 
of  the  visual  impression  leads  to  a  permanent  inol 
Brightness.  The  brightness  of  this  image  will  obviously  be  nu 
the  mirror  is  at  rest,  the  ratio  of  the  two  being  thai 
whole  circumference.  Hence  by  increasing  the  nv 
brightness  will  be  increased  in  the  same  ratio,  and 
revolving  mirror  be  jyolished  on  both  sides  the  i 
doubled. 

Let  T  be  the  time  required  by  the  light  to  t 
along  the  distance  RM  =  D,  then  vT  =  2D.  But  d 
the  mirror  R  has  turned  through  an  angle  coT,  if  : 
be  (u  =  2mrj  where  n  is  the  number  of  turns  per  secon 
pencil  returning  through  the  lens  to  a  will  consc 
through  an  angle  2(uT,  viz.  twice  the  rotation  of 
image  a  will  consequently  be  displaced  to  a\  and  tl 
where  SS'  =  aa'  =  x  suppose.  The  distance  -r  is  mei 
the  micrometer  attached  to  the  eyepiece. 

Now  the  light  returning  from  M  is  reflected  1 
to  come  from  a  point  sitiuited  at  an  equal  distance 
the  pencils  forming  the  images  at  S  and  S'  apj 
sources  S^  and  S\  behind  R,  wherefore  RS^  =  RS' 
joining  S  and  S'  to  the  optic  centre  of  the  lens  p 
S\  respectively.  Denote  the  distances  of  the  len 
revolving  mirror  by  a  and  h  respectively.  Then  si 
is  verv  small,  we  have  its  circular  measure 


V  =  ffl)'    '«"lSiS',  =  2D«. 


where  6  is  the  small  angle  between  the  two  positioi 
Therefore 

2aDe    2aDwT      4awD« 


JL'  = 


6+D       6  +  D      r(6  +  D/ 
or 

which  expresses  v  in  terms  of  quantities  which  can 
In  the  final  experiments  of  Foucault  a  beam 
reflected  horizontally  from  a  heliostat  through  th' 
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flight  used  was  not  a  fine  wire  stretched  across  the  aperture,  but  a 
microscope  scale  which  consisted  of  fine  lines  traced  on  a  piece  of 
silvered  glass  at  a  distance  of  ^  mm.  from  each  other.     This  scale 
placed  at  S,  so  that  the  light  passed  through  it  and  an  image  of  it 
viewed  at  a  in  the  field  of  the  observing  microscope.     What  was 
<>b«erved  therefore  was  not  the  displacement  of  the  image  of  the  slit 
Imt  the  displacement  of  the  image  of  this  scale.     The  revolving  mirror 
was  a  piece  of  glass  silvered  and  polished  on  one  face.     This  was  sup- 
ported in  a  strong  ring  frame,  and  its  diameter  was  14  mm.     The 
radius  of  curvature  of  the  fixed  mirror  M  was  4  metres,  so  that  with  a 
single  fixed  mirror,  as  in  Fig.  221,  the  distance  D  in  the  foregoing 
formula  would  be  4  metres.     In  the  actual  experiment,  however,  this 
Was  increased  to  20  metres  by  using  five  fixed  mirrors  instead  of  one. 
for  this  purpose  M  was  turned  a  little  to  one  side,  so  that  the  light 
reaching  it  from  the  revolving  mirror  was  not  reflected  back  directly  to 
H  as  already  described,  but  to  another  fixed  mirror  of  equal  radius.  From 
this  it  was  reflected  to  a  third,  and  then  to  a  fourth,  and  finally  to  a 
fifth,  which  received  it  normally,  and  returned  it  along  its  previous 
path  to  the  revolving  mirror,  and  thence  to  the  field  of  the  observing 
microscope.     The  lens  L,  which  had  a  focal  length  of  I  '9  metres,  whs 
placed  between  the  revolving  mirror  and  the  first  fixed  mirror  (Fig.  222), 
and  not,  as  in  Fig.  221,  between  the  revolving  mirror  and  the  aperture. 

In  order  to  determine  the  speed  of  the  revolving  mirror,  and  to  Tlie  sp 
control  it  during  an  observation,  a  most  ingenious  device  vr2i8  resorted 
to.     A  finely  divided  toothed  wheel  was  placed  between  the  observing 
microscope  and  the  reflecting  glass  plate,  so  that  the  image  of  its 
toothed  edge  appeared  in  the  field  of  view.     This  wheel  was  driven 
by  clockwork  at  a  uniform  speed,  which  would  be  accurately  deter- 
mined.    Now  the  beam  of  light  entering  the  field  of  view  is  not  con- 
tinuous, but   intermittent.     It   consists,  in  fact,  of  a  succession  of 
flashes,  each  flash  corresponding  to  a  complete  turn  of  the  revolving 
mirror  R.     If  the  beam  of  light  were  continuous,  the  teeth  of  the 
revolving  disc  would  be  seen  rapidly  crossing  the  field  at  a  speed 
depending  only  on  the  rate  at  which  it  is  driven,  and  at  any  consider- 
able  speed  they  could  not  be  distinguished  in  passing.     With  the 
intermittent  beam,  however,  the  teeth  are  illuminated  for  a  very  short 
time  once  during  each  revolution  of  the  turning  mirror  R,  and  the 
result  is  that  if  the  toothed  wheel  tiu-ns  through  an  angle  correspond- 
ing to  any  whole  number  of  teeth  in  the  time  between  two  consecutive 
flashes,  the  position  of  the  teeth  in  the  field  of  view  will  always  aj)pear 
to  be  the  same  when  they  are  illuminated,  and  the  teeth  will  conse- 
quently appear  to  be  stationary.     If  the  speed  of  the  toothed  wheel 

2k 
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}>c  greater  or  less  than  this  the  teeth  wQl  a] 
ward  or  backward  motion  in  the  field  of  view. 

The  revolving  mirror  was  driven  by  an 
speed  could  be  controlled,  and  daring  an  obaervaij 
lated  that  the  image  of  the  toothed  wheel  appM 
field  of  view.  The  speed  of  the  toothed  whai 
number  of  teeth  passing  between  two  consecutive  f 
mined,  and  from  this  the  speed  of  the  rotating  ma 

The  observed  displacement  of  the  scale  was  0 
result  for  the  velocity  of  light  was  298,000,000  i 

804.  Discussion  of  the  Revolvinflr  Wrror  Me 
investigations  the  distance  D  was  so  small  (being 
five  fixed  mirrors)  that  a  large  angular  deviation  < 
of  the  question,  and  by  reason  of  the  many  i 
necessarily  a  serious  loss  of  light.     In  order  to  o 
tion  with  a  given  speed  it  is  necessary  to  work  w 
between  the  two  mirrors,  and  as  there  is  alway 
tion  and  absorption  in  passing  over  a  great  dis 
to  attend  to  the  conditions  which  render  the   i 
When  the  displacement  of  the  image  is   large 
plate  is  unnecessary  and  may  be  dispensed  with, 
by  the  returning  light  can  then  be  observed  di 
weakened  by  the  reflections  attending  the  use  of  t 
the  angular  deviation  of  the  retium  image,  for  a 
revolving   mirror,  increases  with   the   distance 
angular  deviation  the  displacement  of  the  image  ii 
distance  between  the  source  and  the  revolving 
called,  the  r<ulhts.     Hence  for  a  large  displaceme 
distance  between  the  mirrors,  the  radius,  and  th 
be  made  as  large  as  possible.     The  second  cond 
conflict  with  the   first,   for  the  slit  and   the    fi3 
situated  in  the  conjugate  foci  of  the  lens  L. 

When  the  lens  is  placed  between  the  revolvin| 
as  in  Fig.  221,  the  quantity  of  light  returned  I 
versely  as  the  distance  D.  Thus  with  a  con 
decimetre  diameter  placed  at  a  distance  of  one  kil' 
turned  to  the  revolving  min*or  would  not  be  as 
of  the  light  reflected  from  it.  This  quantity  is 
atmospheric  vibration,  diffusion,  and  absorption, 
tances  it  is  almost  impossible  to  construct  a  min 
curvature  that  the  rays  will  fall  normally  on  ever 
In  general  only  a  part  of  it«  siu*face  will  satisfy  tl 
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I  purtion  only  of  it  is  efFet-tive,  iiiid  this  leads  to  a  fiiriher  ikci-ease  in 
;ii'  lirilliancy  of  the  retiuii  imago.  Hence  with  a  concave  mirror  of 
11  decimetre  diHineler  for  each  kilometre  of  diBtance  only  a  small 
K  tion  of  the  inrJjnr  ix^rt  of  the  light  reflected  from  the  revolving 
iiinor  ia  renlly  utilised  when  the  apparatus  is  arranged  as  in  Fig.  221. 
( 'n  the  other  hand,  when  the  lens  ia  placed  between  the  revolving 
nriiror  and  the  fixed  mirror,  as  in  Fig.  222  it  is  easily  seen  that  if  K 
ii[(l  M  are  in  conjugate  foci  of  L,  then  the  light  reflected  from  R  will 
f:ill  U|K>n  M  as  long  lis 
I  hi?  axis  of  the  reflected 
liciim  fatb  upon  the  lens, 
lu'wever  great  the  dis- 
i.iiii'e  D  may  he.  This 
I  r.ingeraent,  however, 
iiitot  be  maile,  for  it  is 
.i>'  slit  S  and  not  the 
iiiETor  R  that  must  be  in  the  conjugate  tocua  of  M  ;  noverthelesa,  it 
j!;iy  be  nppi'oxi mated  t«  by  bringing  the  slit  close  to  the  revolving 
Tiiirror,  and  the  brilliancy  of  the  return  image  will  be  increased 
iucordingly — that  is,  approximately  in  the  ratio  of  the  angular 
.liitmeter  of  the  lens,  subtended  at  the  centre  of  motion,  to  that  of  the 
mirror  M  »l  the  same  ]>oint. 

The   lul vantages   derived   from   increasing   the    distarice    D   are 

iti-Mided    by  Berious  defects  in   the   return    image   caused  by  atmo- 

~l>b<?i-ic  dift'ueion  and  vibration.     For  the  light  which  forme  the  image, 

-read  of  travelling  accurately  along  a  definite  line  ML,  between  the 

^  I'll  mirror  and  the  lens,  ia  scattered  through  a  certain  angle.     This 

.  .id.f  to  an  error  in  position  of  some  parts  of  the  image,  which,  when 

expressed  in  linear  measure,  will  bo  proportional  to  the  focal  length 

of   the  lens.     In  other  words,  a  limit  ie  soon  reached,  beyond  which 

the  nngidar  accuracy  with  which  a  micrometer  wire  can  be  set  on  the 

iiii^iye   of    a  star  is   not  increased   by    increasing   the   length   of  the 

li.-scope.     The  result  is  that  the  brilliancy  of  the  image  cannot  be  iti- 

M^ed  many  fold  by  increasing  the  focal  length  of  the  lens  without 

.:  ihe  same  time  increasing  too  much  this  source  of  error. 

Another  possible  drawback  to  the  use  of  the  lens  in  the  position 
iiown  in  Fig.  222  is  that  an  image  of  it,  or  of  some  part  of  it,  will 
1  i~h  through  the  field  of  view  with  every  revolution  of  the  mirror, 
111  this  will  lead  to  a  certain  amount  of  illumination  in  the  field.  It 
i-  i.bviously  desirable  that  this,  us  well  us  all  other  extraneous  illumi- 
iL.ition,  should  be  excluded  from  the  field  of  view,  in  which  a  very 
iiint  imago  is  to  Iw  ol«en-ed. 
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805.  Miehelson's  Expariments. — ^The  chief 
experimeiits  is  that  the  deflection  was  too  small  | 
sufficient  accuracy,  and  to  remedy  this  defect 
modified  the  arrangement  of  the  apparatus  in 
return  image  was  displaced  through  133  mm., 
that  (>}>tained  by  Foucault  With  a  krge 
the  iiicliiie<l  glass  plate  could  be  dispensed  with,  ^ 
was  observed  directly  through  a  micrometer  ejra 
Same  stand  as  the  slit  through  which  the  light  wn 
eyepiece  consisted  of  a  single  achromatic  lens  of  i 
length.  In  the  focus  of  this,  and  nearly  in  the  ai 
the  face  of  the  slit,  a  single  vertical  silk  fibre 
measuring  the  deflection  the  eyepiece  was  so  p] 
bisected  the  slit,  and  it  was  then  moved  till  tb 
deflected  im<ige  of  the  slit.- 

The  revolving  mirror  was  a  disc  of  plane  gla 
diameter  and  0"2  inch  thick.  It  was  silvered  on  i 
that  reflection  took  i)lace  from  one  surface  only, 
between  the  two  mirrors,  as  in  Fig.  222,  so  as  to  st 
ness  of  the  return  image,  and  its  focal  length  i 
revohing  mirror  was  placed  15  feet  inside  the  pri 
lens,  and  the  distance  between  the  two  mirrors  wi 
In  the  first  set  of  exjKTiments  the  fixe<l  mirror  wa 
7  inches  in  diameter,  and  a  small  telescoiK!  was  a 
the  line  of  colliniation  at  light  angles  to  the  surf  at 
the  purix)scs  of  adjustment.^  The  lens  was  8  incl 
wiis  not  achromatic,  l)ut  on  account  of  its  great  ft 
imred  with  its  aperture,  the  want  of  achromatism  ' 
The  "radius,''  or  the  distance  between  the  slit 
mirror,  was  al)out  28  feet.  In  making  an  exper 
necessary  to  incline  the  axis  of  the  revolving  mi 

*  A.  A.  ^iivhelsoUt  Asfronomico/  Papers /or  th4;  Amertcan. 
Ahnamt^^  vol.  i.  iMirt  Hi.  p.  117,  1880. 

'-'  It  may  be  observed  that  in  the  ex|)erimeuts  of  MicUc 
image  of  tlie  slit  was  workeil  with  rather  than  the  image  of 
across  the  .slit,  as  in  the  cxiieriments  of  Foucault.  This  w. 
of  the  gi'cat  distance  between  the  mirrors,  for  au  accurate  im 
be  formed  when  the  distance  was  considerable.  Further,  wh 
the  transmission  througli  the  atmosphere  renders  the  imagi 
ally  about  the  middle  of  the  day.  It  was  only  during  the  hi 
hour  before  sun.set,  that  a  sulUciently  steady  image  of  the  sli' 
these  ex|)eriments. 

^  The  jjarticulars  of  adjustment  are  describe*!  in  Profe 
li*c,  cit. 
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p  right  or  left,  so  that  the  light  falling  directly  on  it  from  the  slit 

li*  should  not  be  reflected  into  the  eyepiece  but  should  pass  either  above 

k  or  below  it.     Without  this  precaution  the  light  of  the  slit  would  be 

^  flashed  into  the  field  of  view  at  every  revolution  of  the  mirror  and 

I  would  overpower  that  of  the  image  to  be  observed. 

g         The  revolving  mirror  was  driven  by  an  air  turbine  controlled  by  a 

i  cord  leading  from  its  valve  to  the  observer's  table.     To  measure  the 

ti  speed  of  rotation  a  tuning-fork,  bearing  on  one  prong  a  steel  mirror, 

g  was  used.     This  was  kept  in  vibration  by  an  electric  current  from 

s;  five  "  gravity  "  cells.     The  fork  was  so  placed  that  the  light  from  the 

4  revolving  mirror  fell  upon  it  and  was  reflected  to  a  piece  of  plane 

(  glass  (placed  in  front  of   the  eyepiece  of  the  micrometer),  inclined 

J  at  45°,  and  thence  to  the  eye.     When  the  fork  and  the  revolving 

»  mirror  are  both  at  rest,  an  image  of  the  revolving  mirror  is  seen. 

When  the  fork  vibrates  this  image  is  drawn  out  into  a  band  of  light. 

I  When  the  mirror  revolves  this  l>and  breaks  up  into  a  number  of 

I  moving  images  of  the  mirror,  and  finally,  when  the  mirror  makes  as 

,  many  turns  as  the  fork  makes  vibrations,  these  images  are  reduced  to 

one,  which  is  stationary.     This  is  also  the  case  when  the  number  of 

turns  is  a  submultiple  of  the  number  of  vibrations.     When  it  is  a 

multiple  (or  simple  ratio),  the  only  differ^c^  is  that  there  are  more 

images.      Hence  to  make  the  mirror  execute  a  certain  number  of 

turns,  it  is  simply  necessary  to  pull  the  cord  attached  to  the  valve  to 

the  right  or  to  the  left,  until  the  image  of  the  revolving  mirror  comes 

to  rest.     In  this  way  it  was  possible  to  keep  the  mirror  at  a  constant 

speed  for  three  or  four  seconds  at  a  time,  and  this  was  sufficient  for 

an  observation.     In  a  large  number  of  the  experiments  the  speed  was 

approximately  258  revolutions  per  second,  and  the  mean  result  for 

the  velocity  of  light  in  vacuo  was  put  down  at 

r  =  299,910^:50  kilometreH  per  second. 

In  a  subsequent  series  of  supplementary  measures  Professor 
Michelson  ^  determined  the  velocity  of  white  and  coloured  light  in  air, 
water,  and  bisulphide  of  carbon.  In  these  experiments  the  arrange- 
ment of  the  apparatus  was  the  same  as  before ;  the  fixed  mirror, 
however,  was  slightly  concave,  and  had  a  diameter  of  15  inches. 
:  Particular  attention  was  paid  to  the  appearance  of  the  return  image, 
in  order  to  detect  if  it  indicated  any  difference  in  the  velocities  of  the 
different  colours  in  air,  such  as  was  supposed  to  have  been  observed 
by  Young  and  Forbes.     The  actual  width  of  the  slit  was  0*19  mm. 

'  A.  A.  Michelson,  Astronomical  Papers  for  the  American  Ephenuris  awl  NatUicai 
Almanac,  vol.  ii.  part  iv.  p.  237,  1885. 
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and  the  width  of  the  return  image  was  only  0'25  mm.     The  colour  of 

the  central  portion  of  this  image  was  always  yellowish,  and  occadon- 

ally  both  borders  were  observed  to  have  a  pale  violet  tinge.    There 

was  consequently  no  indication  of  a  spectral  drawing  out  of  the  imag^ 

such  as  would  result  if  the  different  colours  travelled  with  different 

velocities.     A  difference  of  velocity  such  as  that  obtained  by  Young 

and  Forbes  should  have  yielded  a  spectral  image  of  about  10  mm.  in 

widtL     Finally,  experiments  were  made  in  which  a  plate  of  red  ^us 

covered  one  half  of  the  slit  so  that  one  half  of  the  return  image  wis 

white  while  the  other  was  red.     The  two  halves  of  the  image  were 

found  to  be  exactly  in  line,  and  showed  no  break  or  diwplaceTOent 

such  as  would  attend  a  difference  of  velocity  in  the  differ^it  ooloiirB. 

The  weighted  mean  of  318  observations  on  sunlight  gave  fot  the 

velocity  in  a  vacuum 

V = 299, 865  kilometres, 

while  the  weighted  mean  of  267  observations  on  electric  light  gave 

i;=299,8d5  kilometres. 

806.  Newcomb's  Experiments. — The  most  recent  investigation  of 
the  velocity  of  light  by  the  revolving  mirror  method  was  made  at 
Washington  in  the  years  1880-82  by  Professor  Simon  Newcomb,' 
and  this  determination  is  perhaps  the  most  reliable  and  complete  that 
has  yet  been  recorded. 

In  these  experiments  the  quantity  directly  measured  was  not  the 
linear  displacement  of  the  return  image  but  its  angular  deviation.  The 
plan  of  the  apparatus  is  shown  in  Fig.  223,  and  it  will  be  seen  that 
the  method  followed  by  Foucault  and  Michelson  of  placing  the  lens 
between  the  two  mirrors  was  not  adopted  by  Newcomb.  After  due 
consideration  the  method  of  Fig.  221  was  employed,  the  lens  being 
placed  between  the  slit  and  the  revolving  mirror.  The  general 
feature  of  the  apparatus  is  that  two  telescopes  were  disposed  with 
their  axes  at  right  angles  to  each  other,  one,  F,  termed  the  sending 
telescope,  being  used  to  cast  a  pencil  of  light  on  the  revolving  mirror, 
and  the  other,  L,  the  observing  or  receiving  telescope,  being  employed 
to  receive  the  return  beam. 

The  light  of  the  sun,  thrown  from  a  heliostat,  entered  the  slit  S  of 
the  sending  telescope,  and  after  passing  along  the  tube  F  was  reflected 
by  a  plane  mirror  at  the  elbow  C  through  the  object-glass  J.  It  then 
fell  upon  the  revolving  mirror  contained  in  the  box  wi,  and  was  there 
reflected  along  the  line  Z  to  the  distant  fixed  mirror.     The  object- 

*  S.  Newcomb,  Astronomical  Papers  for  the  American  Ephcnieris  and  Naniioti 
Almanac,  vol.  iii.  part  iii.  p.  113,  1885. 
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,  glass  of  the  receiving  telescope  was  immediately  below  J,  and  its  tube  L 
was  mounted  in  adjustable  Y's  on  a  frame  NN,  which  moved  hori- 
contallf  around  a  vertical  axis  coinciding  with  the  axis  of  rotation  of 
the  mirror.  The  farther  end  of  this  telescojie  was  fitted  with  a  pair  of 
microscopes,  p  and  h,  for  reading  the  divisions  of  the  graduated  arc  helow. 
With  the  apparatus  disposed  in  this  manner  it  was  necessary  to 

'  elongate  the  revolving  mirror  to  such  an  extent  that  the  light,  when 


cast  upon  the  upper  part  of  it  by  the  upper  or  sending  telescope  V, 
should,  after  reflection  at  the  fixed  mirror,  return,  not  to  the  same 
part  of  the  revolving  mirror,  but  to  a  part  somewhat  lower  down,  so 
as  to  enter  the  lower  or  observing  telescope  L.  By  this  means  the 
light,  irregularly  reflected  at  the  surface  of  the  revolving  mirror  where 
the  incident  beam  falls  upon  it,  is  prevented  entering  the  observing 
Ulescope,  and  greater  darkness  of  the  field  is  thereby  secured. 

With  this  arrangement  almost  all  the  extraneous  light  can  be  shut 
out  of  the  field,  and  a  very  faint  image  of  the  slit  can  be  observed 
Further,  by  causing  the  mirror  to  revolve  first  in  one  direction,  and 
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then    ill   tbc  otber,  deviatioua  on  opposite  sides  of  the  z«ro  cnn  b« 
■  ihscrved,  and  in  this  manner  the  zero  error  can  be  eliniinat«d. 

In  order  to  strengthen  the  ilhimi nation  of  the  return  image,  Midui 

avoid  loss  from  any  slight  displacement  of  a  single  mirror,  two  fixti 

mirrors  were  used  side  by  side.     These  were  concave,  and  escb  had  in 

aperture  of  about  40  era.,  and  a  radius  of  ourvutm-o  of  about  3000  nielr» 

The   revolving    mirror,    shown  in  Fig.   224,    formed    one  of   tlH 

chief  novelties  of  the  apparatus.     It  cousiated 

cif  a  square  steel  prism,  the  vertical  hei^t  ol 

which  was  85  mm.,  while  the  horiKontaJ  crou 

I  section  was  a  stguare  of  37'.5  mm.  side.     Tkf 

four  vertical  faces  of  the  prism  were  okktl 

plated,  and  each  face  in  turn  acted  as  reflector 

iluring  the  revolution,  bo  that  the  brightnw 

i)f   the   image   was   quadnipled.       A   pair  «( 

circular  plates  C  was  fastened  to  the  lop  of  ibe 

mirror,  and  another  pair  D  to  the  bottom,  cub 

I   pjiir  holding  a  set  of  twelve  fans.      These  eon- 

I   etituted  the  fan  wheels  on  which  the  air  hbit 

inipingetl,    iind     set    the    mirror    in    rotation. 

Hither  set  could  be  used  separately,  so  thai  tit 

yii:.  s'ii.— Tiiu  RfvoivinK      mirror  could  be  driven  in  either  dircctiriii,  or 

"^"^*  the  two  could  be  placed  in  action  aimultano- 

niisly  in  such  a  way  that  one  counteracted  and  controlled  the  other. 

The  speed  was  determined  directly  by  a  wheelwork  system  geared 
into  a  small  pinion  fixed  to  the  axis  of  the  mirror.  This  pinion  geoml 
into  a  larger  wheel,'  on  the  axis  of  which  a  second  pinion  was  €xeA 
This  in  turn  geared  into  a  second  wheel,  which  made  one  revolution 
for  every  twenty-eight  I'evolutious  of  the  mirror.  This  wheel  broke  u 
electric  circuit  at  each  revolution,  and  by  this  means  everj'  twenty- 
(.'ighth  turn  of  the  revolving  min'or  was  recorded  on  a  chronogr^ 
ulong  u-ith  the  beats  of  a  sidereal  break  circuit  chronometer. 

In  making  an  experiment  the  observing  teIe8co)>e  was  first  <«i  in 
:i  fixed  position  corresponding  to  some  desirable  deflection  of  the 
icturn  image,  and  the  speed  of  the  revolving  mirror  was  then  ft 
iuljiisted  that  Che  return  imago  entered  the  field  of  view  and  cane  <u 
rest  upon  the  micrometer  wires  of  the  eyepiece.  In  onler  tJiai  the 
observer  at  the  eyepiece  should  be  able  to  regidat«  the  speed  of  the 
mirror,  one  of  the  valves  T  conlil  l>e  controlled  by  means  of  an  end- 

'  It  Vttn  funnel  that  the  beat  metal  wlieels  vien  worn  nut  ulniost&t  oiiw  luiilrr  thr 
liigh  spveda  at  which  the  tint  wheel  wag  torved  to  move.  For  tliia  ratson  it  wai  uMft- 
ury  to  resort  to  raw -hide  as  the  material  Tor  the  lirst  wliwt,  aii'l  this  proved  Kue««fiil 
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less  cord  X,  which  passed  through  pulleys  around  the  side  of  the 
instrument  to  the  front  of  the  observer's  table.  This  valve  being  shut 
the  other  was  opened  and  the  mirror  set  in  motion.  When  the  speed 
reached  the  proper  limit  the  image  was  seen  entering  the  field,  and  as 
it  approached  the  cross  wires  the  chronograph  was  started.  The  cord 
X  was  then  moved  so  as  to  slightly  open  the  valve  to  which  it  was 
attached.  This  allowed  a  slight  counterblast  to  act  upon  the  other 
fan  wheel,  and  by  this  means  the  speed  could  be  regulated  with  the 
greatest  delicacy.  When  the  image  was  steadily  adjusted  on  the  wires 
it  was  kept  there  for  about  two  minutes,  and  the  corresponding  record 
on  the  chronograph  furnished  the  speed  of  rotation.  It  was  remarked 
that  the  higher  the  speed  the  greater  the  delicacy  with  which  the  image 
could  be  adjusted  to  the  cross  wires.  The  observing  telescope  was 
then  set  on  some  division  on  the  other  side  of  the  zero,  and  the  mirror 
was  made  to  rotate  in  the  opposite  direction,  and  a  run  taken  as  before. 

The  final  conclusion  from  these  experiments  was  that  the  velocity 
of  light  in  air  is  299,728  kilometres  per  second,  and  in  vacuo  299,810 
km.,  with  a  probable  error  estimated  at  40  or  50  km. 

Using  only  the  results  of  those  determinations  which  were  sup- 
posed to  be  free  from  any  constant  en'or,  the  concluded  velocity  was 

In  vacuo,  v= 299, 860 ±30  kilometren. 
Professor  Newcomb  gives  the  following  table : — 

Results  obtained  for  the  Veiaicity  of  Light  in  Vacuo 


Oteerver. 


Foucault,  at  Paris,  in  1862    .         .  .  . 

Cornu,  ,,  1874    .        .  .  . 

1878    .         .  .  . 

Foregoing,  as  discnssed  by  Listing  . 

Young  and  Forbes,  1880-81  .         .  .  . 

Michelson,  at  Naval  Academy,  1879 
„  Cleveland,  1882 


TS[9weowbf  mt  Waahington,  1882— 

(«)  UsiB'  iiiilv  Miiqlta  cappoaed  free  from  constant  error 
ih)  IiM  "^tfons . 


1 

Velocity  In 
KilometreM. 

•                    • 

298000 

•  • 

• 

•  • 

298500 
300400 
299990 

■                            • 

801382 

•  • 

•  • 

299910 
299853 

jint  error  . 

•                • 

1 

299860 
299810 

«i 
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307.  Comparison  of  the  Velocities  in  different  Media. — The  fin>i 
application  of  the  revolving  mirror  method  iros  not  directed  so  mocb 
to  a  detennination  of  the  absolute  velocity  of  light  in  air  or  any  other 
medium  as  to  the  comparison  of  the  velocities  in  different  Crarispaicnt 
media.  The  emission  theory  demanded  a  greater  velocity  for  light  in 
the  more  highly  refracting  media,  while  the  ivave  theory  recjuired  the 
t'everse,  and  the  burning  problem  of  the  time  was  to  obtain  a  direct 
experimental  teat  For  this  reason  the  earlier  experiments  of  Foucauli 
were  dii'ected  to  determine  whether  the  velocity  of  light  in  air  i* 
greater  or  less  than  in  water.  If  light  travels  slower  in  air  than  in 
water,  then  it  is  clear  that  if  a  tube  of  water  be    placed  between  ih« 


I'evolving  mirror  and  the  fixed  mirror,  so  as  to  be  traversed  by  itt 
reflected  beam  of  light,  tlien  a  longer  lime  will  be  spent  in  the  double 
journey  between  the  mirrors,  and  the  deflection  of  the  return  image 
will  be  increased.  On  the  other  hand,  the  deflection  will  be  dlminishr^l 
when  the  water  is  interposed  if  the  velocity  in  it  is  greater  than  in  air 
To  test  this  point,  therefore,  it  is  only  necessary  to  interpose  a  column 
of  water  and  observe  how  much,  and  in  what  direction  the  deflectitm 
is  changed  at  any  given  speed  of  the  min-or. 

The  difficulty  of  comparing  the  two  dellectiona  at  the  eame 
speed  is  eliminated  by  arranging  the  e.\periment  ao  that  the  tiro 
return  images  are  seen  in  the  field  of  view  simultaneously.  Tbi^ 
was  the  plan  adopted  by  Foucault,  and  was  effected  by  placing 
the  tube  of   water  T  (Fig.   235)  Iwtween  the  revolving   mirror  R 
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2^1  and  a  second  fixed  mirror  M'  of   the   same   curvature .  as   M,  and 

^  having   its   centre  at   R.      When   the   revolving    mirror   is   set    in 

^  motion,  a  return  image  will  appear  as  before  in  the  field  of  view  by 

^  reflection  from  M.     This  may  be  termed  the  air  image.     For  the  same 

^  reason  there  is  another  return  image  arising  from  the  light  cast  upon 

^  M'  and  reflected  there.     This  may  be  called  the  water  image.     For 

I  small  speeds  these  two  images  will  be  superposed  at  a,  but  when  the 

^  speed  is  increased  they  separate  the  water  image  a\  being  more  dis- 

^1  placed  than  the  air  image  a\  showing  that  light  travels  faster  in  air 

;  than  in  water. 

J  The  image  observed  was  that  of  a  fine  vertical  wire  stretched  across 
the  slit  parallel  to  its  length,  and  in  order  that  the  two  images  should 
be  simultaneously  in  focus,  it  was  necessary  to  place  a  slightly  con- 
verging lens  U  in  front  of  the  tube  T.  This  correction  was  necessary 
because  the  lens  L  is  so  placed  that  S  and  M  are  in  conjugate  foci 
when  the  space  between  the  mirrors  is  filled  with  air,  consequently  S 
and  M^  cannot  be  in  conjugate  foci  of  L  when  the  water  tube  is 
interposed. 

In  this  manner  Foucault  proved  that  light  travels  faster  in  air  than 
in  water,  but  he  made  no  estimate  of  the  ratio  of  the  velocities.  This 
w»8  done  in  1883  by  Professor  A.  A.  Michelson,^  the  apparatus  being 
diqmed  in  the  manner  devised  by  Foucault.  The  tube  T  contained 
distilled  water  and  was  about  3  metres  long,  the  distance  between  the 
mirrors  was  about  5  metres,  and  the  "radius"  10  metres.  The  speed 
was  256  revolutions  per  second,  and  the  ratio  of  the  velocity  of  light 
in  air  to  that  in  water  was  found  to  be  1*330.  The  refractive  index 
of  water  for  yellow  light  is  1*333,  and  the  difference  between  these 
two  numbers  was  considered  within  the  limits  of  experimental 
error. 

In  the  case  of  carbon  bisulphide  the  refractive  index  for  the  mean 
yellow  rays  is  1*64,  and  the  ratio  of  the  velocities  was  found  to  1)e 
1*758.  This  result  is  about  7  per  cent  too  high,  and  the  discrepancy 
could  not  be  regarded  as  within  the  limits  of  experimental  error  (see 
Art.  310). 

Experiments  were  also  made  by  Professor  Michelson  on  the 
velocities  of  differently  coloured  lights  in  carbon  bisulphide.  For  this 
purpose  the  solar  light  was  passed  through  a  direct  vision  spectroscope 
before  it  fell  upon  the  slit,  and  by  turning  the  prism  through  a  small 
angle,  either  end  of  the  spectrum  could  be  observed.  The  results 
indicate  that  the  orange-red  lij^t  trayels  1  or  2  per  cent  ^faster 
in  carbon  bisulphide  than  U^^t 
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Wave  Velocity  and  Group  Velocity 

308.  The  Velocity  determined  by  the  Methods  of  Romer  and 
Fizeau. — Shortly  after  the  announcement  of  the  results  of  Messrs. 
Young  and  Forbes,  Lord  Kayleigh  ^  raised  and  discussed  the  question 
as  to  what  it  is  that  is  really  determined  in  observations  on  the  velocity 
of  light  such  as  we  have  described.  If  we  could  deal  with  a  single 
wave  and  observe  its  progress,  we  could  determine  its  speed — that  is, 
the  wave  velocity.  In  the  case  of  light,  however,  we  cannot  follow 
the  motion  of  a  single  wave.  Here  we  deal  with  a  group  of  waves, 
and  measure  the  velocity  with  which  some  impressed  peculiarity 
travels.  Thus  in  determinations  by  the  eclipses  of  Jupiter's  satellites, 
or  by  Fizeau's  method,  the  light  is  rendered  intermittent,  and  the 
velocity  observed  is  that  of  a  limited  train  of  waves — that  is,  the  group 
velocity. 

The  relation  of  the  group  velocity  u  to  the  wave  velocity  r  will  be 
found  in  a  note  appended  to  chap.  ii.  (p.  57).     If  it  =  2ir/X,  we  have 

80  that  u  is  identical  with  v  only  when  v  is  independent  of  k — that  is, 
of  the  wave  length,  and  this  relation  is  generally  supposed  to  hold  for 
light  traversing  free  space.  The  equation  shows  that  a  complete 
knowledge  of  v  completely  determines  ?/,  but  a  complete  knowledge  of 
//  does  not  determine  v  without  the  aid  of  some  auxiliary  assumption. 
The  usual  assumption  is  that  v  is  independent  of  the  wave  length,  in 
which  case  u  will  also  be  independent  of  the  wave  length.  If,  how- 
ever, V  is  not  independent  of  A.,   we  may  substitute  some  dispersion 

formula,  such  as 

v=A+Bifc«  +  CAr*+  .  .  . 

Using  the  formula  i?  =  A  +  B^*,  and  taking  the  wave  lengths  of  the 
orange-red  and  green-blue  lights  to  be  in  the  ratio  6  : 5,  Lord  Rayleigh 
finds  that  the  wave  velocity  would  be  nearly  3  per  cent  less  than  the 
velocity  determined  by  the  eclipse  method,  the  relation  between  « 
and  V  being 

r  =  w(l -0-0273). 

309.  The  Velocity  determined  by  the  Aberration  Method.— 

In  measiu-ements  depending  on  the  aberration  of  light  the  velocity 
determined  does  not  depend  upon  the  observation  of  the  rate  of  propa- 
gation of  any  impressed  peculiarity.     It  is  consequently  not  the  group 

^  Lord  Rayleigh,  Nature,  25th  Auguat  1881  and  17th  November  1881. 
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velocity  u,  and,  according  to  the  usual  theory  of  aberration,  must  be 
the  wave  velocity  r.  We  have  therefore  no  reason  a  priori  to  expect 
that  the  velocity  given  by  Bradley's  method  should  be  the  same  as 
that  found  by  the  methods  of  Komer  and  Fizeau,  unless  the  wave 
velocity  be  identical  with  the  group  velocity,  which  postulates  that  the 
speed  is  independent  of  the  wave  length.  The  close  agreement  of  the 
velocity  v  found  by  observation  of  the  coefficient  of  aberration,  and 
that  (u)  given  by  Fizeau's  method  leaves  little  room  for  the  supposition 
that  u  is  different  from  v  in  air,  and  points  to  the  conclusion  that  the 
velocity  is  independent  of  the  wave  length,  or  that  all  colours  traverse 
interstellar  spaces  with  the  same  speed. 

310.  The  Velocity  determined  by  the  Revolving  Mirror  Method. 
— In  this  method  of  determining  the  velocity  of  light,  the  first  reflec- 
tion of  the  beam  takes  place  at  the  surface  of  a  revolving  mirror,  and 
on  account  of  the  motion  of  this  mirror,  the  angle  of  incidence  varies, 
while  the  direction  of  the  incident  beam  remains  constant.  It  follows, 
therefore,  that  the  successive  waves  are  thrown  off  at  different  angles, 
and  consequently  the  reflected  beam  is  a  curved  stream  of  light,  in 
which  the  successive  wave  fronts  are  inclined  to  each  other  at  an  angle 
depending  upon  the  speed  of  the  mirror. 

This  reflected  stream  as  it  travels  through  space  sweeps  past  the 
fixed  mirror,  and  a  segment  of  it  is  reflected  there.  By  properly 
adjusting  this  mirror  the  reflected  segment  is  returned  in  such  a 
direction  that  it  falls  upon  the  revolving  mirror  and  enters  the  eye- 
piece of  the  observing  microscope.  An  image  is  thus  depicted  in  the 
field  of  view,  and  its  illumination  arises,  not  from  a  continuous  stream 
of  light,  but  from  a  succession  of  flashes,  each  flash  being  produced  by 
a  reflected  segment,  and  corresponding  to  a  revolution  of  the  moving 
mirror.^  The  image  being  produced  by  a  succession  of  flashes,  it 
would  appear  at  iirst  sight  that  the  velocity  determined  by  this  method 
ought  to  be  the  same  as  in  Fizeau's  experiment,  namely,  the  group 
velocity  ?/.  But  Lord  Rayleigh  ^  has  remarked  that  as  the  successive 
wave  fronts  are  inclined  to  each  other  after  reflection  from  the  moving 
mirror,  then  if  the  velocity  depends  upon  the  wave  length  there  will  be 
a  rotation  of  the  wave  fronts  in  the  air  during  the  transit  between  the 
two  mirrors,  so  that  the  velocity  determined  by  this  method  might  be 
some  function^  of  v  and  u, 

^  It  is  to  be  noticed  that  the  stream  leaving  tlie  revolving  mirror  in  itself  inter- 
mittent. 

•  Lord  Rayleigh,  Nature^  vol.  xxv.  p.  52,  17th  Xoveml)er  1881. 

'  The  value  deduced  by  Lord  Rayleigh  waa  v^/u,  and  the  value  found  by  Professor 

Schuster  was  j-—  {NaJhm,  toI.  xzxiv.  p.  439,  1886). 
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It  has  been  pointed  out^  however,  by  Professor 
that  although  the  individual  waves  rotate,  yet  the 
group  remains  unchanged ;  or,  in  other  wordsi  if 
on  a  point  moving  with  the  group,  and  theref<Mre 
successive  waves  all  pass  through  that  point  with  thi 
He  concludes,  therefore,  that  the  velocity  detemiiii^ 
is  the  group  velocity  u. 

Treating  Michelson's  experiments  on  bisulphide 
8up[X)sition  he  finds  for  the  mean  of  the  D  and  E  lb 

V 

-  =  1745, 
u 

where  V  is  the  vacuum  velocity.  The  experimental 
by  Michelson  was  1*76  for  light,  in  which  the  maxinu 
l)etween  D  and  E,  but  nearer  to  D  than  to  EL  The  a 
tolerably  exact,  and  would  be  made  more  so  by  takii 
1)  instead  of  the  mean  of  D  and  £. 
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SU.  Effects  of  Relative  Motion. — When  the  oh 
rest,  but  is  moving  through  the  medium  in  which  a 
is  being  propagated,  or  when  the  source  itself  is  mo^ 
medium,  or  more  generally,  when  the  source,  mediu 
are  moving  relatively  to  each  other,  certain  changes  i 
observed  effects.     These  we  shall  now  briefly  notice. 

It  is  known,  for  example,  that  when  the  obs 
through  the  air  towai'ds  a  source  of  sound,  or  wh 
moving  towards  the  observer,  the  frequency  (or  pi 
appears  to  the  observer  to  be  increased,  whereas,  wher 
away  from  each  other,  the  reverse  occiu*s.  Thus  one 
motion  is  a  change  in  the  observed  frequency.  This 
Doppler  eifect,  and  if  light  be  a  wave  motion  in  a  txn 
of  the  same  sort  should  occui*  when  the  source  and  ob 
relatively  to  each  other.  This  change  of  frequency 
noticed  and  calculated  in  Art.  286,  and  may  be  e 
scopically. 

Again,  if  the  medium  itself  l>e  in  motion,  the  w 

the  direction  of  motion,  so  that  the  velocity  with  i 

will  be  greater  in  the  direction  in  which  the  mediur 

in  the  opposite  direction.     A  motion  of  the  medium 

'  J.  Willard  Gibbs,  Nature,  vol.  zxziv.  p.  682, 


r 
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change  in  the  velocity  of  propagation.  Further,  when  there  is  motion 
of  the  source,  medium,  or  observer,  the  intensity  may  be  different  in 
different  directions,  but  this  may  be  compensated  in  some  cases  by  a 
change  in  the  radiating  power  of  the  source  in  different  directions 
imposed  by  the  motion  of  the  source. 

Finally,  when  the  observer  is  moving  relatively  to  the  source  a 
change  may  occur  in  the  direction  in  which  the  waves  appear  to  travel. 
This  change  in  direction  is  known  as  aberration,  and  on  it  is  founded 
the  method  by  which  Bradley  was  led  to  an  estimation  of  the  velocit}' 
of  light  (Art.  18). 

Hence  if  light  be  a  wave  motion,  and  if  its  mode  of  propagation  in 
the  ether  be  at  all  similar  to  that  of  waves  in  an  ordinary  material 
medium,  then  relative  motion  of  the  source,  medium,  and  observer 
should  produce  effects  similar  to  those  mentioned  above,  namely, 
changes  in  frequency,  velocity,  intensity,  and  direction.  We  should 
bear  in  mind,  however,  that  in  reasoning  on  this  subject  we  approach 
it  with  ideas  derived  from  the  study  of  material  media,  and  that  in 
drawing  our  conclusions  we  are  merely  arguing  by  analogy  from 
phenomena  which  occur  in  media  which  we  can  examine  and  control, 
to  those  of  a  medium  of  which  we  are  almost  wholly  ignorant.  In 
addition  we  have  no  knowledge  as  to  the  real  nature  of  the  periodic 
change  which  occurs  in  what  we  term  "  the  vibration,"  whether  it  be  a 
motion,  as  ordinarily  conceived,  or  a  periodic  change  of  some  property 
or  condition  of  the  ether.  We  do  know,  however,  that  the  velocity  of 
propagation  of  light  is  greater  in  free  space  than  when  passing  through 
a  region  in  which  matter  is  difiused,  and  that  the  velocity  in  a 
space  occupied  by  matter  is  different  for  waves  of  different  lengths. 
As  to  whether  the  ether  itself  is  really  modified  by  the  presence  of 
the  matter  (for  example,  if  there  is  a  real  change  of  density  as  Fresnel 
supposed),  or  as  to  whether  the  change  is  only  virtual,  being  merely  an 
affection  arising  from  the  influence  of  the  matter  on  the  velocity  of 
propagation  of  waves  through  the  ether  in  a  space  in  which  matter 
molecules  are  diffused,  is  still  a  subject  of  speculation.  The  pre^'ailing 
conception  seems  to  have  been  that  the  ether  Avithin  a  piece  of  matter 
really  differs  in  some  quality  from  the  ether  in  free  space.  If  there 
is  a  real  change  of  density  in  the  ordinary  sense  of  the  term,  then 
the  doctrine  of  an  incompressible  ether  would  present  a  serious 
difficulty. 

It  is  sufficient,  however,  to  regard  the  modifications  imposed  by 
matter  to  be  merely  virtual,  so  that  the  effect  of  the  molecules  of 
matter  distributed  through  a  regi<m  of  the  ether  is  to  influence  the 
propagation  of  wares  thraii|^  that  ngkm  in  a  manner  rimilar  to  that 
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which  would  be  jiroduced  by  u  real  change  in  those  propertiei  (if  tbc 
medium  which  detennine  wave  propagation  through  it.  Thus  if  a 
system  of  floats  or  other  bodies  be  sus|>encled  in  a  certain  region  of  i 
fluid,  the  pro[«gation  of  waves  through  this  region  will  difl'er  frau 
that  in  the  free  regions,  and  this  amounts  to  a  virtual  change  in  the 
elaaticity  or  density  of  the  fluid  in  that  region.  Thus  the  fluid  itself 
may  l>e  really  unaltered  by  the  presence  of  foreign  bodies  dislriltuWd 
tliroiigh  it,  but  it  may  be  virtually  altered  as  far  as  wave  propagation 
is  concerned. 

The  fact  before  us  at  present  is  that  the  rat€  uf  propagation  of 
waves  in  the  ether  is  modified  by  the  presence  of  matter,  ant)  the 
question  which  at  once  arises  is  as  to  whether  the  velocity  of  propsgi- 
gatiou  of  ether  waves  in  a  region  occupied  by  matter  is  influenced  liy  | 
the  motion  of  the  matter  through  space.  This  question  we  shuH  non 
consider  in  conjunction  with  the  phenomenon  of  aberration. 

312.  Aberration. ^ — In  order  to  illustrate  the  principles  of  Hbemi 
tion  let  UB  take  the  case  of  an  observer  A  moving  in  the  direcliun  AB 
(Fig.  226)  with  a  velocity  «,  while  a  particle  P  moves  with  a  velocity 


f  in  the  direction  PB,  and  let  the  lengths  AB  ami  PB  represent  iti^ 
magnitudes  of  m  and  -d  respectively,  then  it  is  clear  that  A  and  P  wil! 
reach  B  at  the  same  instant  and  will  collide  there.  In  other  warb. 
the  direction  in  which  P  must  bo  fired  in  oi-der  to  strike  A  is  uoi 
along  the  line  PA  but  along  a  line  PB,  making  a  certain  angle  with 
PA.  This  is  illustrated  by  the  well-known  fact  that  in  order  to  hfi » 
bird  Hying  across  the  line  of  fire  the  gun  must  be  aimed,  not  directly 
at  the  bird,  but  at  a  point  somewhat  in  advance  of  it.  On  the  other 
hand,  regarding  the  subject  from  the  point  of  view  of  the  observer  A, 
it  is  clear  that  as  P  moves  along  PB,  and  A  moves  along  AB,  the  line 
joining  P  an<l  A  will  be  always  parallel  to  its  initial  direction  AI"- 
Hence  what  A  observes  is  that  P  approaches  him  in  a  direction  panllrl 
to  AP  and  finally  strikes  him.  The  direction  in  which  P  ap])cars  to 
approach  A  is  consequently  parallel  to  AP,  while  the  direction  in 
which  it  would  appear  to  move  if  A  were  at  rest  would  be  PB.     Thus 
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the  motion  of  the  observer  alters  the  apparent  direction  of  motion  of 
the  particle  P,  and  the  angle  APB  between  the  apparent  and  real 
directions  of  motion  is  termed  the  aberration. 

In  order  to  obtain  a  clearer  view  of  the  matter  let  us  suppose  that 
a  straight  tube  is  laid  from  A  to  P,  and  let  this  tube  be  carried  by  A, 
80  that  the  direction  of  its  axis  remains  fixed — that  is,  so  that  it  moves 
with  a  velocity  of  translation  u  in  the  direction  AP  (Fig.  227).  Then 
it  is  clear  that  when  A  occupies  the  positions  A',  A",  etc.,  P  will 
occupy  positions  P',  P",  etc.,  such  that  the  lines  AT',  A"?",  are 
parallel  to  AP — that  is,  if  the  observer  looks  along  the  tube  he  will 
always  see  P  on  its  axis ;  or,  in  other  words,  P  will  appear  to  moVe 
towards  him  along  the  axis  of  the  tube.  This,  then,  is  the  apparent 
direction  of  motion  of  the  particle. 

An  expression  for  the  aberration  c  arising  from  the  motion  ©f  the 
observer  may  now  be  written  down  at  once.  For  if  the  angle  PAB  be 
denoted  by  6,  we  have 

tt_AB_8in  e 
r~PB"siir^' 

therefore 

u    .      . 

Bin  c  =  -  sm  6, 

V 

The  quantity  u/v  is  termed  the  aberration  constant,  and  it  is  clearly  the 
one  of  the  maximum  angle  of  aberration,  or  the  tangent  of  the  aberra- 
tion, when  the  directions  of  motion  are  at  right  angles  to  each  other. 

Instead  of  regarding  P  as  a  moving  particle,  we  might  regard  it  as 
a  certain  definite  or  "  lal>elled  "  clement  of  a  wave  front  advancing  in 
the  direction  PB ;  and  further,  if  we  think  of  the  tube  AB  as  a  telescope, 
then  we  see  that  the  direction  in  which  a  telescope  must  be  pointed  in 
order  to  receive  light  advancing  in  the  direction  PB,  will  be  BP  when 
the  observer  is  at  rest,  but  will  be  AB  when  the  observer  is  moving. 
Hence  when  the  motion  of  the  earth  around  the  sun  is  taken  into 
account,  it  should  follow  that  the  direction  in  which  a  star  is  seen  should 
be  different  at  different  times  of  the  year.  In  other  words,  the  motion 
of  the  earth  should  cause  the  stars  to  ap])ear  to  describe  small  orbits 
around  their  true  positions,  these  orbits  being  small  ellipses  on  the 
celestial  sphere — stars  on  the  ecliptic  describing  right  lines,  and  stars  at 
the  pole  of  the  ecliptic  describing  small  circles.  This  is  the  phenomenon 
observed  by  Bradley,  and  the  explanation  put  forward  is  that  it  arises 
from  the  orbital  motion  of  the  earth  compounded  with  the  velocity  of 
light. 

The  general  explanation  of  the  aberration  of  the  stars  iu  this 
manner  is  so  simple,  and  the  value  of  the  velocity  of  li|^t  di^' 

2l 


514  RELATIVE  HOTION  OF  MATTER  AND 

from  it  is  80  close  to  that  obtained  by  direct 
observations  on  the  eclipses  of  Japiter's  aatelliteaj 
the  explanation  can  scarce!}*'  be  doubted.     On 
indeed,  this  explanation  would  appear  to  be 
but,  when  the  subject  is  examined  a  little  more  cl4 
is  not  so  simple  as  it  appears  at  first  sight.     *] 
sible  drift  which  may  occur  when  a  wave  (or  a  light 
propagated  through  moving  matter. 

SIS.  The  Drift  produced  by  Movinsr  Matter.-^ 
have  considered  AP  as  the  axis  of  a  tube,  and  this  ti 
l)osed  empty,  so  that  the  velocity  of  P  remains  the 
suppose  it  moving  within  the  tube  or  outside  it. 
tube  be  filled  with  a  meilium  in  which  P  moves  witb 
if  we  su])po8e  the  motion  of  P  to  be  unaffected  by  i 
medium  filling  the  tube,  then  clearly  the  inclination 
be  altered  to  suit  the  new  velocity  r.  In  other  woi 
will  de])en<l  on  the  nature  of  the  substance  filling  thi 

In  drawing  this  conclusion,  however,  we  have  le 
an  important  consideration,  namely,  that  on  account 
the  substance  filling  the  tube,  P  may  be  dragged  ii 
which  the  tube  is  moving,  and  that  by  reason  of  thi 
compensation  may  occur,  so  that  the  inclination  oi 
observed  aberration)  may  remain  unaltered.  Fur 
be  taken  into  account  that  the  direction  of  motion  oi 
refraction  may  occur  at  the  surface  of  the  medium  ^ 
that  we  cannot  say  a  prwri  whether  the  aberration  c 
should  not  l)e  the  same  when  the  tube  is  filled  with 
as  when  it  is  empty. 

As  a  matter  of  fact  the  experiment  has  been 
Hoek,  and  the  result  is  that  the  aberration  of  1 
observed  to  be  the  same  whether  the  telescope  ]>e  fi] 
air.  The  problem,  therefore,  before  us  at  present 
this  fact  on  the  supiK)sition  that  the  light  waves  drii 
through  which  they  are  moving,  and  to  determine  tl 
that  compensation  may  occur,  and  the  aberration  n 
of  the  medium  filling  the  telescope. 

Let  AP  be  the  direction  of  the  axis  of  the  tele 
direction  of  the  incident  light  in  space.     Then  if 
merely  an  empty  tube  the  element  of  wave  front  at 
B'  in  the  original  direction  P'P.     But  when  the  telci 
a  refracting  medium  the  axis  AP  is  normal  to  the 
and  therefore  the  angle  of  incidence  is  APB',  so  thx 
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refracted  ray  would  be  a  line  PQ,  making  an  angle  r  with  AP 

^  the  telescope  is  aupjMraed  statiunory. 

Kow  let  FB'  repreaent  V  the  velocity  of  light  iu  a  vacuum,  and 
jl'B'  represent  u  the  velocity  of  the  oLserver  ;  then  the  diiection 
the    tube   ransl  Ije 

ted  when  empty  h  A'P'. 

B  if  the  direction  of  the 
is    to    remain   un- 

i^d  when    filled  with   a 

Btiiig  substance,  we  must 
ive  AP  parallel  to  A'P'  in 
Fig.  228.  ConBequently,  if 
tfais  figure  be  constructed  so 
that  PQ  represents  (on  the  ' 
Banie    sciile)    the    velocity    of  n*  s=s 

light  in  the  refracting  substance  ut  rest,  then,  if  there  is  no  drift,  P 
will  proceed  through  the  tube  as  if  the  medium  occupying  it  were  at 
I  L'-i,  !in<i  will  conseijuently  not  reach  Q  until  A  has  reached  a  point  B 
tUurmined  by  the  equality  AB  =  u-  A'B'.  But  if  the  waves  drift,  P 
Will  be  dragged  with  the  medium  so  as  not  to  travel  along  PQ,  but 
along  some  path  PB  in  advance  of  PQ.  When  PB  is  such  that  AB  =  u, 
Uien  the  drift  ia  such  that  complete  compensation  has  taken  place.  To 
express  this  we  may  cidl  QB  the  velocity  of  drift — that  is,  the  rate  at 
which  P  is  dragged  in  the  direction  of  motion.  Denoting  it  by  u  we 
have 

and  consequently 


But  denoting  A'PB'  =  APB'  by  i  we  have 


(1). 


when*  V  is  tlie  vacuum  velocity.     Combining  tlieae  equations  we  have 
at  once 


or  HnalJj, 

■--('■I'h 

The  Ijhv  of  drift  consequently  is  that  the  ether  waves  must  lie 
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"I 
I 

carried  by  the  moving  matter  with  a  velocity  u   j 

motion,  and  this  velocity  is  less  than  the  full  velodlj 

the  ratio  (/x^  -  1 1'fi-, 

This  is  the  law  deduced  by  Fresnel  on  the  siq 

''ether  density"  is  different  in  different  substano 

velocity  of  propagation  of  light  in  any  substance  i 

the  square  root  of  the  ether  density  (Art.  207).     ' 

density  in  free  space  be  denoted  by  p,  while  that  I 

matter  is  p\  then  as  this  piece  of  matter  moves  throi^ 

regarded  ha  carrying  its  contained  ether  with  it  as  il 

the  external  ether  is  dashed  away  in  front  and  streai 

after  the  manner  of  a  fluid  in  which  a  solid  body  ii 

the  other  hand,  we  may  regard  the  piece  of  matter  t 

the  etiier  like  a  network  through  a  liquid,  so  that  U 

with  the  matter  the  ether  would  appear  to  flow  in  a 

body  and  out  at  the  rear,  the  total  quantity  of  ethe 

remaining  constant.     From  this  point  of  view  the 

body  may  be  regarded  as  fixed,  while  each  unit  of  vt 

carries  with  it  as  permanently  attached  to  it  a  quant 

full  velocity  u  of  the  body.   This  is  equivalent  to  sayi 

ether  within  the  body  is  not  carried  forward  with  t 

body,  but  with  a  velocity  u   less   than  u^   and   d< 

equation  ^ 

pV  =  (p'-p)ii. 

The  e<iuation  for  «'  is  therefore 

"'=(^-?)»=0-*)- 

Hence  if  the  ether  inside  the  matter  is  moving  wit! 
relatively  to  that  outside,  and  if  the  light  waves  i 

moving  ether  are  carried  with  it  with  the  full  velocity 

• 

will  be  such  as  would  render  the  angle  of  aberratic 
the  substance  with  which  the  telescope  is  filled. 

Whether  the  drift  of  the  waves  is  due  to  a  mo 
caused  by  the  moving  matter — that  is,  by  the  eth 
with  the  matter — or  whether,  on  the  other  hand,  tl 
regarded  as  remaining  stationary  everywhere,  while 
through  it,  so  that  the  wave  drift  is  caused  in  some  ' 

'  Tills  equation  may  also  be  obtained  by  considering  the  flu: 
front  of  the  body  as  pu^  while  tliat  within  the  body  is  xo 
Hence  the  velocity  of  the  ether  within  the  body  relatively  to  tl 

u'  =  u~jc  =  {l  -  pIp')u, 
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ihe  moving  matter  on  the  waves  as  they  are  poBsing  through  it,  is  r 
Bulation  on  which  tt  is  well  to  keep  an  open  mind.  With  regard 
;hiit  we  shall  now  consider  some  of  the  experiments  by  which  it  has 
n  shown  that  light  waves  drift  when  passing  through  moving  mattiT. 
U  to  be  remarked,  however,  that  these  experiments  have  always  been 
It  forward  as  proving  that  the  ether  itself  is  carried  with  the  moving 
tt«r,  and  that  the  wave  drift  is  the  result  of  the  motion  of  the 
er. 

S14.  Flzeau's  Experiment. — The  law  of  drift  contained  in  Fres- 
B  formula  has  been  directly  verified  by  M.  Fizeau '  in  a  celebrated 
eriment  in  which  the  moving  substance  was  water.  A  pencil  of 
It  from  a  narrow  slit  S  (Fig.  329)  falls  upon  a  plate  of  parallel  glass 
from  which  it  is  reflected  and  passes  through  a  lens  L,  from  which 
nerges  in  a  parallel  beam  and  passes  through  two  apertures  A  and 
The  vessel  CD  is  divided  into  two  chambers  by  a  partition  E,  and 
urrent  of  water  Ciin  be  fifed  flirnucrh  it  onlcrinsr  ""e  chamber  and 


wing  the  other  as  indicated  by  the  arrows.  The  ends  of  the  vessel 
closed  with  plates  of  parallel  glass,  and  the  light  from  the  ajiertures 
kud  B,  after  passing  through  the  vessel,  is  received  by  a  lens  L'  and 
used  on  a  mirror  M.  After  reflection  from  M  it  again  traverses 
I  vessel  CD,  passes  through  the  apertures,  and  comes  to  a  focus  at 
It  is  to  be  noticed  that  the  light  when  it  enters  the  vessel  through 
leaves  it  through  B  and  t-icc  trjs'i.  so  that  the  two  pencils  which  are 
used  at  S'  have  each  traversed  similar  paths,  one  from  A  to  M  and 
ik  from  M  to  B,  while  the  other  passes  from  B  to  M  and  returns 
m  M  to  A.  If  the  paths  traversed  by  these  l>«aras  djfl'er  slightly, 
erference  will  take  place  and  the  image  S'  will  be  crossed  by  a 
tem  of  fringes.  Now  if  a  current  of  wai*r  be  forced  through  CD, 
I  pencil  which  enters  at  B  and  returns  through  A  will  travel  with 
1  current  and  the  other  pencil  will  travel  against  the  cun-eni,  so  that 
lie  motion  of  the  water  has  any  efl^ect  on  the  rate  of  propagation  id 
I  light,  the  time  of  passage  of  one  pencil  will  differ  from  that  of  the 
ler,  with  the  result  that  an  extra  phase  diflerenoo  irill  exist  nt  S', 

FUeau,  Jiin.  df  Chimin  el  dt  Phijuiqtui,  tllltdM 
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and  the   interference  fringes  will  be  displaced    q 
amount 

Let  V  be  the  velocity  of  light  in  vacuo^  v  ihm 
and  u  the  velocity  of  the  water,  and  let  the  vd 
the  waves  are  carried  by  the  water  be  ux,  then  i 
ray  which  travels  with  the  current  will  be  r  +  na 
against  the  current  will  be  v  -  tu:,  so  that  the  difiei 
required  by  the  two  pencils  will  be 

---     '    , 

v-ux    v-rux 

where  /  is  the  length  of  the  water  path,  that  is  2CI 
the  phase  difference  introduced  by  the  motion  of 
corresponding  displacement  of  the  fringes  at  S'  wl 
the  value  of  jr, 

M.  Fizeau  obtained  a  sensible  displacement  of  th 
velocity  of  the  water  was  2  metres  per  second.  1 
7  metres  the  effect  was  measurable,  and  the  ree 
formula  proposed  by  Fresnel,  viz.  that  ether  wavei 
interior  of  transparent  media  are  carried  forward,  1 
less  than  the  velocity  of  the  medium  in  the  ratio  (y 
is  the  refractive  index. 

This  result  has  been  further  confirmed  by  the  m 
Messrs.  Michelson  and  Morley.^ 

315.  Experiments  of  Michelson  and  Mopley. — ' 
relative  motion  of  the  earth  and  the  liuniniferous  et 
examined  experimentally  by  Messrs.  Michelson  am 
conclusion  is  that  if  there  be  any  relative  motion.  1 
and  the  adjacent  ether  it  must  be  small.  Thus 
neighbourho(xl  of  tlie  earth  would  appear  not  to  b€ 
but  to  be  earned  along  by  the  caith.  The  theory  o 
is  as  follows. 

Let  a  pencil  of  light  SA  (Fig.  230),  falling  upon  a 
A,  be  partly  reflected  along  AB  and  jMirtly  transmit 
the  reflected  and  ti-ansniitted  portions  fall  perpendicu 
B  and  C  they  Avill  be  returned  along  BA  and  CA.  \ 
the  transmitted  part  of  BA  and  the  reflected  part  of 
along  Al>.  Let  us  suppose  now  that  the  ether  is 
the  earth  moves  in  the  direction  AC,  so  that  the  m 

*  Michelson  and  Morley,   American  Journal  of  Science  ( 
1886. 

■-*  Michelson  and  Morley,  Phii.  Mag.  vol.  xxiv.  p.  449,  1885 
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A',  while  the  reflected  light  travels  in  the  mirrt 
kthis  case  the  ray  SA  will  be  reflei'tcd  along  .' 
is    erjual    to    the    aberration   u. 

I  reflected  ray  returns  along  B'A', 
angle  ABA'  is  equal  to  2ii. 

I  transmitted  ray  AC  returns  along 

',  and  is  reflected  at  A'  along  A'D'. 
iking  CAD' =  90  -  iL,  and  therefori' 

i  coinciding  in  direction  with  tin- 
mitted  portion  o(  B'A'.  The  rv 
ning  rays  B'A'  and  CA'  do  not, 
irever,  now  meet  at  exactly  the 
be  jxiint  A',  but  this  difference  is  of  ' 
■  second  order  and  negligible.  ' '"  ""' 

1  Let  V  be  the  velocity  of  light,  u  ihe  velocity  of  the  earth,  D  the 

tatice  AB  or  AC,  T  the  time  occupied  by  the  ray  in  passing  from  A 

I,  and  T  the  time  in  returning  from  C  to  A'.     Then,  since  C  is 
jffiiig  with  velocity  u,  we  have  rT  =  D  +  «T,  bo  that 


1  the  whole  lime  ia  therefore 
me  distance  tmversod  in  th>e  time  is  therefore 

fleeting  t«rms  of  the  fourth  luid  liigher  nrdtTs 
ther  path  AffA'  is  obviously 


Thf  lenglh  of  iho 


D(i  +  5)'..n(i+,jJ)   ..pi-M 


Ince  AA7AB=2m  r. 

The  difference  of  the  paths  ACA'  and  ABA'  ia  consequently 
u*/v^.  If  the  whole  apparatus  be  now  rotated  through  90°  the 
ifference  of  path  will  lie  iti  the  op]>oflite  direction,  and  a  displacement 
interference  fringes  corresponding  to  the  retardation 

niH  occur.     Taking  w  to  l>e  merely  the  velocit 
Erlnt,  we  have  «yt^  =  10"*,  and  measuring  I>in  w 


"(  the  c»rth  in  il« 
ve  leiuEtJia  nf  valluw 
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light  Michclfion  and  Morley  foUTid  it  was  eqiiul  lo  2  »  10'  (about  II  I 

meti-es)  in  their  second  experiment.      Hence,  if  ihe  ether  be  at  rwi—  I 

that  ia,  if  the  relative  motion  of  the  earth  with  reapect  to  it  lie  « — >re  1 

should  have  a  displacement  of  the  fringes  equal  to  I 

4»10''«IO^  =  0-i{offlfi-illgewuIthl.  I 

The  actual  displueement  observed  was  certainly  leas  than  the  cwciiiiett  li 
part  of  this  amount  and  jirobahly  less  than  the  fortieth  part.  y 

Since  the  displacement  S  is  proportional  to  the  sqnare  of  thr  I 
itelutive  velocity  n,  the  authors  of  the  experiment  eunelnde  thai  tht  I 
itelalive  velocity  of  the  earth  and  the  ether  ia  probably  less  than  OIl^  I 
dxth,  and  certaiidy  less  than  one-fourth  of  the  earth's  orbital  velodlr.  I 
They  consequently  regard  it  as  tolerably  certain  that  if  there  is  any  1 
relative  motion  between  the  earth  and  the  ether,  il  must  be  small,— u  ' 
small,  in  fact,  that  the  ordinary  theory  of  uberratioii  becomes  unteiable. 

In  conducting  the  experiment  the  chief  difficulties  encountered 
were  the  distortion  of  the  apparatus  produced  by  rotating  it.  and 
its  extreme  sensitiveneBs  to  vibration.  The  latt«r  was  so  great 
that  the  int«rference  fringes  could  not  be  observed  when  working 
in  the  city,  except  at  brief  intervals,  even  at  two  o'ckick  in  ihe 
morning.  These  difficulties  wore  aunnomited  by  placing  the  appanlns 
on  a  massive  atone  tluating  on  mercury,  placed  in  a  cast-iron  tnnigh 
which  was  cemented  into  a  low  brick  pier.  The  stone  resi«d 
on  an  annulai'  woixlen  float,  such  that  there  was  a  clearuncu  of 
about  I  centimetre  between  it  and  the  sides  of  the  iron  trough 
A  pin  kept  the  float  concentric  with  the  trough,  and  during  ibe 
observations  the  apparatus  was  kept  in  slow  uniform  motion,  making 
one  revolution  in  about  six  minutes.  This  motion  was  slow  enough 
to  permit  readily  of  the  necesaary  observations,  and  the  stmins  caused 
by  l>ringing  the  system  to  rest  at  each  observation  were  thus  avoidtd. 

The  negative  result  obtained  in  the  foregoing  experiment,  altliini)!li 
being  in  accordance  ivith  the  supposition  that  the  ether  in  the  nei^- 
bourhood  of  the  earth  is  at  rest  relatively  to  the  earth,  or  that  ihe 
ether  outside  u  moving  liody  is  dragged  along  viscously  or  otherwis* 
by  that  body,  may,  nevertheless,  be  explained  in  some  other  manner. 
For  example,  it  has  been  suggested  by  Professor  FitzGerald  that  the 
force  of  attraction  between  two  molecules  moving  through  the  ether  tn 
u  given  direction  may  depend  on  the  angle  which  the  line  joining  tilt 
molecules  makes  with  the  direction  of  motion.'    If  this  l>e  so,  the  force 

'  This  idea  hu  lieeu  also  ]>ut  fuiwwil  by  Professor  H.  A.  Lorentr,  and  dsvelofr-i 
iu  B  valuable  memoir  (  fersuck  r.iner  Thfirie  iter  eleetriirhen  mid  opHaehfii  ErtiitiH' 
iiHi/en  in  brwegtea  KsrpcrH,  Leiden,  E.  J.  Brill,  1895). 
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I  will  not  be  the  Batne  when  the  molecules  are  moving  in  the  direction  of 
,  the  line  joining  them,  ae  when  they  are  moving  in  the  perpendicular 
.  direction.  By  this  means  it  is  possible  that  a  body  which  is  spherical 
when  at  rest  may  become  slightly  ellipsoidal  when  moving ;  or,  in  other 
words,  that  the  length  of  a  given  rod  may  depend  upon  the  angle 
which  the  direction  of  its  length  makes  with  the  direction  of  its  motion 
through  space.  This  change  in  the  linear  dimensions  of  Michelson  and 
Morley's  apparatus  when  rotated  through  a  right  angle  may  be  such 
as  to  compensate  the  displacement  of  the  fringes  expected  from  the 
motion  of  the  earth  through  the  ether. 

816.  Lodffe's  Experiment — The  influence  of  moving  matter  on 
the  velocity  of  light  in  its  neighbourhood  has  been  examined  by  Pro- 
fessor 0.  J.  Lodge'  in  a  recent  series  of  experiments.  The  apparatus 
consisted  of  a  pair  of  circular  steel  plates  3  feet  in  diameter. 
These  plates  were  moimted  with  their  planes  parallel  and  1  inch 
apait  on  a  vertical  axis,  and  were  then  set  spinning  at  as  high  a 
8pee<l  as  they  would  safely 
stand  without  flying  to 
pieces.  If  the  ether  in 
the  space  between  the 
spinning  discs  is  dragged 
around  with  them,  then  a 
pencil  of  light  travelling  i 
around  )>ctwcen  the  discs 
in  the  direction  of  motion 
would  bo  expcctecl 
traverse  the  space  with  a 
greater  velocity  than 
beam  travelling  in  th 
opposite  direction.  To 
test  this  a  parallel  beam  of 
light  was  divided  into  two 

parts  by  a  semi -trans  parent  mirror  (a  piece  of  glass  8ilvere<l  so  thirdy 
that  it  transmits  one-half  of  light  and  reflects  the  other  half),  and  the 
two  halves  of  this  split  beam  were  reflected  by  fixed  mirrors  in  such  a 
way  that  they  passed  in  opposite  directions  roun<l  and  round  the  space 
between  the  spinning  discs,  as  shown  tn  Fig.  231.  The  plane  of  this 
figure  is  horizontal,  and  shows  the  space  Iwtweon  the  discs  aroun<] 
which  the  l>eams  were  reflectcti  several  times  by  four  fixed  mirrors 

'  0.  J.  Lod^,  "  Abention  ProWemB,"  Fhil.  Trann.  vol  cliiiir.  ]'.  72T,  1863. 
In  thia  |nper  several  probleniB  connected  with  ibrrration  and  tho  relative  motion  of 
iu«tt«r  ind  etiier  *re  discussed  m  det*il. 


522  RELATIVE  MOTION  OF  MATTER  AND  ETHER       chap,  xii 

forming  a  square.  The  beams  could  thus  be  caused  to  traverse  a 
distance  of  30  or  40  feet  between  the  discs,  and  then  be  allowed  to 
enter  a  telescope,  where  they  interfered  and  produced  fringes. 

At  first  a  displacement  of  the  fringes  was  obtained,  but  this  proved 
to  be  spurious,  being  caused  by  the  disturbing  effect  of  the  air-bkgt 
thrown  off  by  the  spinning  di^s.  When  due  precautions  were  taken 
to  avoid  this  spurious  displacement  it  was  concluded  that  there  was  no 
indication  of  a  shift  due  to  a  viscous  or  other  drag  of  the  ether. 
Hence  the  velocity  of  light  in  the  space  just  outside  moving  matter 
would  appear  to  be  uninfluenced  by  the  motion  of  the  matter — at  leaa 
in  the  case  of  a  small  mass  such  as  that  used  in  these  experiments. 


CHAPTER    XX 

THE   RAINBOW 

817.  Introduction  of  the  Geometrical  Theory. — Rainbows  are 

seen  when  the  sun  shines  upon  falling  rain  or  on  the  spray  of  a  cascade 

or  fountain.     Sometimes  only  one  bow  is  observed,  but  often  two  are 

seen,  which  are  arcs  of  concentric  circles,  and  have  their  common  centre 

On  the  line  joining  the  sun  to  the  eye  of  the  observer.     These  bows 

are  seen  only  when  the  observer's  back  is  turned  towards  the  sun,  and 

they  have  therefore  from  the  earliest  times  been  attributed  to  the 

refraction  and  reflection  of  the  sun's  light  by  the  falling  drops  of 

iirater.^     The  inner  bow,  which  is  called  the  primary  bow,  is  about  41° 

in  angular  radius.     It  is  very  brilliant  and  presents  all  the  colours  of 

the  solar  spectrum,  the  red  being  situated  at  its  outer  and  the  violet 

at  its  inner  edge.     The  radius  of  the  outer  bow  is  about  52°,  and  it  is 

termed  the  secondary  how.     It  is  much  fainter  than  the  primary  bow, 

and  presents  the  same  succession  of  colours,  but  in  the  reverse  order — 

being  red  at  the  inner  and  violet  at  the  outer  edge.     The  space 

between  the  two  bows  is  notably  darker  than  the  rest  of  the  sky, 

which  is  pervaded  by  a  general  faint  illimiination  inside  the  primary 

and  outside  the  secondary  bow. 

^  "  This  was  understood  by  some  of  the  antients,  and  of  late  more  fully  discussed 
and  explained  by  the  famous  AiU^mius  de  DmniniSy  Archbishop  of  Spalato^  in  liis 
book  De  Hadiis  Vigils  et  LxiciSy  published  by  his  friend  Bartolus  at  Venice  in  the  year 
1611,  and  written  above  twenty  years  before.  For  he  teaches  there  how  the  interior 
bow  is  made  in  round  drops  of  rain  by  two  refractions  of  the  sun's  light,  and  one  re- 
flexion between  them,  and  the  exterior  by  two  refractions  and  two  sorts  of  reflexions 
between  them  in  each  drop  of  water,  and  proves  his  explications  by  exiicnniontM 
made  with  a  phial  full  of  water  and  with  globes  of  glas^  fllled  with  water,  and  p]m*od 
in  the  sun  to  make  the  colours  of  the  two  bows  appear  in  them.  The  same  explica- 
tion Des-Cartes  hath  pursued  in  his  Meteors^  and  mended  that  of  the  exterior  Imw. 
But  while  they  understood  not  the  true  origin  of  colours,  it  is  neccHsary  to  purN\io 
it  here  a  little  farther  "  (Newton,  Opiicks,  book  i.  part  ii.  prop.  ix. ). 

One  of  the  "  antients  "  referred  to  in  the  above  extract  was  Theoilorich,  who. 
about  1311,  anticipated  the  work  of  A.  de  Dominis.  His  writings  wore  flrnt  publiNluul 
in  1814  by  Venturi  (see  Tait's  Light,  p.  125). 
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Aft«r  A.  do  Domini*  the  gwnuetrical  the 
p  anil  developvd  liy  Duocartee,  Itiii  it  wn«  i 
jvcrwl  thu  tlifferoneu  in  mfmngihility  of  tin 
iiuequont  separation  hy  rpfraction,  thai  thu 
3Ul<l    Iw    expInuteiL      The  cjcplaiuilioii  nf 
and*  of  Newton,  ami  the  geometrical  theorj 
nly  a  fint  approxunation  to   Iht?   Aolulim 

iits(!  to  thu  iiuiur  edg(<  of  the  i>riniary  ai 
icontiary.    These  extra  handa  aro  called  smpei 
■jies.  and   their  explanation  is  afTorded  on 

The  complete  theory  of  the  rainbov  la  tJ 
ront  the  simple  coiisidtuaijnn  'if  rays,  hut  iti 
lenon  U>  be  explained  by  the  general  princij 
-aa  first  pointed  out   by   Yoimg.  and  the 
onaidercd  by  Putter,'  the  Boliition  beinjj  otr 
e  coiiveiiienl,  however,  to  consider  the  prii 
h.Mirv  iK'fiire  |iriK:i'ediiif;  In  th*-  iiupie  ■■iinipli! 

318.  Deviation  of  a  Ray  emergflng  fr 
.fter  any  Number  of  Internal  Reflections. 

^et  1  be  the  tingle  of  incidetiec  iil  A,  and  *  tl 
he  deviation  produced  at  A  is  i  -  r.     Agaii 
ollowB  that  OBA  =  OBC  =  OCB  =  r,  conaeqi 
(need   by  reflection  at  B  is  ir  -  2r,  and  it 
efnw-tioii  at  C  is  aa  before  t  -  r.     Tho  conif 
'E  emerging  uft^i*  a  single  internal  refloctioi 
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the   colu 
'  »f  thi^ 
i>   ul    tb 
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bta                    '  Fatter,  Traa*.  COi^.  MtO.  Sk.  VOL  *U^^| 
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uid  it  is  obvious  that,  as  each  reflection  introduces  a  deviation  {ir  -  2r), 
^the  deviation  of  a  ray  emerging  after  n  internal  reflections  will  be 

'""  D  =  2(i-r)  +  Ji(ir-2r)  (1). 

a 

^       819.  Minimum    Deviation. — The   foregoing    general    expression 

^for  the  deviation  shows  that  it  will  vary  with  the  angle  of  incidence. 

•  We  shall  now  prove  that  there  is  a  certain  incidence  for  which  the 

^deviation  introduced  is   least,  and  the  rays  which  suffer  this  least 

.deviation  are  those  with  which  we  are  most  concerned  in  the  theory 

_of  the  bows.     The  change  of  D  corresponding  to  a  small  variation 

'  of  »  is  by  equation  (1) 

rfD  =  2rfi-2(«  +  l)dr, 

m  and  for  a  maximum  or  minimum  the  value  of  D  is  stationary,  that  is 
dD  =  0,  which  gives 

di  =  {n+l)dr  (2). 

>   But  since  sin  i  =  /j.  sin  r,  we  have  also 

cos  idi = fi  cos  rdVf 

f   and  therefore  by  (2) 

/i  cos  r=(n  +  l)  cost  (3). 

p    From  this  we  obtain  at  once 

'V  n'+2ii 

0  which  determines  the  angle  of  incidence  at  which  the  deviation  is 
'^  stationary.  It  may  be  easily  inferred  that  this  incidence  corresponds 
^  to  the  minimum  deviation  rather  than  to  the  maximum.  For  in  the 
^,^  case  of  the  ray  passing  through  the  centre,  the  deviation  is  nw,  which 
K,  is  obviously  greater  than  that  of  any  other  ray.  However,  by  differ- 
entiating a  second  time  we  find 


But 


dr_  cost  ,  (]Pr_(l-/i^)8int 


di     ficoar*  dC^       /x'cos'r 

This  latter  is  always  negative  (ft>l),  and  consequently  the  second 
derived  of  D  is  always  positive — that  is,  the  corresponding  value  of  D 
is  a  minimum. 

Substituting  for  fi  in  the  preceding  formula  and  taking  n  equal  to 
ly  2,  3,  4  in  succession,  the  corresponding  minimum  deviations  are 

n  reU  violet 

1  T-    42'-l  T-    40'*22 

2  2ir- 12^-2  2ir-125'-48 

3  3ir-231*-4  8ir-227**08 

4  4ir-317'07  4ir-310''07 


S-2S  TirEl 

320.  DLsperston. — Since  ibr  lofncUn 
iiolct  ny»  UiftTi  [nr  the  nd,  the  deviatjoii 
iiumlier  at  rufi-actiniia  wrill  hv  ^freiiifr  than  Uuit 
wp  natitmlly  irifi^r  thAt  tb?  l<Mist  ilrvuitioa  tif  thn  n 
from  a  rainditjp  will  !«  I««8  than  ituil  of  thf*  tii 
cunclusiriii  (nlliiH-s  from  tbi.-  uqimtlim 


for  t  is  Hw  minn  for  ull  thu  colcinrH  Htirl  r  tli 
violet.     Tho  i-olalioEi  ctiiisectin^  a  variation  of 
with  ihe  tvfnictive  Judex  in  easily  deUtrmiiMd, 

["'-1)1110  i4i~iiiiar4r 


Hence  using  ihf  relation  juii 


This  expreaaiim  lieing  |W8iiive  (i<90")  shovs  £ 
lion  increases  with  ihe  refractive  index. 

321.  The  Emei^nt  Rays.— Lei  ABC  (Fig.  288) 

sphere  and  coinider  ;i   lic'ini   r.f  iKimiiel  rays   ftOIJng 


direction  SA-     Lot  SABCE  Iw  tlwt  ray  v 
tion    by  the    two    i-efraclions    and  a  aa^e  i 
deviation  being  iitationary  at   the   minjmiuu, 
direction  CE  there  will  emerge  a  pe:tcil  of  apiiruximsh 
and  in  this  direction  there  will  be  grtnl  concQnCm 
if  there  ia  nn  mutual   intorferenee  of  the  i 
between  M  and  A  emerges,  after  reflecticHi,  j 


F 

^BcTiatiud  is  greater  than  that  of  EC  ;  m  itlw  thi-  i-ays  whicli 
M«r  the  8|ihere  between  A  and  T  (the  tangent  ray)  leave  it  by  the 
re  TC,  unci  the  emerging  rays  cut  the  ray  CE,  einte  they  iufier  a 
reater  deviation  than  CE, 

Thus  all  the  rays  emerging  from  the  arc  MT'  lie  between  the  lines 
)M  and  C'E.  Hence  the  light  which  emerges  after  Btiffering  a  single 
cflection  all  lies  within  a  cone  of  about  J2',  and  the  Ixiunding  »nr- 
iu:e  of  the  cone  contains  the  rays  which  luive  Buffered  the  least 
leviation.  Oiitaide  this  cone  the  eye  will  roeoivo  no  light.  In  the 
[irection  CE,  the  edge  of  the  cone,  the  illumination  is  i-ery  intenac. 
,riil  inBidc  the  cone  the  raya  are  diTergeiit  and  the  illumination 
oeble. 

The  rays  emerging  from  the  arc  CT'  tonch  a  caustic  cun-e  to 
rhich  the  my  CE  is  an  iisymptntc  ami  which  touches  the  sjihi'i-c  at  T'. 
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['lie  rays  emerging  from  the  arc  MC  touch  another  branch  NP,  which 
-  .ilso  asymptotic  to  EC  produced  hackwaiils,  and  this  branch  meets 
li"  sphere  orthogonally  at  N — thai  is,  it  touches  the  centrtJ  ray  MN. 
I  li.HL-  prnpertit^s  of  the  caustic  are  easily  deduced  (Art.  302),  but  we 
lull  first  consider  the  formation  of  the  bows.  Preliminary  to  this 
-iistderation  an  insi>c>ction  of  diagrams  (234,  235,  236),  showing  the 
luiiimum  deviation  ruy^  and  the  emergent  |>encil  for  1,  2,  3,  internal 
r-Hi'CtioiiB,  will  lje  useful. 

322,  Formation  of  the  Bows. — The  general  explanation  of  the 
iii.ua  bowB  is  oitsily  deduced  from  the  foregoing  principles.  Let 
'  <  >|,  Op  etc,  (Fig.  237)  bo  a  aeries  of  raindrops  in  the  same  verticid 
[nc.  or  succossivo  p<)sition8  of  the  same  drop,  and  let  the  oljservcr's 
■ye  \ie  situated  at  E,  Draw  EC'  iiarallel  to  the  ilircctinn  of  the  inci- 
ient  light.      The  line  EC  pro<luced  Ijackwards  will  jmss  through  the 

and  will  Iw  the  axis  of  the  bows.  Yjwh  drop  emiu  light  which 
M  suffered  one,  tWH,  three,  etc.,  internal  reflections,  or,  as  Wf  may 
■11  it,  light  of  the  first,  sccoml,  and  third,  etc.,  unlers.     Let  us  fiiK 


tide  W 


THt  RAnTTOw 


dinw  EO,, 
KMi  ilvi-mtkin  ofvl 
I)  B<rn(l  its  linutt  dtf 
iuii]  vrOl  C'Mie><(|uei 
littuinnus.  Any  d 
-iliiated  IikIi.w  0„  m 
tt>  K,  1ml  in  ihw  n 
t  ht'  iiit«ri(>r  iiE  tfat 
iLiichiiig  E  fmni  O  i 
iitii]  ilie  illiitninMliM 
[hv  other  hnndj 

imlor  to  E.  furl 
iridroly   <>ut«idel 
Irom  tlipiti. 

If  now   tha  Hue 
rovulvc  roiiiitl    EC,  I 
'^''**  ^'  liclwecn  them  Lxmst 

ati>  a  light  L'Diie  of  which  EC'  is  the  axis,  and  the  poji 
H  circle.  Every  drop  on  this  circle  will  obvimidy  ti 
deviation  light  of  the  first  onlt-r  to  £,  dni}u  {iwk 
tninsmit  faint  ilhiminiilion,  and  drops  outside  it  trill 
the  eye. 

What  wu  have,  co(iBc<[iieutly,  is  a  brilliant  ejrclc 
of  which  is  faintly  illiimi]iat«d  and  the  outside  dark 
the  sensible  diameter  of  the  sun  the  blight  circle  wt 
a  lii-ight  line,  but  will  havi;  a  eetisihle  width  del 
apparent  diameter  of  the  sun.  The  least  deviKtion 
about  43°,  it  follows  that  the  droiw  which  transmit  ti 
litile  higher  np  than  those  which  give  the  violet.  T 
of  the  red  circle  will  lie  43°,  and  the  other  eotoure  ) 
medial*  positions.  We  have  therefore  a  spectiiim-col< 
2"  in  width,  red  at  the  oute-r  and  violet  at  the  fnoer  i 
Since  each  simple  colour  gives  lise  to  a  Imnd  of  ( 
account  of  the  magnitude  of  the  sun's  disc,  it  followa 
and  considerable  mixturo  of  colours  is  presenlitd  in  tJi 
may  Uike  place  to  such  an  extent  that  t}\  Imce  o(  co 
obliterated,  or  nearly  so.  We  have  then  the  pl^ 
wkiU  rainbvte.     This  may  happen  when  the  sitn  shiDoi 
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^through  a  thin  cloud  in  the  higher  regions  of  the  atmosphere.  The 
^aky  is  then  very  bright  for  one  or  two  degrees  around  the  sun,  and 

the  diameter  of  the  effective  source  of  light  is  very  much  increased. 
^        Let  us  now  consider  the  light  which  suffers  two  internal  reflections. 
^  The  inclination  to  the  incident  light  of  the  least  deviated  red  ray  is 

about  51°  and  that  of  the  violet  about  54°  (see  Fig.  235).     Hence,  if 

>  the  angle  CEOg  is  equal  to  51°,  the  drop  Oj  will  send  intense  red 
light  of  the  second  order  to  the  eye,  and  drops  a  little  above  Og  will 
transmit  the  other  colours.    We  will  thus  have  a  second  bow,  produced 

_by  the  light  of   the  second  order.     This  bow  will  be  broader  and 
"^  &inter  than  the  primary,  for  the  light  is  weakened  by  the  second 
1.  interior  reflection,  and  the  dispersion  is  also  greater,  on  account  of  the 
^  lengthened  path  within  the  drop.     Drops  below  0^  transmit  no  second 
cvrder  light  to  E,  and  those  above  O2  illuminate  £  faintly.     It  conse- 
quently follows  that  the  space  between  the  two  bows  is  dark  compared 
.  with  the  spaces  inside  the  primary  and  outside  the  secondary.     The 
width  of  the  secondary  bow  is  about  3°,  its  outer  edge  is  violet  and 
its  inner  red. 

In  the  same  manner  we  have  bows  arising  from  three,  four,  or 
more  internal  reflections.  The  third  and  fourth  bows  are  situated 
between  the  observer  and  the  sun,  so  that  to  be  seen  the  rain  should 
be  viewed  with  the  eye  directed  towards  the  sun  (see  Fig.  236). 
The  brightness  of  the  sun's  light  is,  however,  sufficient  to  render  their 
faint  illumination  unobservable.  The  fifth  bow,  however,  occurs  in 
the  same  part  of  the  sky  as  the  first  and  second,  and  would  be  seen 
by  an  observer  with  his  back  turned  towards  the  sun  but  for  its 
extreme  faintness.  Its  light  is  so  much  weakened  by  the  five  reflec- 
tions, and  dispersion,  that  it  is  rarely,  if  ever,  detected. 
'  Intersecting  rainbows  are  also  sometimes  observed.     They  require 

*  for  their  production  two  sources  of  parallel  rays,  such  as  the  sun  and 
^  its  image  by  reflection  in  a  large  sheet  of  calm  water  behind  the 
^  observer.  The  usual  system  of  bows  is  formed  by  the  direct  light  of 
^  the  sun,  and  the  second  system,  intersecting  them,  by  the  reflected 
^  light,  which  proceeds,  as  it  were,  from  the  image  of  the  sun  beneath 
I'  the  water.  The  second  system  is  like  the  ordinary  system,  but  is  less 
^  brilliant,  and  the  bows  have  their  common  centre  as  much  above  the 

•  horizon  as  that  of  the  direct  system  is  below  it. 

'  Lunar  bows  may  also  be  seen   under  favourable  circumstances. 

'  They  are,  however,  faint  and  their  colours  are  not  easily  distinguished, 

I  except  the  moon  be  full  and  other  conditions  favourable.     This,  to- 

»  gether  with  the  fact  that  they  occur  only  at  night,   renders  their 

>  observation  rare. 

2  M 
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Much  foolish  discussion  seems  to  have  been  nused  hy  the  questiai 
whether  two  persons,  or  even  the  two  eyes  of  the  same  person,  *e«  tint 
same  rainbow.  From  what  has  been  aaid  it  is  plain  that  the  tysKa 
of  raindrops  which  tranamit  rays  of  minimum  deinatioii  to  one  poial 
cannot  be  the  same  as  those  which  send  it  to  another.  The  ring  «t 
drops  sending  light  of  least  deviation  to  E  lie  on  a  cone  of  whid 
E  is  the  vortex,  EC  the  axis,  and  the  semi-vertiea!  angle  equal  to  il* 
supplement  of  the  least  deviation,  The  question  might  as  wed  l« 
asked  as  to  whether  two  persons  see  the  same  objuct  by  means  of  tk 
same  rays  of  light. 

A  similar  question  is,  Ciui  a  rainbow  be  seen  by  reflection  1—lbi 
is,  whether  a  >kiw  apparently  reflected  in  still  water  is  the  im'jc  n! 
that  seen  directly  in  the  sky.  In  this  case  the  reflected  bow  is  noi 
the  image  of  that  seen  in  the  sky,  but  is  the  reflection  of  that  vihA 
would  be  seen  by  an  eye  verticaLy  below  that  of  the  observer,  and  h 
much  Iwlow  the  surface  of  the  water  as  his  eye  is  above  iL 

323.  Supernumerai?  Bows. — The  geometrical  theon,'  cstablistx^ 
by  Descartes  and  Newton  was  for  a  long  time  accepted  as  affoniin^ 
a  complete  and  satisfactory  explanation  of  the  phenomenon  of  the  nis 
bow.  Closer  observation,  however,  showed  that  in  addition  i*  tlw 
principal  bows  already  described,  there  are  other  concomitant  culoond 
bands,  or  alternations  of  brightness  and  darkness,  and  of  these  ik 
elementary  theory  gives  no  account.  These  additional  bands  in 
frequently  seen  near  the  inner  edge  of  the  primary  bow  and  len  fr» 
quently  at  the  outer  edge  of  the  secondary.  They  are  called  «po^ 
numemry,  complfmentan/,  or  spurious  bows,  and  are  best  defined  n«r 
their  summits. 

Young'  was  the  first  to  propose  an  explanation  of  these  spunav 
l)OWB  on  the  theory  of  interference,  and  Mr.  Potter- afterwards  jtrmvi 
that  the  complete  theory  of  the  rainbow  is  to  be  obtained  not  Ivu 
the  geometrical  theory  of  rays,  but  from  the  principle  of  interfereiKC 
Y'oiing  remarked  that  the  efficacious  rays  consisted  of  two  superpawJ 
sets,  parallel  in  direction  on  emergence,  but  traversing  different  p«tb 
in  the  drop.  Thus  the  rays  emerging  from  the  drop  near  the  my  CK 
{Fig.  233)  consist  of  two  sets,  viz.  those  which  escape  from  the  loiw 
arc  CT'  and  those  which  escape  from  the  Hp[)er  arc  CM.  The  tonaf 
will  obvipiialy  be  parallel  to  some  of  the  latter,  and  as  they  tnwl 
over  different  paths  in  the  drop  destructive  interference  is  to  *• 
expected  when  they  are  in  opposite  phases.  Near  the  direction  of  lb 
minimum  deviation  EC  we  should  expect  not  merely  a  singli 
<,  A,  1801. 
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rightnes§,  hut  a  maximum  accompanied  by  alternations  of  brighi. 
(dark  bands. 

jomplote  the  twlutioii  we  require  the  form  of  the  wave  emerging 
I  the  drop.  This  was  effected  by  Mr.  Potter,'  who  first  tniced  the 
c  enveloped  by  the  emergent  rays  and  then  developed  the  wave 
t  as  its  involute.  The  final  investigation  and  the  determirialion  of 
|tat«DBity  at  any  point  waa  given  by  Airy.* 
[924.  Caustic  of  the  Emergent  Hays.— Let  CE  (Fig,  238)  be  one 

lergent  rays,  l> 
He\iation,  and  F  tlic 
oint  where  it  intersects 
the      consecutive      itiy. 
Thou   P   is  a  point   rui 
t.bu  caustic.     Denote  OP 
I'V  /),  the  radius  of  the 
.■iicie    by   a.   urn]    drnw 
'  K^  per|>endiculAr  to  CP. 
Wo  have,  if  OPQ  =  y, 
oij=,i-.i..  i=psit.7     (1). 
^iriU  since   P  is  the  intersection  of  two   consecutive  rays,  p  r 
idiiatant,  while  t  and  y  change  to  i  +  rft  and  y  +  dy,  therefore 
a  cos  idi  = 
r  by  means  of  equation  (1) 


But 
Therefor 


and  therefore  by  (1)  and  (4) 


The  value  of  ^  becomn  infinite  whan 


-(n-fDtWJi^OL  I 


The  direction  of  the  lean  deviated 


nijrB  ii 


thnt  pi 
droij 

iun  ^1 


cuustic.     .^^n,  if  i  =  90',  we  have  /•  =  a,  so  t 
flrop  nt  the  point  T.  where  the  ti^ht  cmer^ 

III  the  vase  of  a  isin^ln  intcniiil  reflection  we  hit 
uikf  /i  =  g,  fu  is  ihc  case  for  water,  we  fitid  thiat  f 
when  1  =  0 — that  is,  the  caustic  meets  the  dn 
the  light  falls  normally  iin  the  ephcr 

The  curve  for  a  single  inlvmal  reflection  j 
The  rays  emerging  from  the  are  CV  touch  thol 
enier^png  from  CM  touch  the  branch  Nl*,  whUi 
tioii  CK  meets  liotli  hrauches  at  iufiuit.v. 

The  form  of  the  wave  front  maj'  ho  dctivec 
the  rays  are  iioiinals  to  the  wave  front  and  tangei 
The  wave  front  is  therefore  an  involtue  of  tko 
brunch  NP  this  will  be  a  curve  OK  (Fig.  3A9),  and  : 
a  curve  Oil'.  The  ««yiupu>uc  nv  CE  wilt  be  norai 
OK'  !tt  0,  and  the  point  0  will  be  a  point  of  ii 
which  will  be  perpendicular  to  the  ray  CE. 

326.  Intensity  at  any  Pglnt — Alry's  Iim 
determine  the  intensity  sit  any  point  we  i-equi 
I    surface  of   the 
(Fig.  239)  bo  a  secUoo  of  t 
t!ic  plime  of  incidence,  OX 
rny,  and  OV  the  inflectioni 
iiu  ve  at  O.     Taking  OX  «n 
M'ferenL-e,  we  liavo  ^a 
Coiisequeutljrij 
neve  will  be  suffident 
ijUiition 

Fig.  'jait.  and  in  calmibtting 

near  the  axis  OX  we  need  only  consider  a  p 
neighbourhood  of  the  origin. 

Let  P  be  any  point  near  the  axis  OX,  i 
small  compared  with  its  abscissa  .i 
front,    s  the  arc  OS.       Then  if    lie    vibrotiot^^ 
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he  element  at  0  be  (2$ .  sin  W,  that  transmitted  by  the  element  at 
i  i^U  be  (fo .  sin  (tat  +  S)  where  8  is  the  phase  difference,  and  the 
-omplete  disturbance  at  P  will  be 

•+Q0 


/       sin  {<at  +  6)di/, 


'or  near  0  the  curve  closely  approximates  to  the  axis  OY,  and  ds  is 
'^qual  to  dy.     It  remains  to  calculate  8. 

^         Let  the  co-ordinates  of  S  be  a?  and  y,  those  of  P,  (  and  rj.     Then  if 
'IPS  =  r  we  have 

r«  =  (x-^)»  +  (y-i,)«  =  y*-2yi7  +  i/»  +  Ay-2Ay»Ke', 

substituting  A^  for  x  from  the  equation  of  the  curve.     Replacing 
ft^  +  7/2  by  p2  and  neglecting  y®,  since  y  is  small,  we  have 

°'  r  =  0>»-2i7y  +  i/-2A^y')*, 

-a 

9 Now  ?;  is  small  compared  M-ith  f,  so  that  p=  \/?+^=f+^,  and  the 
^expression  for  r  becomes 

approximately. 

The  term  involving  the  second  power  of  the  variable  may  be 
removed  by  writing 


y 


3A^ 

and  we  then  have,  wilting  c  for  the  absolute  term, 

(4^17 -l/3A)^     ^ 

neglecting  1/3 A,  which  is  of  the  order  i^/x,  in  comparison  with  4^. 
The  expression  for  the  resultant  disturbance  is  therefore 

and  the  intensity  is  proportional  to 
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The  second  integral  is  zero,  and  the  first  is  twice  as  great  as  if  Uie 
limits  were  zero  and  infinity,  consequently 

This  integral  may  be  written  in  the  form 

/.« 
cos — ( UT*  +  mw)dWf 
0         ^ 

where 

The  values  of  this  integral  have  been  calculated  by  Airy  for  successive 
values  of  m  by  a  method  of  approximation  analogous  to  that  adopted 
by  Fresnel  in  the  evaluation  of  his  integrals. 

As  m  increases,  the  integral  attains  a  maximum,  and  then  passes 
in  succession  through  a  series  of  minima  and  maxima,  the  first  maxi- 
mum being  much  greater  than  any  of  its  successors.  The  zero  value 
of  m,  which  corresponds  to  ^  =  0 — that  is,  for  points  on  the  line  OX— 
does  not  then  give  a  maximum,  but  the  first  maximum  occurs  at  a 
point  where  r)/^  has  a  positive  value  greater  than  zero. 

It  follows  therefore  that  the  first  bright  band — that  is,  the  rainbow 
— ^is  not  situated  exactly  on  the  line  of  least  deviation,  but  is  attained 
at  a  deviation  a  little  greater,  or  the  angular  radius  of  the  primary  bow 
is  a  little  less  than  that  indicated  by  the  geometrical  theory,  and 
inside  the  bow  we  have  several  alternations  of  brightness  and  darkness 
— that  is,  supernumerary  or  spurious  bands. 

The  angular  distances  between  the  spurious  bands  and  the  prin- 
cipal bow  vary  with  the  diameters  of  the  raindrops.  For  the  integral 
which  determines  the  intensity  reaches  a  maximum  or  a  minimum 
for  definite  values  of  m,  consequently  the  corresponding  ratio  jji^ 
which  determines  the  position  of  the  band  varies  directly  as  (A)*. 
But  two  drops  of  different  diameters,  a  and  a\  give  emergent  waves 
of  which  the  sections  are  similar,  and  if  Xy  y;  «',  /,  be  homologous 
points  on  them  we  should  have 


But 


a     X     y 
a'~x'~j/' 

y      Av*         'if^     A' 
x'-ky^    •     y"'-  A~ 

and 
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3.ence  7;/^  varies  inversely  as  a^ — that  is,  the  smaller  the  drops  the 
fiarther  apart  are  the  supernumerary  bows ;  and  this  explains  why  they 
^re  only  well  defined  near  their  summits,  for  as  the  drops  descend 
they  grow  in  magnitude,  and  consequently  the  lower  portions  of  the 
bow  deviate  less  and  less  from  the  geometrical  position. 

The  same  reasoning  applied  to  the  second  principal  bow  shows 
that  it  also  is  accompanied  by  spurious  bands  situated  at  its  outer 
edge  and  best  defined  at  its  summit.  This  bow  also  deviates  from 
the  geometrical  position,  its  radius  being  somewhat  greater  than  that 
assigned  by  the  elementary  theory. 

826.  Miller's  Experiments. — Airy's  theoretical  results  have  been 
confirmed  by  the  experimental  investigations  of  Mr.  Miller.^  A 
4  pencil  of  sunlight  was  admitted  in  a  horizontal  direction  through  a 
.  naiTow  vertical  slit,  and  fell  upon  a  thin  vertical  jet  of  water.  View- 
ing the  stream  through  a  telescope  (or  with  the  naked  eye)  portions 
of  the  primary  and  secondary  bows,  and  a  large  number  of  the 
spurious  bands  could  be  seen  forming  a  series  of  vertical  coloured 
fringes  arranged  side  by  side.  The  diameter  of  the  water  jet  was 
about  022  of  an  inch.  The  mixture  of  colours  rendered  it  difficult  to 
fix  upon  the  brightest  parts  of  the  bands.  The  mean  of  eight  obser- 
vations was  as  follows  : — 

Radius  of  brightest  part  of  primary  bow         41**  32' 1 


M  »>  )l 


Radius  of  brightest  part  of  secondary  bow      61**  58' \ 

57'/' 


n  f  > 


first  spurious  bow  40**  27 

'  secondary  bow      61**  58 

first  spurious  bow  53'  57 

According  to  the  elementary  theory  we  should  have 

Radius  of  brightest  part  of  primary  bow     41"  58'  "9^ 

r-9i' 


»»  >> 


,,       secondary  bow  51°  12' 


In  conclusion  it  may  be  remarked  that  the  light  of  the  rainbow  is  Light 
partially  polarised.     This  polarisation  was  noticed  by  Biot  as  early  as  P**^*™®* 
1811,  and  is  to  be  expected  as  a  consequence  of  the  reflection  and 
refraction  suffered  by  the  light  in  the  drops  of  rain  (Art.  173).     The 
extent  to  which  the  light  of  any  bow  is  polarised  may  be  easily  cal- 
culated by  resolving  the  incident  vibration  into  two  components— one 
polarised  in  the  plane  of  incidence,  and  the  other  perpendicular  to  it,* 
and  then  applying  the  formulae  of  Arts.  208,  209. 

'  Miller,  Camh.  Phil,  Trans,  vol.  vii.  p.  277. 
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ELECTROMAGNETIC   RADIATION 

827.  Ether  demanded  by  Electric  Phenomena  —  An  Electric 
Charge  a  Charge  of  Energy  and  an  Electric  Current  a  Flow  of 
Energy, — To  account  for  the  propagation  of  heat  and  light — that  is, 
of  radiant  energy — we  have  postulated  the  existence  of  a  medium 
filling  all  space.  But  the  transference  of  the  energy  of  radiant  heat 
and  light  is  not  the  only  evidence  we  have  in  favour  of  the  existence 
of  an  ether.  Electric,  magnetic,  and  electromagnetic  phenomena 
(and  gravitation  itself)  point  in  the  same  direction. 

It  is  a  matter  of  common  observ^ation  that  attractions  and  repul- 
sions take  place  between  electrified  bodies,  magnets,  and  circuits 
conveying  electric  currents.  Large  masses  may  be  set  in  motion 
in  this  manner  and  acquire  kinetic  energy.  If  an  electric  current 
be  started  in  any  circuit,  corresponding  induced  currents  spring  up 
in  all  neighbouring  conductors;  yet  there  is  no  visible  connection 
between  the  circuit  and  the  conductors.  To  originate  a  current  in 
any  conductor  requires  the  expenditure  of  energy.  How  then  is 
the  energy  propagated  from  the  circuit  to  the  conductors?  If  we 
believe  in  the  continuity  of  the  propagation  of  energy — that  is,  if 
we  believe  that  when  it  disappears  at  one  place  and  reappears  at 
another,  it  must  have  passed  through  the  intervening  space,  and 
therefore  have  existed  there  somehow  in  the  meantime  —  we  are 
forced  to  postulate  a  vehicle  for  its  conveyance  from  place  to  place, 
and  this  vehicle  is  the  ether. 

When  a  body  is  electrified,  what  we  must  first  observe  is  that  a 
certain  amount  of  energy  has  been  spent ;  work  has  been  done,  and 
the  result  is  the  electrified  state  of  the  body.  The  process  of  electrify- 
ing a  conductor  is  therefore  the  storing  of  energy  in  some  way  in,  or 
around,  the  conductor  in  some  medium  (the  ether).  The  work  is  spent 
in  altering  the  state  of  the  medium,  and  when  the  body  is  discharged 
the  ether  returns  to  its  original  state,  and  the  store  of  energy  is  evolved. 
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Similarly  a  supply  of  energy  is  required  to  maintain  an  electric  current, 
and  the, phenomena  arising  from  the  current  are  manifestations  of  the 
presence  of  this  energy  in  the  ether  around  the  circuit.  .  Formerly  an 
electrified  body  was  supposed  to  have  something  called  electricity 
residing  upon  it  which  caused  the  electrical  phenomena,  and  an  electric 
current  was  regarded  as  a  flow  of  electricity  travelling  along  the  wire, 
while  the  energy  which  appeared  at  any  part  of  the  circuit  (if  con- 
sidered at  all)  was  supposed  to  have  been  conveyed  along  the  wire  by 
the  current.  The  existence  of  induction,  however,  and  electromag- 
netic actions  between  bodies  situated  at  a  distance  fi-om  each  other, 
lead  us  to  look  upon  the  medium  around  the  conductors  as  playing  a 
very  important  part  in  the  development  of  the  phenomena.  It  is,  in 
fact,  the  storehouse  of  the  energy. 

Upon  this  basis  Maxwell  founded  his  theory  of  electricity  and 
'magnetism,  and  determined  the  distribution  of  the  energy  in  the 
various  parts  of  the  field  in  terms  of  the  electric  and  magnetic  forces. 
The  ether  around  an  electrified  body  is  charged  with  energy,  and  the 
electrical  phenomena  are  manifestations  of  this  energy,  and  not  of  an 
imaginary  electric  fluid  distributed  over  the  conductor.  When  we 
speak  of  the  charge  of  an  electrified  conductor  we  refer  to  the  charge 
of  energy  in  the  ether  aromid  it,  and  when  we  talk  of  the  electric  flow 
or  current  in  a  circuit  we  refer  to  the  only  flow  we  know  of,  y\z.  the 
flow  of  energy  through  the  electric  field  into  the  \\'ire. 

828.  Polarisation  of  the  Ether — Electric  Waves.  —  The  work 
spent  in  producing  the  electrification  of  a  conductor  is  spent  on  the 
ether  and  stored  there,  prol>ably  as  energy  of  motion.  To  denote  this 
we  shall  say  that  the  ether  around  the  conductor  is  polaiised,  this  word 
being  employed  to  denote  that  its  state  or  some  of  its  properties  have 
been  altere<l  in  some  manner  by  the  work  done  on  it — that  is,  by  the 
energy  stored  in  it.  In  the  case  of  a  conductor  possessing  what  is 
termed  a  positive  charge,  the  ether  around  it  is  |K)larised  in  a  certain 
manner  and  to  a  certain  extent  depending  on  the  intensity  of  the 
charge.  If  the  charge  Ihj  negative  the  polarisation  is  in  the  opi^site 
sense,  the  two  being  related,  perhaps,  like  right-handed  and  left-handed 
twists  or  rotations. 

Now  consider  the  case  of  a  body  charged  alternately,  positively  and 
negatively,  in  rapid  succession.  The  positive  charge  means  a  positive 
polarisation  of  the  ether,  which  l>egins  at  the  conductor  and  travels 
out  through  space.  When  the  body  is  discharged  the  ether  is  once 
more  set  free  and  resumes  its  former  condition.  The  negative  charge 
'  now  entails  a  modification  of  the  ether  or  Dolarisation  in  the  opposite 
sense.     The  result  of  altemata  ^  sign  is  that  the 
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ether  nt  any  point  l>ecome8  polariBed  alternately  in  of 
while  waves  of  opposite  polarisations  are  propagatai 
each  carrying  energy  derived  from  the  source  or  ago 
electrification.  Here,  then,  we  have  a  periodie  dial 
kind  occurring  at  each  point,  accompanied  by  wavea  ' 
ling  outwards  from  the  conductor. 

The  ])henonicna  of  interierence  lead  to  the  conclui 
the  result  of  a  {)ori(Mlic  disturbance,  or  vibration,  of  ' 
to  the  Uiiture  of  the  Wbration — that  is,  as  to  the  exi 
periodic  change — or  what  it  is  that  changes,   we   f 
ledge.     From  the  foregoing  we  see  that  alternating 
are  accom])iinie<l  ]>y  corresponding  changes  of  state, 
the  ether,  and  if  the  charge  l>e  varie<l  periodically  ai 
rapidity,  we  have  a  vibration  at  each  point  analogous 
identical  with,  that  which  occurs  in  the  propagation  o 
This,  then,  is  the  clectnmiagnetic  theory  of  the  hu 
In  the  oMer  or  elastic-solid  theory,  the  light  vibratioi 
to  be  actual  oscillations  of  the  elements  or  molecules  oi 
their  ]K)^titions  of  rest,  such  iis  takes  place  when  wai 
disturliance  are  propjigated  through  an  elastic  solid,     i 
is,  however,  unwarranted.      All  we  know  is  that  the 
uncc,  vilinition,  i)olari8iition,  or  whatever  we  wish  to  te 
and  transverse  to  the  direction  of  projiagation.     The 
theory  teaches  us  nothing  further  as  to  its  natiu'e,  bi 
that  whatever  the  change  may  ])e,  it  is  the  same  in  kii 
occurs  in  the  ether  when  the  charge  of  an  electrified  bi 
reversed.     It  reduces  light  and  heat  waves  to  the  i 
waves  of  electric  jwlarisation ;  the  only  quality  of  th- 
to  constitute  the  former  is  sufficient  rapidity  of  alte 
speculations  have  receive<l  the  strongest  confirmatioi 
imi)ortant  experiments  of  Professor  Hertz.     Before  < 
we    shall    consider   the   mode   of   discharge    of    a    cc 
theoretical   investigation  was  given  by  Sir  William  T 
Kelvin)  as  earlv  as  1853. 

329.  Oscillating  Discharge. — When  any  elastic  s 
jected  to  strain  an<l  then  set  free,  one  of  two  things  ma 
substance  may  slowly  recover  from  the  strain  and  grai 
natural  sUite,  or  the  elastic  recoil  may  carry  it  past 
e(iuilibrium,  and  cause  it  to  execute  a  series  of  oscillatic 
of  the  same  sort  may  also  occur  when  an  ele<?trified  co 
a  Leyden  jar  is  discharged.     In  ordinary  language  t 

'  Sir  William  Thomson,  Phil.  Mag,  June  185S, 
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continuous  flow  of  electricity  in  one  direction  till  the  discharge  is 
completed,  or  an  oscillating  discharge  may  occur — that  is,  the  first 
^ow  may  be  succeeded  by  a  back -rush,  as  if  the  first  discharge  had 
overrun  itself  and  something  like  recoil  had  set  in.     The  jar  thus 

>  T>ecomes  more  or  less  charged  again  in  the  opposite  sense,  and  a  second 
discharge  occurs,  accompanied  by  a  second  back -rush,  the  oscillation 

•  ^oing  on  till  all  the  energy  is  either  radiated  or  used  up  in  heating  the 

f  conductors. 

.;  Let  Q  be  the  charge  of  the  jar  at  any  instant,  C  its  capacity,  R  the 

g  resistance  of  the  circuit,  and  L  its  coefficient  of  self-induction.     Then 

^  if  I  be  the  intensity  of  the  current  and  E  the  electromotive  force,  we 

y.  have  the  equation 

E-1B=^(LI)  =  4;. 
i   In  this  case  E  =  Q/C,  and  I  =  -  -^.     Therefore 

The  solution  of  this  equation  is 

where  fi  and  /x  are  the  roots  of  the  equation 


'''+l'*+cl=^' 


or 


Writing 

we  have 
and 


R 


±   z:^  1- 

V  4L'^    CL" 


=  ./ 


R''       1 


V  4L'^    CL 
fx=  -  R/2L  +  0,     fi'=  -  R/2L  -  a, 


where  A  and  B  are  constants  detemiined  by  the  initial  conditions,  viz. 
that  initially  we  have  Q  =  Q^,  and  1  =  0,  which  give 

A  -H  B  =  Qo,     and  A/x  +  B/x'  =  0, 
or 

Hence  at  any  time  we  have 


•i< 
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The  successive  maximum  charges  occur  when  1  =  0,  or  at  =  mr ;  they 
are  therefore 

iTB  2irR  3yR 

Qo>       Ql=  -QflC'sLtt',        Q2  =  Qo«     2La',       Q3=-Qo«     2Ltt'. 

The  quantities  therefore  diminish  in  geometrical  progression,  and  the 
energy  of  the  charge  diminishes  correspondingly  on  each  oscillation, 
being  lost  by  radiation  into  space,  or  in  heating  the  circuit,  or  both. 

Whether  the  discharge  is  continuous  or  oscillatory  therefore  depends 
on  whether  4L  is  less  or  greater  than  CR^,  and  an  oscillatory  discharge 
may  be  obtained  either  by  increasing  L  or  sufficiently  diminishing  C 
and  R 

These  predictions  of  analysis  have  been  confirmed,  as  Thomson 
suggested,  by  examining  the  spark,  during  discharge,  by  means  of  a 
revolving  mirror.  In  Feddersen^s  experiments  the  image  of  the  spark 
in  a  revolving  mirror  was  viewed  through  a  telescope.  AVTien  the 
resistance  of  the  circuit  was  high  the  spark  was  merely  drawn  out  in 
width — that  is,  at  right  angles  to  its  length ;  but  when  the  resistance 
was  sufficiently  reduced,  so  that  the  oscillating  discharge  might  occur, 
the  band  was  reduced  to  a  broken  image  consisting  of  a  series  of  strips, 
each  strip  corresponding  to  a  discharge.^ 

Paalzow  examined  the  discharge  through  a  vacuum  tube  in  the 
salhe  manner.  With  a  high  resistance  a  bluish  light  showed  itself  at 
one  pole,  but  with  a  low  resistance  it  was  exhibited  at  both.  In  the 
latter  case  a  magnet  held  near  the  tube  split  the  discharge  band  into 
two  lines  of  light,  but  in  the  former  the  magnet  eiFected  no  separation 
of  the  discharge,  showing  that  the  discharge  occurred  in  one  direction 
only  or  in  both,  according  as  the  resistance  of  the  circuit  was  high 
or  low. 

The  time  of  oscillation  of  an  ordinary  Leyden  jar  is  from  J  to  ^ 
millionth  of  a  second,  giving  rise  to  electromagnetic  waves  about  50 
to  100  metres  long,  if  we  assume  their  rate  of  propagation  to  be  the 
same,  or  approximately  the  same,  as  that  of  light.  A  small  thimble- 
sized  jar  would  give  rise  to  waves  about  1  metre  in  length,  and  if 
we  push  the  reduction  to  the  limit  of  the  light  waves,  or  6000  tenth- 
metres,  we  would  require  a  circuit  approaching  atomic  dimensions.  This 
suggests  that  the  long  electromagnetic  waves  emitted  by  a  condenser 
undergoing  oscillating  discharge  are  in  reality  the  same  in  kind  as  the 
short  ethereal  waves  which  affect  the  retina,  and  that  the  light  and 
heat  waves  are  excited  by  electric  oscillations  in  the  atoms  or  molecules 
of  the  incandescent  matter. 

^  For  an  account  of  the  researches  made  in  this  department  see  Wiedemann's 
EUHriciUU,  vol  iv.  pp.  177,  etc. 
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Fig.  240.— The  vibrator.      B 


880.  Hertz's  Experiments. — The  electromagnetic  waves  radiated 
by  a  condenser  undergoing  oscillating  discharge  have  been  ingeniously 
detected  by  Professor  Hertz.  The  method  is  analogous  in  principle  to 
the  use  of  resonators  in  the  detection  of  sound  waves.  It  is  well 
known  that  a  \'ibrating  tuning-fork  when  held  near  an  open  pipe  will 
throw  the  air  column  into  \dbration  and  elicit  a  note  from  the  pipe  if 
the  length  of  the  pipe  be  so  adjusted  that  its  period  is  the  same  as 
that  of  the  fork.  In  the  same  way,  if  an  oscillating  discharge  be  main- 
tained in  a  circuit,  it  will  play  the  part  of  the  tuning-fork,  and  if 
another  circuit  be  at  hand  which  possesses  the  same  periodic  time  of 
electric  oscillation,  then  it  will  play  the  part  of  the  resonator,  and  will 
be  thrown  into  electric  vibration.  These  sympathetic  >abration8  have 
been  detected  and  examined  by  Hertz  as  follows. 

The  \'ibrator  consisted  of  two  brass  plates  A  and  B  (Fig.  240), 
to  each  of  which  is  attached  a  stiff  wire  terminated  by  a  brass  knob. 
The  knobs  are  gilt  and  placed  about  2  or  3  millimetres  apart,  so 

that  when  the  plates  are  oppositely 
electrified  a  spark  can  easily  cro6b 
between  them.  Electric  oecilladon 
then  sets  up,  the  charge  passing 
backwards  and  forwards  from  one 
plate  to  the  other  and  diminishing  continually  in  quantity  as  its  energy 
becomes  used  up  in  heating  the  H-ires,  sparking,  and  especially  by 
radiation  into  space.  The  time  of  each  oscillation  is  approximately 
27r  v/CL,  and  this  in  the  experiment  will  be  about  1/30,000,000  of  a 
second,  if  the  plates  used  are  about  40  centimetres  square. 

At  each  passage  of  the  charge  between  the  plates  of  the  vibrator, 
induced  currents  will  occur  in  neighbouring  conductors,  and  if  the 
periodic  time  of  an  oscillation  in  one  of  these  should  happen  to  be  the 
same  as  that  of  the  vibrator,  the  oscillations 
induced  in  it  will  become  multiplied  and  may 
attain  a  considerable  intensity.  This  conductor 
then  acts  as  a  resonator.  The  resonator  (or 
receiver)  devised  by  Hertz  was  a  simple  circle  of 
wire  (Fig.  241),  the  ends  terminating  in  brass 
knobs  which  could  be  adjusted  at  a  small  dis- 
tance apart.  The  length  of  the  wire^  being 
carefully  adjusted  to  suit  the  period  of  oscillation 
of  the  vibrator,  then,  when  the  \-ibrator  is  in  action,  the  induced 
current  flows  backwards  and  forwards  in  the  resonating  circle  from 

^  If  the  plates  of  the  vibrator  are  40  cm.  scjuare,  the  length  of  the  receiver  is 
about  210  cm.  of  No.  17  wire. 


Fig.  241.— The  receiwr. 
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one  knob  to  the  other,  and  finally  attains  such  a  strength  that  8])arking 
actually  occurs  between  the  knobs. 

The  charging  of  the  vibrator  is  effected  by  connecting  its  plates 
with  the  terminals  of  an  induction  coil.  In  this  way  the  oscillation  is 
maintained  in  the  vibrator,  and  continuous  sjmrking  can  be  obtained 
in  the  resonating  circle. 

The  reflection  and  interference  of  electix)magnetic  waves  may  now 
be  observed  with  facility.  Placing  a  large  metal  screen  (a  sheet  of 
zinc  2  or  3  metres  square)  immediately  behind  the  resonator,  the 
sparking  is  observed  to  increase  in  brilliancy,  and  the  distance  between 
the  knobs  may  be  augmented  beyond  the  limiting  distance  at  M'hich 
sparking  would  occur  before  the  screen  was  brought  up.  When  the 
screen  is  moved  ]>ack  from  the  resonator  to  a  distance  of  2  metres, 
say,  the  sparking  ceases,  and  cannot  be  obtained  even  on  screwing  the 
knobs  very  near  each  other,  but  when  the  screen  is  moved  ti^-ice  as  far 
away  (4  metres),  sparking  is  again  obtained  which  is  more  vigorous 
than  when  the  screen  is  entirely  removed.  Without  the  screen  spark- 
ing is  obtained  at  every  distance,  diminishing  only  in  intensity  as  the 
distance  between  the  oscillation  and  resonating  circuits  is  increased. 
With  the  screen,  on  the  other  hand,  sparking  is  obtained  at  some  places 
and  no  sparking  at  others,  even  though  these  may  ])e  nearer  the 
vibrator. 

It  should  be  observed  that  no  sparking  is  obtained  in  the  reson- 
ator when  it  is  placed  immediately  behind  the  zinc  sheet,  and  this 
shows  that  the  zinc  sheet  screens  off  the  electromagnetic  action  of  the 
vibrator. 

The  interpretation  of  these  residts  is  that  waves  of  electromagnetic 
disturbance  are  radiated  from  the  vibrator  which  fall  upon  the  metal 
screen  and  are  reflected  there.  The  reflected  waves  interfere  with  the 
direct  waves,  as  in  the  case  of  sound.  At  the  distance  of  a  quarter 
wave  (2  metres  in  the  above  experiment),  or  any  odd  multiple  of  a 
quarter  wave  from  the  screen,  the  two  are  in  opposite  phases,  and 
their  combined  effect  on  the  resonator  is  zero,  while  at  distances  of 
2,  4,  6,  etc.,  quarter  waves  from  the  screen  the  direct  and  reflected 
waves  are  in  accordance,  and  vigorous  sparking  is  produced  in  the 
resonating  circuit.  The  corresponding  interference  of  direct  and 
reflected  sound  waves  is  well  exhibited  in  the  nodes  and  loops  of 
organ  pipes. 

Having  once  obtained  these  electromagnetic  waves,  and  the  means 
of  observing  them.  Hertz  proceeded  to  inquire  into  their  laws  of 
reflection  and  refraction.  To  this  effect  he  modified  the  apparatus  so 
as  to  render  it  more  sensitive,  and  concentrated  the  radiation  by  maap* 
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of  zinc  reflectors  bent  into  the  shape  of  parabolic  cylinders.  The 
vibrator  consists  of  two  brass  cylinders  (Fig.  242),  each  about  12  or 
13  centimetres  long,  3  centimetres  in  diameter,  and  rounded  or  ter- 
minated by  knobs  at  the  sparking  ends.  The  cylinders  are  placed  in 
the  focal  line  of  the  parabolic  reflector,  and  are  connected  to  the 
terminals  of  an  induction  coil  which  excites  the  oscillations.  The 
receiver  consists  of  two  pieces  of  thick  wire  each  about  50  centimeUes 
long.  They  are  also  placed  in  the  focal  line  of  a  parabolic  reflector, 
and  from  the  end  of  each  a  thin  wire  passes  at  right  angles  throo^ 
the  reflector  to  a  sparking  space  at  the  back,  where  the  induced  spark- 
ing can  be  observed  without  obstructing  the  waves  falling  on  the 
reflector.  The  total  length  of  the  vibrator  is  nearly  half  that  of  the 
emitted  wave.  For  success  it  is  necessary  that  the  pole  surfaces  of 
the  sparking  space  should  be  frequeritly  polished  and  guarded  against 


'1 


Receiver. 


Fig.  242. 


Vibrator. 


the  illumination  of  simultaneous  lateral  discharges,  for  the  rays  of 
higher  refrangibility  are  detrimental  to  the  working  of  the  apparatus. 

With  this  apparatus  Hertz  detected  reflection  from  the  walls  and 
obstacles  around  the  room,  and  subjected  the  electromagnetic  radiations 
to  most  of  the  experiments  which  it  is  customary  to  perform  with  Ught 
and  heat  rays.  He  had  a  large  prism  of  pitch  constructed,  and  verified 
that  these  waves  are  refracted  in  passing  through  it^  just  as  light  and 
heat  waves  are  refracted  in  passing  into  a  new  medium.  The  angle  of 
the  prism  was  30°,  and  a  deviation  of  22°  was  observed  in  the  trans- 
mitted waves,  giving  a  refractive  index  of  1*69  for  these  long  electro- 
magnetic waves.  The  refractive  index  of  pitch  for  light  waves  varies 
from  1*5  to  1*6,  but  a  disagreement  in  refractive  index  is  not  to  be 
taken  as  evidence  against  the  similarity  of  light  and  electromagnetic 
waves,  for  it  would  be  remarkable,  and  even  contrary  to  expectation, 
if  the  refractive  index  of  waves  1  metre  in  length  happened  to  be 
the  same  as  that  of  waves  200,000  times  shorter. 

From  the  mode  of  production  of  these  waves  it  is  clear  that  they 
consist  of  transverse  vibrations  and  are  plane-polarised,  for  the  electric 
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^orce  is  parallel  to  the  vibrator  and  the  lines  of  magnetic  force  are 
f^ircles  round  it.  The  directions  of  the  electric  and  magnetic  forces  are 
«<son8equently  in  the  wave  front  and  at  right  angles  to  each  other.  If 
I,  'the  receiving  mirror  be  rotated  round  the  direction  of  the  rays  coming 
^froTDL  the  vibrator  the  sparking  gradually  ceases,  and  when  the  focal 
p.  line  of  the  receiver  is  horizontal — that  is,  at  right  angles  to  the  focal 
r  line  of  the  vibrator — no  sparks  can  be  obtained,  even  though  very  close 
,  to  the  vibrator.  The  two  pieces  of  apparatus  thus  play  the  part  of 
.  the  polariser  and  analyser  in  a  polariscope. 

The  polarisation  of  the  waves  may  be  shown  by  introducing  between 

.  the  mirrors  a  wire  screen  consisting  of  wires  wound  parallel  to  a  given 

;  direction  on  a  light  frame,  so  as  to  resemble  a  diffraction  grating. 

When  the  direction  of  the  wires  is  parallel  to  the  oscillator — that  is, 

^  to  the  focal  lines  of  the  mirrors — the  screen  is  opaque  to  the  radiation, 

it  refuses  to  transmit  the  waves  but  reflects  them  copiously.     On  the 

other  hand,  when  the  direction  of  the  wires  is  perpendicular  to  the 

focal  lines  of  the  mirrors,  the  waves  are  freely  transmitted  and  sparking 

is  obtained  in  the  recei\'ing  circuit.     The  screen  is  thus  opaque  to  the 

i  radiation  when  the  direction  of  the  wires  is  parallel  to  the  electric 
force,  but  transparent  when  the  wires  are  parallel  to  the  magnetic  force. 
It  thus  plays  the  part  of  an  analyser. 

Hertz's   experiments   have   been   repeated   in    this  country  with 

various  modifications,  and  particularly  in  Dublin  by  Professor  6.  F. 

FitzGerald,  and  Dr.  F.  T.  Trouton,^  who  have  further  studied  the  cases 

of  reflection  from  non-conducting  substances,  such  as  glass  and  parafiin. 

'    They  have  also  settled  the  long-disputed  question  as  to  the  direction 

•  of  vibration  in  relation  to  the  plane  of  polarisation  in  plane-polarised 
'    light.     Fresnel  and  his  followers  retjuired  the  luminous  vibration  to 

be  at  right  angles  to  the  plane  of  polarisation,  while,  according  to 
ItfacCullagh  and  Newman,  it  must  take  place  in  that  plane.  On  the 
other  hand,  MaxwelFs  theory  indicated  that  something  occurs  in  lK)th 
planes,  a  magnetic  vibration  in  one  and  an  electric  in  the  other,  or 
rather  a  \'ibration  accompanied  by  magnetic  force  in  one  direction  and 
electric  force  in  the  perpendicular  direction.  The  theory  further 
indicated  that  the  electric  force  is  perpendicular  to,  and  the  magnetic 

*  force  in,  the  plane  of  polarisation.  This  conclusion  has  \yeen  verified 
by  experiment,  for  the  electromagnetic  waves  are  found  not  to  be 
reflecte<l  at  the  polarising  angle  from  the  surface  of  a  bad  conductor, 
such  as  a  wall,  when  the  electric  force  is  parallel  to  the  plane  of  inci- 
dence, but  reflection  occurs  at  all  angles  when  the  electric  force  is 
perpendicular  to  the  plane  of  incidence.     In  the  i)olarised  my  therefore 

"  F.  T.  Troutou,  N(Uxir€,  22m\  August  1889,  etc. 
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the  electric  force  is  perpendicular  to,  and  the  magnetic  force  in,  the 
plane  of  polarisation. 

^  Hertzes  experiments  have  been  repeated  by  Professor  O.  J.  Lodge 
and  Mr.  E.  J.  Dragoumis^  at  University  College,  Liverpool,  with 
a  slightly  modified  form  of  receiver.  In  order  to  render  the  effect  of 
the  electric  oscillations  more  easily  observable  in  the  resonating  cir- 
cuit, a  Geissler's  tube  was  placed  in  the  spark-gap,  one  electrode  of  the 
tube  being  connected  with  either  side  of  the  gap.  When  the  apparatus 
is  at  work  the  tube  lights  up  and  renders  the  effect  of  the  electric 
oscillations  \dsible  even  at  a  considerable  distance.  The  detection  of 
the  oscillations  by  the  chemical  action  of  the  current  on  iodide  of 
potash  paper  was  also  tried. 

The  sympathetic  oscillations  in  the  receiver  may  also  be  detected 
by  means  of  a  delicate  galvanometer.  One  terminal  of  the  gah-ano- 
meter  is  connected  to  one  side  of  the  spark-gap,  and  the  other  to  the 
other  side  of  the  gap.  When  sparking  occurs  at  the  gap  a  deflection 
of  the  galvanometer  occurs,  and  with  a  delicate  long-coil  galvanometer 
a  very  marked  effect  may  be  produced.  Great  delicacy  of  adjustment 
at  the  gap  is  necessary,  but  when  properly  arranged  the  apparatus  is 
very  sensitive.  By  this  method  Professor  FitzGerald  *  has  exhibited 
the  effect  to  a  large  audience. 

The  Hertzian  vibrations  may  also  be  detected  by  the  method  of  the 
Bolometer — that  is,  by  the  variation,  when  heated,  of  the  resistance  of 
a  thin  \vire  placed  across  the  spark-gap. 

331,  Radiation  of  Electromagrnetie  Waves. — When  an  electric 
oscillator  is  at  work  a  periodic  variation,  or  vibration,  is  occiuring  at 
each  point  of  the  field  around  it.  The  distributions  of  electric  force 
in  the  field  at  the  stages  f  =  ^T,  1  =  1%  /  =  fT,  /  =  JT,  have  l)een 
plotted  by  Hertz  and  are  represented  in  Figs.  243-246.  K  T  l)e 
the  time  of  a  complete  ^abration,  the  state  of  the  field  at  any  instant 
during  the  first  half  period  is  just  reversed  at  the  corresponding 
instant  of  the  second  half,  so  that  it  is  only  necessary  to  trace  the 
changes  in  the  field  during  half  a  complete  vibration.  Fig.  243  shows 
the  field  at  the  time  /  =  0,  or  t  =  niT,  Here  the  poles  of  the  oscillator 
are  free  from  electrification,  and  no  lines  of  force  run  out  from  thenL 
Electric  charges  are  just  about  to  accumulate  on  the  extremities. 
Lines  of  force  are  about  to  spring  out,  and  will  continue  to  spring  out 

^  E.  J.  Dragoumis,  Nature,  4th  April  1889.  An  account  of  the  recent  work  in 
this  department  has  been  given  by  Professor  0.  J.  Lodge  (the  work  of  Hertz  and 
some  of  his  successors,  being  an  evening  lecture  at  the  Royal  Institution,  1st  June 
1894.  Reprinted  from  Hie  Elect Hcian  by  the  Electrician  Printing  and  Publishing 
Company,  London). 

*^  G.  F.  FitzGerald,  Evening  Lecture  at  the  Royal  Institution,  21st  March  1890. 
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-  till  '  =  ^T.  At  this  time  the  field  of  force  will  be  as  represented  in 
Fig.  244,  Here  it  may  be  observed  the  lines  of  force  are  not  drawn 
right  up  to  the  poles  of  the  oscillator,  for  the  formuln  (Art.  335)  from 
which  the  curves  were  plotted  regard  the  oscillator  as  exceedingly 
small,  so  that  in  the  imniediate  neighbourhood  of  a  finite  vibrator  they 
do  not  sufficiently  represent  the  true  state  of  the  field.  A  small 
spherical  apace  around  the  oscillator,  to  which  the  formulfe  cannot  be 
applied,  is  consequently  left  unplotted.  The  speed  at  which  the  dis- 
turbance travels  out  in  the  initial  stage  is  much  greater  than  the 


Fig.  «4,  t-iJ. 


normal  velocity,  and  when  (  =  iT  the  electric  wave  has  nearly  tra- 
versed half  a  wave  length  instead  of  a  quarter.  There  is  thus  a  gain  of 
a  quarter  period,  and  the  velocity  finally  subsides  to  the  normal  value 
(1/  'JK/i)  at  some  distance  from  the  origin.  Fig.  245  represents  the 
field  at  Che  time  i  =  {T,  and  Fig.  246  that  when  (=|T.  In  the  latter 
a  singular  action  is  shown  as  coming  into  operation.  The  lines 
farthest  from  the  origin  are  l>eing  <lrawn  together  )iy  the  stress  with  a 
tatoral  inflection.  This  inflection  approaches  nearer  and  nearer  to  the 
axis  of  z  till  finally  a  self-closed  surface  like  a  vortex  ring  detaches 
itself  from  each  of  the  outer  lines,  and  these  spread  out  into  space 
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while  the  residue  sink  hack  into  the  conductor.  The  numlicr  ol 
receding  lines  is  exactly  the  same  as  the  number  of  originally  expand- 
ing lines,  but  their  energy  is  diminished  by  that  of  the  detacbeil 
portions.  These  portious  carry  energy  out  into  space,  and  in  consc- 
(juence  the  oscillation  must  eoon  subside  unless  the  source  be  sup|ili«4 
with  energy. 

Heturniiig  now  to  Fig.  243  it  will  represent  the  8tat«  of  thiugs 
at  the  time  t  =  JT,  the  closetl  surfaces  being  the  detached  line«  of 
force  travelling  out  into  si>ace.  The  oscillator  is  again  without  charge, 
but  charging  is  about  to  commence  and  new  lines  of  force  are  aboui  lo 
spring  out  from  the  poles.  These  will  compress  the  detached  hncj 
whose  history  we  have  just  followed,  and  the  situation  at  the  limB 
/  =  |T  will  be  as  shown  in  Fig.  24-1.  So  also  Fig.  215  will  represeni 
the  iield  when  ;  =  fT,  and  Fig.  246  when  /=  jT,  whereas  Fig,  2« 
will  again  show  the  oscillation  about  to  start  a  fresh  disturbanci!. 

An  approximate  estimate  of  the  energy  radiated  in  actual  worldif 
has  been  given  by  Hertz.  Two  spheres  of  15  cm.  radius  were  ehargd 
in  opposite  senses  up  to  a  spark  length  of  about  1  cm.,  so  that  their 
difference  of  potential  was  about  1 20  C.  G.  S.  electrostatic  units.  Th* 
charge  of  such  a  sphere  was  accordingly  alwut  900  C.  G.  S.  luiits,  uiid 
the  total  store  of  energy  possessed  was  about  60  x  900  =  54,000  erg« 
or  55  gramme-centimetres.  The  length  of  the  oscillator  was  about  1 
metre  and  the  wave  length  480  centimetres  approximatelv.  The  loss 
of  energy  comes  out  to  be  3400  ergs  to  half  a  swing,  so  that  aittr 
eleven  half-swings  one  half  of  the  initial  energy  is  nultated.  This 
rapid  damping  is  made  erident  by  experiment,  and  could  not  k 
obriat«d  even  though  the  resistance  of  the  oscillator  and  spark  werr 
negligible.  A  loss  of  energy  of  2400  ergs  in  1-5/100,000,000  of  « 
second  means  the  performance  of  work  etjual  to  22  horse-power,  and 
the  oscillator  must  be  supplied  at  this  rate  if  the  \-ibnition  is  to  be 
maintained  at  a  constant  intensity,  in  spite  of  the  radiation.  Durinii; 
the  fii«t  few  swings  of  the  vibrator  the  intensity  of  the  radiation  « 
about  12  metres  distant  from  the  vibrator  corresponds  to  the  inteiisil.v 
of  the  solar  radiation  at  the  surface  of  the  earth  (see  p.  563). 

Before  entering  into  the  mathematical  inveatigation  of  the  pro- 
perties of  these  ciu-ves,  we  -ehall,  for  convenience,  first  sumniariw 
Maxwell's  etiuations  of  the  electromagnetic  field.  For  this  piuposc  ii 
will  be  useful,  in  the  first  place,  to  obtain  an  expression  for  the  line 
integi'al  of  a  vector  taken  round  a  small  rectangular  circuit. 

332.  Line  IntefTfal  of  a  Vector. — In  a  Held  of  force  the  force  m 
any  point  may  in  general  >ie  represented  in  magnitude  and  direction 
by  a  right  line.     Such  a  ijuantity,   possessing  both  magnitude  anil 
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BCtion,  is  termed  a  directed  qimntitv  or  a  vrdr/r.  The  line  irit«gr»l 
1  vector  round  any  curve  or  circuit  may  lie  dofinei!  as  JV  cos  <tiil> 
[ere  F  represeiilH  the  value  of  the  vector  at  any  poiui  of  the  cur\'t', 

hhe  corresponding  element  of  the  cur\e,  and  <^  the  uiigle  betwct'ii 
I  directions  of  F  and  ih.  Since  Fcoa*  is  the  coniiioiieiit  of  F 
tkllel  to  ds,  it  is  clear  that  when  F  is  a  force,  then  the  lino  integral  is 
5>ly  the  work  done  in  traversing  ihe  circuit,  i 

[  Let  tis  now  consider  a  small  rectnngiilnr  I 
itiui  of  sides  &r  and  £y,  and  centre  O  {Fig. 

h).     Then  if  the  components  of  F  at  O  lie  I 
tnd  j8  respectively  in  the  directions  of  the 

i  of  the  rcetAiigte,  and  if  F  varies  fii>ni  ' 
int  to  point  of  the  field,  it  follows  that  when  "^ 

9  of  the  rectangle  are  very  small  the  vector  components  which 
n  the  line  integral  round  the  circuit  ABCD  will  be 
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•  the  lino   iiiiogrid  ukeii  round  the  i 
JC'D  is 


ctangle  in  Ihe  di 
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The  quantity  ^-^  is  termed  the  earl  of  the  vector,  and  conset^uently 
yrc  have  found  that  the  line  integral  of  a  vector  tuken  round  a  small 
rectangular  circuit  is  the  product  of  the  aroa  of  the  circuit  by  the  curl 
of  the  vector,  or  more  gonemlly.  the  line  integral  of  a  vector  taken 
round  the  perimeter  of  any  nrui  is  c<|UJil  to  the  surface  integnil  of  the 
curl  tiikcn  over  the  iircH. 

33S.  Fundamental  Electromagnetic  Equations  —  Isotropic  Di- 
electric.— We  iiie  now  in  Ji  [tosilion  li>  write  down  the  ecjiintions  con- 
necting the  electric  and  magnetic  forces  in  any  medium.  In  the  first 
place,  for  simplicity,  let  the  medium  l>e  an  isotropic  non-conductor  such 

Then  if  wo  consider  any  circuit  placed  in  such  a  modiiim,  it  is  foimd 
i<v  experiment  that  an  induced  cunvnt  is  geueretod  in  the  circuit  when 
(lio  magnetic  field  varies,  and  that  the  i-Iittri'iuotiii-  force  of  this 
current  is  measiu'ed  hy  the  rate  at  wlmli  ■ '.  ;  ■!■  'ii\  of  maKuctiL' 
force  passing  through  the  circuit  chntl^'l  iik-  tni^gml  nf 
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the  electric  force  taken  round  the  circuit  is  equal  to  tl 
change  of  the  surface  integral  of  the  magnetic  force 
Hence  if  we  consider  elementary  rectangular  circuits 
&r,  &r  /  &r,  6y  respectively,  having  their  planes  parallel 
reference,  then  denoting  the  components  of  the  elect] 
centre  of  the  parallelopiped  &E,  ^,  &;  by  P,  Q,  R,  and 
of  the  magnetic  force  by  a,  /3,  y  respectively,  we  have 
of  the  electric  force  round  the  rectangle  %,  Sz  equal  to 


(f-S)"* 


and  if  the  magnetic  permeability  of  the  medium  be  ^ 
magnetic  force  through  the  same  rectangle  is 

fUidi/dz  ; 

hence  paying  attention  to  sign  we  have  at  once  the  relati 

^dt "  dy     ilz 

similarly 

^dt  ~  dz     dx 

</7^<^     rfP 
^dt     dx     dy 

That  is,  the  curl  of  the  electric  force  is  equal  to  the  time 
of  the   magnetic   induction.      In  the  same  way  the  lii 
magnetic  force  taken  round  a  circuit  is  equal   to   the 
change  of  the   flux  of  electric  force  passing  through  t 
that  if  the  specific  inductive  capacity  of  the  medium  b 
the  corresponding  set  of  equations  ^ 

dt  ^dy     dz 

^dQ_da    dy 
dt  "dz     dx 

rfR_^    da 
dt  ^  dx    dy 


^  The  electric  current  in  a  straight  wire  is  related  to  tlie  magn 
Held  around  it  by  the  fact  that  the  Hue  integral  of  tlie  magnetic  fore 
curve  enclosing  the  wire  is  equal  to  the  current  multiplied  by  4 
current  strength  be  C  the  magnetic  force  at  a  distance  r  from  tlie  ^ 
the  integral  of  this  taken  around  a  circle  of  radius  r  is  2irr  x  2C/r  = 
this  to  a  dielectric,  Maxwell  introduced  the  idea  of  what  he  termed 
currents.  Thus  if  we  consider  an  electrified  conductor  placed  in 
electric  density  (or  displacement)  at  any  point  of  the  condnctor  beii 
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We  have  thus  six  equations  connecting  the  six  quantities  a,  /3,  y, 
P,  Q,  R,  and  from  these  we  may  easily  deduce  a  differential  equation 
for  any  one  of  them.  Thus  if  we  differentiate  (I)  with  respect  to  t 
and  substitute  from  (5)  and  (6)  for  dQ/di  and  dR/dt  we  have 


dfi~dy\dy    dx)     dz\dx     dzj 

cPo     oPa     cPtt     djda    d£    dy\ 
~dx*    d-^     d?    djAdx    dy     dz/ 


But  since  we  have  supposed  the  medium  to  be  an  isotropic  non-con- 
ductor in  which  the  magnetic  density  is  zero ;  or,  in  other  words,  that  it 
contains  no  source  or  sink  of  magnetic  force,  it  follows  that  the  flux 

foi-ce  jast  outside  the  surface  of  the  conductor  will  be  ixp  in  Uir  and  4irp/K  in  any 
other  medium.  This  displacement  is  supposed  to  exist  wherever  there  is  electric 
force,  and  a  variation  of  the  displacement  corresponds  to  an  electric  current,  the 
current  strength  being  dp/dL  As  the  displacement  at  any  point  of  an  isotropic 
dielectric  is  a  directed  quantity,  being  in  the  direction  of  the  electric  force,  it  follows 
that  if  its  components  parallel  to  the  axes  be  denoted  by/,  g,  h  at  any  point,  then 
the  comiK>nents  of  the  force  at  that  point  are 

KP=4ir/,     KQ  =  4irgr,     KR=4irA, 

consequently  the  components  of  the  displacement  current  are 

_^_KdP        __dg_KdQ,  dhKdR 

'^~tU~ATdt*     ^    dt'ix  dt^    ^"dt^Wdt' 

Hence  if  we  apply  the  above  law  connecting  the  current  strength  with  the  line 
integral  of  magnetic  force  we  have 

dy    dp      .  „rfP 

dy     dz  dt 

Thus  the  curl  of  the  magnetic  force  is  4ir  times  the  electric  current,  and,  expressing 
equations  1 ,  2,  3  in  similar  language,  we  may  say  that  the  curl  of  the  electric  force 
is  4t  times  the  ''magnetic  current."  Thus  KP,  KQ,  KR  are  the  components  of 
what  may  be  called  the  electric  flux  density,  and  KdP/dtf  KdQ/dt,  KdR/dt  are  the 
components  of  the  electric  current  density.  Similarly  /ua,  m^,  /ly  are  the  components 
of  the  magnetic  flux  density,  and  fida/dtf  fid^/dtf  ftdyjdt  the  components  of  the  mag- 
netic current  density.  When  the  medium  is  not  a  perfect  non-conductor  the  com- 
(lonents  of  the  conduction  current  must  be  taken  into  consideration,  and  if  the 
electric  conductivity  be  k  these  components  will  be  A:P,  X.-Q,  1*R,  so  that  the  equations 
become 

d\  __d:K    dq 

ewj. 


/,  d\        d&    dQ 


The  factor  r/  whicli  appears  in  the  latter  equation  has  been  introduced  by  Mr. 
Oliver  Heaviside,  and  is  the  magnetic  analogue  of  k — that  is,  it  is  the  magnetic 
conductivity  or  the  reciprocal  of  the  magnetic  resistivity. 
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of  force  taken  over  the  surface  of  an  element  of  volume  is  zero — that  is, 

dx    dy    dz 

cP       cP      cP  I,.       * 

Consequently  if  we,  as  usual,  denote  the  operator  ^+^+^  ^  ^ 
the  equation  for  a  l)ecomes 

with  similar  equations  for  j8  and  y. 

In  the  same  way  by  differentiating  (4)  with  regard  to  /  and  sub- 
stituting from  (2)  and  (3),  we  obtain  the  equation 


'^%-^-i{t*f.*t)- 


dy 

But  since  there  is  no  electricity  distributed  through  the  dielectric 
the  electric  density  is  zero  at  every  point  of  it ;  in  other  words,  there 
is  no  source  or  sink  of  electric  force,  and  therefore 

dx    dy     dz      ' 
SO  that  the  differential  equations  for  the  electric  force  become 

mkJ;=v«p.    mK^=v»Q.    mK^=v'R. 

The  components  of  the  electric  and  magnetic  forces  thus  satisfy  the 
same  differential  equation,  and  this  equation  is  of  the  same  form  as 
that  which  determines  the  vibration  of  an  elastic  solid.  It  follows, 
therefore,  that  a  periodic  electromagnetic  disturl)ance  is  propagated 
after  the  manner  of  a  wave  motion  in  an  elastic  solid,  and  that  the 
velocity  of  propagation  is  determined  by  the  equation 

1 

r  = 


VmK 


334.  Plane  Wave  in  an  Isotropic  Non-conductor. — Let  us  now 

consider  the  simple  case  of  a  plane  wave  propagated  through  an 
isotropic  dielectric.  Let  the  plane  of  the  wave  front  be  parallel  to 
the  plane  xy,  so  that  the  axis  of  z  is  normal  to  the  wave  front — that  is, 
parallel  to  the  direction  of  propagation.  In  this  case  all  the  quantities 
which  determine  the  character  of  the  wave  are  functions  of  z  and  /, 
being  independent  of  x  and  y.  Hence  the  equations  (3)  and  (6)  of 
Art.  333  become 
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which  show  that  y  and  R  are  each  independent  of  / — that  is,  they  are 
each  zero  (or  constant)  and  play  no  part  in  the  propagation  of  the 
wave.  We  conclude,  therefore,  that  the  electric  and  magnetic  forces 
have  no  component  (or  at  least  no  periodic  component)  normal  to  the 
wave  front — that  is,  the  disturbance  is  confined  to  the  plane  of  the 
wave  front  or  is  transverse.  An  electromagnetic  wave  consequently 
possesses  the  essential  property  of  a  light  wave  in  ha\4ng  the  \ibration 
in  the  wave  front,  or  transverse  to  the  direction  of  propagation. 

Further,  it  is  clear  that  if  the  axes  of  x  and  y  be  so  chosen  that 
the  axis  of  x  is  parallel  to  the  direction  of  the  resultant  magnetic  force 
in  the  wave  front,  then  a  will  represent  the  whole  magnetic  force,  so 
that  we  have  j8  =  0  permanently,  and  consequently  by  equation  (2), 
since  R  is  always  zero,  it  follows  that  P  is  always  zero.  From  this  it 
follows  that  Q  must  l>e  the  resultant  electric  force — that  is,  if  the 
resultant  magnetic  force  is  parallel  to  the  axis  of  x,  then  the  resultant 
electric  force  is  parallel  to  the  axis  of  y.  In  other  words,  the  electric 
and  magnetic  forces  are  in  the  wave  front,  and  are  at  right  angles  to 
each  other. 

We  see,  therefore,  that  according  to  the  electromagnetic  theory  of 
light  the  vibration  is  a  transverse  periodic  disturbance  attended  by 
electric  force  in  one  direction,  and  magnetic  force  in  the  perpendicular 
direction.  The  former  is  the  direction  of  vibration  postulated  by  the 
theory  of  Fresnel,  and  the  latter  that  demanded  by  MacCullagh.  The 
war  between  the  rival  theories  is  consequently  at  an  end,  for  one 
speaks  of  the  direction  of  the  electric  force  while  the  other  speaks  of 
the  magnetic  force,  so  that  both  are  equally  right  and  equally  wrong 
in  dealing  with  the  vibration  as  a  whole. 

The  general  differential  equation  of  propagation  becomes  simplified 
in  the  case  of  a  plane  wave  travelling  in  the  direction  of  the  axis  of  z. 
For  since  P,  Q,  R,  a,  /3,  y  are  independent  of  x  and  y,  the  eqiuitions  of 
Art.  333  l)ecome 

with  similar  equations  for  a,  )3,  y.  Hence  while  R  and  y  are  each 
zero  (or  constants),  the  general  expressions  for  P,  Q,  a,  p  are  of  the 
form 

where  v  is  the  velocity  of  propagation  and  is  equal  to  1/  v^/aK.  In 
the  case  of  air  K  is  equal  to  unity  if  the  electrostatic  system  of  units 
be  employed,  and  \^fi  is  the  reciprocal  of  a  velocity ;  but  if  the 
eleotromagnelic  system  be  used  /a=  1  and   \^K  is  the  reciprocal  of  a 
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velocity.      Hence  if  the  light  vib»tion  be  an    electi 
turhance,  this  velocity  should  be  equal  to  that  of  lig 
light  waves  of  the  length  here  oonridered — and  thi 
supported  by  the  results  of  observation.     Again,  since 
index  is  inversely  as  the  wave  velocity,  it  follows  that 
magnetic  })ermeability  equal  to  unity  we  should  have 
index  proportional  to  the  square  root  of  the  specific  indi 
As  the  refractive  index  varies  with  the  wave  length,  the 
of  the  refractive  index  must  be  used  if  we  deal  with 
waves  considere<l  in  the  measurement  of  specific  inductii 
885.  The  Hertzian  Oscillator. — In  order  to  invest 
in  the  neighl)ourhood  of  a  simple  dumb-bell  oscillator  Pr 
employed  the  general  equations 


rftt^f/R_rfQ' 
^dt^dy     dz 


dt     dy      dz 


^dt'dz     dx    '^^^  "'"'        ^ 


WV_rM^_  rfP 
^dt^iU     ~dy  J 


dt      dz      djc 

^dK^dfSda 
dt      dx     idy  ^ 


together  with  the  constant  flux  conditions 

da     d^    dy     ^  ,  d?    </Q     rfR     ^ 

T-+  y+  /  =  0,    and  -T-  +-p  +  -^  =  0. 
dx     dy    dz  dx     dy     dz 

Now  if  the  axis  of  2:  be  taken  to  coincide  with  th 
oscillator  (Fig.  248),  the  lines  of  magnetic  force  will  be 
their  centres  on  the  axis  of  ;:,  and  their  planes  perpen 
Hence  we  have  y  =  0,  and  the  flux  condition  Ix^comes 

dx    dy 

This  means  that  the  quantity  ady  -  pdz  is  a  complete  c 
some  function,  and  if  we  use  Hertz's  notation  and  n 
function  by  (Ulidty  we  have 

^^      «       '''"      ^    ft 
""^dj/dr    ^^-d^t'    ^=^- 

Substituting  these  values  of  a,  )3,  y  in  the  equations  (1 
dt     'dt\dxxizy        di~dt\dydz)'        iW     di\dx^'^i 


^  Tlie  theory  of  the  electric  oscillator  was  given  by  Hertz,  togi 
exi>eriment8  already  referred  t<»,  in  fried.  ^/i«.,  1888-89.  These  r 
been  recently  translattKl  into  English  by  Mr.  D.  E.  Jones  {Efe<iric  H 
Macmillan  and  Co.,  1893). 
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Now  these  equations  show  that  the  quantities 


dxd. 


fz'  ^^-dfd^  ^^-^{d^-^-di^y 


are  each  independent  of  /,  so  that  at  any  point,  as  far  as  a  periodic 
disturbance  is  concerned,  we  may  take 


axdz  dydz*  \dar     rfy* 


am .  d»n^  ^^^^ 


and  these  values  of  P,  Q,  R  will  satisfy  the  equations  (1)  provided  11 
satisfies  the  equation^ 

for  on  substitution  we  find  all  the  equations  satisfied  identically.  It 
may  be  remarked  that  the  equation  determining  11  is  the  same  in  form 
as  that  satisfied  by  the  electiic  and  magnetic  forces.  ^ 

When  the  distribution  is  symmetrical  roimd  the 
axis  of  z,  as  in  the  case  of  a  simple  electric  oscillator 
(Fig.  248),  the  forces  at  any  point  of  the  field  will 
depend  only  on  the  z  co-ordinate  of  the  point  and  ()| 

on  the  distance  p  =  Va;^  + 1^  from  the  axis  of  z. 
Denoting  the  electric  force  in  the  direction  of  p  fir.  248. 

(that  is,  perpendicular  to  z)  by  E,  and  the  magnetic  force  perpendicular 
to  the  meridian  plane  drawn  through  the  oscillator  (which  in  this  case 
is  the  direction  of  the  resultant  magnetic  force)  by  H,  we  have 

E  =  P-  +  Q^,    H=a?^-/3-, 
p        p  r     ^r 

and  by  the  foregoing  equations  (3)  we  have 

KE=-l^.    H  =  i'-^.     KR=1^  (4). 

pdz  p  dt  p  dp 

where 

V=p-j-. 

The  function  V  holds  an  important  place  in  the  investigation  of  the 
field.  We  shall  show  that  the  curves  in  which  the  surfaces  of  revolu- 
tion V  =  const,  are  cut  by  the  meridian  planes  are  the  lines  of  electric 
force.     For  if  the  direction  of  the  resultant  electric  force  at  any  point 

'  The  condition  required  is  that  fiK  -^  -  v^H  shall  be  independent  of  x  and  y — 

that  is,  at  any  point  it  may  be  a  function  of  z  and  t ;  but  since  the  electric  and 
magnetic  forces  considered  above  involve  differentiation  of  IT  with  regard  to  x  and  y, 
this  function  of  z  and  t  may  be  taken  as  zero  without  affecting  the  field. 
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makes  an  angle  <^  with  the  axis  of  z  we  have  tan  ^acEj 
(4),  hut  dpjdz  is  the  trigonometrical  tangent  of  the 
tangent  line  to  the  meridian  section  of  the  surface 
with  the  axis  of  ::.  Hence  the  resultant  electric  force  1 
the  surface  V,  and  along  its  cur>'e  of  section  with  the  n 
Again,  if  two  surfaces  V  and  V  +  ifV  be  taken  enclo^ 
if  any  plane  perpendicular  to  the  axis  of  z  be  drawn  oi| 
the  flow  of  electric  force  across  the  strip  of  the  plane  \ 
the  shell  yn[\  he  constant.  For  the  area  of  the  strip  ia  j 
force  i)eri)cndiciikr  to  it  is  E,  therefore  the  flow  is  ' 


\  KR.  2Tprfp=  |2ir^rfp  =  2ir(Vi  -  V,), 


similarly  the  flow  across  the  strip  intercepted  hy  the 
surface  of  revolution  round  the  axis  of  z  is  constant. 

The  surfaces  Y  are  those  whose  history  and  develop 
alreiuly  traced  in  Figs.  243-246. 

836.  Particular  Solution. — A  particular  solution  d 


IS 


n  =  — 8iii(wr-ti/) 

r       ^ 


where  ^  ^,  /,  ?w,  n  are  constant  quantities  and  m  and  H; 
satisfy  the  relation 


n 


that  is,  m  =  27r/A,  n  =  27r/T,  and  injn  is  the  velocity  of  pv 

The  function  V  is  now  easily  determined,  for  by  equ 

have 

(in    rim  (       ,  ^.      sin  (mr  -nt  'i  dr 

but  dr/dp  =  sin  6,  and  p/r  =  sin  0,  therefore 

,,       rfn      -     r      ,  ,,    sin (jnr-n^)\   .  ^^ 

'^  dp  I  mr        J 

From  this  value  of  V  we  may  at  once  obtain  the  forces  1 
tion.  We  shall  first  examine  the  case  of  any  point  sit 
equatorial  plane  xtj — that  is,  the  plane  through  the  middle 
oscillator  perpendicular  to  its  length. 

^  Hertz  writes  cl  instead  of  a  single  constant  A,  the  significatis 
be  seen  afterwards,  that  /  is  the  length  of  the  oscillator  and   a 
either  pole. 


I 
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887.  Equatorial  Plane. — In  the  equatorial  plane,  xf/^  we  have 

e=90\    dz=-rdB,     p=r,     dp=idr. 

Therefore  by  substituting  in  equation  (2)  of  the  foregoing  article  we 
obtain 

p  dz     ir  d$       ' 

p  dt        r    y      ^  mr        ) 

,-„     IdV    clm^C      .    ,  ^.     co8(mr-7i^)    %\Xi{vir  -  i\iW 

KR=--j-  = \  -8m(7>ir-H/) ^ -'  +  — ^-^-o — -  >• 

p  dp        r    \  mr  mhr       ) 

The  resultant  electric  force  is  therefore  perpendicular  to  the  equatorial 
plane,  for  since  E  =  0  the  resultant  force  is  R,  and  is  parallel  to  the 
vibrator. 

Writing  the  expression  for  R  in  the  form 

KR=A8in(;i^-d). 

we  have  at  once  by  comparison 

A  sin  3  =  3  (mh^  sin  mr + mr  cos  mr  -  sin  mr\ 

A  cos  3 = -3  ( wV^  cos  mr  -  mr  sin  mr  -  cos  mr). 

Hence  by  squaring  and  adding  we  obtain 

A  =  ^Vl-?/iV+7/iV. 

At  small  distances  from  the  origin  the  amplitude  A  varies  inversely  as 
the  cube  of  r,  but  for  great  values  of  r  the  amplitude  approximates  to 
the  inverse  ratio  of  the  distance. 
To  determine  S  we  have 

,  mr 

«  9  .  •  tan  mr  -  z 3-5 

.    m^r'  sin  mr  +  mr  cos  mr  -  sin  mr  1  -  «i*r* 

tano  = 


mh^  cos  mr  -  mr  Hin  mr  -  (iOH  mr     ,         mr 

1  + o^  tan  mr 

1  -mV 

Therefore 

and  we  have  finally 

KR=^Vl  -mV  +  7/tV8in^?i/-  mr  +  ten->  j-^^Y 

The  expression  for  S  shows  that  the  phase  at  a  given  instant  is  not 
simply  proportional  to  the  distance  of  the  ix)int  under  considera- 
tion from  the  oscillator,  ))Ut  is  less  hy  the  angle  whose  tangent  is 
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mr(\  —  wV).     When  r  is  very  large  this  angle  is  approxi 
to  TT,  hence  as  we  recede  from  the  oscillator  the  value  c 
more  and  more  nearly  e<nial  to  mr  -v.     Very  near  the 
have  6  =  0,  since  S  and  r  \'ani8h  together.     For  small  vala 

clear  that  &  is  negative,  so  that  th< 
249)  representing  the  relation  bet^ 
at  any  given  instant,  lies  l>eIow  t 
nciir  the  origin,  the  distance  r  beii 
jS.  along  OX  and  the  angle  S  along 
negative  \'alue  of  S  ^nll  Ije  gn 
\    y'  tifi  dr  =  0,  which  corresponds  to  mr  j 

^        ...    .,..,  is,  r  =  \v  sr-'l  =  A  4  .  4  approximal 

this  i)oint  the  curve  Ijo^hb  to  rit 
increases  8  increases  almost  |)n)i)ortionately,  approaching  : 
the  value  w//*  -  ir.  The  curve  is  consequently  asymptotic 
8  =  mr  -  r,  which  meets  the  axis  OV  at  a  distance  niiniei 
to  r  below  the  (»rigin,  and  is  inclined  to  the  axis  OX  at 
which  the  tri^onometncal  tangent  is  numerically  equal  to 
The  velocity  of  pmixagation  is  detennine<l  as  the  sjieed 
which  any  sui-face  of  e<iiud  phase  moves  forwairl.  Taking 
to  l»e  that  in  which  K  =  0,  or  the  phase  a  multiple  of  tt,  w< 

lit  -  j/ii*  +  tan''  z 5-.,  =  0.     or  nir. 

1  -  urr- 

Hence 

mr 
tan(m/-->/r=Y:-^^^4^. 

a  result  which  follows  also  directly  from  the  original  equ 
Therefore 

''~Jt~m'  mVi^JiV-l)' ' 

This  expression  shows  that  the  value  of  r  is  infinite  l)oth  at 
and  at  the  distance  /=  \"2ini  =  A;  4  .  4.  This  is  the  point 
tangent  to  the  curve  (Fig.  249)  is  iwiidlel  to  OX,  the  int 
l>eing  that  at  this  ]K)int  a  small  distance  is  traversed  with 
of  phase.  At  jK»ints  l»ctween  this  jwint  and  the  origin  r 
and  for  greater  values  of  r  the  velocity  is  positive.  Henc 
spreads  out  fi-om  this  ]K)int  in  lx)tli  directions.  It  is  here 
are  thrown  oft"  into  spiice,  \mrt  being  radiated  and  ptirt  recc 
into  the  oscillator,  as  indicated  in  Hertz's  diagnims  (Figa 
For  large  values  of  /•  the  velocity  approaches  moi'e  nearly  i 
velocity  v  =  n/ut  =  A  T. 
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The  magnetic  force  may  l>e  treated  in  the  same  manner. 

we  write 

H=A'8in(ni-«'), 

we  have 

A'  sin  3'  =  — -^  (vir  sin  vir + cos  wr), 

A'  cos  y  =  —s'  (sin.  inr  -  mr  cos  mr). 


Thus,  if 


Hence 


and 


tan  5'  = 


A'=^V1+^^, 


tan  mr  ■\ 

mr  sin  mr  +  cos  mr  mr 


or 


mrcoamr-smmr    ,       1   . 

1 tan  mr 

vir 


3'=mr+tan~* — , 
mr 


and  we  have  finally 

H  =  — s-Vl+mV^sin  I  n/  -  mr  -  tan~' —  ) 
7^  \  mr/ 


At  the  origin  we  have  r  =  0,  and  therefore  5'  =  ^7r,  so  that  initially 
the  electric  and  magnetic  components  differ  in  phase  by  a  quarter 
period.  At  great  distances,  however,  we  have  5'  =  wir  +  ir,  so  that  the 
phase  of  the  magnetic  component  does  not  increase  proportionately  to 
r,  but  there  is  a  gain  of  -J^,  with  the  result  that  at  a  distance  from 
the  origin  the  electric  and  magnetic  components  are  in  the  same  phase. 

The  curve  (Fig.  250)  indicating  the  relation  between  S^  and  r  will 
therefore  meet  the  axis  OY  at  a  distance  numerically  equal  to  ^ir,  and 
will  finally  approach  asjonptotically  the  line 
5  =  mr  +  ir.  This  line  meets  the  axis  OY  at  a 
point  6  =  TT,  and  is  inclined  to  the  axis  OX  at  an 
angle  whose  tangent  is  numerically  equal  to  m. 
This  curve  and  that  of  Fig.  249  are  therefore  ' 
asymptotic  to  lines  which  are  parallel,  and  the  in 
distance  between  these  lines,  measiu^ed  parallel  to  q 
OY,  is  numerically  equal  to  2ir,  showing  that  the 
phases  of  the  electric  and  magnetic  components  differ  by  2ir,  or  what 
is  the  same  thing,  they  are  in  the  same  phase  at  distances  considerably 
removed  from  the  origin. 

The  velocity  of  propagation  of  the  magnetic  component  may  be 
found  by  considering  the  wave  front  where  the  magnetic  force  is 
zero.     We  have  then 

tan  (w^  -  ?/ir) = —  • 
^  mr 


Fig.  250. 
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Therefore 

rfr    »    1  +«!%* 

When  r  =  0 — that  is,  at  the  vibrator — the  velocity  is 
recwliiig  from  the  vibrator  the  velocity  rapidly  appro] 
normal  vahie  «.wi  =  A/T. 

For  the  time  nite  of  change  of  the  magnetic  force  we' 


(fi~     r     \.         mr 


-cos 


(mr-  M/)|. 


Thi-owing  this  expression  into  the  form 

A*  sin  (/I/ -r), 


we  find  at  once 


A*  sin  3^  =  — Tj-  ( mr  cos  mr  -  sin  jwr), 

rltt^ 
A"  cos  5^  = 2  {mr  sin  mr  •+■  cos  //<  /•). 


Therefor 


A"='-^vT77;iV, 


tan«"  = 


or 


sin  /iir  -  //</'C0B  mr_  tan  wr  -  mr 
cos  //I/*  +  »nr sin  j/i/*~  1  +  >;ir  tan  //*/• ' 

5^  =  m/*-tan~^  mr. 


At  the  ongin  o"  is  zero,  and  at  gi*eat  distances  8"  =  wr 

the  cuiTe  repre«e!iting  the  vaiiatioB 

/•   pisses   through   the    origin  and 

jn-oaches  asymptotically   the    line 

which  meets  the  axis  OX  at  a  dista 

the  origin,  and  the  tangent  of  whom 

X    to  the  axis  OX  is  m.    It  consequent 

^^^'  ■''^'  with  the  asymptotic  line  of  Fig.  25] 

The  velocity  of  pi-ojwgation  is  the  same  as  that  of  t) 

force,  viz. 

_  M.  1  +  m'^t^ 
~  m    m'h^ 

338.  Field  at  a  Distance  ftom  the  Vibrator. — At 

able  distance  fi*om  the  vibrator  we  may  neglect  the  highei 

1 ,  /*,  so  that  we  have 

V  =  iftti  cos  {mr  -  at)  sm*  ^, 
»   •) 

KE  = sin  {mr  -  nt)  sin  $  cos  $, 

KR=  —  -  sin (>/tr-  nt)siv?$j 

W  = sm  {mr-  nt) sm  B. 

r  ' 
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From  the  second  and  third  equations  it  follows  that 

Rco8^  +  E8m^=0, 

which  shows  that  the  direction  of  the  resultant  electric  force  is  every- 
where perpendicular  to  the  radius  vector  r — that  is,  the  propagation 
takes  place  in  waves  of  pure  transverse  vibrations. 
The  magnitude  of  the  resultant  electric  force  is 

7     2 

R  sin  ^  +  £  COS  0=-z7—  sin  0  sin  (mr  -  tU). 

Its  amplitude  is  therefore  inversely  as  the  distance  and  directly  pro- 
portional to  the  cosine  of  the  angle  which  the  radius  r  makes  with 
the  equatorial  plane. 

889.  Field  near  the  Vibrator. — In  the  immediate  \'icinity  of  the 
vibrator  (r  very  small)  we  may  put  mr  vanishing  in  comparison  with 
nt,  so  that  the  equations  become 

II  =  —  sin  «Y,     V  =  -  sin  tU  sin*  6, 
r  r  ' 

and  since 

we  have  by  equations  (3)  of  Art.  335 

^^-Tm-  -^=-my  ^^-^{f> 

so  that  the  electric  forces  appear  as  derived  from  a  potential  function 

d/i\    el  . 


'^  =  —  =  -  e/sin ^^-r\  ~  )  =  ^  sin  nt  cos  B. 


This  force  distribution  will  be  that  due  to  the  action  of  a  very  short 
rectilinear  oscillator  of  length  /  on  the  poles  of  which  the  electric 
charges  are,  at  the  maximum,  equal  to  :i:  ^. 

For  the  magnetic  force  perpendicular  to  the  meridian  planes  we 
have 

H  =  p-^T  =  — r  cos  nt  sm  0, 
at      fr 

and  this  represents  the  magnetic  action  of  an  electric  current  of  length 
/  along  the  vibrator,  and  of  which  the  intensity  is  en  cos  w/,  due  to  the 
oscillation  of  the  charge  e,  the  maximum  values  of  the  ciurent  being 
i  ne. 

In  the  axis  of  z  we  have 

^  =  0,     (iz  =  dr,     dp  =  rd0. 

Hence 

'  p  dp       -r    \       ^  vir        J 

2  0 
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The  electric  force  is  therefore  entirely  in  the  direction  of  the 
oscillation.  It  diminishes  for  small  distances  as  the  inverse  cuhe  of  r 
and  for  large  distances  as  the  inverse  square. 

340.  Radiation  of  Energy. — In  order  to  calculate  the  rate  at 
which  energy  is  radiated  by  the  vibrator  we  have  the  equations  (see 
Maxwell's  Electricity  and  Magnetism) 

E=^f/j(P«+QHR2)dwfyrfc 
and 

where  E  is  the  electrostatic  energy  in  the  region  through  which  the 
integration  extends,  and  T  the  magnetic  energy  in  the  same  region. 
These  equations  merely  express  that  work  is  half  the  product  of  the 
final  stress  by  the  final  strain,  and  in  the  case  of  the  electric  field, 
where  the  electric  force  is  P,  the  electric  displacement  is  P/4ir. 

Now  if  we  multiply  the  equations  1,  2,  3  of  Art.  333  by  a,  j8,  y 
respectively,  and  the  equations  4,  5,  6  by  P,  Q,  R,  we  have  at  once 

4,|(E.T)=///{p(|-f).Q(|-S).E(f-|) 

-<<S-©-KS-©-(§-f)}-^- 

and  this  integral  taken  throughout  any  volume  may  be  expressed  as  a 
surface  integral  taken  over  the  enclosing  surface  in  the  form 

4Tj^(E  +  T)=[[{09R-7Q)/+(7P-aR)7n  +  (oQ-/3P)»i|rfS, 

where  dS  is  an  element  of  the  surface,  and  /,  ni,  n  the  direction  cosines 
of  the  normal  to  it. 

Now  in  the  case  of  the  simple  dumb-bell  oscillator  everything  is 
symmetrical  around  the  axis  of  Zy  so  that  in  the  plane  xz  at  a  consider- 
able distance  from  the  oscillator  we  have 


while 


a  =  7=0,     and  /3= sin  (mr-  »i^) sin  6, 


K  P  =  — —  sin  {mr  -  )U)  sin  6  cos  0 
KR  =  —   -  sin  {mr  -  n()  sin^  0^ 


/  — sin^,     m  =  0,     n  =  0. 
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»     Hence  if  the  integration  be  extended  over  the  surface  of  a  sphere  of 
I    radius  r,  having  its  centre  at  the  centre  of  the  oscillator,  we  may  write 
dS  =  27rr  sin  0  .  rdO,  so  that  we  have 

.  4ir^(E  +  T)=//3(Rsin^-Pco8^)2Tr»8in^(;^ 

=  — Y? —  ^^^  ("''*  ~  '*^)  /    sm^  6d6, 

Consequently  we  have 

Integrating  this  between  the  limits  T  and  zero  we  obtain  the  expres- 
sion for  the  energy  which  passes  across  the  whole  surface  of  the  sphere 
during  a  complete  oscillation — that  is 

— ^,7—  /     [1  -  cos  2  {mr  -  nt)}  at 
~      3K      ""      3K      • 

so  that  the  energy  radiated^  per  second  is 

(2t)W 
.    3K\»T' 

In  one  of  the  oscillators  used  by  Hertz  the  conductors  were  two 
equal  spheres  of  15  cms.  radius.  These  were  charged  in  opposite 
senses  up  to  a  sparking  distance  of  about  1  cm.  Taking  this  to  repre- 
sent a  difference  of  potential  of  120  C.  G.  S.  electrostatic  imits,  so  that 
one  sphere  was  charged  to  a  potential  of  +60,  and  the  other  to  -  60, 
then  the  charge  of  each  sphere  was  15x60  =  900  C.  G.  S.  units. 
Hence  the  whole  stock  of  energy  possessed  by  the  oscillator  at  the 
start  amounted  to2xix900x  60  =  54,000  ergs,  which  is  about  the 
energy  acquired  by  a  mass  of  I  gramme  in  falling  through  a  height 
of  55  cm.  The  length  I  of  the  oscillator  was  100  cm.,  and  the  wave 
length  was  about  480  cm.,  so  that  the  energy  lost  in  the  first  half- 
period  oscillation  was  about  2400  ergs,  and  after  eleven  half-period 
oscillations  about  half  the  total  stock  of  energy  was  lost. 

841.  Crystalline  Dielectric. — When  the  medium  occupying  the 
field  is  seolotropic,  the  specific  inductive  capacity  K,  and  the  magnetic 
permeability  /*  may  vary  from  point  to  point,  and  they  may  also  be 
different  for  different  directions  around  the  same  point.     Now  the 

^  The  energy  radiated  by  a  small  circular  current  varying  according  to  the  simple 
harmonic  law  was  calculated  as  early  as  1883  by  Professor  O.  F.  FitzGerald  {Trans, 
Royal  Dublin  SocUty,  March  1884). 
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effect  of  a  change  of  K  in  crossing  any  surface  drawn  in  a  dielectric 
is  the  same  as  if  a  certain  fictitious  distribution  of  electricity  existed 
on  that  surface,  and  consequently  the  variations  of  /i*  and  K  through- 
out any  medium  are  equivalent  to  certain  fictitious  distributions  of 
magnetism  and  electricity  through  the  medium  supposed  othen^ise 
isotropic.     For  this  reason  the  quantity 

d?    dQ    dK 
dx     dy     dz 

will  not  be  zero  in  an  uiielectrified  seolotropic  medium. 

If  we  confine  our  attention  to  the  case  of  a  homogeneous  crystal- 
line medium  possessing  three  mutually  rectangular  axes  of  electric 
symmetry,  and  if  we  assume  that  these  axes  of  electric  symmetn-  are 
also  axes  of  magnetic  symmetry,  then  the  equations  of  Art.  335  may 
be  written  in  the  form 


da._dK_dq[ 
^  dt  ~  dy      dz 


d^dPdK 
^  dt  "  dz     dx 


^  rl*  "  W-  ^y.     '      (^)» 


dy^dQdV^ 
^dl     dx     dy] 


dV^dydj; 
^  dl     dy     dz 

.,  rfQ     da     dy 

^^'^=Tz-di-^^^^ 

j^  rfR_rf/3     da 
^~dt~dx~dj/ 


where  Kj,  Kg,  K3  are  the  three  principal  electric  inductive  capacities, 
and  /Xj,  /ig,  ftj^  the  three  principal  magnetic  permeabilities. 

As  a  first  case,  if  we  take  the  magnetic  permeability  to  be  the  same 
in  all  directions,  so  that  ^=:^2  =  ^  =  /x,  then  by  differentiating  the 
equations  (2)  with  respect  to  /,  and  substituting  for  da/di,  etc.,  from 
the  equations  (1),  we  obtain  the  equations 


„  rf-'P      „,,    dl 
^^^W=^^-d^ 

.r  d^Q        2^     dA 
^^^W=^^~d-y 


mK 


.  rf2R 


df^ 


=  V»K-^^ 


(3), 


where 


^     d?    dQ    dR 
dx     dy      dz 


In  order  to  determine  how  the  velocity  of  propagation  of  a  plane 
wave  depends  on  the  direction  of  propagation  in  the  mediimi,  let  us 
take  the  case  of  a  plane  wave  travelling  in  the  direction  /,  vi,  n,  where 
/,  Jii,  n  are  the  direction  cosines  of  the  wave  normal,  then  in  general 
the  electric  and  magnetic  forces  at  any  point  ar,  y,  z  may  be  expressed 
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'.f   as  pericwiic  functions  of  Ix-i-  mi/  +  nz^vt  where  v  is  the  wave  velocity. 
9  Hence  if  we  take  a  simple  harmonic  disturbance  we  may  write 


ti 


P  =  Po8m  {h;  +  7ny  +  7iz  -  vt\ 

or 

^  P  =  Po  exp.  ^  (^  +  *f^y  +nz  +  vt)f 

with  similar  expressions  for  Q  and  R.     From  this  it  follows  at  once 
that 

0  Consequently,  if  we  write  /aKj  =  l/v^\  f^^2~  V*'2^»  f^^s^  W»  where 
i  rj,  v^  I'j  are  the  three  principal  velocities,  then  the  equations  (3) 
ti  become 

],  (ir»  -  vi")  P  +  Iv^'  {I?  +  mQ  +  nR)  =  O^ 

(r2-V)Q  +  mV(/P  +  wiQ  +  nR)  =  ol  (4). 

(t'^  -  r3«)R  +  7iV(/P  +  wiQ  +  nR)  =  0  J 

DiAnding  these  equations  by  t;^  -  v^\  i^  -  v^,  f*  -  v^^  and  adding  them 
together,  after  multiplying  by  /,  ;«,  n  respectively,  we  have 

i+JV  +j!!^* +_2V  ^Q 
and,  remembering  that  1  =  /^  +  m^  +  n^,  this  may  be  written  in  the  form 

Thus  the  velocity  of  propagation  of  an  electromagnetic  wave  in  an 
electrically  crystalline  medium  is  determined  by  the  same  equation  as 
that  deduced  by  Fresnel  for  the  propagation  of  a  light  wave  in  a 
crystal  (Art.  193),  and,  starting  from  this  stage,  all  the  results  obtained 
in  chap.  xii.  for  doubly  refracting  crystals  may  be  expressed  in  terms 
of  the  electromagnetic  theory. 

Now  P,  Q,  R  are  proportional  to  the  direction  cosines  of  the  electric 
force,  and  in  the  foregoing  equations  we  see  that  /P  +  wiQ  +  nR  cannot 
be  zero  unless  v  =  t\  =  r,^  =  v^ — that  is,  unless  the  medium  is  isotropic. 
But  if  IT  +  mQ  +  wR  is  not  zero  the  electric  force  is  not  at  right  angles 
to  the  wave  normal,  and  consequently  not  in  the  wave  front.  It  is 
easily  seen,  however,  that  the  electric  displacement  is  in  the  wave 
front.     For  from  e(|uation8  (4)  it  is  obvious  that 

P     Q      R         /  m  H 


But    P/ri2 :  Q/r^s  .  R/^,^2  =  KjP :  K2Q  :  KjR,  and    these   latter   are   the 
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com]ioneiit8  of  the  electric  displaGement,  and  are  therefc 

to   the  direction  cosines  of  the  displacement.       Deu 

/',  m\  n  we  have 

..      ,     ,  _  _  / w w 

Consequently  l»y  equation  (5)  we  have 

//'-rmwr+iiii'=0, 

that  is,  the  electric  displacement  is  in  the  ii-ave  froi 
angles  to  the  wave  normal.  This  relation  may  als 
ver\'  easily  from  the  equations  (2),  assuming  a,  )8,  y  t 
of  /j!:+  inif  -r  n:  -  d. 

Conijiaring  the  relations  (6)  with  those  of  Art.  195  ^ 
direction  of  the  electiic  displacement  is  the  same  as  that 
tion  considered  in  Fresnel's  theory — that  is,  the  electri 
is  peri>endicular  to  the  plane  of  ]X)larisation,  while  the 
placement  lies  in  that  plane,  and  is  therefore  the  vibrati 
by  MacCullagh. 

On  the  other  hand,  if  we  take  K  to  l>e  the  same  ii 
while  fi  is  variable,  we  obtain  differential  equations  for 
arc  exactly  the  same  as  those  from  which  we  have  ded 
ceding  results  for  P,  Q,  K.  We  conchide,  therefore,  tha 
which  is  magnetically  a?olotropic,  but  electrically  isotrc 
netic  displacement  is  in  the  wave  front  and  at  right 
plane  of  jx^larisiition,  while  the  electric  displacement  is  ii 
l)olarisiition,  as  in  MacCullagh's  theory. 

Finally,  when  the  medium  is  neither  electrieallv  nop 
isotropic  the  e<iuation  of  the  wave  surface  becomes 

This  is  the  surface  enveloped  by  the  wave  planes.  It  is  » 
degree,  and  each  of  the  co-oixiinate  planes  intersects  it 
ellii)ses.  In  one  of  these  planes  the  ellipses  intersect  < 
four  conical  points.  In  all  ordinary  crystals  ft.  =  a^  i 
apj)roximately,  and  the  foregoing  genenU  equation  reduce 
well-known  form. 
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The  following  tables  are  taken  from  Watla's  Dictionary  of  Cbtnmtry. 
The  indices  are  for  the  yellow  rays,  except  those  of  Wollaston,  which 

vre  for  the  extreme  red : — 


I»  DICES 

OF  Bbfiiaction  of  Soli 

w 

Solid.                            1             Indoi. 

ObMrver. 

Lead  ChroMte      .                  ,     !     25      to  2-97 

Brewster. 

Diamond 

2-47    to  2-76 

Br.  and  Rochon. 

2224 

Brewster. 

2 '216 

Sulphur  (imtive}    . 

2115 

Zircon  . 

l-»5 

Wollaston. 

Lead  Nitral« 

1'8S6 

Herschel. 

Lead  Carbonate     . 

1-81    t«208 

BrewiUr. 

Ruby    .        . 

1-779 

PeUpar          .         . 

1-784 

Tourmaline   . 

1688 

Topaj  (colourleiB) . 

1-610 

Biot.' 

Be^   .         .         . 

1-698 

Bwwstw. 

Tortoise-shell 

1-691 

Emeidd 

1-685 

Flint  Olass    . 

1-57    to  1-58 

Br.  and  WolL 

Rock-crvBUI  (leaat) 
Rock-wit       . 

1-547 

Wollaaton. 

1-646 

ApophjUite  . 

1-643 

Brewster. 

Colophony    . 
Sugar    . 

1    1643 

WollMltOU. 

1-634 

Brewster. 

Copper  Sulphate   . 
Caniida  B^urn      . 

1-631  to  1-562 

1-532 

Voung. 

Citric  Acid    .         . 

1-527 

Brewster. 

Crown  GIsM 

1-G26  to  1-634 

Nitre    . 

1-614 

Plate  G1M8   . 

1-614  to  1-542 

9peniiaceti    . 

1-603 

vi^- 

Cronn  Olaaa . 

1-6 

WoUastou. 

I>Qtas»iut.,  Su1].l.atr 

1-6 

Brewster.   , 

KeiTOUs  Sulphate  , 

1-194 

Tallow ;  Waji 

1-492 

Young. 

MaKuesiuni  .Sulphat>' 
Iceland  Siwr  IcrMtert) 

1-488 

Brewater. 

1-654 

Mains. 

Obsidian 

1-488 

Brewster. 

Gum     . 

1-476 

Newton. 

Borax   . 

1-475 

Brewster. 

Alnm    . 

1-4E7 

Wollaitoii. 

Fluonpar 

,   i-4se 

1     1-310 

Brewster. 

WollMtOll. 

Trbaali^     '. 

1-1116 

Brewster. 
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Indices  of  Refraition  of  Liquidh 


Liquid 

. 

1 
1 

Index. 

Observer. 

Sulphide  of  Carbon . 

•                 «                 • 

1-678 

Brewster. 

Oil  of  Cassia    . 

1-031 

Young. 

Bitter  Almond  Oil  . 

1-603 

Brewster. 

Nut  Oil  . 

1-600 

y. 

Linseed  Oil      . 

1-485 

Wollaston. 

Oil  of  Naphtha 

1-475 

Young. 

Rape  Oil 

1-475 

„      Br. 

Olive  Oil 

1-470 

Brewster. 

Oil  of  Turpentine 

1-470 

Wollaston. 

Oil  of  Almonds 

1-469 

if 

Oil  of  Lavender 

1-457 

Brewster. 

Sulphuric  Acid  (sp.  gr.  1 7)    . 

1-429 

Newton. 

Nitric  Acid  (sp.  gr.  1*48) 

1-410 

Young,  WoU. 
Fraunhofer. 

Solution  of  Potasn  (sp.  gr.  1  -41) 

1-405 

Hydrochloric  Acid  (concentrated) 

1-410 

Biot. 

Sea  Salt  (saturated) 

1-375 

>i 

Alcohol  (rectified)    . 

1-372 

Herschel. 

Ether 

1-358 

Wollaston. 

Alum  (saturated) 

1-356 

Herschel. 

Human  Blood . 

1-354 

Young. 

White  of  Egg  . 

1-351 

Euler  (jun.) 

Vinegar  (distilled) 

!     :    1-372 

Herschel. 

Saliva 

.     j     1-339 

Young. 

Water 

'     1  -336 

'     Woll.,  Br. 
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The  Numbers  refer  to  the  Articles. 


Aberration,  812 

the  velocity  determined  by,  309 
Abney,  Captain  W.  de  W.,  38,  40 
Abnormal,  displacement  of  fringes,  104, 
105 

sj^ectra,  287 
Absorption,  chap,  xviii. 

coefficient  of,  282 

double,  170 

lines  in  the  spectrum,  285 

selective,  281 
Achromatic,  interference  bands,  101 

lines,  233,  236 

condition  for,  110,  225 
Airy,  Sir  G.  B.,  displacement  of  central 
band,  104 

on  Talbot's  bands,  106 

spirals  of,  272 

referred  to,  113,  163,  237,  266,  313, 
325,  etc. 
Alhazen,  9 
Ames,  J.  S.,  145 
Amplitude,  defined,  36,  Ex.  1 

graphic  representations  of,  45 
Analyser,  biquartz,  276 

Jellet's,  274 

Jamin's,  122 

Laurent's,  275 

Poynting's,  277 

Soleil's,  278 

De  Senarmont's,  279 
Angle,  epoch,  37 

critical,  64 

polarising,  166 

of  prism,  measurement  of,  80 
Angstrom,  146 
Afierture,  circular,  180,  152,  163 

rectangular,  154 

rectilinear,  129,  150 
Apertures,  two  equal,  152 


Apertures,  any  number  of,  156,  158 
Arago,  103,  116,  256,  etc. 
Aristotle,  3 
Axes,  of  single  wave  velocity,  201 

of  single  ray  velocity,  203 

optic,  168 

Babinet,  compensator,  243 

principle  of,  138 
Bacon,  Roger,  11 
Bartholinus,  Erasmus,  27,  177 
Bell,  Louis,  146 

Bertin,  isochromatic  suiface,  235 
Billet,  split  lens  of,  103 
Bi-miiTors,  Fresnel's,  90 
Biot,  laws  of,  257 

polariscope  of,  165 
Bi-plates,  93 
Bi-prism,  Fresnel's,  91 
Biquartz,  276 
Boscovich,  25 
Bradley,  18,  312 
Brewster,  Sir  David,  l)ands  of,  121 

on  mixed  plates,  125 

law  of,  171 

referred  to,  218,  240,  etc. 
Brightness  of  image,  301 
Briot,  dispersion  formula  of,  296 

Calorescekck,  290 
Camera  obscura,  13 
Cauchy,  dispersion  formula  of,  295 

on  Fresnel's  integrals,  161 
Caustics,  76,  824 
Chaulnes,  Due  de,  124 
Christiansen,  287 
Circle,  vibration,  46 

of  least  confusion,  77 
Circularly  polarised  liffht,  MogM  i^x>< 
daced  by,  237,  2^ 
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Circularly  polarised  light,  study  of,  249 

Cleomedes,  7 

Coefficients,  of  reflection,  112 

of  refraction,  112 

of  absorption,  282 

of  transmission,  282 
Colour,  surface  and  body,  287 

and  frequency,  38 

and  velocity,  71 

and  wave  length,  89 

produced  by  absorption,  284 
Colours,  Newton's  scale  of,  115 

of  mixed  plates,  125 

of  thick  plates,  121 

of  thin  isotropic  plates,  108,  etc. 

of  thin  crystalline  plates,  chap.  xv. 
Compensator,  Jamin's,  122 

Babinet's,  243 

the  strain,  246 

Soleil's,  278 
Conical  refraction,  202,  204 
Comu,  spiral  of,  161 

on  the  velocity  of  light,  300 
Coronas,  134 
Corpuscular  theory,  21 
Corresponding,  points  of  sources,  98 

rings  of  zones,  51 
Critical  angle,  67 

thickness,  283 
Crystals,  positive  and  negative,  180 
Curvature,  measure  of,  60 

impressed,  61,  73 

Dale,  law  of,  84 

Descartes,  15,  30,  81 

De  Senarmont,  polariscope  of,  279 

Deviation,  through  prism,  70 

through  spherical  drop,  318 

minimum  with  prism,  77,  78,  80 

minimum  with  grating,  136 

minimum  with  drop,  319 
Dichromatism,  283 
Diffraction,  chap.  ix. 

in  optical  instruments,  163 

gratings,  135,  etc.,  156 
Diffusion  rings,  124 
Disc,  circular,  132 

Discharge,  oscillating,  of  condenser,  329 
Discrete  particles,  system  of,  48,  Ex.  8 
Dispersion,  chap,  xviii. 

anomalous,  287,  297 

in  tlie  spectrum,  138 

aehromatising  effect  of,  110,  118 


Dispersion,  of  axes  of  crystal,  240 

of  foci,  77 

of  planes  of  polarisation,  260 

theories  of,  294 
Dominis,  Antonio  de,  14 
Double  refraction,  chaps,  xi.,  xiL 
Dove,  253 
Dragoumis,  J.,  330 
Drift     produced     by    moving    matter, 

813 
Dufet,  on  Gladstone  and  Dale's  law,  84 
Dulong,  on  the  refraction  of  gases,  86 
Dutour,  126 

Ebert,  286 

Edge,  straight,  127,  149 

Effect,  the  Faraday,  262 

the  Kerr,  263 
Elasticity,  ellipsoid  of,  190 
Electric  oscillator,  theory  of,  385 
Electromagnetic,  equations,  833 

theory  of  light,  chap.  xxi. 
Elements,  half-period,  50 

comparison  of  two  consecutive,  51 
Ellipsoid,  of  elasticity,  190 

reciprocal,  197 
Elliptically  ix)lari8ed  light,  colours  pro- 
duced by,  239 

study  of,  244,  250 
Emission  theory,  21 

tenable  or  untenable,  28,  62 
Empedocles,  3 
Energy,  average  of  vibration,  39 

conservation  and  transmission  of,  39 

distribution  of,  in  field,  44 

redistribution  of,  87 

electric  radiation  of,  340 

equation,  68 
Ei)och  angle,  37 
Ether,  the,  30,  etc. 

loaded,  255 
Euclid,  5 
Evolute  of  wave  surface,  76 

Faraday,  effect,  262 
Feddersen,  329 
Fermat,  law  of,  69 
FitzGerald,  G.  F.,  263,  330,  340 
Fizeau,  on  the  wave  drift  produced  by 
moving  matter,  314 

on  the  velocity  of  light.  299.  808 

referred  to,  100,  etc. 
Fluorescence,  289,  etc. 
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Focal  power,  of  a  surface,  61 

.    of  a  lens,  75 
Foci,  of  a  lens,  75 

primary  and  secondary,  77 
Forbes,  G.,  on  the  velocity  of  light,  299, 

308 
Foucault,  on  the  velocity  of  light,  308, 
307,  310 
prism  of,  183 
referred  to,  100,  etc. 
Fraunhofer,  146 
Fresnel,  bi-prism  of,  91 
integrals  of,  161 
law  of  drift.  313 
rhomb  of,  214 
reflection  and  refraction  of  polarised 

light,  207,  etc. 
theory  of  double  refraction,  chap.  xii. 
theory  of  rotatory  polarisation,  264, 

etc. 
two  mirror  fringes  of,  90 
three  mirror  fringes  of,  95 
referred  to  everywhere,  27,  43,  126, 
176,  etc. 
Fringes,  interference,  chap.  vii. 
displacement  of,  102 
application  to  determination  of  re- 
fractive indices,  103 
Herschel's,  120 
Brewster's,  121 
Talbot's,  106 
Powell's,  107 
circular,  103 
limit  to  observable  number,  99 

Galileo,  12 

velocity,  method  of,  298 
Gemez,  M.,  259 
Gibbs,  J.  Willard,  310 
Gilbert,  161 
Gladstone,  law  of,  84 
Glazebrook,  R.  T.,  181,  187,  207 
Gouy,  M.,  100 

Graphic  methods,  45,  147,  160,  etc. 
Gratings,  diffraction,  135,  etc. 

curved,  142 

choice  of,  144 

construction,  ditfioulties,  145 

reflection,  141 

Rowland's  concave,  143 
Grimaldi,  experiment  of,  28 

referred  to,  126 
Group  velocity,  48,  Ex.  9 


Haidingkr,  brushes  of,  254 

Halos,  134 

Harmonic  motion,  simple,  36,  Ex.  2 

Hehnholtz,  254,  297 

Herschel,  fringes  of,  120 

referred  to,  225,  etc. 
Hertz,  experiments  of,  330 

vibrator  electric,  330 
Hoek,  313 
Hooke,  18,  26,  126 
Hurion,  287 
Huygens,  27,  168,  177,  etc. 

principle  of,  49 

construction  of,  66,  178,  200 

Index  of  refraction,  formula,  81 

of  solids,  liquids,  and  gases,  chap.  vL 

tables  of,  appendices 
Intensity  of  illumination,  measures  of,  40 

reflected  and  refracted  waves,  68 
Interference,  liands,  28 

destructive,  28,  87 

fringes  produced  by,  chap,  vii.,  etc. 

condition  for,  97,  176,  226 

limit  to  o^rvable  fringes,  100 

of  polarised  light,  176,  chap.  xv. 

achromatic,  101 
Isochromatio  lines,  233 

surfaces,  234,  235 

with  a  quartz-plate,  270,  272 

Jam  IN,  analyser  of,  122 

on  metallic  reflection,  220 
refractometer  of,  122 
referred  to,  244,  etc. 

Jansen,  12 

Jellett,  analyser  of,  274 

Jupiter,  satellites  of,  17 

Kepler,  12 

Kerr,  strain  compensator,  246 

electric  and  magnetic  effects,  263 
Ketteler,  80 
Knochenhauer,  275 
Kundt,  Uw  of,  288 

experiments  of,  263 

Lanoley,  Prof.  S.  P.,  148.  295 
Laurent,  analyser  of,  275 
Least  time,  principle  of,  69 
Lens,  refraction  through,  75 
Le  Roux,  287 
Light,  two  theories  of  20 
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Lipperahey,  Hans,  12 

Lloyd,  single  mirror  fringes  of,'  94 

on  conical  refraction,  202,  204 

referred  to,  21,  108,  261 
Lodge,  Prof.  O.  J.,  on  Hertzian  vibra- 
tions, 330 

experiment  on  wave  drift,  316 
Lorentz,  Professor  H.  A.,  315 

Mac'Cullagh,  energy  equation  of,  68 

on  metallic  reflection,  222 

on  rotatory  polarisation,  280 

i*eciprocal  ellipsoid  of,  197 

reflection  and  refraction  of  polarised 
light,  207,  216 

referred  to,  207,  216,  etc. 
Mains,  law  of,  174 

referred  to,  68,  179,  etc. 
Marian,  126 

Mascart,  Professor  M.  £.,  120,  136,  146 
Matter  and  ether,  30 

drift  caused  by  moving,  313 
Maxwell,  J.  Clerk,  chap,  xxi.,  30 
Medium,  necessary,  29 
Meslin,  G. ,  on  circular  fringes,  103 
Michelson,  Prof.  A.  A. ,  on  the  velocity  of 
light,  305,  307 

refractometer  of,  123 

interference  with  large  path  differ- 
ence, 100 

relative  motion  of  matter  and  ether, 
315 
Miller,  rainbow  experiments,  326 
Mirrors,  antiquity  of,  2 

concave  and  convex,  61 
Morley,  see  Michelson 

Natuiial  light,  252 

imitation  of,  253 
Neumann,  theory  of,  216 
Neutral  lines,  236 
Newcomb,   Prof.   S.,  on  the  velocity  of 

light,  306 
Newton,  referred  to  everywhere 

theory  of  fits,  25 

extracts  from,  25,  etc. 

on  the  refrangibility  of  light,  77 

rings  of  thin  plates,  115 

diffusion  rings,  124 

rings  with  jK)larised  light,  215 

method  for  refractive  index,  82 
Nicol,  prism  of,  182 
Nobert,  146 


Normal,  spectnun,  139 
velocity  surface,  193 

Obliquity,  effect  of,  51 

Stokes's  Uw  of,  49 
Obstacle,  circular,  132 

narrow,  128,  149 

sti-aight  edge,  127,  149 
Optical  bench,  96 
Optic  axes,  168,  191,  201 

relation  of  planes  of  polarisatioii  t 
196 
Optics,  defined,  1 
Oscillating  discharge,  829 
Oscillator,  electric,  335 
Overlapping,  effects  of,  99,  109,  135 

Pardis  (S.J.),  27 

Partial  polarisation,  175,  251 

Periodic  time,  minor  limit  to,  48,  Ex. 

Phase,  defined,  34,  37 

Phosphorescence,  293 

Pierce,  C.  S.,  146 

Pile,  of  plates,  172 

Plane-polarised  light  reduced  to  circuli 

264 
Plates,  colours  of  isotropic,  chap.  viiL 

colours  of  thick,  121,  etc.,  228 

colours  of  thin  crystalline,  chap,  j 

two  crystalline,  229 

quarter- wave,  227,  245 
Plato,  3 
Polarisation,  of  light,  chap.  x. 

of  the  ether,  32,  328 

plane,  164,  248 

partial,  166,  175,  218,  251 

circular,  249,  etc. 

elliptic,  250,  etc. 

angle  of,  166 

plane  of,  167 

by  reflection,  165 

by  refraction,  173 

by  double  refraction,  169 
Polariscope,  Biot*s,  165 

Savart's,  242 

De  Senarmont's,  279 
Polarised  light,  reflection  and  i*efract 
of,  chap.  xiii. 

study  of,  chap.  xvi. 

interference  of,  chap.  xv. 

rotation  of,  253 
Pole,  of  wave,  50 

locus,  54 
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Porta,  John  Baptista,  13 
Potter,  experiment  of,  105  * 
Powell,  Baden,  bands  of,  107 

referred  to,  94,  128,  132,  211 
Poynting,  Prof.,  analyser  of,  277 
Priestley,  history  referred  to,  9 
Principle  of  least  time,  69 
Prism,  i-efraction  through,  70 

Foucaulfs,  183 

Nicol's,  182 

Rochon's,  184 

WoUaston's,  186 
Projection,  apparatus  for,  230 
Ptolemy,  6 
Pythagoras,  3 

QuAHTER-WAVE  platc,  227,  245 
Quetelet,  124 

Radiatiun,  electromagnetic,  chap.  .xxi. 

from  moving  molecules,  286 

of  energy,  340 
Rainbow,  the,  chap.  xx. 

supernumerary,  323,  325 
Rayleigh,    Lord,   on  progressive  waves, 
48,  Ex.  9 

on  achromatic  fringes,  101,  110, 120 

on  the  velocity  of  light,  308,  etc. 

on  the  colour  of  skylight,  162 

on  the  polarisation  of  skylight,  255 

referred  to,  100,  107,  286,  288,  etc. 
Rays,  63 

Rectilinear  pro|>agation,  49,  etc. 
Reflection,  corpuscular,  22 

of  waves,  chap.  iv. 

laws  of,  56,  58 

method  of  total,  83 

total,  67,  213 

metallic,  chap.  xiv. 

minimum  power  of,  217 

regular  and  irregular,  55 

illustration  of,  57 
Refraction,  corpuscular,  23 

of  waves,  chap.  v. 

laws  of,  65 

through  a  piism,  70 

through  a  lens,  75 

indices  of,  chap.  vi. 

absolute  and  relative.  65,  Ex.  1 

double,  chaps,  xi.,  xii. 

conical,  202,  204 
Refractometer,  Jamin's,  122 

Michclson  and  Morley's,  123 


Relative  motion  of  matter  and  ether,  311 
Reynolds,  Prof.  0.,  48,  Ex.  9 
Ring  division,  method  of,  50,  147 
Rings,  Newton's,  of  thin  plates,  115 
,,         of  thick  plates,  124 
,,         in  poUrised  light,  215 

with  a  white  centre,  117 

with  crystalline  plates,  231,  etc. 
Rochon,  prism  of,  184 

double  image,  micrometer  of,  185 
Romer,  Olaus,  17,  308 
Rotation  in  magnetic  field,  262 

of  plane  of  polarisation,  210,  chap, 
xvii. 
Rotatory  power.  269 

and  crystalline  fonn,  261 
Rowland,  l*rof.,  gi-atings  of,  143 

referred  to,  144,  etc. 
Rutherford,  146 

Saccharimetkr,  Jellett's,  274 

Laurent's,  275 

Soleil's,  278 
Savart,  polariscope  of,  242 
Schiifli,  124 

Schuster,  Prof.  A.,  100,  310 
Sign,  test  of  crystal,  232 
Singular  directions,  191 
Skylight,  colour  of,  162 

I>olari8ation  of,  255 
Smith,  Archibald,  194 
Snell,  Wijlebrod,  15 

law  of,  64 
Soleil,  compensator  of,  278 
Spectral  lines,  285 

width  of,  286 
Spectrometer,  the,  79 
S|)ectnmi,  purity  of,  137 

absent,  140,  157 

normal,  139 

lines  in,  286,  287 

photographs  of,  144 

abnormal,  287 

ultra-violet,  292 
Spiral,  vibration,  46,  52,  147,  etc. 

second  vibration,  160 

Cornu's,  161 
Stokes,   Sir  G.  G.,  on  Powell's  liands, 
107 

on  Talbot's  bands,  106 

on  fluorescence,  291 

obliquity,  law  of,  49 

Burnett  Lectures,  24,  ao 
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Stokes,  Sir  G.  G.,  referred  to  everywhere, 
49,  54,  104,  107,  112,  116,  124,  254, 
etc. 
Strip  division,  method  of,  148 
Superposition,  principle  of,  42 
Surface,  normal  velocity,  193 
wave,  194 
isochromatic,  284,  235 

Tait,  Prof.  P.  G.,  37,  38,  287,  817 
Talbot,  H.  F.,  bands  of,  106,  165 

on  Herschel's  bands,  120 

on  anomalous  disj)ersion,  287 
Telescope,  invention  of,  12 
Terquem  and  Trannin,  method  of  total 

reflection,  83 
Thal^n,  146 
Theory,  emission,  21 

elastic  solid,  30 

special  forms  of,  32 
Thin  plates,  isotropic,  chap.  viii. 

crystalline,  chap.  xv. 
Thompson,  Prof.  S.  P.,  60 
Thomson,  Sir  W.,  829 
Three  mirror  fringes,  95 
Tint  of  passage,  260 

change  of,  283 
Total  reflection,  method  of,  83 
Tourmaline,  property  of,  170,  281 
Transmission,  coefficient  of,  282 
Trouton,  Dr.  F.  T.,  330 
Tyndall,  Prof.  J.,  on  the  polarisation  of 
skylight,  255 

Ultra-violet  si)ectrum,  292 

Vectok,  line  integral  of,  332 
Velocity,  of  light,  17,  18,  chap.  xix. 

of  a  gi'oup  of  waves,  48,  Ex.  9 

wave  and  ray,  181 

and  wave  length,  294 


Velocity,  test,  65,  115 

wave  and  group,  808,  etc. 
Verdet,  referred  to,  125,  134,  etc. 
Vibration,  curves,  45 

of  permanent  type,  48 

spiral,  52 

transverse,  80,  164,  226 

direction  of,  167,  196 

decomposition  of  rectilinear,  266 
Vibrations,  compounded,  48,  47 

light,  31 
Vibrator,  electric,  380 

theory  of,  385 
Visual  rays,  doctrine  of,  3 
Vitellio,  10 

Wave,  motion,  33,  etc.,  chap.  iL 

front  defined,  86 

lengths,  84,  115,  146 

drift,  313 

surface,  in  uniaxal  crystals,  177 

in  biaxal  crystals,  187 

as  an  envelope,  49,  188 

principal  sections  of,  199 

in  crystalline  dielectric,  341 
Waves,  secondary,  49 

group  of,  48,  Ex.  9 

electromagnetic,  327,  etc 
Whewell,  Dr.,  124 
Wire,  narrow,  128 
WoUaston,  prism  of,  186 

method  of  total  reflection,  83 

Young,  Dr.  Thomas,  27,  38,  126,  etc 

experiment  of,  28,  88 

eriometer  of,  134 

on  mixed  plates,  125 
Young,  James,  on  the  velocity  of  light, 
302 

Zone  plates,  131 
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